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Abstract

The conjecture of Masser-Oesterlé, popularly known as abc-conjecture have many
consequences. We use an explicit version due to Baker to solve the equation

nn+d)---(n+ (k—1)d) = by

in positive integer variables n, d, k, b, y, [ such that b square free with the largest prime
divisor of b at most k, k > 2,1 > 2 and ged(n,d) = 1.

2010 Mathematics Subject Classification: Primary 11P99; Secondary 11A41, 11E25.

1. Introduction

Let n,d, k, b,y be positive integers such that b is square free with P(b) < k, k > 2,1 > 2
and gcd(n, d) = 1. Here P(m) denotes the largest prime divisor of m with the convention
P(1) = 1. We consider the equation

n(n+d)---(n+(k—1)d) = by (1.1)

in variables n, d, k,b,y,l. If k = 2, we observe that (1.4) has infinitely many solutions.
Therefore we always suppose that £ > 3. It has been conjectured (see [Tij88], [SaSh05])
that

Conjecture 1.1. Equation (1.1) implies that (k, /) € {(3,3),(4,2),(3,2)}.
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It is known that (1.1) has infinitely many solutions when (k, ¢) € {(3,2), (3,3)(4,2)}.
A weaker version of Conjecture 1.1 is the following conjecture due to Erdds.

Conjecture 1.2. Equation (1.1) implies that k is bounded by an absolute constant.

For an account of results on (1.1), we refer to Shorey [Sho02b] and [Sho06].
The well known conjecture of Masser-Oesterle states that

Conjecture 1.3. Oesterlé and Masser’s abc-conjecture: For any given € > 0 there exists
a computable constant ¢, depending only on € such that if

a+b=c (1.2)

where a, b and c are coprime positive integers, then

1+e

It is known as abc-conjecture; the name derives from the usage of letters a, b, ¢ in (1.2).
For any positive integer ¢ > 1, let N = N(i) = [[,; p be the radical of i, P(i) be the
greatest prime factor of ¢ and w(i) be the number of distinct prime factors of ¢ and we put
N(1)=1,P(1)=1landw(l) =0.

It has been shown in Elkies [Elk91] and Granville and Tucker [GrTu02, (13)] that abc-
conjecture is equivalent to the following:

Conjecture 1.4. Let F(z,y) € Zlz,y] be a homogenous polynomial. Assume that F
has pairwise non-proportional linear factors in its factorisation over C. Given ¢ > 0,
there exists a computable constant k. depending only on F' and € such that if m and n are
coprime integers, then

H P > Ke (max{|m], ‘n‘})deg(F)—Q—e.
p|F(m,n)

Shorey [Sho99] showed that abc-conjecture implies Conjecture 1.2 for £ > 4 using
d > ker1oglogk  Granville (unpublished) gave a proof of the preceding result without using
the inequality d > k¢ 1°81o8 % Furthermore his proof is also valid for £ = 2, 3.

Theorem 1.1. The abc—conjecture implies Conjecture (1.2).

The proof was first published in the Master’s Thesis of first author[Lai04]. We include
the proof in this paper to have a published literature. This is given in Section 6. We would
like to thank Professor A. Granville for allowing us to publish his proof.

An explicit version of Conjecture 1.2 due to Baker [Bak94] is the following:

Conjecture 1.5. Explicit abc-conjecture: Let a,b and ¢ be pairwise coprime positive
integers satisfying (1.2). Then

6 (1 w
c < fNi( og V)
5 w!

where N = N(abc) and w = w(N).
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We observe that N = N (abc) > 2 whenever a, b, ¢ satisfy (1.2). We shall refer to Con-
jecture 1.3 as abc—conjecture and Conjecture 1.5 as explicit abc—conjecture. Conjecture
1.5 implies the following explicit version of Conjecture 1.3 proved in [LaSh12].

