SQUARES IN PRODUCTS IN ARITHMETIC PROGRESSION WITH AT
MOST TWO TERMS OMITTED AND COMMON DIFFERENCE A
PRIME POWER

SHANTA LAISHRAM AND T. N. SHOREY

ABSTRACT. It is shown that a product of k — 2 terms out of & > 15 terms in arithmetic
progression with common difference a prime power > 1 is not a square. In fact it is not of
the form by? where the greatest prime factor of b is less than k.

1. INTRODUCTION

For an integer z > 1, we denote by P(x) and w(x) the greatest prime factor of x and the
number of distinct prime divisors of z, respectively. Further we put P(1) = 1 and w(1) = 0.
Let p; be the i—th prime number. Let k£ > 4,t > k — 2 and 7 < 72 < --- < 7 be integers
with 0 < v < kfor1 <i <t Thust e {kk—1,k—2},vw>k—3andy =i—1 for
1<i<tift =k Weput ¢ =k—t. Letbbe a positive squarefree integer and we shall
always assume, unless otherwise specified, that P(b) < k. We consider the equation

in positive integers n, d, k, b, y,t. We prove

Theorem 1. Let ¢ =2,k > 15 and d{ n. Assume that P(b) < k if k =17,19. Then (1.1)
with w(d) = 1 does not hold.

From Theorem 1, we obtain the following results immediately.
Corollary 1. Let ¢ = 1,k > 15 and d{n. Then (1.1) with w(d) = 1 does not hold.

Corollary 2. Let ¢ = 0,k > 15 and d { n. Assume that P(b) < pz+1 if k = 17,19 and
P(b) < prgiy42 otherwise. Then (1.1) with w(d) =1 does not hold.

For the proof of Corollary 1, we may suppose P(b) = k otherwise it follows from (2.1) and
Theorem 1. Then we delete the term divisible by &k on the left hand side of (1.1) and the
assertion follows from Theorem 1. Further Corollary 2 also follow similarly from Theorem
1.

Let ¢» = 0. If d = 1, then (1.1) has been completely solved for P(b) < k by Erdds and
Selfridge [ErSe75] and for P(b) = k by Saradha [Sar97]. Let d > 1. We observe that (1.1) has
infinitely many solutions if £ = 2,3 and b = 1. Also (1.1) with £ = 4 and b = 6 has infinitely
many solutions. It has been conjectured that (1.1) with ged(n,d) = 1 and k > 5 does not
hold. Let w(d) = 1. It has been shown in [SaSh03a] for £ > 29 and [MuSh03] for 4 < k£ < 29
that (1.1) with ged(n,d) = 1 implies that either k = 4,(n,d,b,y) = (75,23,6,140) or
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k =5, P(b) = k. In fact we shall derive the preceding result with £ > 10 and P(b) < k from

Theorem 1, see Corollary 3.11. We refer to [LaSh06a] for results on (1.1) with 1 < w(d) < 4.
Let ¢» = 1. We may assume that v; = 0 and v, = k — 1. It has been shown in [SaSh03b]

that

6! , 10!

515

are the only squares that are products of £ — 1 distinct integers out of k consecutive integers
confirming a conjecture of Erdés and Selfridge [ErSe75]. This corresponds to the case b = 1
and d = 1 in (1.1). In general, it has been proved in [SaSh03b] that (1.1) with d = 1 and
k > 4 implies that (b, k,n) = (2,4,24) under the necessary assumption that the left hand
side of (1.1) is divisible by a prime > k. Further it has been shown in [SaSh03a, Theorem
4] and [MuSh04a] that (1.1) with d > 1, ged(n,d) = 1,w(d) = 1 and P(b) < k implies that
k < 8. Thus we derive the preceding result with £ > 15 from Corollary 1. Further the
assumption P(b) < k has been relaxed to P(b) < k and the assumption ged(n,d) = 1 has
been replaced by d 1 n.

Let ¢ = 2. Let d = 1. Then it has been shown in [MuSh04b, Corollary 3] that a product
of k — 2 distinct terms out of k consecutive positive integers is a square only if it is given by

6! 7! 192 10! 11!

— == = =720
15 57 R AT

= (720)?

and

(4 _ 92 6 _ a2 8 _ o2 100 _an2 9 _ 792
=27 = 6% 557 = 24% 53067 =607, 557 =727,

e = 1207, 512 = 1807, 1% = 2407, {3 = 3607,

2.3.6.7 - ’ 2.7.8 ’ 79 4.7
2 2 14 2 4 9
e — 00407, gy = 0407 g3 = 10080%

The above result corresponds to (1.1) with b = 1. For the general case, we have

Theorem 2. Let ) =2,d =1 and k > 6. Assume that the left hand side of (1.1) is divisible
by a prime > k. Then (1.1) is not valid unless k = 6 and n = 45, 240.

We observe that n > k? since the left hand side of (1.1) is divisible by a prime > k. Then
the assertion follows immediately from [MuSh04b, Theorem 2.

