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High density asymptotis of the Poissonrandom onnetion modelRahul Roy and Anish SarkarIndian Statistial Institute, New Delhi.ABSTRACT Consider a sequene of independent Poisson point proesses X1; X2; : : : with densities �1; �2; : : :respetively and onnetion funtions g1; g2; : : : de�ned by gn(r) = g(nr); for r > 0 and for some integrablefuntion g. The Poisson random onnetion model (Xn; �n; gn) is a random graph with vertex set Xn and, for anytwo points xi and xj in Xn, the edge < xi; xj > is inluded in the random graph with a probability gn(jxi�xjj)independent of the point proess as well as other pairs of points. We show that if �n=nd ! �; (0 < � <1) asn!1 then for the number I(n)(K) of isolated verties of Xn in a ompat set K with non-empty interior, wehave (Var(I(n)(K)))�1=2(I(n)(K)�E(I(n)(K))) onverges in distribution to a standard normal random variable.Similar results may be obtained for lusters of �nite size. The importane of this result is in the statistialsimulation of suh random graphs.Keywords Random onnetion model, Continuum perolation, Poisson point proess, entral limit theorem1 IntrodutionThe random onnetion model is an example of random graphs used in desribing small worldnetworks. It onsists of a ountably in�nite set of verties distributed aording to a wellde�ned mehanism (random or otherwise), with pairs of verties onneted by edges aordingto some random mehanism. More formally, let G be a omplete graph of a vertex set X =fx1; x2; : : :g � Rd and ontaining edges < xi; xj > for all possible pairs of verties xi and xjof X. The random onnetion model (RCM) is a random sub-graph of G onsisting of thevertex set X and an edge set E(X) formed aording to a random mehanism determined bya onnetion funtion g : [0;1) ! [0; 1℄. The edge < xi; xj > onneting the verties xiand xj is inluded in the edge set E(X) with a probability g(jxi � xjj), where j � j denotesthe d{dimensional Eulidean distane. The inlusion or non-inlusion of an edge in E(X) isindependent of the inlusion or non-inlusion of all other edges of G.It is immediate that for X = Zd and g(jxj) = p1fjxj�1g, the random graph above oinideswith the nearest neighbour independent bond perolation model. Also for X arising as pointsof a Poisson point proess and g(jxj) = 1fjxj�2rg, for some r > 0, we obtain the Poisson Booleanmodel of ontinuum perolation with balls of a �xed radius r.In this paper the objet of study is the Poisson RCM where the vertex set X is the pointsof a Poisson point proess of density � on Rd , i.e., for disjoint Borel sets A;B � Rd ,(a) #(X \A) and #(X \B) are independent random variables.(b) Given #(X \A) = k, these k points are uniformly distributed in A.1