Theorem 1.2. Assume Conjecture 1.5. Let a, b and ¢ be pairwise coprime positive integers
satisfying (1.2) and N = N (abc). Then we have

c < N1t3/4 (1.3)

Further for 0 < € < 3/4, there exists an integer we depending only € such that when
N = N(abc) > Ne = [],,<,,, p. we have

¢ < keN1Te

where
B 6 < 6
5y/27 max(w,w,) 5V 27mw,

KRe

with w = w(N). Here are some values of €, w, and Ne.

e | 3/4 [ 7/12 | 6/11 1/2 | 34/71 | 5/12 | 1/3
we | 14 49 72 127 175 548 | 6460
NE 637‘1101 6204'75 e335.71 6679‘585 61004‘763 e3894.57 e63727

Thus ¢ < N? which was conjectured in Granville and Tucker [GrTu02].
As a consequence of Theorem 1.2, we prove

Theorem 1.3. Assume Conjecture 1.5. Then the equation
n(n+d)---(n+ (k—1)d) = by (1.4)

in integersn > 1,d > 1,k > 4,b > 1,y > 1,0 > 1 with gcd(n,d) = 1 and P(b) < k
implies £ < 7. Further k < e'39%6-2 ywhen ¢ = 7.

We observe that !3006-2 < ¢¢”**  Theorem 1.3 is a considerable improvement of
Saradha [Sar12] where it is shown that (1.4) with £ > 8 implies that £ < 29 and further
k < 8,32,102,107 and ¢ according as ¢ = 29, £ € {23,19},¢ = 17,13and ¢ € {11,7},
respectively.

2. Notation and Preliminaries

For an integer ¢ > 0, let p; denote the i—th prime. We always write p for a prime number.
Forarealz > 0andd € Z,d > 1, let

ma(z) = Z 1, n(z) =m(z) = Zl, O(x) = Hp and 6(x) = log(O(x)).

p<x,ptd p<zx p<z

We write log, i for log(log ). Here we understand that log, 1 = —o0.
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Lemma 2.1. We have

x ( 1.2762
1+

(i) 7)< oo

) for x > 1.
log x

(13) p; > i(logi+loggi— 1) fori > 1
(i33) 0(p;) > i(logi + logy i — 1.076869) for i > 1
(iv) O(x) < 1.000081z for z > 0

(v) Vark(5)kem™ < kI < Vamk(E)RemE.

The estimates (¢) and (7i) are due to Dusart, see [Dus99b] and [Dus99a], respectively.
The estimate (7ii) is [Rob83, Theorem 6]. For estimate (iv), see [Dus99b]. The estimate
(v) is [Rob55, Theorem 6].

3. Proof of Theorem 1.3

Let n,d, k, b, y be positive integers withn > 1,d > 1,k > 4,b > 1,y > 1, ged(n,d) = 1
and P(b) < k. We consider the Diophantine equation

n(n+d)---(n+ (k—1)d) = by". (3.5)

Observe that P(n(n + d)---(n + (k — 1)d)) > k by a result of Shorey and Tijdeman
[ShTi90] and hence P(y) > k and also n + (k — 1)d > (k + 1)*. Forevery 0 < i < k, we
write

n+id = A;X{ with P(4;) < kand (X3, [[p) = 1.

p<k

Without loss of generality, we may assume that £ = 4 or k£ > 5 is a prime which we assume
throughout in this section. We observe that (4;,d) = 1for0 < i < k and (X;, X;) = 1.
Let

So = {Ao, A1, ..., A1}

For every prime p < k and p { d, let i), be such that ord,(A;) =ord,(n+1id) <ord,(n-+i,d)
for0 <7 < k.ForaS C Sy, let

S'=8—{A;, :p<knptd}

Then |S’| > |S| — mq(k). By Sylvester-Erd6s inequality(see [ErSe75, Lemma 2] for exam-
ple), we obtain

IT Ail(k = [ porde =10, (3.6)

A;es’! p|d

As a consequence, we have
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Lemma 3.2. Let o, € Rwitha > 1,8 < land el < . Let
Sq = Sl(a) = {AZ €5): A4 < Oék}.
For

k > max

klog(ak
log(%) + ffg(z ) (1 + 711'5(;22) — log(ak) 1+ 1l-gg7‘]3€2
exp 3.7)
log(ea) + S log (%) 1-p5
we have |S1| > Bk.
Proof. Let S = Sy, s1 = |S1| and s9 = S’ — S1|. Then s > k — w(k) — s1. We get from
(3.6) that
k—m(k)—s1
51! (lak+i]) < [ Ai < (k-1 (3.8)
i=1 A;es’

since elements of S’ — S are distinct and the product on the left side is taken to be 1 if
k— W(k) S S1.

