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Abstra
t Sti
ks at one of di�erent orientation are pla
ed in an i.i.d. fashion at points of a Poisson point pro
essof intensity �. Sti
ks of the same dire
tion have the same length, while sti
ks in di�erent dire
tions may havedi�erent lengths. We study the geometry of �nite 
luster as �!1. The asymptoti
 shape of the 
uster beingdetermined by the probabilities of the sti
ks in various dire
tion and their lengths and orientations. We alsoobtain the limiting geometri
 stru
ture of this 
omponent.
1 Introdu
tionConsider one dimensional sti
ks pla
ed at random lo
ations and with random orientations inthe two dimensional plane. In the language of sto
hasti
 geometry we have a planar �brepro
ess whose grains are two dimensional linear segments and whose germs are the randomlo
ations. The most 
ommonly studied �bre pro
ess model whi
h in
orporates these featuresis when the germs arise as realisations of a Poisson point pro
ess of intensity � on R2 and ea
hgerm is the 
entre of a sti
k of either �xed length or a random length and having a randomorientation, with the distribution of the length and orientation of a sti
k being independent ofthe underlying Poisson pro
ess. This is the Poisson Boolean sti
k pro
ess, a parti
ular instan
eof the more general planar Boolean �bre pro
ess. Hall [1990℄ (Chapter 4), Stoyan Kendall andMe
ke [1995℄ (Chapter 9) dis
uss the geometri
 and statisti
al aspe
ts of this pro
ess.While the sto
hasti
 geometry study of these pro
esses was motivated by its appli
ationin geology, viz., the subterranean earthquake faults are modelled as a Poisson Boolean sti
kpro
ess (see, e.g., Weber [1977℄); the interest in the physi
s 
ommunity of this model led to aprobabilisti
 study of its per
olative properties. Suppose mirrors are pla
ed randomly on theplane and we are interested in the path of a ray of light in this set-up. Clearly the geometry ofthe mirrors on the plane determine the traje
tory of the ray of light. This model is a modernequivalent of the Ehrenfest wind-tree model whi
h was introdu
ed by Ehrenfest [1957℄ to studythe Lorentz latti
e gas model (see Grimmett [1998℄ for an exposition of the mathemati
al studyof this model). This model has also been studied for its per
olative properties (in parti
ular,1RR is grateful to Chiba University for its warm hospitality and a
knowledges the �nan
ial support of JSPS.Keywords: Poisson pro
ess, Boolean model. AMS Classi�
ation: 60K351



the 
riti
al phenomenon it exhibits and the 
orresponding 
riti
al parameters) by Domany andKinzel [1984℄, Hall [1985℄, Menshikov [1986℄, Roy [1991℄ and Harris [1997℄.Here we study the geometri
 features of �nite 
lusters in the Poisson Boolean sti
k pro
esswhen the intensity of the underlying Poisson pro
ess is high. More parti
ularly, 
onsider aPoisson point pro
ess of intensity � on R2 
onditioned to have a point at the origin. At ea
hpoint xi we 
entre a sti
k of length ri and orientation �i measured anti
lo
kwise w.r.t. thex-axis. We suppose that(i) r1; r2; : : : is an i.i.d. sequen
e of random variables,(ii) �1; �2; : : : is an i.i.d. sequen
e of random variables, and(iii) the sequen
es frig and f�ig and the underlying Poisson pro
ess are independent of ea
hother.Consider the 
luster of the origin (whi
h is the 
onne
ted 
omponent formed by sti
ks 
ontainingthe sti
k at the origin). For the above model Hall [1985℄ has shown that if the random variabler1 is bounded, and the random variable �1 is non-degenerate then there is a 
riti
al intensity�
 su
h that, for � > �
, with positive probability the 
luster de�ned above is unbounded.Moreover this probability goes to 1 as �!1. Given the rare event that this 
luster 
ontainsexa
tly m sti
ks, we investigate its stru
ture as the intensity �!1.In the 
ase of the Boolean model whi
h 
onsists of an underlying Poisson point pro
ess ofintensity � on Rd and ea
h point of the pro
ess is the 
entre of a d-dimensional ball of radiusr, Alexander [1991℄ showed that 
onditional on the 
luster of the origin (i.e. the 
onne
ted
omponent of balls 
ontaining a ball whi
h 
overs the origin) being �nite and 
onsisting of mballs, the event that these balls are 
entred in a small region of radius O(��1) has a probabilitywhi
h tends to 1 as �!1. This region where the balls are 
entred has volume O(��d) whereasthe ambient density is �, thereby giving rise to the phenomenon of 
ompression wherein manymore Poisson points are a

omodated in this region than the ambient density allows. Sarkar[1998℄ showed that in 
ase the balls forming the Boolean model are allowed to be of varyingsizes, then given that the 
luster of the origin 
ontains m balls, not all of the same size, thephenomenon of rarefa
tion o

urs, wherein the biggest sized balls remain 
ompressed in a verysmall region, but the other balls are sparsely pla
ed in the region 
overed by the biggest sizedballs.In our model the phenomenon of 
ompression also o

urs, however that is of se
ondaryinterest. Instead we look at the geometry and the distribution of the sti
ks of various orientationin the �nite 
luster.In this paper we restri
t ourselves to the study of the model when the sti
ks have exa
tlytwo or three possible orientations and sti
ks of the same orientation have the same length. Inthe 
ase of two possible orientations the asymptoti
 distribution was shown to be independentof the angle and the length of the sti
ks { a result whi
h is not surprising in view of theaÆne invarian
e of the model. However, if three or more orientations are allowed then theaÆne invarian
e breaks down and the asymptoti
 distribution do depend on the angles. Inthis 
ase we show that the asymptoti
 shape 
onsists of sti
ks with only two orientations. The2