The onnetion funtion g is arbitrary and the probabilisti mehanism forming the edge setis independent of the Poisson point proess generating X. We shall denote this RCM by(X;�; g). For a more formal aount of the mathematial set-up of this model we refer thereader to Meester and Roy [1996℄.Clearly the graph (X;�; g) an be deomposed as a disjoint union of maximal onnetedsub-graphs. For a vertex x 2 X, let C(x) denote the maximal onneted sub-graph ontainingx. The vertex x is said to admit a luster of order k if C(x) ontains exatly k verties. Thevertex x is isolated if it has a luster of order 1. In ase C(x) ontains in�nitely many verties,the vertex x is said to admit an unbounded luster. Burton and Meester [1993℄ have shownthat the Poisson RCM admits at most one unbounded luster almost surely.It an be easily seen that in (X;�; g), for a �xed vertex u 2 X, the verties x 2 X suh thatthe edges < u; x > are in the graph (X;�; g) form an inhomogeneous Poisson point proesswith density �g(jx� uj). Thus, for any k,Pfu is onneted to k distint pointsg= exp(��ZRd g(jx� uj)dx)(� RRd g(jx� uj)dx)kk! : (1)Hene, if ZRd g(jxj)dx =1; (2)then, for any k � 1, Pfu has a luster of order kg = 0, i.e., u admits an unbounded lusteralmost surely. Combining this with the result of Burton and Meester we see that, for g satisfying(2), (X;�; g) is an unbounded onneted graph almost surely.Similarly, if RRd g(jxj)dx = 0, then (X;�; g) is just a olletion of isolated verties. Thusthe Poisson RCM worth onsidering is for g satisfying0 < ZRd g(jxj)dx <1: (3)Penrose [1991℄ has shown that for g satisfying (3), and for a �xed vertex u 2 X, there exists�(g) > 0 suh that�g(�) := Pfu admits an unbounded lusterg8<:= 0 for � < �(g)> 0 for � > �(g):Moreover, lim�!1 � log(1� �g(�))� RRd g(jxj)dx = 1; (4)whih implies that the rate at whih �g(�) tends to 1 as � tends to 1 orresponds to the rateat whih the probability of u being isolated tends to 0. Thus as the density inreases to 1,the Poisson RCM tends to beoming a onneted graph.2



This however need not our if the onnetion funtion were to also hange with �. Indeed,onsider a sequene of independent Poisson point proesses X1;X2; : : : with densities �1; �2; : : :respetively, where �n !1 as n!1; and onnetion funtions g1; g2; : : : de�ned bygn(r) = g(nr); for r > 0; (5)for some g satisfying (3). We shall obtain asymptoti distributions of the number of isolatedverties in a bounded region K admitted by (Xn; �n; gn) as n!1.The mosai struture of Poisson Boolean model of ontinuum perolation is a similar stru-ture where one onsiders Boolean models whose intensities �n inrease to in�nity while theradii of the balls in eah of the models derease to 0. Hall [1988℄ has obtained asymptoti dis-tribution of the number of `lumps' of �nite order aording to the rate at whih the radius goesto 0. We shall obtain results similar to that obtained by Hall, however, in our ase, beause ofthe arbitrary nature of g and sine the dependene struture of a general RCM is signi�antlydi�erent from that of the Boolean model the alulations involved are more intriate.For simpliity with the alulations we assume here thatg is a non-inreasing funtion: (6)Fix a ompat subsetK of Rd with non-empty interior and let I(n)(K) be the number of isolatedverties in K of (Xn; �n; gn). Our main result isTheorem 1 For