Therefore we take d > 1 from now onwards in this paper. For the proof of Theorem 1,
we show without loss of generality that ged(n,d) = 1. Let ged(n,d) > 1. Let p® =ged(n, d),
n' =5 and d' = z%' Then d’ > 1 since d { n. Now, by dividing (p”)! on both sides of (1.1),
we have
(1.2) (' +nd) - (0 +nd') = pby”
where 3’ > 0 is an integer, b’ squarefree, P(b') < k when k£ = 17 and € € {0,1}. Since p|d’
and ged(n',d") = 1, we see that pt (n'+71d') - - - (n'+~d’) giving € = 0 and assertion follows.

2. NOTATIONS AND PRELIMINARIES

We assume (1.1) with ged(n,d) = 1 in this section. Then we have
(2.1) n+ vd = a%.xzi for 1 <i<t



THE EQUATION A(n,d, k) = by> WITH w(d) =1 AND AT MOST TWO TERMS OMITTED 3

with a., squarefree such that P(a,,) < max(k—1, P(b)). Thus (1.1) with b as the squarefree
part of a,, - - - a,, is determined by the t—tuple (a.,,- -, a,,). Also

(2.2) n+yd=A,X? for1 <i<t
with P(A,,) <k and ged(X,,, [[,<,p) = 1. Further we write
bi=a,, Bi=A,, yi=x, Y;=X,.
Since ged(n, d) = 1, we see from (2.1) and (2.2) that
(2.3) (bi,d) = (B, d) = (y;,d) = (Yi,d) =1 for 1 <i <t
Let
R={b;:1<i<t}.
For b, € R, let v(b;)) = |{j : 1 <j <t,bj =b;}| Let
T={1<i<t:Y=1}, 1 ={1<i<t:Y;>1}, S, ={B;:ieT)}.

Note that Y; > k for ¢ € Ty. For ig € T}, we denote by v(B;,)) = |{j € T\ : B; = B;, }|.
Let

(2.4) § = min(3, ordz(d)), ¢’ = min(1, ordy(d)),

1 if ordy(d) <1,
2.5 =
(2:5) 7 {2 if orda(d) > 2,

3 if 3|d,
2.6 =
(2:6) P {1 it 34d.
and
1 ifd=24

2.7 0 = ’
27) {0 otherwise.

Let d = p*. Then we say (di,ds) is a partition of d if d = dydy and ged(dy,dy) = 1 and
we take (1,2) as the partition of d = 2. Further (2,2) is the only partition if d = 4. For
d # 2,4, we see that (n, %) and (%, n) are the only distinct partitions of d. Let b; = b;,i > j.
Then from (2.1) and (2.3), we have

(=) _ Y=Y (=) i + )

(2:8) b, d d

such that ged(d, y; — v;, v +y;) = 2° . Thus a pair (4, /) with i > j and b; = b; corresponds
to a partition (dy, d) of d such that d;|(y; —y;) and da|(y; +y;) and this partition is unique.
Similarly, we have unique partition of d corresponding to every pair (i, 7) with i > j,4,j € T3
and Bz = Bj.
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Let ¢ be a prime < k and coprime to d. Then the number of i’s for which b; are divisible
by ¢ is at most o, = [£]. Let o), = [{b; : q|b;}|. Then o), < 0. Let r > 3 be any positive
integer. Define F'(k,r) and F'(k, 7")

QIR‘

(k)
F<k77ﬂ):|{71 ( )>p7~}| andF’k:r ZUPZ
i=r+1
Then |{b; : P(b;) > p}| < F(k,r) < F'(k,r) — Z o,. Let
pld,p>pr

B, = {bi: P(b) < p,} I = {5 : b € B} and & = |I,|.

We have
(2.9) &2t—Fkr)>t—F(kr)+ Y o
pld,p>pr

and

(2.10) t—|R| >t —{bi: P(b;) > pr}| = {bi : P(bi) < pr}

(2.11) >t — F(k,r)— |{b; : P(b;) < p.}|

(2.12) >t—F'(kr)+ Y op—|{bi: P(b;) < p}|
pld,p>pr

(2.13) >t—F'(kr)+ Y o,—2".
pld,p>pr

We write S := S(r) for the set of positive squarefree integers composed of primes < p,.
Let p = 2° if d is even and p = P(d) if d is odd. Let p = 2°. Then b; = n(mod 2°).
Considering modulo 2° for elements of S(r), we see by induction on 7 that

(2.14) 1{b; - P(b;) < pr} <2770 =: gos.

Let p = P(d). Then all b;’s are either quadratic residues mod p or non-quadratic residues
mod p. We consider two sets

Sipr)=tses: (1) =1,

(2.15)
So(p,r)={seS: (;) =-—1}
and define
(2.16) gp(r) = max(|Si(p, r)], [S2(p, r)]).
Then
(2.17) {bi : P(bi) < pr}| < gp-
In view of (2.14) and (2.17), the inequality (2.12) is improved as
(2.18) t—|R|>k—vy—F(kr)+ Y  0,—gp

pld,p>pr
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Let r =3,4,2 < p < 220. Then we calculate
2r=2 if p <np,
2.19 = =
(219) (r) {2 o

except when r = 3,p € {71,191} where g, = 2". We close this section with the following
Lemmas which are independent of (1.1). The first Lemma is an estimate on 7(z) due to
Dusart [Dus99.