Suppose s1 < Sk. If k — 7w(k) < s1, then using Lemma 2.1 (i), we get (1 — 3) log k <

1+ 1.2762/ log k which is not possible by (3.7). Hence k — 7(k) > s;. By using Lemma
2.1 (v), we obtain

(ak)k=mk) < (k;l!l)!(ak)sl < \/2l(ake>( 6(

We check that the expression for s; = 0 is less than that of s; = 1 since o > 1. Observe
that
kE—1 [ake\™
S1 S1
is an increasing function of s; since s; < Bk and e < «. This can be verified by taking
log of the above expression and differentiating it with respect to s;. Therefore

e )T <))
(ak)™ " < Bk</3> e “Va\s) \¢

implying
Bk
(ca)F (i) < %(akw’f)—l

Ok 612(k 0 ifs; =0

) if s1 > 0.

Using Lemma 2.1 (7), we obtain

B eq log(ak) 1.2762 log(ak)
log(ear) + S log (ea) %1 (\/B)+ log & (1 log & > -

The right hand side of the above inequality is a decreasing function of k for k given by (3.7).
This can be verified by observing that log(ak)/log k = 1+1log a/ log k and differentiating
(1.2762 + log a) / log k — log(ak)/k with respect to k. This is a contradiction for k given
by (3.7). O
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Corollary 3.1. For k > 113, there exist 0 < f < g < h < kwith h — f < 8 such that
max(Ays, Ag, Ap) < 4k.

Proof. By dividing [0, k — 1] into subintervals of the form [97,9(7 + 1)), it suffices to show
S1(4) > 2(|k/9| + 1) where S is as defined in Lemma 3.2. Taking v = 4, 8 = 1/4, we
obtain from Lemma 3.2 that for & > 700, |S1(4)| > k/4 > 2(|k/9| + 1). Thus we may
suppose k < 700 and |S1(4)] < 2(|k/9] + 1). For each prime k with 113 < k < 700,
taking « = 4 and Sk = 2(|k/9] + 1) in Lemma 3.2, we get a contradiction from (3.8).
Therefore |S1(4)| > 2(|k/9] + 1) and the assertion follows. O

Given 0 < f < g < h <k —1, we have
(h—= f)AgXg = (h = 9)A; X} + (9 — ) An X, (3.9)

Let A\ =gcd(h— f,h—g,g— f) and write h — f = Aw, h—g = Au, g— f = Av. Rewriting
h—f=h—g+g— fas

w = u + v with ged(u,v) = 1,
(3.9) can be written as
wAGX) = uAp X5+ vA X} (3.10)

Let G = ged(wAg, uAs,vAp),

Jt= (3.11)
and we rewrite (3.10) as

tX)=rX}+sXj. (3.12)
Note that gcd(rXfQ, sXf)=1.

From now on, we assume explicit abc—conjecture. Given € > 0, let N (rst X Xy X B) >
N, which we assume from now on till the expression (3.18). By Theorem 1.2, we obtain

XS < KeN(rstX ;X Xp)' " (3.13)
i.e.,
N t 1+4€ XX X 1+4€
X! < k. (rst) (tf o Xn) (3.14)

Here N, = k. = 1 if € > 3/4. For ¢ = 3/4, by abuse of notation, we will be taking either
Ne =1,k = Lor Ne = ™10 . < 6/(5v/287) if N(rstX;XyXp) > N34 and we
will be using it without reference. We will be taking e = 3/4 for ¢ > 7Tand e € {5/12,1/3}
for £ = 7. We have from (3.13) that

Tst(XfXth)f < H?N(Tst)3(1+s) (XfXth).g(l-i—E)'



Perfect powers in Arithmetic Progression 7

Putting X3 = XX, Xp, we obtain

uvwAypAgyAy

e (3.15)

X309 < fﬁ;EZ\7(rst)%+6 = ke (

Again from (3.12), we have

¢ 2\ 2 220
rXf+sXh> _PX]

TS(Xth)Z S ( B 1

implying
t2 7 ’UJ2A2 7
XeXpXg< | — ) Xo=|——2-| X2
fEhtg = (47”8) g <4uvAfAh> g

Therefore we have from (3.14) that

1+4€

N(rst)ltex3+3e /42 \ 7% N (rst)ltex3+3e
X} < ke s — ] =k L (3.16)
L drs (4rst) [l i
i.e.,
2(14¢)
_ N(rst) 0= N(ps) AT N (=7
£—3(1
X£3049) < 5 S S = (3.17)
We also have from (3.17) that
N(BALAR Y (1) (1) py(wAg et 20FD
X305 < o) - ") (3.18)

477

Lemma 3.3. Let ¢ > 11. Let Sy = {A(]aAla'--aAk—l} = {Bo,Bl,...,Bk_l} with
B() < Bl <...<Z kal- Then

By< By < By...< By_1.