orientations whi
h \survive" are 
hosen a

ording to the lengths and angles of the possibleorientations and the probabilities of the sti
ks in various dire
tions.The paper is organised as follows:{ in the next se
tion we present a formal de�ntion of thepro
ess as well as the statements of our results and in Se
tions 3 and 4 we prove the results.2 Preliminaries and statement of results2.1 NotationLet R = R2 � [0; �) � (0;1), andM =M(R) := f� = f�i; i 2 Ng : �i = (xi; �i; ri) 2 Rg :For (x; �; r) 2 R, S(x; �; r) = fx+ue�; u 2 [�r; r℄g is the sti
k with 
entre x, angle � and length2r, where e� = (
os �; sin �). We de�ne the 
olle
tion of sti
ks for � 2M as S(�) = fS(x; �; r) :(x; �; r) 2 �g.We say two sti
ks S and S0 are 
onne
ted and write S �$ S0 if there exists S1; S2; : : : Sk 2S(�) su
h that S \ S1 6= ;; S0 \ Sk 6= ; and Si \ Si+1 6= ; for every i = 1; 2; : : : ; k � 1. If S(�)
ontains a sti
k S0 
entred at the origin 0, we denote by C0(�) the 
luster of sti
ks 
ontainingS0, i.e. C0(�) = fy 2 S : S 2 S(�); S �$ S0g:(We put C0(�) = ;, if S(�) does not 
ontain any sti
k with 
entre 0).Let � be the Radon measure on R de�ned by�(dxd�dr) = dx dXj=1 pjÆ�j (d�)ÆRj (dr); (2.1)where �1 = 0 < �2 < �3 < � � � < �d < �, pj � 0;Pdj=1 pj = 1, Rj > 0, j = 1; 2; : : : ; d and Æ�denotes the usual Dira
 delta measure. We denote by �� the Poisson point pro
ess on M(R)with intensity measure �. Let�0 := f� 2M : (0; �j ; Rj) 2 � for some j = 1; 2; : : : ; dg: (2.2)For wi = (xi; �i; ri), i = 1; 2; : : : ;m, letwm := (w1; w2; : : : ; wm); fwmg := fw1; w2; : : : ; wmg; C0(wm) := C0(fwmg): (2.3)For k = (k1; k2; : : : ; kd) 2 (N [ f0g)d, we denote by �(k) the set of 
lusters 
ontainingexa
tly jkj =Pdj kj sti
ks with kj sti
ks at an orientation �j, j = 1; 2; : : : ; d.For �; � > 0, R�; R� > 0, e� = (
os�; sin�), and xm = (x1; x2; � � � ; xm) 2 (R2)m, we de�nethe following regions:-B�;�R�;R� := fx�e� + x�e� : (x�; x�) 2 [�R�; R�℄� [�R�; R� ℄g;B�;�R�;R� (x) := B�;�R�;R� + x; x 2 R2 ;B�;�R�;R� (xm) := m[j=1B�;�R�;R�(xj):3



2.2 Sti
ks of two typesIn this subse
tion we assume that(i) there are sti
ks with only two orientations, and(ii) sti
ks of the same orientation are of the same length but sti
ks along di�erent dire
tions
ould be of di�erent lengths.Without loss of generality we assume that sti
ks are either horizontal or at an angle � 2 (0; �℄.Sti
ks whi
h are horizontal are of length R0 and sti
ks at an angle � are of length R�.In this 
ase �(k; `) is the set of 
lusters 
ontaining k horizontal sti
ks and ` sti
ks at anangle � with respe
t to the x-axis. We show thatTheorem 2.1 Let m = k + `; k; ` � 1; � 2 (0; �) and 0 < R0; R�. As �!1, we have(i) ���(C0 2 �(k; `) j �0)�  1�jB0;�R0;R� j!m�3 e��jB0;�R0;R� j(pq)�2(m�1)mp3kk!q3l`!;where a(�) � b(�) means that a(�)b(�) ! 1 as �!1;(ii) p�;m(k; `) := ���(#C0 = (k; `) j #C0 = (k0; `0); k0 + `0 = m)� p3kk!q3``!Pk+`=m p3kk!q3``! :An interesting observation from (ii) above is that asymptoti
ally, as �!1, the 
onditionalprobability p�;m(k; `) of the sti
ks 
omprising the �nite 
luster C0, is independent of both theangle � as well as R0 and R�, the lengths of the sti
ks. This is not surprising be
ause themodel is invariant under aÆne transformations. Now let pm(k; `) := lim�!1 p�;m(k; `). Wealso observe from Theorem 2.1 (ii) that, as m!1,pm(m� 1; 1)! 1 for p > q;pm(1;m � 1)! 1 for p < q;pm(1;m� 1) = pm(m� 1; 1)! 12 for p = q:Moreover, let k andm both approa
h in�nity in su
h a way that (k=m)! s, for some s 2 [0; 1℄,then we have limm!1(k=m)!s 1m log pm(k; `) = H(s);where H(s) = s log s+ (1� s) log(1� s) +8>>><>>>:3(1� s) log(q=p); if p > q;3s log(p=q); if p < q;0; if p = q;from whi
h we may dedu
e that as m!1, for 0 � a � b � 1,P (the proportion (k=m) of horizontal sti
ks in the 
luster lies between a and b)� expfsups2(a;b)H(s)g. 4
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Figure 1: The �nite 
luster for large �. The region X whi
h 
ontains the 
entres of the sti
ksat an angle � w.r.t. the x-axis is uniformly distributed in the parallelogram ABCD.From the proof of the above theorem we also observe that the 
entres of the horizontalsti
ks 
omprising the 
luster C0 lie in a neighbourhood whose area is of the order o(��1+(Æ=2)).Similarly the 
entres of the sti
ks of orientation � 
omprising the 
luster C0 lie in anotherneighbourhood whose area is of the order o(��1+(Æ=2)). (See Figure 1.)2.3 Sti
ks of three typesIn this subse
tion we assume that(i) there are sti
ks with only three orientations { 0; � and �,(ii) sti
ks of the same orientation are of the same length.Here the results are signi�
antly di�erent from those obtained in the previous se
tion. Inparti
ular the absen
e of any aÆne invarian
e leads to the dependen
e of the results on boththe length and orientation of the sti
ks through the following quantitiesH� = R�sin� ; H� = R�sin�; H0 = R0sin(� � �) : (2.4)By a suitable s
aling we takeH0 = 1 and let H� = a; H� = b after the s
aling. (2.5)As the following theorem exhibits, the asymptoti
 (as �!1) 
omposition of the �nite 
luster
ontains sti
ks of only two distin
t orientation, while the third does not �gure at all. Herewe use the shorthand \A(x; y) o

urs" to mean that as � ! 1 the asymptoti
 shape of C0
onsists of sti
ks only in the dire
tions x and y.Theorem 2.2 Given that C0 
onsists of m sti
ks,5