Lemma 2.1. We have

<
@) < log =

1.2762
v (1 + ) for x > 1.
log

The following lemma is contained in [LaSh04, Theorem 1].
Lemma 2.2. Let k > 9, ged(n,d) = 1,n >k ifd =2 and (n,d, k) ¢ V where V is given by
n=1,d=3 k=910,11,12,19,22,24, 31;
n=2 d=3 k=12 n=4 d=3, k=9,10;
n=2 d=5, k=9 10:
n=1,d=1, k=10.

(2.20)

Then
(2.21) W(n(n+d)---(n+ (k—=1)d)) = {i:0<i<k,P(n+id) > k}| > n(2k) — ma(k).
Letd =2 and n < k. Then
(2.22) Wnn+d)---(n+ (k—1)d)) > n(2k) — ma(k) — 1.
The following lemma is contained in [Lai06, Lemma 8§].

Lemma 2.3. Let s; denote the i-th squarefree positive integer. Then
!
(2.23) [Isi= @61 for 1> 286

=1
3. LEMMAS FOR THE EQUATION (1.1)

All the lemmas in this section are under the assumption that (1.1) with w(d) = 1 is valid
and we shall suppose it without reference.

Lemma 3.1. Let ¢ be fized. Suppose that (1.1) with P(b) < k has no solution at k = k;
with ky prime. Then (1.1) with P(b) < k and ky < k < ks has no solution where ky, ks are
consecutive primes.

Proof. Let ki, ks be consecutive primes such that ky < k < ko. Suppose (n,d,b,y) is a
solution of

(n+1d) - (n + 7ed) = by’
with P(b) < k. Then P(b) < k;. We observe that v, _, < k1 and by (2.1),

(n+md) -+ (n+ Yy —pd) = by”

holds for some b’ with P(b') < ky giving a solution of (1.1) at k = ky. This is a contradiction.
0J
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In view of Lemma 3.1, there is no loss of generality in assuming that £ is prime whenever
k > 23 in the proof of Theorem 1. Therefore we suppose from now onward without reference
that k is prime if & > 23. The following Lemma gives a lower bound for |77, see [LaSh06a,
Lemma 4.1].

Lemma 3.2. Let k > 4. Then

(3.1)

(k—Ubg%—iy—zwwwmm(aﬁﬁgﬁﬁ—bﬂk—%)
log (n+ (k —1)d)

We apply Lemmas 2.2 and 3.2 to derive the following result.

7] >t — — (k) — 1.

Corollary 3.3. Let k > 9. Then we have

(3.2) T3] > 0.1754k for k > 81.
and
(3.3) n+ vd > k>,

Proof. We observe that m(2k) — w(k) > 2 since k > 9. Therefore P(A) > k by Lemma 2.2.
Now we see from (1.1) that

(3.4) n+v,d > k*.
By (3.1),t > k — 2, my(k) < w(k) and Lemma 2.1, we get
(k=Vloghk &k (12762
2log k log k logk )~

Since the right hand side of the above inequality exceeds 0.1754k for k > 81, the assertion
(3.2) follows.

Now we turn to the proof of (3.3). By (3.4), it suffices to consider d = 2* with o > 1.
From Lemma 2.2 and (1.1), we have n + (k — 1)d > pi(2k>_2. Now we see from (3.1) that

(3.5)
Th| + ma(k) — m(2k) >k — 3 —

(k—1)log(k —1) — (k—3)log2+ log(k — 2)

— m(2k
2 log Pr(2k)—2 ( )

and

|Th| + ma(k) — w(2k) >k — 3 —

(k—1)logk — (k—3)log2+loghk 2k 1_'_1.2762
2log k log 2k log 2k
by Lemma 2.1. When k& > 60, we observe that the right hand side of the preceding inequality
is positive. Therefore |T3| + m4(k) > 7(2k) implying n + vd > 4k* for k > 60. Thus we
may assume k < 60. Now we check that the right hand side of (3.5) is positive for k£ > 33.
Therefore we may suppose that k < 33 and n+(k—3)d < n+~,d < 4k*. Hence d = 2% < ,%23.
For n,d, k satisfying k < 33,d < ,f—ﬁzg,n + (k—3)d < 4k* and n+ (k — 1)d > pfr(%)ﬁ, we
check that there are at least three ¢ with 0 < i < k such that n + ¢d is divisible by a prime
> k to the first power. This is not possible. O

The next Lemma follows from (3.3) and [LaSh06a, Corollaries 3.5, 3.7].
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Lemma 3.4. For any pair (i,j) with b; = b;, the partition (dn~',n) of d is not possible.
Further v(b;,) < 2% and v(B,,) < 2'7°.

The following Lemma follows from (3.3), Lemma 3.4 and [LaSh06a, Corollary 3.9].