In particular |So| > k — 1.

Proof. Suppose there exists 0 < f < g < h < kwith {f,g,h} = {i1,42,i3} and
A, = A, =Aand 4;;, < A.

By (3.10) and (3.11), we see that max(Ays, Ag, Ap) < G and therefore r < u < k,s <
v < kandt < w < k. Since X; > k, we get from the first inequality of (3.17) with
e =3/4, N. = ke = 1 that

30146 (rs)(1+e)(1_%)t6+% < |2+

implying ¢ < 5+ 6¢ = 5+ 9/2. This is a contradiction since ¢ > 11. Therefore either A;’s
are distinct or if A; = A; = A, then A,,, > A for m ¢ {1, j} implying the assertion. O
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As a consequence, we have
Corollary 3.2. Let d be even and £ > 11. Then k < 14.

Proof. Let dbe even and £ > 11. Then we get from (3.6) with S = Sy that
IT 4 < (k=270 =TT (2 + 1),
A8 2i+1<k—1

Observe that the right hand side of the above inequality is the product of all positive odd
numbers less than k. On the other hand, since ged(n, d) = 1, we see that all A;’s are odd
and |S’| > |So| — w(k) > k — 1 — w(k) by Lemma 3.3. Hence

k—1—=(k)
IT 4= JI @i-.
A;es’ i=1

Observe here again that the right hand side of the above inequality is the product of first
positive k — 1 — w(k) odd numbers. Hence we get a contradiction if 2(k — 1 — 7 (k)) — 1 >
k — 1. Assume k < 2 + 2m(k). By Lemma 2.1 (i), we get 1 < 2/k + (2/logk)(1 +
1.2762/ log k) which is not possible for £ > 30. By using exact values of w(k), we check
that & < 2 + 27 (k) is not possible for 15 < k < 30. Hence the assertion. O

Lemma 3.4. Let ¢ > 11. Then k < 400.

Proof. Assume that £ > 400. By Corollary 3.2, we may suppose that d is odd. Further by
Corollary 3.1, there exists f < g < h with h — f < 8 and max(Ay, Ay, Ay) < 4k. Since
n+ (k — 1)d > k*, we observe that Xy > k, X, > k, X}, > k implying X > k. First
assume that N = N (rstX;X,Xp,) < e>!2. Then taking ¢ = 3/4, N, = 1in (3.13), we
get 4001 < k1 < X! < NIH3/4 < @3712(043/4) which is a contradiction. Hence we
may suppose that N > 3712 > N3 /4.

Note that we have u + v = w < h — f < 8. We observe that uvw is even. If
ArAgAp is odd, then h — f,g — f,h — g are all even implying 1 < w,v,w < 4 or
N(uvw) < 6 giving N(uvwArAgAy) < 6A5A A, Again if ApA A, is even, then
N(uvwArAgAr) < N((uvw))ArAgA, < 35ApA A, where (uvw)' is the odd part of
wow and N ((uvw)’) < 35. Observe that N ((uvw)”) is obtained when w = 7,u = 2,0 =5
orw = 7,u = 5,v = 2. Thus we always have N(uvwArAjA) < 35A;A A, <
35 - (4k)3 since max(Ay, Ay, Ap) < 4k. Therefore taking e = 3/4 in (3.15), we obtain
using £ > 11 and X > k that

113048 < 35514 (4k)3GHD.

6
5V 28w

This is a contradiction since & > 400. Hence the assertion. L]

4. Proof of Theorem 1.3 for 4 < k£ < 400

We assume that £ > 11. It follows from the result of Saradha and Shorey [SaSh05, Theorem
1] that d > 10'5. Hence we may suppose that d > 10'® in this section.
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Lemma 4.5. Let 1), = |k + 1 — (k) — (3,<; log4)/(1510g 10) | and
I(k) ={i € [1,k] : P(n+id) > k}.
Then |I(k)| > rg.
Proof. Suppose not. Then |I(k)| < r; — 1. Let
I'(k)={i € [1,k] : P(n+id) <k} ={i € [Lk] : n+id = A;}.