(1) for a; b � 2;(i) if (ab� a+ 1=4)p� + a < (ab� b+ 1=4)p� + b, then A(0; �) o

urs,(ii) if (ab� a+ 1=4)p� + a > (ab� b+ 1=4)p� + b, then A(0; �) o

urs, and(iii) if (ab � a + 1=4)p� + a = (ab � b + 1=4)p� + b, then both A(0; �) and A(0; �) havepositive probabilities of o

urren
e;(2) for 1=2 < minfa; bg < 2 and a 6= b; a; b 6= 1 and for x; y; z 2 f0; �; �g letf(x; y; z) := pxHxmaxfHy;Hzg+ pxminfHy;Hzg2=4 + (1� px)HyHz;(i) A(�; �) o

urs when f(0; �; �) < minff(�; 0; �); f(�; �; 0)g(ii) A(0; �) and A(0; �) have positive probabilities of o

urren
e, when f(�; 0; �) =f(�; �; 0) < f(0; �; �), and(iii) A(�; �), A(0; �) and A(0; �) all have positive probabilities of o

urren
e when f(�; 0; �) =f(�; �; 0) = f(0; �; �);(3) for 0 < a = b < 1, and,(i) for p0 � minfp�; p�g, A(�; �) o

urs,(ii) for p0 > minfp�; p�g,if a < l1(p0; p�; p�) := 1� p0�minfp�;p�g4�3p0�minfp�;p�g , then A(�; �) and �xation o

urs, while,if a � l1(p0; p�; p�), A(0; �) o

urs for p� > p� and both A(0; �) and A(0; �) havepositive probability of o

urren
e for p� = p�;(4) for 1 < a = b < 2, and,(i) for p0 < minfp�; p�g,if a < l2(p0; p�; p�) := 2maxfp�;p�g+p4maxfp�;p�g2+4p�p�+p0minfp�;p�g4maxfp�;p�g+p0 , then A(�; �)and �xation o

urs, while,if a � l2(p0; p�; p�), A(0; �) o

urs for p� > p� and both A(0; �) and A(0; �) havepositive probability of o

urren
e for p� = p�,(ii) for minfp�; p�g � p0, A(0; �) o

urs for p� > p� and both A(0; �) and A(0; �) havepositive probability of o

urren
e for p� = p�;(5) for a = b = 1, �xation always o

urs and(i) A(x; y) o

urs when pz < minfpx; pyg,(ii) with equal probability A(x; y) and A(x; z) o

ur when py = pz < px, and(iii) with equal probability A(x; y), A(y; z) and A(z; x) o

ur when px = py = pz;
6



1

1 p0

a

1-2p�p�0

A(0; �) A(0; �)l1l2
A(�; �)�xation

1-p�Figure 2: The diagram in the 
ase that a = b and p� 2 (0; 1=3). The 
urved line is the linel11f0�l1�1g + l21f1�l1�2g. For p0 > 0 and a below this line A(�; �) o

urs, while for a abovethe line A(0; �) o

urs when p� < p�. At p0 = 0, only A(�; �) o

urs.Observe that for mina; b � 1=2:(A) If b; 1 � 2a, then by the s
aling whi
h transforms a to 1, b to b=a and 1 to 1=a, theresulting asymptoti
 
luster may be read from (1) of Theorem 2.2. Similarly if a; 1 � 2b, wemay s
ale suitably to obtain a situation as in (1) of Theorem 2.2.(B) If either a=2 < minf1; bg < 2a; a 6= b; a; b 6= 1, or b=2 < minf1; ag < 2b; a 6= b; a; b 6= 1,then s
aling shows that (2) of Theorem 2.2 may be used to yield the asymptoti
 shape.(C) If either 0 < b = 1 < a or 0 < a = 1 < b, then s
aling shows that (3) of Theorem 2.2 maybe used to yield the asymptoti
 shape.(D) If either a < b = 1 < 2a or b < a = 1 < 2b, then s
aling shows that (4) of Theorem 2.2may be used to yield the asymptoti
 shape.Thus the above four observations demonstrate that Theorem 2.2 yields the asymptoti
 shapesfor all possible values of a and b.To prove the above theorem we need to know the 
onditional probability of the 
ompositionof a 
luster given that it is �nite. This is obtained in the next two se
tions.
7



0 1/2 1 21/21
2 a = b(1; 1)

a
b (1)(2)

(3)
(4)(5)

0 1/2 1 21/21
2 a = b(1; 1) a

b (A)
(A)

(A) (B)(C)
(C) (C)(D)(D)(D)

Figure 3: The various regions where Theorem the various parts of Theorem 2.2 hold.3 Proof of Theorem 2.13.1 General set-upFor k 2 (N [ 0)d, d � 2, with jkj =m, let �(k) and �0 be as in Se
tion 2.1. First we 
al
ulate���(C0 2 �(k)j�0). Suppose that wm = (0; �j0 ; Rj0) for some j0 2 f1; 2; : : : ; dg. We have���(C0 2 �(k) j wm 2 �)= ZM ���(d�) Xfwm�1g��1�(k)(C0(wm))1fS(�nfwmg)\S(fwmg)=;g;where wm, fwmg and C0(wm) are as de�ned in (2.3). Thus,���(C0 2 �(k) j wm 2 �)= �m�1(m� 1)! ZM ���(d�) ZRm�1 �
(m�1)(dwm�1)1�(k)(C0(wm))1fS(�)\S(fwmg)=;g= �m�1(m� 1)! ZRm�1 �
(m�1)(dwm�1)1�(k)(C0(wm))e���(w:S(w)\S(fwmg)6=;):Note that S(x; �; r) \ S(fwmg) 6= ; if and only if x 2 [mi=1B�i;�ri;r (xi) where wi = (xi; �i; ri),i = 1; 2; : : : ;m. Hen
e,�(w : S(w) \ S(fwmg) 6= ;) = dXj=1 pjj m[i=1B�i;�jri;Rj (xi)j;
8