Poisson RCM's (Xn; �n; gn) as above, if �n=nd ! �; (0 < � <1) as n!1then I(n)(K)�E(I(n)(K))qVar(I(n)(K)) =) Zwhere Z is a standard normal random variable.Here =) denotes onvergene in distribution.One expets similar results for lusters of �nite sizes; however the omputations involved arequite forbidding.2 Moment omputationsIn preparation for our subsequent analysis, let U 2 Rd be a point uniformly distributedon K and independent of all other underlying proesses. For a1; a2; : : : ; ak 2 Rd , (X [fa1; a2; : : : ; akg; �; g) denotes the RCM obtained with vertex set X [ fa1; a2; : : : ; akg and on-netion funtion g, where X is a Poisson point proess of intensity �.De�ne p(�; g) := Pn0 is isolated in (X [ f0g; �; g)o;where 0 denotes the origin. By the translation invariane of the proessp(�; g) = PnU is isolated in (X [ fUg; �; g)o:3



Moreover, given that the proess has a point at the origin, the onditional distribution of(X [ f0g; �; g) is the same as that of a proess (X;�; g) with a point of the proess taken tobe the origin, thus from (1) we havep(�:g) = exp���ZRd g(jxj)dx�: (7)Clearly, for �n suh that �n=nd ! � as n!1, for some � 2 (0;1), we have from (7),p(�n; gn) = PnU is isolated in (Xn [ fUg; �n; gn)o= exp���n ZRd gn(jxj)dx�= exp���nnd ZRd g(jxj)dx�= p��nnd ; g�! p(�; g) as n!1: (8)Now we introdue some notation. For a Borel set A � Rd , we denote the points of thePoisson points in A by X(A) := X \A and its ardinality by N(A) := #X(A). Also, for t > 0,the fattening of A by t is denoted by At := fy 2 Rd : jx � yj � t for some x 2 Ag. Finally,let I(A) be the number of isolated verties of X in A, i.e., I(A) :=P�2X 1f�2A and � is isolatedgwhere f� is isolatedg is the event that � is not onneted to any �0 2 X. Also, denote byIt(A) := P�2X 1f�2A and � is isolated in Atg where f� is isolated in Atg is the event that � is notonneted to any �0 2 X(At). Note, both I(A) and It(A) are 0 if X(A) = ;.For K ompat with non-empty interior we have It(K) # I(K) almost surely as t " 1, andfor any t > 0, E(It(K))2 � E(N(K))2 <1; thus applying the dominated onvergene theoremwe have E(It(K)) # E(I(K)) and Var(It(K))! Var(I(K)) as t!1. (9)Now we will ompute E(It(K)) and E(It(K))2. First note that the points x 2 X suh thateither < x; u1 > or < x; u2 > is an edge in (X [ fu1; u2g; �; g) form an inhomogeneous Poissonpoint proess. A simple inlusion{exlusion alulation shows that the intensity funtion ofthis inhomogeneous proess is �h(x;u1; u2) where h(x;u1; u2) := g(jx � u1j) + g(jx � u2j) �g(jx� u1j)g(jx � u2j).Lemma 2 For any t > 0, we haveE(It(K)) = �ZK dx exp(��ZKt dyg(jx � yj))and E(It(K))2 = E(It(K))+�2 ZK ZK dx1dx2(1� g(jx1 � x2j)) exp(��ZKt dyh(y;x1; x2)):4