Lemma 3.5. Let zy € {2,3,5}. Assume that either d is odd or 8|d and zy = 5 if 8|d. Further
let d =0,(k—1)%,n=0,(k —1)> with 6; > 0 and 6 > 0. Suppose that t — |R| > zy. Then
we have the partition (n,dn™") of d such that

4(k -1
(3.6) gt < A1)
q2
and
1 1 1 0,
3.7 O < = — — 01+ 4| ——— + —
( ) ? 2 {Q1Q2 ! \/((11612)2 Q1Q2}

hold with 1 > Q1,q2 > Qo where (Q1,Q2) is given by (1,1),(2,2),(4,4) according as zy =
2,3, 5, respectively when d is odd and (Q1,Q2) = (2,8) when zy = 5, 8|d.
Lemma 3.6. Let z; > 1 be a real number, hg > iqg > 0 be integers such that HbieR b; >

zllR‘_iO(|R| —ig)! for |R| > hg. Suppose thatt —|R| < g and let g =k —t+ g — 1+ iy. For
k > ho + g1 and for any real number m > 1, we have

_2
klog (%?1851 pp“) + (k+3)log(1— %)

p<m

> _
(3.8) S log(k —¢g1) — 1 +log 2z
(1.57(m) — .5¢ — 1) log k + log (nl—anHp-“%)
p<m
log(k —¢g1) — 1+ log z
where

1
1 p—1 26 if2+d
(= <m:pld}, ng= PR My = 20 and ny = ;
H{p < pld}], no gp 1 gp 2 {1 otherwise.

p<m p<m

For a proof, see [LaSh06a, Lemma 5.3]. The assumption w(d) = 1 is not necessary for
Lemmas 3.1, 3.2, 3.6 and Corollary 3.3.

Lemma 3.7. We have

5 for k > 81
(3.9) L= |R| > 5—1) for k > 55
' T |4—19for k>28k # 31
3 — for k = 31.

Proof. Suppose t — [R| < 5 and k > 292. Then [R| > 286 since t > k — 2 and [], .pb; >
(1.6)EI(|R|)! by (2.23). We observe that (3.8) hold for k > 292 with iy = 0,hy = 286,
21=16,g1=6m=17/=0,ng=1,n =1landny, = 25. We check that the right hand side
of (3.8) is an increasing function of k£ and it exceeds g; at k = 292 which is a contradiction.
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Therefore t — |R| > 5 for k > 292. Thus we may assume that k < 292. By taking r = 3 for
k<50, r=4for50 < k <181 and r = 5 for 181 < k < 292 in (2.11) and (2.13), we get
t—|R| >k—tY—F'(k,r)—2">7T—1,5—1,4—1 for k > 81,55,28, respectively except at
k =29,31,43,47 where t —|R| > k—¢— F(k,r)—2" > k—1¢— F'(k,r)—2" = 3—1. We may
suppose that k =29,43,47,t — |R| = 3 — ¢ and F(k,r) = F'(k,r). Further we may assume
that for each prime 7 < p < k, there are exactly o, number of i’s for which p|b; and for any i,
pq 1 b; whenever 7 < g < k, ¢ # p. Now we get a contradiction by considering the ¢’s for which
b;’s are divisible by primes 7,13;7,41;23,11 when k = 29,43,47, respectively. For instance
let kK =29. Then 7|b; for i € {0,7,14,21,28}. Then 13|b; for i € {h + 135 : 0 < j < 2} with
h =0,1,2. This is not possible. ([l

Lemma 3.8. Let 9 < k < 23 and d odd. Suppose that t —|R| > 3 for k =23 andt—|R| > 2
for k <23. Then (1.1) does not hold.

Proof. Suppose (1.1) holds. Let Q@ =2 if £ = 23 and Q) = 1 if k < 23. We now apply Lemma
3.5 with zp = 3 for £ =23 and zy = 2 for k£ < 23 to get d < %(k—l),@l <ﬁ and

1 1 4 1 4
91+92<§{@+m+\/@+m} :Q(]{I—l)

Further from (2.21), we have n+ (k—1)d > n+vd > pfr(zk)_z. Therefore p* = d < %(k: —1)
and 107%(%)72 <n+(k—=1)d < (k—1)3Q(k—1). For these possibilities of n,d and k, we check
that there are at least three ¢ with 0 < ¢ < k such that n + ¢d is divisible by a prime > k to
an odd power. This contradicts (1.1). O

Lemma 3.9. Equation (1.1) with k > 9 implies that t — |R| < 1.

Proof. Assume that k¥ > 9 and ¢ — |R| > 2. Let d = 2,4. Then |R| <t — 2 contradicting
|R| =t by Lemma 3.4. Thus d # 2,4. By Lemma 3.4, we have v(b;,) < 2 and v(B;,) < 2.