and so ���(C0 2 �(k) j wm 2 �) = �m�1(m� 1)! ZRm�1 �
(m�1)(dwm�1)1�(k)(C0(wm))� exp24�� dXj=1 pjj m[i=1B�i;�jri;Rj (xi)j35 :Let F�j0� (k) = Z(R2)k1 dx1;k1 Z(R2)k2 dx2;k2 � � � Z(R2)kj0�1 dxj0;kj0�1 � � � Z(R2)kd dxd;kd� 1�(k)(C0(x)) exp24�� dXj=1 pj j d[i=1;ki 6=0B�i;�jRi;Rj (xi;ki)j35 ;where C0(x) = C0(x1;k1 ;x2;k2 ; : : : ;xd;kd) = C0(Sdj=1f(xj;i; �j ; Rj) : i = 1; : : : ; kjg). From thetranslation invarian
e of Lebesgue measure it is obvious that if kj ; kj0 � 1, then F�j� (k) =F�j0� (k). Thus writing F�(k) for F�j� (k), sin
e ���((0; �j ; Rj) 2 � j �0) = pj, we have���(C0 2 �(k) j �0) = �m�1(m� 1)! dYj=1 m!kj !pkjj F�(k) = �jkj�1jkj dYj=1 pkjjkj !F�(k): (3.1)3.2 Proof of Theorem 2.1To prove Theorem 2.1, observe �rst that in the 
ase when we have sti
ks with only two orien-tations, the Radon measure � is given by�(dx d� dr) = dxfpÆ0(d�)ÆR0(dr) + qÆ�(d�)ÆR�(dr)g: (3.2)>From (3.1) we have���(C0 2 �(k; `) j �0) = �k+`�1(k + `)pkq`k!`! F 0� ((k; `))= �k+`�1(k + `)pkq`k!`! e��jB0;�R0;R� jf�(k; `);where f�(k; `) := Z(R2)k�1 dxk�1 Z(R2)l dy` 1�(k;`)(C0(xk;y`))�0;�p� (y`)�0;�q� (xk);��1;�2
 (x) = exp h�
fjB�1;�2R�1 ;R�2 (x)j � jB�1;�2R�1 ;R�2 jgi (3.3)(note here that xk = 0). Now 
onsider the event A(xk;y`; k; `) := fC0 
ontains exa
tlym sti
ks(0; 0; 1=2); (x1 ; 0; 1=2); : : : ; (xk�1; 0; 1=2); (y1 ; �2 ; 1=2); : : : ; (y`; �2 ; 1=2)g. By the aÆne invarian
e9



of the Lebesgue measuref�(k; `) = jB0;�R0;R� jm�1 Z(R2)k�1 dxk�1 Z(R2)` dy` 1A(xk ;y`;k;`)� exp[��pjB0;�R0;R� jfjB 12 (y`)j � jB 12 jg℄� exp[��qjB0;�R0;R� jfjB 12 (xk)j � jB 12 jg℄; (3.4)where BR = [�R;R℄2, BR(x) = BR + x and BR(xk) = [ki=1BR(xi).For the proof of Theorem 2.1 we will obtain lower and upper bounds of f�(k; l) whi
h welater show to agree as �!1. To this end we need the following lemma whose proof is givenin the appendix. For ea
h x 2 R2 we take x�; x� 2 R su
h that x = x�e� + x�e� . Notethat (x�; x�) is just the representation of x 2 R2 in the base given by the axes parallel to theorientation of the sti
ks. Let h�(x) = x�sin� , h�(x) = x�sin� andh�(xk) = (h�(x1); h�(x2); : : : ; h�(xk)); xk = (x1; x2; : : : ; xk) 2 (R2 )k:We put M(uk) = max1�i;j�k jui � ujj; uk = (u1; u2; : : : ; uk) 2 (R)k :and C�;� = sin� sin� sin(�� �).Lemma 3.1 Let xk = (x1; x2; � � � ; xk) 2 (R2)k with xk = 0. ThenjB�;�R�;R�(xk)nB�;�R�;R� j � 2C�;�fH�M(h�(xk)) +H�M(h�(xk))g+ C�;�M(h�(xk))M(h�(xk)); (3.5)and, if B�;�R�;R�(xk) is 
onne
ted, then we havejB�;�R�;R� (xk)nB�;�R�;R� j � C�;�fH�M(h�(xk)) +H�M(h�(xk))g; (3.6)jB�;�R�;R�(xk)nB�;�R�;R� j � 2C�;�fH�M(h�(xk)) +H�M(h�(xk))g� C�;�M(h�(xk))M(h�(xk)): (3.7)Now we evaluate the bounds of f�(k; `).Lower bound : By (3.5) of Lemma 3.1, taking xk = 0 we havef�(k; `) � jB0;�R0;R� jm�1 Z(R2)k�1 dxk�1 Z(R2)` dy` 1A(xk;y`;k;`)� exp[��qjB0;�R0;R� j(M(x1k) +M(x2k))℄� exp[��pjB0;�R0;R� j(M(y1̀) +M(y2̀))℄� exp[��jB0;�R0;R� jfqM(x1k)M(x2k) + pM(y1̀)M(y2̀)g℄: (3.8)10



Let L(�) be su
h that, as � ! 1, �L(�) ! 1 and �(L(�))2 ! 0. If fxigk�1i=1 � BL(�) andfyig`�1i=1 � BL(�)(y`), then, for xk = 0, y` 2 BR�L(�) and for � suÆ
iently large, we haveA(xk;y`; k; `) o

urs, and so the expression on the right of the inequality (3.8) is bounded frombelow byjB0;�R0;R� jm�1 Z(BL(�))k�1 dxk�1 ZB1=2�L(�) dy` Z(BL(�)(y`))`�1 dy`�1� exp[��qjB0;�R0;R� j(M(x1k) +M(x2k))℄� exp[��pjB0;�R0;R� j(M(y1k) +M(y2k))℄� exp[��jB0;�R0;R� jfqM(x1k)M(x2k) + pM(y1k)M(y2k)g℄� jB0;�R0;R� jm�1e�4(p+q)(L(�))2 jB1=2�L(�)j Z(BL(�))k�1 dxk�1 Z(BL(�))`�1 dy`�1� exp[��qjB0;�R0;R� j(M(x1k) +M(x2k))℄� exp[��pjB0;�R0;R� j(M(y1k) +M(y2k))℄= e�4�(L(�))2 jB1=2�L(�)j(q�)�2(k�1)(p�)�2(`�1)jB0;�R0;R� j�(m�3)� Z(Bq��L(�))k�1 duk�1 exp[�M(u1k)�M(u2k)℄� Z(Bp��L(�))`�1 dv`�1 exp[�M(v1k)�M(v2k)℄ (3.9)where uk = (u1; : : : ; uk) and v` = (v1; : : : ; v`) with v` = uk = 0, and �� = jB0;�R0;R� j�. Then wehave f�(k; `) � e�4�(L(�))2 jBR�L(�)j��2(m�2)jB0;�R0;R� j�(m�3)q�2(k�1)p�2(`�1)� 264 q��L(�)Z�q��L(�) da1 � � � q��L(�)Z�q��L(�) dak�1 expf� max1�i;j�k jai � aj jg3752� 264 p��L(�)Z�p��L(�) db1 � � � p��L(�)Z�p��L(�) db`�1 expf� max1�i;j�` jbi � bjjg3752 : (3.10)Sin
e e�4�(L(�))2 = 1 � O(�(L(�))2) as � ! 0, by (3.10) and the above lemma we obtainthat, as �! 0,f�(k; `) � 24� 1��2(m�2) 1jB0;�R0;R� j!m�3 q�2(k�1)p�2(`�1)(k!)2(`!)235 (1�O(�(L(�))2)): (3.11)Now we will obtain the upper bound of f�(k; `).Upper bound: For L(�) as earlier, 
onsider the eventE := fx1; : : : ; xk�1 2 BL(�); y1; : : : ; y`�1 2 BL(�)(y`)g.11