Proof: The proof is by diret omputation.E(It(K))= 1Xm=1E0�X�2X 1f�2K and � is isolated in KtgjN(Kt) = m1AP (N(Kt) = m)= 1Xm=1 exp(��`(Kt))[�`(Kt)℄mm!mP ��1 2 K and �1 is isolated in KtjX(Kt) = f�1; : : : ; �mg�= 1Xm=1 exp(��`(Kt))�m(m� 1)! ZK dx1 ZKt� � � ZKt dxm : : : dx2 mYi=2(1� g(jx1 � xij))= � 1Xm=1 exp(��`(Kt))�m�1(m� 1)! ZK dx1 �ZKt dy (1� g(jx1 � yj))�m�1= � exp(��`(Kt))ZK dx1 1Xm=0 1m! ��ZKt dy (1� g(jx1 � yj))�m= �ZK dx exp���ZKt dyg(jx � yj)� : (10)For the seond moment, note that(It(K))2 = 0�X�2X 1f�2K and � is isolated in Ktg1A2= X�2X 1f�2K and � is isolated in KtgX� 6=�02X 1f�;�02K and both are isolated in Ktg= It(K) + Vt(K) (say). (11)We now alulate E(Vt(K)).E(Vt(K))= 1Xm=2E0� X� 6=�02X 1f�;�02K and both are isolated in Ktgj(N(Kt) = m1AP (N(Kt) = m)= 1Xm=2 exp(��`(Kt))[�`(Kt)℄mm! m(m� 1)P ��1 6= �2 2 K are isolated in KtjX(Kt) = f�1; : : : ; �mg�= 1Xm=2 exp(��`(Kt))�m(m� 2)! ZK ZK dx1dx2 (1� g(jx1 � x2j)) ZKt � � � ZKt dxm : : : dx3 mYi=3(1� g(jx1 � xij))(1 � g(jx2 � xij))!5



= �2 1Xm=2 exp(��`(Kt))�m�2(m� 2)! ZK ZK dx1dx2 (1� g(jx1 � x2j))�ZKt dy(1� g(jy � x1j))(1 � g(jy � x2j))�m�2= �2 exp(��`(Kt))ZK ZK dx1dx2 (1� g(jx1 � x2j)) 1Xm=0 1m! ��ZKt dy(1� g(jy � x1j))(1 � g(jy � x2j))�m!= �2 exp(��`(Kt))ZK ZK dx1dx2 (1� g(jx1 � x2j))exp��ZKt dy(1� g(jx1 � yj))(1� g(jx2 � yj))�= �2 ZK ZK dx1dx2(1� g(jx1 � x2j)) exp���ZKt dyh(y;x1; x2)� : (12)This proves the lemma.Letting t ! 1 and using the dominated onvergene theorem as in (9), we obtain from(10), EI(K) = �ZK dx exp���ZRd g(jx� yj)dy�= �ZK dx exp���ZRd g(jyj)dy�= �`(K)p(�; g) (13)and, from (11) and (12), we haveVar(I(K))= �[�`(K)℄2 exp(�2�ZRd dyg(jyj)) + �`(K) exp(��ZRd g(jyj)dy) +�2 ZK ZK dx1dx2 �(1� g(jx1 � x2j)) exp(��ZRd dyh(y;x1; x2))�= �`(K)p(�; g) + (�`(K))2 ZK ZK dx1dx2 1`(K)2 p2(�; g)�(1� g(jx1 � x2j)) exp(�ZRd dyg(jx1 � yj)g(jx2 � yj))� 1� : (14)Now let I(n)(K) be the number of isolated Poisson points in K for the model (Xn; �n; gn)(i.e. the equivalent of I(K) for the proess Xn).Lemma 3 As n!1, we have��n`(K)��1E(I(n)(K))! p(�; g)and 6



��n`(K)��1Var(I(n)(K))! p(�; g) + �p2(�; g)ZRd dvh(1� g(jvj)) exp(�ZRd g(jzj)g(jz � vj)dz) � 1i: (15)Proof: First, from (13) and (8) we have��n`(K)��1E(I(n)(K)) = p(�n; gn)! p(�; g) as n!1: (16)Also, ZK ZK dx1dx2h(1� gn(jx1 � x2j)) exp(�n ZRd gn(jx1 � yj)gn(jx2 � yj)dy)� 1i=ZK ZK dx1dx2h(1� g(njx1 � x2j)) exp(�n ZRd g(njx1 � yj)g(njx2 � yj)dy)� 1i=ZK dx1 ZK�x1 dv1h(1� g(njv1j)) exp(�n ZRd g(njzj)g(njz � v1j)dy)� 1i= 1nd ZK dx1 ZRd dv1n(K�x1) �(1� g(jvj)) exp(�nnd ZRd g(jzj)g(jz � vj)dz) � 1� : (17)The inner integrand 1n(K�x1)h(1 � g(jvj)) exp �(�n=nd) RRd dzg(jzj)g(jz � vj)� � 1i of the ex-pression in (17) tends to h(1� g(jvj)) exp(� RRd dzg(jzj)g(jz � vj))� 1i as n!1 for almost all(Lebesgue) x1 2 K.Note that for any y 2 Rd , we must have either jyj � jvj=2 or jv � yj � jvj=2, thusZRd dyg(jyj)g(jv � yj) � Zjyj<jvj=2 dyg(jyj)g(jv � yj) + Zjyj�jvj=2 dyg(jyj)g(jv � yj)� g(jvj=2)Zjyj<jvj=2 dyg(jyj) + g(jvj=2)Zjyj�jvj=2 dyg(jv � yj)� 2g(jvj=2)ZRd dyg(jyj):Sine �n=nd ! � as n ! 1, RRd g(jyj)dy < 1 and g is non-inreasing, we an hoose M andN so large that (2�n=nd)g(M=2) RRd g(jyj)dy � 1 for all n � N . Hene, for jvj > Mexp��nnd ZRd g(jyj)g(jv � yj)dy� � exp�2�nnd g(jvj=2)ZRd g(jyj)dy�� 1 + 2e�nnd g(jvj=2)ZRd g(jyj)dy; (18)where we have used the inequality ex � 1 + ex for x � 1.Combining the above inequalities we have for n � N ,(1� g(jvj)) exp��nnd ZRd g(jyj)g(jv � yj)dy�� 1� (1� g(jvj))(1 + C(g; d)g(jvj=2)) � 17