Let £ > 81. Then ¢t —|R| > 5 by Lemma 3.7. Now we derive from Lemma 3.5 with zp =5
that d < k — 1 giving 6; < ﬁ and hence

n+(k—1)d= (0, +60)(k—1)>< (k_Ql) {%+ﬁ+\/(1é)2+ 16(k1— 1)}'

On the other hand, we get from (3.2) and v(B;,) < 2 that n+(k—1)d > %1542 > 0.1754%3.
Comparing the upper and lower bounds of n + (k — 1)d, we obtain

1 1 1 1
0.1754 < § — <0.144
< {16+k—1 +\/(16)2+ 16(k—1)} =

since k > 81. This is a contradiction.

Thus & < 81. Let d be even. Then 8|d and we see from v(a;) < 2 and (2.14) that
& < 29y < 2772 Let r = 3. From (2.9), we get k — 2 — F'(k,r) < & < 2772, We find
k—2— F'(k,r) > 2" by computation. This is a contradiction.

Thus d is odd. Since ¥ < 2, we get from Lemmas 3.7 and 3.5 with 2y = 3,2 that
d<2(k—1)if k>55and d < 4(k — 1) if k < 55. Since g,(r) < 2"! for r = 4,p < 220 by
(2.19), we get from (2.18) with r = 4 that t — |[R| > k — 2 — F'(k,7) — 2"~! which is > 5 for
k > 29 and > 3 for k = 23.
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Let £ > 29. Then we get from Lemma 3.5 with 2y = 5 that d < k — 1. By taking r = 3
for k < 53 and r = 4 for 53 < k < 81, we derive from (2.17), (2.19), v(a;) < 2 and (2.9)
that k —2 — F'(k,r) <& < 2g, < 2". On the other hand, we check by computation that
k—2— F'(k,r) > 2". This is a contradiction.

Thus & < 23. Then t — |R| > 3 for k =23 and t — |R| > 2 for k < 23. By Lemma 3.8,
this is not possible. O

Corollary 3.10. Let k > 9. FEquation (1.1) implies that either k < 23 or k = 31. Also
P(d) > k.

Proof. By Lemmas 3.7 and 3.9, we see that either &k < 23 or k = 31. Suppose that P(d) < k.
Since gp@)(r) < 2"t for r = 3 by (2.19), we get from (2.18) with r = 3 that ¢t — |R| >
k—2—F'(k,r)— 2! > 2 except at k =9 where ¢ — |R| = 1. This contradicts Lemma 3.9
for k> 9. Let k = 9. By taking r = 4, we get from gp(g)(r) < 2”72 by (2.19) and (2.18) that
t—|R|>k—2—F'(k,4) — 272 > 2. This contradicts Lemma 3.9. O

As a consequence, we derive the following Corollary which is [SaSh03a, Theorem 1 (i7)].
Corollary 3.11. Let ¢ = 0. Equation (1.1) with P(b) < k implies that k < 9.

Proof. Let k > 10. By Corollary 3.10, we see that either £ < 23 or k£ = 31. Let k£ = 10.
Then we get from (2.13) with r = 2 that ¢t — |R| > k— F'(k,r) — 2" = 2 contradicting Lemma
3.9. Thus (1.1) does not hold at & = 10. By induction, we may assume k € {12,14,18,20}
and further there is at most one ¢ for which p|a; with p = k—1. We take r = 2 for k = 12,14
and r = 3 for k = 18,20. Now we get from |{b; : P(b;) > p,}| < F'(k,r) — 1 and (2.10) that
t —|R| >k — F'(k,r)+1—2" > 2. This contradicts Lemma 3.9. O

4. PROOF OF THEOREM 1

Suppose that the assumptions of Theorem 1 are satisfied and assume (1.1) with w(d) = 1.
By Corollary 3.10, we have P(d) > k and further we restrict to £ < 23 and k = 31. Also
t—|R| < 1 by Lemma 3.9. Further it suffices to prove the assertion for k& € {15, 18,20, 23,31}
since the cases k = 16,17; k = 19 and k = 21,22 follows from those of £ = 15,18 and 20,
respectively.

We shall arrive at a contradiction by showing ¢ — |R| > 2. For a prime p < k, we observe
that p 1 d and let i, be such that 0 < i, < p and p|n + i,d. For any subset Z C [0,k) N Z
and primes p; and ps, we define

) =y _ T — p, un e =y 1 — p,
Il_{lez'< b1 ) ( P2 >} 22 {GI'< b1 >7é( P2 >}'

Then from <ﬂ> = (ﬂ <4>, we see that either
P P p

(4.1) (&> =+ (&> for all 7+ € Z; and (&> = (&) for all i € 7,
b1 2 Y4 P2

or

(4.2) (&) =+ (&) for all + € Z, and (&) = (ﬂ) for all i € 7.
1 2 b1 P2
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We define (M, B) = (Z1,Z,) in the case (4.1) and (M, B) = (Z;,7Z;) in the case (4.2). We
call (Zy,Z5, M, B) = (ZF, 25, M* B*) when Z = [0,k) N Z. Then for any Z C [0, k) N Z, we

have

Il QI{C7IQ QI§7M g MkaB g Bk

and
(4.3) (M| > |ME| = (k — |Z]), [B| = |B*| - (k — |Z]).
By taking m = n + v;d and ) = v, — Y4_i11, we re-write (1.1) as
(1.4 (1 = ~d) -+ (m — ) = by,
The equation (4.4) is called the mirror image of (1.1). The corresponding t-tuple (a,;, ay;, -+, ay)
is called the mirror image of (a,,,- -+ ,a,,).