If xk = 0, for E \ A(xk;y`; k; `) to o

ur, we must have y` 2 B(1=2)+L(�). Thus from (3.4) wehave f�(k; `) � jB0;�R0;R� jm�1 Z(R2)k�1 dxk�1 ZR2 dy` Z(R2)` dy`�1� (1E\fy`2B(1=2)+L(�)g + 1E
1A(xk ;y`;k;`))� exp[��pjB0;�R0;R� jfjB 12 (y`)j � jB 12 jg℄� exp[��qjB0;�R0;R� jfjB 12 (xk)j � jB 12 jg℄: (3.12)On opening the parenthesis (1E\fy`2B(1=2)+L(�)g+1E
1A(xk ;y`;k;`)) in the expression on the rightof the inequality (3.12) above the term involving 1E\fy`2B(1=2)+L(�)g, for large �, may be boundedfrom above by e4�(L(�))2 jB1=2+L(�)j(q�)�2(k�1)(p�)�2(`�1)jB0;�R0;R� j�(m�3)� Z(Bq��L(�))k�1 duk�1 exp[�M(u1k)�M(u2k)℄� Z(Bp��L(�))`�1 dv`�1 exp[�M(v1k)�M(v2k)℄: (3.13)(Here we have used the inequality (3.7) of Lemma 3.1 and 
al
ulations similar to those leadingto (3.9).)Using the inequality (3.6) of Lemma 3.1 we bound the expression involving 1E
1A(xk;y`;k;`)in the right of the inequality (3.12) by jB0;�R0;R� jm�1fI1 + I2g, whereI1 = Z(R2)k�1n(BL(�))k�1 dxk�1 ZBm dy` Z(R2)`�1 dy`�1� expf�(q=2)�(M(x1k) +M(x2k))g expf�(p=2)�(M(y1̀) +M(y2̀))gand I2 = Z(R2)k�1 dxk�1 ZBm dy` Z(R2)`�1n(BL(�))`�1 dy`�1� expf�(q=2)�(M(x1k) +M(x2k))g expf�(p=2)�(M(y1̀) +M(y2̀))g:Let ak = 0. Then, it is easy to see thatZRk�1 da1 � � � dak�1 expf� max1�i;j�k jai � aj jg = k!:Using this equation and 
al
ulations as in (3.10) and (3.11), for � ! 1, the expression in(3.13) may be bounded above by24�1��2(m�2) 1jB0;�R0;R� j!m�3 q�2(k�1)p�2(`�1)(k!)2(`!)235 (1 +O(�(L(�))2)):12



Thus to show that, asymptoti
ally in � the lower bound (3.11) of f(k; `) agrees with its upperbound it suÆ
es to show that I1 + I2 = O(��2m�3) as �!1: (3.14)To estimate the integrals I1 and I2, we use the symmetry of the integrand in I1 to obtainI1 � 4(k � 1) Z(R2)k�2 dxk�2 ZR dx1k�1 1ZL(�) dx2k�1 jBmj Z(R2)`�1 dy`�1� expf�(q=2)�(M(x1k) +M(x2k))g expf�(p=2)�(M(y1̀) +M(y2̀))g= 4(k � 1) jBmj �q�2 ��2(k�1)�p�2 ��2(`�1) k!(`!)2� ZRk�2 da1 � � � dak�2 1Zq�L(�) dak�1 expf� max1�i;j�k jai � aj jg:Sin
e ak = 0, we have the inequality max1�i;j�k jai � aj j � 12 max 1�i;j�ki;j 6=k�1 jai � ajj + 12 jak�1j,whi
h we use to obtainZRk�2 da1 � � � dak�2 1Zq�L(�) dak�1 expf� max1�i;j�k jai � ajjg� 2k�1 ZRk�1 da1da2 � � � dak�2 expf� max1�i;j�k jai � aj jg 1Z12 q�L(�) dak�1e�ak�1= 2k�1(k � 1)!e� 12 q�L(�):Hen
e I1 � 2k+1 jBmj ��2(m�2) �p2��2(`�1) �q2��2(k�1) (k!)2(`!)2e� 12 q�L(�)= o(e� 12 q�L(�)) as �!1:Similarly we obtain I2 = o(e� 12 p�L(�)) as �!1:Now �x 0 < Æ < 1=2 and take L(�) = ��1+(Æ=2). The bounds obtained above for I1 and I2show that (3.14) holds.This proves Theorem 2.1(i). The se
ond part of Theorem 2.1 is derived easily from the �rstpart.4 Proof of Theorem 2.2We now prove Theorem 2.2. Towards this end we need some estimates on the areas of theunions of various parallelograms. These are presented in the next subse
tion. The proof ofthese results are given in the appendix. 13