� (2C(g; d) + 1)g(jvj=2);where C(g; d) is a onstant depending only on g and d. Thus, applying the dominated onver-gene theorem to (17) and ombining it with (14) and (16) we have, as n!1,��n`(K)��1Var(I(n)(K)) ! p(�; g)+ �p2(�; g)ZRd dvh(1� g(jvj)) exp(�ZRd g(jzj)g(jz � vj)dz) � 1i:This ompletes the proof of the lemma.3 Asymptoti normalityWe shall apply Lyapunov's entral limit theorem for arrays to obtain the required asymptotinormality. For this we �rst need to trunate the onnetion funtion g. Let R > 0 be �xedand onsider the funtions gR; gR : R ! [0; 1℄ de�ned by gR(x) = 1fx�Rgg(x) and gR(x) =1fx>Rgg(x). Let JR(K) be the number of isolated verties of (X;�; gR) in K and let LR(K) bethe number of isolated verties of (X;�; gR) in K whih are not isolated in (X;�; g). ClearlyLR(K) = JR(K)� I(K). Similarly de�ne gn;R; gRn : Rd ! [0; 1℄ by gn;R(x) = 1fx�Rggn(x) andgRn (x) = 1fx>Rggn(x). Let Jn;R(K) and Ln;R(K) be the orresponding quantities for the model(Xn; �n; gn).We �rst ompute the mean and variane of LR(K). For this we need some more notations.Given two funtions f1; f2 : R ! [0; 1℄; x1; x2 2 Rd and any Borel set A � Rd and � > 0, we setpf1;f2A;� (x1; x2) = exp��ZA f1(jy � x1j)f2(jy � x2j)dy�:By a hange of variables, it is lear that pf1;f2Rd;� (x1; x2) = pf1;f2Rd;� (0; x2 � x1) = pf1;f2Rd;� (x1 � x2; 0).Lemma 4 For R > diam(K),E(LR(K)) = �`(K)p(�; gR)�1� p(�; gR)� (19)and Var(LR(K)) = �`(K)p(�; gR)(1 � p(�; gR))+�2 ZK ZK dx1dx2"(1� g(jx1 � x2j))hp2(�; gR)pgR;gRRd;� (x1; x2)�2p2(�; gR)p(�; gR)pgR;gRd;�(x1; x2) + p2(�; g)pg;gRd;�(x1; x2)i�p2(�; gR)�1� p(�; gR)�2#: (20)
8



Proof : We employ the same tehnique as in Lemma 2 to ompute the moments. De�ne, asearlier, Lt;R(K) :=PN(Kt)i=1 1Fi where Fi := f�i 2 K is not onneted to any �j 2 X(Kt) at adistane R or less from �i, but is onneted to some �j 2 X(Kt) at a distane more than Rfrom �ig.Note that P (F1 j N(Kt) = m) = P (Fi j N(Kt) =m) for i = 2; 3; : : : ;m, andP (F1 j N(Kt) = m)= 1�`(Kt)�m ZK dx1"ZKt� � � ZKt dxm � � � dx2�h1� mYi=2(1� gR(jx1 � xij))i mYi=2(1� gR(jx1 � xij))#= 1�`(Kt)�m ZK dx1"�ZKt dy(1� gR(jy � x1j))dy�m�1��ZKt dy(1� g(jy � x1j))dy�m�1#where we have used the fat that gR and gR have disjoint supports and g = gR + gR. Now,using the above, we haveE(Lt;R(K))= 1Xm=1 exp(��`(Kt))��`(Kt)�mm! mP (F1 j N(Kt) = m)= �ZK dx1" 1Xm=0 exp(��`(Kt))�mm! hZKt dy(1� gR(jy � x1j))im� 1Xm=0 exp(��`(Kt))�mm! hZKt dy(1 � g(jy � x1j))im#= �ZK dx exp(��ZKt dy gR(jy � xj))h1� exp(��ZKt dygR(jy � xj))i:The integrand above onverges to p(�; gR)(1 � p(�; gR)) as t ! 1 and it is bounded. Usingthe dominated onvergene theorem, we have (19).Next, note that L2t;R(K) = Lt;R(K)) +P1�i 6=j�N(Kt) 1Fi1Fj .P (F1 \ F2 j N(Kt) = m)= 1�`(Kt)�m ZK ZK dx1dx2(1� g(jx1 � x2j))"ZKt� � � ZKt dxm � � � dx3��1� mYi=3(1� gR(jx1 � xij))� mYi=3(1� gR(jx1 � xij))��1� mYi=3(1� gR(jx2 � xij))� mYi=3(1� gR(jx2 � xij))#: (21)9