We have A; = n +id > (n+d) fori € I'(k). Let S = {A; : i € I'(k)}. Then
|S| > k+ 1 — rg. From (3.6), we get

(k—1)1> H A > (4 d)ST > gtk

A;eS!
Since d > 10'°, we get
> i<k logi > i<k logi
k+1—mk)——=—/———<ry=|k+1—7wk) — =———1.
+1=mk) = T5iog10 <7 k1 - (k) 151og 10 |
This is a contradiction. [

Here are some values of (k, ry).

k| 711131718 |28 30|36
re |3 6 | 7 10|10 |18 | 18| 23

We give the strategy here. Let I, = [0,k — 1] N Z and ay, by, z¢ be given. Let obtain a
subset Iy C I with the following properties:

1. |Io] > 2 > 3.

2. P(A;) <agfori € I.

3. Io C [jo, jo + bo — 1] for some jp.

4. Xo = max;er,{X;} > k and letip € Iy be such that Xy = Xj,.

For any i, j € Iy, taking {f,g,h} = {i,j,i0}, let N = N(rstX;X,X}). Observe that
X0 > Pr(k)+1 and further for any f,g,h € Iy, we have N(uvw) < HprO_lp and
N(AfAgAn) < Ilp<q,p- We will always take e = 3/4, Ne = 1 so that k. = 1 in
(3.13) to (3.18).

Case I: Suppose there exists 4, j € Iy such that X; = X; = 1. Taking { f, g, h} = {4, j,i0}
and € = 3/4, we obtain from (3.14) and ¢ > 11 that

e
o SXoT < NwwAAd) < [ e (4.19)

p<max{ag,bop—1}

Case II: There is at most one i € Iy such that X; = 1. Then |[{i € Iy : X; > k}| > 20 — 1.
We take a1, b1, 21 and find a subset Uy C I with the following properties:
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1. |U0| Z Z1 Z 3, 20/2 S Z1 S 20-
2. P(A;) < ag fori € Uy.
3. Up C [iyi+ by — 1] for some i.

Let X7 = maX;ey,{Xi} > Pr(k)+z—1 and i1 be such that X; = X;. Taking {f,g,h} =
{i,7,11} for some i, j € Uy and € = 3/4, we obtain from (3.17) and ¢ > 11 that

4

L3
7 <X < N(uowApAyAy) < I1 (4.20)
Prk)+z1-1 = Y0 uwwwAgAgAp) < D .

23
p<max{ai,bi—1}

since ¢ > 11. One choice is (Up, a1, b1, z1) = (Lo, ag, bo, 20). We state the other choice.

Let ' = max(ag, by —1). Foreachby/2—1 < p < b’ —1, we remove those i € Iy such
that p|(n + id). There are at most 2(7 ()’ — 1) — w(bp/2 — 1)) such 7. Let I, be obtained
from I after deleting those i’s. Then |I{j| > zp — 2(w(b' — 1) — m(by/2 — 1)). Let

.. b ) bo .
Ulzf(/)ﬂ[jo,joﬁ-EO—H and Ulzféﬂ[jo+50,]0+bo—l].

Let Uy € {Uy, Us} for which |Uy| = max(|Ui],|Uz|) and choose one of them if |U;| =
|Us|. Then |Up| > [20/2] —w()) —1) 4+ m(bo/2 — 1) = z1. Further P(A;) < by/2—1 = a3
and by = bo/2. Further X1 = max;ey,{Xi} > Pr(k)+z—1. Our choice of 2, ag, b will
imply that z; > 3.

4.1. k € {4,5,7,11}

We take Io = Uy = Iy, a; = b; = z; = k fori € {0,1} and hence N (uvwArAgzA;) <
HpS . P- And the assertion follows since both (4.19) and (4.20) are contradicted.

4.2. k € {13,17,19,23}

We take I = {i € [1,11] : pt (n +id) for 13 < p < 23}. Then by r1; = 6 and Lemma
4.5 with k = 11, we see that |Iy| > 29 = 11 —4 > 11 — 13 > 11 — |I(11)]. Therefore
there exist an ¢ € Iy N 111 and hence X; > 23. We take Uy = Iy, a; = b; = 11, z; = zg for
i € {0,1} and hence N(uvwAsAgAp) < [],<1; p- And the assertion follows since both
(4.19) and (4.20) are contradicted.