4.1 Area estimatesThroughout this se
tion we assume 0 < � < � < �.Lemma 4.1 (i) If H�;H� > 2H0, thenjB0;�R0;R� [B0;�R0;R� j = 4C�;�H0(H� +H� �H0):(ii) If minfH�;H�g � 2H0, thenjB0;�R0;R� [B0;�R0;R� j = C�;�f4H0maxfH�;H�g+minfH2�;H2�gg:Next we will estimate4(x) = 1C�;� fjB0;�R0;R� [B0;�R0;R�(x)j � jB0;�R0;R� [B0;�R0;R� jg; x 2 R2 : (4.1)Taking D�;�0R;R0 :=  R 
os � R0 
os �0R sin � R0 sin �0 !and A�;�0R;R0 :=  R0 sin �0 �R0 
os �0�R sin � R 
os � ! ;for �; �0 2 [0; �), R;R0 > 0, we have B�;�R�;R� = D�;�R�;R� [�1; 1℄2, andD�;�R�;R��1 = 1sin(� � �)R�R�A�;�R�;R� :In this notation we have h�(x)h�(x) ! = D�;�sin�;sin��1x = 1C�;�  sin�hx; e���2 isin�hx; e�+�2 i ! (4.2)where h� and h� are as de�ned prior to Lemma 3.1. Note that(h�(x); h�(x)) 2 [�H�;H�℄� [�H�;H�℄; if and only if x 2 B�;�R�;R� ;and h0(x) := hx; e�2 isin� sin� = h�(x) + h�(x); x 2 R2 :See Figure 4.Lemma 4.2 Assume that x 2 R2 with h�(x) 2 [�H�;H�℄, h�(x) 2 [�H�;H�℄.(i) Suppose that 2H0 < H�;H�. Then4(x) = 12 maxf�h�(x) + 2H0 �H�; h�(x) + 2H0 �H�; 0g2+ 12 maxfh�(x) + 2H0 �H�;�h�(x) + 2H0 �H�; 0g2:14



0 �
�x h�(x) sin� sin�h�(x) sin� sin�h0(x) sin� sin� x� x�

Figure 4: The quantities h�, h� and h0.(ii) Suppose that 2H0 � minfH�;H�g and H� � H�.(a) When jh0(x)j � H� �H�,4(x) = 8<:h�(x)2; if jh�(x)j � 2H0 �H�;h�(x)2 � 12fjh�(x)j � (2H0 �H�)g2; if jh�(x)j > 2H0 �H�:(b) When jh0(x)j > H� �H� and jh�(x)j � 2H0 �H�,4(x) = h�(x)2 + 12fjh0(x)j � (H� �H�)g2+f2H0 �H� � sgn(h0(x))h�(x)gfjh0(x)j � (H� �H�)g:(
) When jh0(x)j > H� �H�, jh�(x)j > 2H0 �H� and h0(x)h�(x) > 0,4(x) = h�(x)2 � 12fjh�(x)j � (2H0 �H�)g2+ 12[2H0 �H� + sgn(h�(x))h�(x)℄2+;where [a℄+ = maxfa; 0g, [a℄� = maxf�a; 0g.(d) When jh0(x)j > H� �H�, jh�(x)j > 2H0 �H� and h0(x)h�(x) < 0,4(x) = h�(x)2 � 12fjh�(x)j � (2H0 �H�)g2+ fjh0(x)j � (H� �H�)g� [2H0 �H� + jh�(x)j+ 12fjh0(x)j � (H� �H�)g℄:Remark 4.1. The area fx 2 R2 : 4(x) = 0g depends on angles �; � and sti
k lengthsR0; R�; R� . From the above lemma we see thatfx 2 R2 : 4(x) = 0g = B�;�R��2R�0 ;R��2R�0 ; when 2H0 < H�;H�; (4.3)15



and fx 2 R2 : 4(x) = 0g = B�;�[R��R�� ℄+;[R��R��℄+ ; when 2H0 � minfH�;H�g; (4.4)where for � = 0; �; �, R0� = H� sin(���), R�� = H� sin�, R�� = H� sin�. In parti
ular R�� = R�.Sin
e A�;�R�;R�x =  R�hx; e���2 iR�hx; e�+�2 i ! ;we have M(A�;�R�;R�xk(0)) = R�M(xk(� � �2 )) = C�;�H�M(h�(xk));M(A�;�R�;R�xk(�2 )) = R�M(xk(�+ �2 )) = C�;�H�M(h�(xk)):For xk 2 R2k, y` 2 R2 ` and u 2 R2 we writexk � y` = (x1; x2; : : : xk; y1; y2; : : : ; y`) 2 (R2)k+`;and xk + u = (x1 + u; x2 + u; : : : ; xk + u) 2 (R2 )k. We put4(xk;y`ju) = 1C�;� fjB0;�R0;R�(xk) [B0;�R0;R�(y` + u)j � jB0;�R0;R� [B0;�R0;R� (u)jg;and write4(xk;y`) for4(xk;y`j0). The following two lemmas are important to show the maintheorem. Their proofs are given in the appendix.Lemma 4.3 Let xk 2 (R2)k with xk = 0 and y` 2 (R2)` with y` = 0.(i) Suppose that 2H0 < H�;H�. IfM(h�(xk)) +M(h�(y`)) < H� � 2H0 andM(h�(xk)) +M(h�(y`)) < H� � 2H0 (4.5)hold, then we have4(xk;y`) � 1C�;� fjB0;�R0;R��R�0 (xk) nB0;�R0;R��R�0 j+ jB0;�R0;R��R�0 (y`) nB0;�R0;R��R�0 jg;4(xk;y`) � 1C�;� fjB0;�R0;R��R�0 (xk) n B0;�R0;R��R�0 j+ jB0;�R0;R��R�0 (y`) n B0;�R0;R��R�0 jg� M(h�(y`))M(h�(xk)):(ii) Suppose that 2H0 � minfH�;H�g and H� > H�. If M(h�(xk)) +M(h�(y`)) < H� �H�and M(h�(xk)) +M(h�(y`)) < H� hold, then we have4(xk;y`) � 1C�;� fjB0;�R0;R�� 12R�� (xk) n B0;�R0;R�� 12R�� j+ jB0;�12R0� ; 12R�(y`) n B0;�12R0� ; 12R� jg+ 12M(h�(xk))2 + 12M(h�(y`))2; (4.6)16