Here we have used the fat that diam(K) < R and gR(x) = g(x) for x � R. Writing �ai =gR(jx1 � xij), et., we simplify the integrand in the inner integral as(1�Y(1� �ai))Y(1� bi)(1�Y(1� �i))Y(1� di)= Y(1� bi � di + bidi)�1�Y(1� �ai)�Y(1� �i) +Y(1� �ai)(1� �i)�= Y(1� bi � di + bidi) +Y(1� bi � di + bidi)(1 � �ai � �i + �ai �i)�Y(1� bi � di + bidi)(1� �ai)�Y(1� bi � di + bidi)(1 � �i): (22)Here �aibi = �idi = 0.We introdue some more notations to write the inner integrand in the square brakets of(21) . For any two funtions f1; f2 : R ! [0; 1℄ and x1; x2 2 Rd , �x1(f1) = RKt f1(jy � x1j)dyand �(f1; f2) = RKt f1(jy� x1j)f2(jy� x2j)dy. Now, using these notations and expanding as in(22), the inner integrand in the square brakets in (21), an be written as"h`(Kt)� �x1(gR)� �x2(gR) + �(gR; gR)im�1�h`(Kt)� �x1(g) � �x2(gR) + �(gR; gR) + �(gR; gR)im�1�h`(Kt)� �x1(gR)� �x2(g) + �(gR; gR) + �(gR; gR)im�1+h`(Kt)� �x1(g) � �x2(g) + �(g; g)im�1#:Now, using this expression in (21), we haveE(L2t;R(K))�E(Lt;R(K))= 1Xm=2 exp(��`(Kt))��`(Kt)�mm! m(m� 1)P (F1 \ F2 j N(Kt) = m)= �2 ZK ZK dx1dx2(1� g(jx1 � x2j))" 1Xm=0 exp(��`(Kt))�mm!�"h`(Kt)� �x1(gR)� �x2(gR) + �(gR; gR)im�h`(Kt)� �x1(g)� �x2(gR) + �(gR; gR) + �(gR; gR)im�h`(Kt)� �x1(gR)� �x2(g) + �(gR; gR) + �(gR; gR)im+h`(Kt)� �x1(g)� �x2(g) + �(g; g)im#= �2 ZK ZK dx1dx2(1� g(jx1 � x2j))hexp(��x1(g) � �x2(gR) + �(gR; gR))� exp(��x1(g)� �x2(gR) + �(gR; gR) + �(gR; gR))10



� exp(��x1(gR)� �x2(g) + �(gR; gR) + �(gR; gR))+ exp(��x1(g)� �x2(g) + �(g; g))i:Finally, using the dominated onvergene theorem, we onlude (20).Next, we turn our attention to the model (Xn; �n; gn). Similar omputations as in Lemma3 an be arried out here to onludeLemma 5 As n!1, we have��n`(K)��1E(Ln;R(K))! p(�; gR)(1� p(�; gR)) (23)and ��n`(K)��1Var(Ln;R(K))! p(�; gR)(1 � p(�; gR)) + �ZRd dx"(1� g(jxj))hp2(�; gR)pgR;gRRd;� (x; 0) � 2p2(�; gR)p(�; gR)pgR;gRd;�(x; 0)+p2(�; g)pg;gRd;�(x; 0)i � p2(�; gR)�1� p(�; gR)�2#: (24)As a orollary to Lemma 5, we obtainCorollary 6 As R!1, we havelimR!1 limn!1��n`(K)��1E(Ln;R(K))! 0and limR!1 limn!1��n`(K)��1Var(Ln;R(K))! 0:Proof : Sine RRd g(jxj)dx < 1, we have RRd gR(jxj)dx ! 0 as R ! 1. Hene p(�; gR) ! 1as R!1, proving the �rst part.For the seond part, we note that the integrand in (24) onverges to 0 as R !1. To usethe dominated onvergene theorem, we need to show that the integrand is bounded by anintegrable funtion. As in the seond half of the proof of Lemma 3, we argue that the absolutevalue of the integrand is bounded by,g(jxj)hp2(�; gR)pgR;gRRd;� (x; 0) + 2p2(�; gR)p(�; gR)pgR;gRd;�(x; 0)+ p2(�; g)pg;gRd;�(x; 0)i+ p2(�; gR)�pgR;gRRd;� (x; 0) � 1�+ 2p2(�; gR)p(�; gR)�pgR;gRd;�(x; 0) � 1�+ p2(�; g)�pg;gRd;�(x; 0)� 1�� 4g(jxj) + 4�pg;gRd;�(x; 0) � 1�� 4(1 + C)g(jx=2j): 11