4.1. The case k = 15. Then o7 = 3 implies that 7]a;; for j = 0,1,2 and o} < 2 if
7 1 apazays. Similarly o] = 2 implies 13|ag, 13|ay3 or 13|aq, 13|ai4 and o713 < 1 otherwise.
Thus [{a; : 7|a; or 13|a;}| < 4. It suffices to have

(4.5) {a; : pla; for 5 < p <13} <7

since then t — |R| > k — 2 — |[{a; : pla; for 5 < p < 13}| —4 > 2 by (2.10) with r = 2, a
contradiction.

Let p1 = 11, po = 13 and Z = {y1,72, -+ , 7 }. We observe that P(a;) < 7 fori € MUB.
Since (%) #+ (%) but (%) = (1%) for a prime ¢ < k other than 5,11, 13, we observe that
5la; whenever i € M. Since 05 < 3 and |Z| = k — 2, we obtain from (4.3) that |[M*| <5
and 5|a; for at least |[M*| — 2 i’s with i € M*. Further 51 a; for i € B.

By taking the mirror image (4.4) of (1.1), we may suppose that 0 < i;3 < 7. For each
possibility 0 < 4y; < 11 and 0 < i13 < 7, we compute |ZF|, |Z¥| and restrict to those pairs
(i11,413) with min(|Z¥], |Z5]) < 5. We see from max(|ZF|, |Z¥|) > 6 that MP* is exactly one of
Z¥ or Z§ with minimum cardinality and hence B* is the other. Now we restrict to those pairs
(411, %13) for which there are at most two elements i € M* such that 5 { a;. There are 31 such
pairs. By counting the multiples of 11 and 13 and also the maximum multiples of 5 in M¥*
and the maximum number of multiples of 7 in B¥, we again restrict to those pairs (i1y,%3)
which do not satisfy (4.5). With this procedure, all pairs (i11,713) are excluded other than

(4.6) (0,6), (1,3), (2,4), (3,5), (4,6), (5, 3).

We first explain the procedure by showing how (iy1,i13) = (0,0) is excluded. Now M* =
{5,10} and B* = {1,2,3,4,6,7,8,9,12,14}. Then there are 3 multiples of 11 and 13, at
most 2 multiples of 5 in M¥ and at most 2 multiples of 7 in B* implying (4.5). Thus
(111,713) = (0,0) is excluded.

Let (i11,i13) = (5,3). Then M* = {1,6,11} and B* = {0,2,4,7,8,9,10, 12, 13,14} giving
is = 1 and 5|ajaga;;. We may assume that 7|a; for ¢ € {0,7,14} otherwise (4.5) holds. By
taking p; = 5,po = 11 and Z = B*, we get Z; = {4,10,13} and Z, = {0,2,7,8,9, 12, 14}.
Since (%) = (%), (%) = (%) and (%) + (1—31), we observe that 3|a; for i € Z; N B and 3 1 ¢;
fori € ZyNB. Thus a; € {3,6} fori € ZyNB and a; € {1,2,7,14} for i € Z, N B. Now from
("“7) = (#) (%) and (%) = (g), we see that at least one of 4,10, 13 is not in B implying
i ¢ B for at most one i € Z,. Therefore there are distinct pairs (iy,42) and (ji, j2) with
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11, ig,jl,jQ €1, N B such that A = gy, 11 > 1y and aj, = (ljz,jl > jg glVlIlg t— |R| > 2. This
is a contradiction. Similarly, all other pairs (i11,413) in (4.6) are excluded.

4.2. The case k = 18. We may assume that o}, = 1 and 17 { apajasaisaigar; otherwise the
assertion follows the case k = 15. If |{a; : P(a;) = 5}| = 4, we see from {a; : P(a;) =5} C
{5, 10, 15, 30} that Qi Qi 4555410055415 = (150)2 1mp1y1ng (Tl + Z5d) (n + (Z5 + 5)d> (n + (25 +
10)d)(n + (i5 + 15)d) is a square, contradicting Eulers’ result for £ = 4. Thus we have |{a; :
P(a;) = 5}| < 3. Further for each prime 7 < p < 13, we may also assume that o, = 0, and
for any 4, pq { a; whenever 7 < ¢ <17, q # p otherwise t —|R[ > k—2—-3_; ,0,—3—-4>2
by (2.10) with r = 2. o

Let py = 11, po = 13 and Z = {71,792, -,V }. Since (%) + (%) and (}—I) + (%) but
(f—l) = (%) for ¢ < k,q # 5,17,11,13, we observe that for i € M, exactly one of 5|a; or
17|a; holds. Thus 5 - 17 { a; whenever ¢ € M. For i € B, either 51 a;,17 1 a; or 5|a;, 17|a;.
Thus for i € B, we have P(a;) < 7 except possibly for one ¢ for which 5-17|a;. Since o5 < 4
and o}, < 1, we obtain |M*| < 7 and 5|a; for at least |[M*| — 3 i’s with i € M*. Hence
|MPF¥| = 7 implies that either

(4.7) {a+5j:0<j<3}CTor {b+55:0<;j<3}CI;

for some a,b € {0,1,2}.