4(xk;y`) � 1C�;� fjB0;�R0;R�� 12R�� (xk) n B0;�R0;R�� 12R�� j+ jB0;�12R0� ; 12R�(y`) n B0;�12R0� ; 12R� jg� M(h�(xk))M(h�(y`))�M(h�(xk))M(h�(y`))� (M(h�(xk)))2 � (M(h�(y`)))2:(iii) Suppose that 2H0 � H� = H�. If M(h�(xk)) + M(h�(y`)) < H� and M(h�(xk)) +M(h�(y`)) < H� hold, then we have4(xk;y`) � 1C�;� fjB0;�12R0�; 12R�(xk) n B0;�12R0�; 12R� j+ jB0;�12R0� ; 12R� (y`) nB0;�12R0�; 12R� jg+ (2H0 �H�)M(h0(xk � y`)) + 12M(h�(xk))2 + 12M(h�(y`))2;and 4(xk;y`) � 1C�;� fjB0;�12R0�; 12R�(xk) n B0;�12R0�; 12R� j+ jB0;�12R0� ; 12R� (y`) nB0;�12R0�; 12R� jg+ (2H0 �H�)M(h0(xk � y`))� 12M(h0(xk � y`))2� minfM(h0(xk));M(h0(y`))gfM(h�(xk)) +M(h�(y`))g: (4.7)Lemma 4.4 Let xk 2 (R2)k with xk = 0, y` 2 (R2)` with y` = 0 and u 2 R2 .(i) Suppose that 2H0 < H�;H�. If M(h�(xk)) + M(h�(y`)) + jh�(u)j < H� � 2H0 andM(h�(xk)) +M(h�(y`)) + jh�(u)j < H� � 2H0 hold, then we have4(xk;y`ju) = 4(xk;y`):(ii) Suppose that 2H0 � minfH�;H�g and H� > H�. If M(h�(xk)) +M(h�(y`)) + jh�(u)j <H� �H� and M(h�(xk)) +M(h�(y`)) + jh�(u)j < H� hold, then we havej4(xk;y`ju)�4(xk;y`)j � h�(u)2:(iii) Suppose that 2H0 � H� = H�. If M(h�(xk)) + M(h�(y`)) + jh�(u)j < H� andM(h�(xk)) +M(h�(y`)) + jh�(u)j < H� hold, then we havej 4(xk;y`ju)�4(xk;y`)�(2H0 �H�)fM(h0(xk � (y` + u)))� jh0(u)j �M(h0(xk � y`))g ��� h�(u)2 + h�(u)2 + jM(h0(xk � (y` + u))) � jh0(u)j �M(h0(xk � y`))j�fM(h�(xk)) +M(h�(y`)) + jh�(u)j+M(h�(xk)) +M(h�(y`)) + jh�(u)jg;if M(h�(xk)) +M(h�(y`)) + jh�(u)j < H�, M(h�(xk)) +M(h�(y`)) + jh�(u)j < H�.4.2 The asymptoti
 shapeFirst, we examine the behaviour of the fun
tion ���(C0 2 �(k)j�0) as � ! 1 when k =(0; k�; k�). When k = (k0; k�; 0) or k = (k0; 0; k�), we 
an estimate similarly. From (3.1) wehave ���(C0 2 �(0; k�; k�) j �0) = �jkj�1jkj pk�� pk��(k�)!k� !F�(0; k�; k�); (4.8)17



where F�(0; k�; k�) = Z(R2)k��1 dyk��1 Z(R2)k� dzk�1�(0;k�;k�)(C0(yk� ; zk� ))� e��fp0jB�;0R�;R0 (yk�)[B�;0R�;R0(zk� )j+p�jB�;�R�;R�(zk� )j+p�jB�;�R�;R� (yk� )jg:We put �(p) = p0jB�;0R�;R0 [B�;0R�;R0 j+ p�jB�;�R� ;R� j+ p�jB�;�R�;R� j; (4.9)f�(0; k�; k�) = F�(0; k�; k�)e��(p):To examine the fun
tion f�(k), we introdu
e the following fun
tion��1;�2;�3
 (x;yjz) = e�
fjB�1;�2R�1 ;R�2 (x)[B�1 ;�3R�1 ;R�3 (y+z)j�jB�1;�2R�1 ;R�2[B�1 ;�3R�1 ;R�3 (z)jg; (4.10)for �1; �2; �3 2 [0; �), 
 > 0, x 2 (R2 )k y 2 (R2 )k0 ; k; k0 2 N and z 2 R2 . We write ��1;�2;�3
 (x;y)for ��1;�2;�3
 (x;yj0). By using these fun
tions we obtainf�(0; k�; k�) = Z(R2)k��1 dyk��1 Z(R2)k� dzk�1�(0;k�;k�)(C0(yk� ; zk� ))��0;�;��p0 (yk� ; zk� )��;��p�(zk� )��;��p� (yk�):Putting uk� = yk� � yk� , vk� = zk� � zk� and z� = z, we havef�(0; k�; k�) = ZR2 dzg�(0; k�; k� ; z)�0;�;��p0 (0; z);where g�(0; k�; k� ; z) = Z(R2)k��1 duk��1 Z(R2)k��1 dvk��11�(0;k�;k�)(C0(uk� ;vk� + z))� �0;�;��p0 (uk� ;vk� jz)��;��p�(vk�)��;��p� (uk�): (4.11)Writing g�(k) for g�(k;0), we have���(C0 2 �(0; k�; k�) j �0)= e���(p)�jkj�1jkjpk�� pk��k�!k� ! ZR2 dzg�(0; k�; k� ; z)�0;�;��p0 (0; z): (4.12)Remark 4.2. The fun
tion �0;�;��p0 determines the stru
ture of �nite 
lusters. From Remark4.1 we see that �0;�;��p0 (0; z) = exp[��p0C�;�4(z)℄ = 1 if and only ifz 2 B�;�R��2R�0 ;R��2R�0 ; when H�;H� > 2H0;z 2 B�;�[R��R�� ℄+;[R��R��℄+; when minfH�;H�g � 2H0:18