This proves the result.We now show that it suÆes to obtain a entral limit theorem for Jn;R(K). Indeed, for anyx 2 R, � > 0 and any �xed R > 0, we haveP�I(n)(K)�E(I(n)(K))qVar(I(n)(K)) � x� � P����Ln;R(K)�E(Ln;R)qVar(I(n)(K)) ��� � ��+ P� Jn;R(K)�E(Jn;R(K))pVar(Jn;R(K))rVar(Jn;R(K))Var(I(n)(K)) � x+ ��:Now, note that both the values Var(Jn;R(K)) and Var(I(n)(K)) may be omputed from (15)to show that Var(Jn;R(K))=Var(I(n)(K)) onverges to some onstant ÆR as n ! 1 where ÆRis suh that ÆR ! 1 as R!1. Thus, we have,lim supn!1 P�I(n)(K)�E(I(n)(K))qVar(I(n)(K)) � x�� limR!1 lim supn!1 P�Jn;R(K)�E(Jn;R(K))pVar(Jn;R(K)) sVar(Jn;R(K))Var(I(n)(K)) � x+ ��+P����Ln;R(K)�E(Ln;R)qVar(I(n)(K)) ��� � ��� limR!1�((x+ �)=ÆR) + limR!1 limn!1 Var(Ln;R(K))�2Var(I(n)(K))= �(x+ �)where �(x) is the distribution funtion of the standard normal random variable. Letting �! 0,we get lim supn!1 P� I(n)(K)�E(I(n)(K))pVar(I(n)(K)) � x� � �(x). Arguing similarly, we may show, usingP�Jn;R(K)�E(Jn;R(K))qVar(I(n)(K)) � x� ��� P����Ln;R(K)�E(Ln;R)qVar(I(n)(K)) ��� � ��+ P�I(n)(K)�E(I(n)(K))qVar(I(n)(K)) � x�that lim infn!1 P� I(n)(K)�E(I(n)(K))pVar(I(n)(K)) � x� � �(x):Now, we will prove the entral limit theorem for Jn;R(K). Thus we assume heneforth thatg(x) = 0 for jxj � R:Fix an integerm and de�neB(n) = [�(m+2)R=n; (m+1)R=n℄d andB0(n) = [�mR=n;mR=n℄d:Divide Rd into ubes eah being isomorphi to B(n) and entred at the sites of the lat-tie L(n) := f2(m+1)Rn (z1; z2; : : : ; zd) : z1; z2; : : : ; zd 2 N; i = 1; : : : ; dg. For a site x =2(m+1)Rn (z1; z2; : : : ; zd); de�ne B(n; x) = x + B(n), B0(n; x) = x + B0(n) and S(x; n) =x+ (B(n)nB0(n)). 12



Let �1; : : : ; �kn be an enumeration all sites x in L(n) for whih B(n; x) � K. De�neD1 = [kni=1B0(n; �i) and D2 = [kni=1S(n; �i) and D3 = Kn(D1 [D2).Clearly I(n)(B0(n; �i)) depends only on the region B(n; �i), and sine, for i 6= j, B(n; �i)\B(n; �j) = ;, we have fI(n)(B0(n; �i)) : i = 1; : : : ; kng is a olletion of i.i.d. random variables.Thus, Var(I(n)(D1)) = knVar(I(n)(B0(n))): Now, from equation (14), we haveVar(I(n)(B0(n)))= �n`(B0(n))p(�n; gn) + �2n ZB0(n) ZB0(n) dx1 dx2 p2(�n; gn)h(1� gn(jx1 � x2j)) exp��n ZRd gn(jy � x1j)gn(jy � x2j)dy�� 1i! �(mR)dp(�; g) + �2p2(�; g)Z[�mR;mR℄d Z[�mR;mR℄d dx1dx2h(1� g(jx1 � x2j)) exp���ZRd g(jy � x1j)g(jy � x2j)dy�� 1i (25)as n ! 1. Here we have used the fat that nB0(n) = [�mR;mR℄d and then applied thedominated onvergene theorem.We will �rst show that the array fI(n)(B0(n; �i)) : i = 1; : : : ; kngn�1 satis�es the onditionsfor Lyapunov's entral limit theorem. For this, besides the independene properties whih weobtained earlier, we need to showknXi=1 Ej(I(n)(B0(n; �i))) �E(I(n)(B0(n; �i)))j3(Var(I(n)(D1)))3=2 ! 0 as n!1:Clearly, I(n)(B0(n; �i)) � Nn(B0(n)) where Nn(B0(n)) is the number of points of the proessXn in B0(n). Thus,E �jI(n)(B0(n; �i))�EI(n)(B0(n; �i))j�3� E �I(n)(B0(n; �i)) +EI(n)(B0(n; �i))�3= EI(n)(B0(n; �i))3 + 3E(I(n)(B0(n; �i)))2EI(n)(B0(n; �i))+4(E(I(n)(B0(n; �i))))3� E(I(n)(B0(n; �i)))3 + 3(E(I(n)(B0(n; �i)))3)2=3(E(I(n)(B0(n; �i)))3)1=3+4(E(I(n)(B0(n; �i))))3= 4E(I(n)(B0(n; �i)))3 + 4(E(I(n)(B0(n; �i))))3� 4E(Nn(B0(n)))3 + 4(E(Nn(B0(n))))3: (26)Now Nn(B0(n)) has a Poisson distribution with mean �n`(B0(n)) = O(�n=nd). Sine �n=nd !� as n ! 1, we have 4E(Nn(B0(n)))3 + 4(E(Nn(B0(n)))3 � C, where C is a onstant notdepending on n or d.Note �rst that kn = O(nd) as n!1. Thus, we have, as n!1,knXi=1 E(jI(n)(B0(n; �i))�E(I(n)(B0(n; �i)))j3)(Var(I(n)(D1)))3=2 � knCk3=2n Var(I(n)(B0(n)))3=2 ! 0:13