Since of; = 2 and o} = 2, we may suppose that 0 < i3 < 6 and 0 < 733 < 4. Further
i11 # i3 and 43+ 11 # i13+13. We observe that either min(|Z¥|, |Z5|) < 6 or |ZF| = |Z5| = 7.
For pairs (iy1,i13) with |ZF| = |Z§| = 7, we check that (4.7) is not valid. Thus we restrict
to those pairs satisfying min(|Z¥|,|Z%]) < 6. There are 16 such pairs. Further we see from
max(|ZF|,|Z%]) > 8 that MF is exactly one of ZF or Z§¥ with minimum cardinality and
hence BF is the other one. Now we restrict to those pairs (iy1,413) for which 5|a; for at
least 3 elements i € M" otherwise t — |R| > k-2 =3, .0, —2—4 > 2 by (2.10)
with » = 2. We find that (iy1,713) € {(1,3),(2,4),(4,0),(5,1)}. For these pairs (iy1,%13),
we check that there are at most 4 multiples a; of 5 and 17 with ¢ € M* U B*. Thus if
{i i€ B,7a;}| <2, then t — |R| > 2 by (2.10) with » = 2. Therefore we may assume
that |{i : i € B,7]a;}| = 3 and hence |{i : i € B¥,T|a;}| = 3. We now restrict to those pairs
(i11,413) for which |[{i : i € B¥, T|a;}| = 3. They are given by (i11,413) € {(2,4), (4,0)}.

Let (i11,713) = (2,4). Then by taking p; = 11 and p, = 13 as above, we have MF =
{1,6,8,11} and B* = {0,3,5,7,9,10,12,14,15,16} giving i5 = 1 and 5|ajaga;;. We may
assume that 17|ag since 17 { ay6. Hence P(a;) < 7 for i € B. Consequently P(a;) < 7 for
exactly 8 elements i € B* and other 2 elements are not in B. Further 7|a; for i € {0,7,14}
and 0,7,14 € B. Now we take p; = 5,p, = 11 and Z = B* to get Z; = {0,5,7,9} and
T, = {3,10,12,14,15}. Since (2) = (&), (£) = (f) and (2) # (&), we observe that either
3|a; for i € Zy N B or 3|a; for i € ZoNB. The former possibility is excluded since 0,7 € ZyN B
and the latter is not possible since 14 € Zo N B. The other case (i11,113) = (4,0) is excluded
similarly.

4.3. The case k = 20. We may assume that o]y = 1 and 19 { apa;9 otherwise the assertion
follows from the case k = 18. Also we have |{a; : P(a;) = 5}| < 3 by Eulers’ result for k = 4.
Further for each prime 7 < p < 17, we may also assume that o, = 0, and for any 4, pq 1 a;
whenever 7 <p < ¢ <19 otherwise t — |R| > k—2— >, ;0,—3—4> 2 by (2.10) with
r=2.
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Let py = 11, po = 13 and Z = {v,72, -+ ,7}. Then as in the case k = 18, we observe
that for i € M, exactly one of 5|a; or 17|a; holds but 5-17 1 a;. For i € B, either 51 a;, 17 1 a;
or 5la;, 17|a;. Since o5 < 4 and 017 < 2, we obtain |[M*| < 8 and 5|a; for at least |MF*| — 4
i’s with i € M*. Hence |MF¥| = 8 implies that either

(4.8) {a4+5j:0<j<3}CTior{b+5j:0<j<3}CIy

for some a,b € {0,1,2,3,4}.

Since of; = 2 and o} = 2, we may suppose that 0 < i3 < 8 and 0 < 433 < 6. Further
i11 # 13 and iy +11 # i3+ 13. We observe that either min(|ZF|, |Z4]) < 7 or |ZF| = |Z§| = 8.
For pairs (i11,i13) with |ZF| = |Z§| = 8, we check that (4.8) is not valid. Thus we restrict
to those pairs satisfying min(|Z}|,|Z5]) < 7. There are 40 such pairs. Further we see from
max(|ZF|,|Z5]) > 8 that MP" is the one of Z} or Z§ with minimum cardinality and hence B*
is the other. Now we restrict to those pairs (i11,413) for which 5|a; for at least 3 elements
i € MFotherwise t —|R| > k—2—1-3,_ 1,0, —2—4>2by (2.10) with r = 2. We are
left with 22 such pairs. Further by (4.3) and |Z| = k — 2, we restrict to those pairs (i11,413)
for which there are at least |MF¥| — 2 elements i € M* such that 5|a; or 17|a;. There are
12 such pairs (i11,713) and for these pairs, we check that there are at most 4 multiples a; of
5 and 17 with ¢ € M" U B*. This implies t — [R| > k =2 -1 -4 -3, 150, —4>2
by (2.10) with » = 2. For instance, let (i1,413) = (3,5). Then M* = {2,7,9,12} and
B* ={0,1,4,6,8,10,11,13,15,16,17,19}. Since 5|a; for at least three elements i € MF¥, we
get bla; for i € {2,7,12} giving i5 = 2. Further 17|ag or 5 - 17|a;7 giving 4 multiples a; of 5
and 17 with i € M* U B*. Thus t — |R| > 2 as above.