43.29 <k <47

We take Ip = {i € [1,17] : pt (n +id) for 17 < p < k}. Then by 717 = 10 and Lemma
4.5 with k = 17, we have || > zo = 17 — (7(k) — 7(13)) =23 — w(k) > 23 — w(47) =
8 > 17 — ry7 > 17 — |I(17)| implying that there exists i € Iy with X; > k. We take
a; = 13,b; = 17,2; = 23 — 7 (k) for i € {0, 1} and hence N (vvwArAgAp) < [],<13p-
And the assertion follows since both (4.19) and (4.20) are contradicted.
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4.4. k > 53
Given m and ¢ such that mq < k, we consider the ¢ intervals
Li=[—-1)m+1,jm|NZfor1 <j<gq

and let I’ = Uj_, I; and I"={iel:m< P(4;) <k}. There is at most one i € I’ such
that mqg — 1 < P(A;) < k and for each 2 < j < ¢, there are at most j number of ¢ € I’
such that (mq — 1)/j < P(4;) < (mq—1)/(j — 1). Therefore

< a0 = amg = 1)+ 3 (w( - w1
j=2

Jj—1 J
1

(—— 1) —qn(m—1) =:T(k,m,q).
1 J

:ﬂ(k)-i-q

mq

<

Hence there is at least one j such that [I; N I"| < |T(k,m,q)/q|. We will choose ¢
such that |T'(k,m,q)/q| < rm. Let Iy = I; \ I" and let jo be such that Iy C [(jo —
1)m + 1, jom]. Then p|(n + id) imply p < m or p > k whenever i € Iy. Further
[Io| > 20 = m — |T(k,m,q)/q|. Since |T(k,m,q)/q| < rm, we get from Lemma 4.5
with & = m and n = (jo — 1)m that there is an ¢ € Iy with X; > k. Further P(4;) < m
for all ¢ € Iy. Here are the choices of m and q.

ke | [53,89) | [89,179) | [179,239) | [239,367) | [367, 433)
(m,q) | (17,3) | (28,3) | (36,5) (36,6) | (36,10)

We have ag = m — 1,bp = mand 29 = m — LT(k,m,q)/qJ and we check that zg > 3.
The Subsection 4.3(29 < k < 47) is in fact obtained by considering m = 17,q = 1.
Now we consider Cases I and II and try to get contradiction in both (4.19) and (4.20). For
these choices of (m, ¢), we find that the Cases I are contradicted. Further taking Uy =
Ip,a1 = ap = m —1,b; = bg = m,z1 = zp, we find that Case II is also contradicted
for 53 < k < 89. Thus the assertion follows in the case 53 < k < 89. So, we consider
k > 89 and try to contradict Cases II. Recall that we have X; > k for all but at most one
i € Iy. Write Iy = U; U Uy where Uy = Iy N [(jo — 1)m + 1, (jo — 1)m + m/2] and
Uy = IhN[(jo—1)m+m/2+1, jom]. Let Uj = U; or U}y = U according as |U;| > z/2
or |Ua| > zp/2, respectively. Let Uy = {i € Uy : pt A; for m/2 < p < m}. Then |Up| >
21 = 20/2—(n(m—1)—n(m/2)) = (m~—|T(k,m,q)/q])/2—(7(m~1)—7(m/2)) > 3.
Further p|(n + id) with i € Up imply p < m/2 or p > k. Now we have Case II with
ap =m/2 —1,by = m/2 and find that (4.20) is contradicted. Hence the assertion.

5. (=7

Let ¢ = 7. Assume that k£ > exp(13006.2). Taking o« = 3, 5 = 1/15+ 2/9 in Lemma 3.2,
we get

1S13)| = {i € [0,k — 1] : 4; < 3k} >k<115+§>
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For i’s such that A; € S1(3), we have X; > k and we arrange these X;’s in increasing
order as X;, < X;, < --- <. Then XZ']. > Da(k)+j Consider the set Jy = {i : X; >
2}. We have

1 2 k E—1
T I > R .
\J0|>k<15+9> 15+2_2<[ 5 J+1>

Hence there are f,g,h € Jy, f < g < hsuchthat h — f < 8. Also A; < 3k and

X = (Xy X Xn)'V? 2 Prry+ k15 —2

First assume that N = N (rstX; X, X,) > exp(63727) > N, 3. Observe that uvw <
70 since 2 < u + v = w < 8, obtained at 2 + 5 = 7. Taking ¢ = 1/3, we obtain from
(3.15) and max(Ay, Ay, Ap) < 3k that

Prey+ | k/15] -

) 5 5-70- (3k)3

< —— N(uvwArA,A,) < .
Pew+| £ ]2 6v/2r . 6458 ( sAgAn) < 6/129207

Since m(k) > 2 we have w(k) + |k/15] — 2 > 1—’“5 and hence pn(k)+[ >

(k/15)1og(k/15) by Lemma 2.1 (i7). Therefore

k/15] -2

1

k\®  350-(3-15)3 ( 350 >3
log— | <= ork<15-exp (45 [ — e
( g15) 61/12920m P 61/129207

which is a contradiction since k > exp(13006.2).