Now applying Lyapunov's theorem to the array fI(n)(B0(n; �i)) : i = 1; : : : kngn�1 wehave that I(n)(B0(n; �i))�E(I(n)(B0(n; �i)))qVar(I(n)(B0(n; �i))) onverges in distribution to a standard normalrandom variable.Finally to omplete the proof of the theorem, we need to showlimm!1 lim supn!1 �Var(I(n)(D1))��1Var(I(n)(Di)) = 0 for both i = 2 and 3:The above will also imply that limm!1 lim supn!1Var(I(n)(D1))=Var(I(n)(K))! 1 as n!1.For I(n)(D2), we divide the annular region S(x; n) into ubes Si of size R=n. Thus, we have,I(n)(D2) = PSi I(n)(Si): Note that whenever two ubes are separated by two or more ubesbetween them, they are independent. Now the random variables I(n)(S1); I(n)(S2); : : : an berearranged as I(n)(Si;1); I(n)(Si;2); : : : for i = 1; 2; : : : ; 2d suh that all the random variablesPj I(n)(Si;j) are identially distributed and, for any �xed i, the random variables fI(n)(Si;j) :j � 1g are i.i.d. Therefore,Var(I(n)(D2))= 2dXi=1 Var�Xj I(n)(Si;j)�+ X1�i1 6=i2�2dCov�Xj I(n)(Si1;j);Xj I(n)(Si2;j)�� 2dVar�Xj I(n)(S1;j)) + 4dVar�Xj I(n)(S1;j)�� 22d+1Var�Xj I(n)(S1;j)�= 22d+1Xj Var(I(n)(S1;1)): (27)Now, similar alulations as in (25) may be arried out to obtainVar(I(n)(S1;1))! �Rdp(�; g) + �2p2(�; g)Z[�R;R℄d Z[�R;R℄d dx1dx2h(1� g(jx1 � x2j)) exp(�ZRd g(jy � x1j)g(jy � x2j)dy) � 1i:Now, the number of terms in the sum in (27) is bounded by C(d)knmd�1 where C(d) is aonstant independent of m and n. Therefore,limm!1 lim supn!1 Var(I(n)(D2))Var(I(n)(D1))� limm!1 lim supn!1 22d+1C(d)knmd�1Var(I(n)(S1;1))kn(2mR)dp(�n; gn)= 2d+1C(d)Rd�p(�; g) limm!1m�1 limn!1Var(I(n)(S1;1))= 0: 14



For I(n)(D3), from equation (14) and using bounds as in (18), we have,��1n Var(I(n)(D3))= `(D3)p(�n; gn) + �np2(�n; gn)ZD3 ZD3 dx1dx2�h(1� gn(jx1 � x2j)) exp��n ZRd gn(jy � x1j)gn(jy � x1j)dy�� 1i� `(D3)p(�n; gn) + �nnd p2(�n; gn)ZD3 dx1 Zn(D3�x1) du�h(1� g(juj)) exp��nnd ZRd g(jyj)g(jy � uj)dy�� 1i� `(D3)p(�n; gn) + �nnd p2(�n; gn)ZD3 dx1 ZRd duCg(juj=2)= `(D3)hp(�n; gn) + �nnd p2(�n; gn)ZRd duCg(juj=2)iwhere C is a onstant independent of n. Now noting that `(D3) ! 0 as n ! 1, and thatkn = O(nd), we have, for some other onstant C 0Var(I(n)(D3))Var(I(n)(D1)) � C 0�n`(D3)kn(2mR)dp(�ngn) ! 0 as n!1:This ompletes the proof of the theorem.Aknowledgment We thank the referee for pointing out mistakes in a previous version ofthe paper.Referenes[1℄ Burton, R.M., and R. Meester. [1993℄ . Long range perolation in stationary point proesses.Random Strut. and Alg. 4, 177{190.[2℄ Hall, P. [1988℄. Introdution to the theory of overage proesses Wiley, New York.[3℄ Meester, R. and R. Roy. [1996℄ Continuum perolation Cambridge, New York.[4℄ Penrose, M.D. [1991℄ On a ontinuum perolation model. Adv. Appl. Probab. 23, 536{556.Rahul Roy (rahul�isid.a.in)Anish Sarkar (anish�isid.a.in)Indian Statistial Institute,7 SJS Sansanwal Marg,New Delhi 110016. 15