4.4. The case k = 23. We may assume that ojy = 1 and 23 { a; for 0 < ¢ < 2 and
20 < < 23 otherwise the assertion follows from the case k = 20. We have o, = 3 if 11]ayy;
with j = 0,1,2 and o}; < 2 if 11 { apa1a2. Also o}, = 4 implies that 7|ar; or 7|a;;7; with
0 < j <3 and ¢} <3 otherwise. Thus |{a; : 7]a; or 11]|a;}| < 6. Further by Eulers result for
k =4, we obtain [{a; : P(a;) =5} < 4. If

Hai:pla, 5<p<23y<d+ > o0,—1-2=15,
T<p<23
then we get from (2.10) with » = 2 that t — |R| > k —2 — 15 — 4 = 2, a contradiction.
Therefore we have

(4.9) 4+ Y op—2<|{ai:pla,5<p<2y <4+ > o, -1

T<p<23 7<p<19

Let py = 11, po = 13 and Z = {7,72, -+ ,7}. Then as in the case k = 18, we observe
that for i € M, exactly one of 5|a; or 17|a; holds but 5 - 17 t a;. Further for i € B, either
51a;, 174t a; or 5-17]a;. Since o5 < 5 and 017 < 2, we obtain |M*| <9 and 5|a; for at least
|IMF| — 4 4’s with i € ME.

By taking the mirror image (4.4) of (1.1), we may suppose that 0 < i; < 11 and 0 < 433 <
11. For each of these pairs (i1, 713), we compute |ZF|, |Z%| and check that max(|ZF|, |Z%|) > 9.
First we restrict to those pairs (i1, i13) for which min(|Z¥|, |Z5|) < 9. Therefore MP* is exactly
one of Z¥ or Z§ with minimum cardinality and hence B* is the other set. Now we restrict to
those pairs (i11,i13) for which there are at least |M*| — 2 elements i € M* such that either
5la; or 17]a;. There are 31 such pairs. Next we count the number of multiples of 11,13,
maximum multiples of 5,17 in M*UB* and 7,19 in B* to check that (4.9) is not valid. This
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is a contradiction. For example, let (i1y,i13) = (0,2). Then M* = {4,6,9,18,19,20} and
B* ={1,3,5,7,8,10,12,13,14,16, 17,21} giving 5|a; for i € {4,9,19}, i5 = 4. Further 17]a;
for exactly one i € {6, 18,20} and other two i’s in {6, 18,20} deleted. Thus 5-17 { a14 so that
(4.9) is not valid. For another example, let (i11,413) = (4,0). Then M* = {6,9,11,16,21}
and B* = {1,2,3,5,7,8,10, 12, 14,17, 18, 19, 20, 22} giving 5|a; for i € {6,11, 16,21}, i5 = 1.
Further we have either 17|ag, ged(5-17,a1) =1 or 9 ¢ M,5-17|a;. Now T7|a; for at most 3
elements i € B¥ so that (4.9) is not satisfied. This is a contradiction.

4.5. The case k = 31. Fromt—|R| > k—2-3 ", 3 0,-8> k=23 43 0,—8=1by
(2.10) and (2.13) with 7 = 3, we may assume for each prime 7 < p < 31 that o), = 0,, and for
any i, pq 1 a; whenever 7 < p < ¢ < 31. Let Z = {1,792, -+ ,%}. By taking the mirror image
(4.4) of (1.1) and 019 = 099 = 2, we may assume that isg = 0 and 1 < i19 < 11,419 # 10.

For p < 31 with p # 19,29, since (&) # (&) if and only if p = 11,13,17, we observe that

for i € M, either 11|a; or 13|a; or 17|a;. Since oy + 013 + 017 < 8, we obtain |[MF*| < 10
and pla; for at least |[M"| — 2 elements i € M* and p € {11,13,17}. Now for each of
the pair (iyg,i29) given by igg = 0,1 < dj9 < 11,439 # 10, we compute |ZF|, |Z5|. Since
max(|ZF|,|Z5]) > 14, we restrict to those pairs (iy9,%29) with min(|Z}],|Z¥|) < 10. Then
we are left with the only pair (iyg,499) = (1,0). Further noticing that M¥* is exactly one
of ZF or Z§ with minimum cardinality, we get M* = {3,5,6,7,11,14,15,19,24,25} and
Bf = {2,4,8,9,10,12,13,16,17, 18,21, 22, 23, 26,27, 28,30}. We find that there are at most
7 elements i € M* for which either 11|a; or 13|a; or 17]a;. This is not possible. O
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