Therefore we have N = N (rstX;X,X}) < exp(63727). We may also assume that
N > exp(3895) otherwise taking ¢ = 3/4 in (3.13), we get k7 < X7 < N'3/4 <
exp(3895 - 7/4) or k < exp(3895/4) which is a contradiction. Now we take ¢ = 5/12 in
(3.13)to get k7 < Xg < N1HS/12 < exp (64266 - 17/12) or k < exp(13006.2). Hence the
assertion.

6. abc-conjecture implies Erdos conjecture: Proof of Theorem
1.1

Assume (3.5). We show that k is bounded by a computable absolute constant. Let & > kg
where kg is a sufficiently large computable absolute constant. Let ¢ > 0. Let c1,co, -+ be
positive computable constants depending only on e. Let / = {i, : p < k and p { d} where
ip be as defined in beginning of Section 3. Let S = {4, : |k/2] <i <k or i € I} and

o= [ 4
iz[ %]

i¢l
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By Sylvester-Erdds inequality(see [ErSe75, Lemma 2] for example), we get

ordy(®) <ord, [ ] (G —1p)
iz [ 4]

ordy (k= [5] = 1= (ip — [5])!Gp = [5])Y) if 4 > |5],
ord, ((k lblj)(k— LJ)‘) otherwise.

Since ordy,(r!s!) <ord,((r + s)!) and k — |k/2| = |(k + 1)/2], we see that

1—i.

%J ordp L QlJl).

Using the fact that pordp(( ) < z for any = > k, we get

k
ordp(
pordp (@) ol L

@ < (k1 (| E < g et

by using Lemma 2.1 (i), (v).
Let D be a fixed positive integer and let

k—1 k—1
J { 5D <j< 5 1:{Dj+1,Dj + 2, ,Dj+D}nI gb}

We shall choose D = 20. Let j,j" € J be such that j # j'. Then Dj + i # Dj' + i’ for
1 < 4,7 < D otherwise D(j — j') = (i — ) and |¢' — i| < D. Further we also see that
|k/2| <Dj+i<k—1forl<i< D andconsequently |J| > (k —1)/2D — m(k). For

D

eachj € J,let ®; = H Apjyi. Then HjeJ ®; divides ® implying
i=1

k
[[2 <@ <keen?
jedJ

Thus there exists jo € J such that

BN I B
¢, < (k:%eclk)) 7! <k2661k> 5o "<’“) < chD

Let

D
H :=[](n+ (Djo + i)d).

=1
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Since Apjy+iX¢ < n+ (k—1)d, we have Xpjo+; < ((n+ (k — 1)d)/Apjo+:)"/*~.

Djo+i —
Thus
D b L
Hp = HXDj0+i < (n + (k - 1)d)7((bj0)_z
plH =1
p>k
Therefore

D 1
Hp: Hp Hp < Qjo(n+ (k= 1)d) 7 (Pj,) " *
p|lH plH p|H

p<k p>k

D
7

1
< cf(l PO (1 + (k — 1)d)
On the other hand, we have H = F'(n + Djod, d) where

D

F(z,y) = [[(= +1y)

i=1

is a binary form in x and y of degree D such that F' has distinct linear factors. From
Conjecture 1.4, we have

Hp > c3(n + Djod)” 2.
plH

Comparing the lower and upper bounds of [, ;; p and using n+ Djod > (n+(k—1)d)/2,
we get

_ 2+e

k> ci(n+ (k—1)d) P00,

We now use n + (k — 1)d > k to derive that

((1——2t= Y1
C5>k( D(lf%)) .

Taking € = 1/2 and putting D = 20, we get

-2 1
cg >k 8(6-1) > k2
since £ > 2. This is a contradiction since k > kg and kj is sufficiently large. O
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