We divide into four 
ases and obtain estimates.Case (1) 2H0 < H�;H�. In this 
ase we will show that���(C0 2 �(0; k�; k�)j�0)� exp[�4C�;��fp0H0(H� +H� �H0) + (1� p0)H�H�g℄�� 14C�;���jkj�3 jkjH�H�(H� � 2H0)(H� � 2H0)�pk�� k�!Gk�(p0H0 + p�H�; p�H�; p0(H� �H0))�pk�� k�!Gk� (p�H�; p0H0 + p�H�; p0(H� �H0)); (4.13)where for 
1; 
2; 
3 > 0Gk(
1; 
2; 
3) = ( 1k! )2 Z(R2)k�1 duk�1
k(
1; 
2; 
3)(uk); (4.14)
k(
1; 
2; 
3)(uk) = exp[�f
1M(u1k) + 
2M(u2k) + 
3M(u1k + u2k)g℄: (4.15)From Remark 4.2 we see that the asymptoti
 shape of the 
luster is given byfx 2 R2 : jh�(x)j � H� � 2H0; jh�(x)j � H� � 2H0g:By Lemma 4.2 (i) and Lemma 4.4 (i) we havef�(0; k�; k�) � jB�;�R��2R�0 ;R��2R�0 jg�(0; k�; k�); as �!1: (4.16)By Lemma 4.3 (i) we haveg�(0; k�; k�)� Z(R2)k��1 duk��1e��fp0jB0;�R0;R��R�0 (uk� )nB0;�R0;R��R�0 j+p�jB�;�R�;R� (uk� )nB�;�R�;R� jg� Z(R2)k��1 dvk��1e��fp0jB0;�R0;R��R�0 (vk� )nB0;�R0;R��R�0 j+p�jB�;�R�;R� (vk� )nB�;�R�;R� jgUsing Lemma 3.1 and putting û = A�;�2� sin �;2� sin�u, by a simple 
al
ulation we haveZ(R2)k��1 duk��1e��fp0jB0;�R0;R��R�0 (uk�)nB0;�R0 ;R��R�0 j+p�jB�;�R�;R� (uk� )nB�;�R�;R� jg� Z(R2)k��1 duk��1e�2C�;��[(p0H0+p�H�)M(h�(uk� ))+p0(H��H0)M(h0(uk� ))+p�H�M(h�(uk� ))℄= � 14C�;��2�k��1Gk�(p0H0 + p�H�; p�H�; p0(H� �H0)):19



Similarly, we haveZ(R2)k��1 dvk��1e��fp0jB0;�R0;R��R�0 (vk� )nB0;�R0 ;R��R�0 j+p�jB�;�R�;R� (vk� )nB�;�R�;R� jg� � 14C�;��2�k��1Gk� (p�H�; p0H0 + p�H�; p0(H� �H0))Sin
e by Lemma 4.1 (i)�(p) = 4C�;�fp0H0(H� +H� �H0) + (1� p0)H�H�g; (4.17)we have (4.13) from (4.12) and the above estimates.Case (2) 2H0 � H�, H� > H�. In this 
ase we will show that���(C0 2 �(0; k�; k�)j�0)� exp[�4C�;��fp0H0H� + p04 H2� + (1� p0)H�H�g℄�� 14C�;���jkj� 52 jkjjH� �H�j( �p0 ) 12�pk�� k�!Gk�(p0H0 + p�H�; p�H�; p0(H� � 12H�))�pk�� k�!Gk� (p�H�; 12p0H� + p�H�; 12p0H�): (4.18)From Remark 4.2 we see that the asymptoti
 shape of the 
luster is given byfx 2 R2 : jh�(x)j � H� �H�; jh�(x)j = 0g:By Lemma 4.4 (ii) and a simple 
al
ulation we haveg�(0; k�; k� ; z) � g�(0; k�; k�) as �!1,when jh�(z)j < H� �H� jh�(z)j = o(1). >From Lemma 4.2 (ii) we have�0;�:��p0 (0; z) = e�p0C�;��h�(z)2 ;if jh0(z)j � H� �H�, jh�(z)j � 2H0 �H�. Then we havef�(0; k�; k�) � g�(0; k�; k�)ZR2 dz�0;�;��p0 (0; z)� 2jH� �H�j(C�;��p0� )1=2g�(0; k�; k�) as �!1: (4.19)By Lemma 3.1 and Lemma 4.3 (ii) and similar 
al
ulations as above, we haveg�(0; k�; k�) � � 14C�;��2�k��1Gk�(p0H0 + p�H�; p�H�; p0(H� � 12H�))� � 14C�;��2�k��1Gk� (p�H�; 12p0H� + p�H�; 12p0H�):20



Sin
e by Lemma 3.1 (ii)�(p) = 4C�;�fp0H0H� + p04 H2� + (1� p0)H�H�g; (4.20)we have (4.18) from (4.12) and the above estimatesCase (3) 2H0 = H� = H�. In this 
ase we will show that���(C0 2 �(0; k�; k�)j�0)� exp[�4C�;��(4� p0)H20 ℄�� 14C�;���jkj�2 jkj3� + 42p0�pk�� k�!Gk�((p0 + 2p�)H0; 2p�H0; p0H0)�pk�� k�!Gk� (2p�H0; (p0 + 2p�)H0; p0H0): (4.21)From Remark 4.2 we see that the asymptoti
 shape of the 
luster is given byfx 2 R2 : jh�(x)j � 0; jh�(x)j � 0g = f0g:By Lemma 4.4 (iii) and a simple 
al
ulation we haveg�(0; k�; k� ; z) � g�(0; k�; k�) as �!1,when jh�(z)j = o(1), jh�(z)j = o(1). >From Lemma 4.2 (ii) we have�0;�;��p0 (0; z) = 8<:exp[�12C�;�p0�(h�(z)2 + h�(z)2)℄; h0(z)h�(z) > 0;exp[�12C�;�p0�h�(z)2℄; h0(z)h�(z) > 0; (4.22)if jh�(z)j � H�, jh�(z)j � H�. Then we havef�(0; k�; k�) � g�(0; k�; k�)ZR2 dz�0;�;��p� (0; z)� (3� + 42p0� )g�(0; k�; k�) as �!1: (4.23)By Lemma 3.1 and Lemma 4.3 (iii) and similar 
al
ulations as above, we haveg�(0; k�; k�) � � 14C�;��2�k��1Gk�(12p0H� + p�H�; p�H�; 12p0H�)� � 14C�;��2�k��1Gk� (p�H�; 12p0H� + p�H�; 12p0H�):Sin
e by Lemma 3.1 (ii), �(p) = 4C�;�(4 � p0)H20 ), we have (4.21) from (4.12) and the aboveestimates 21



Case (4) 2H0 > H� = H�. In this 
ase we will show that���(C0 2 �(0; k�; k�)j�0)� exp[�4C�;��fp0H0H� + (1� 34p0)H2�g℄�� 14C�;���jkj� 32 jkj(2�p0 ) 12 pk�� k�!pk�� k�! (4.24)�Gk�;k�12 (2H0�H�)((p02 + p�)H�; p�H�; p02 H�; p�H�; (p02 + p�)H�; p02 H�):where Gk;`z (
1; 
2; 
3; 
4; 
5; 
6) = ( 1k! )2( 1̀! )2 Z(R2)k��1 duk��1 Z(R2)k��1 dvk��1�Jz(uk� ;vk� )
(
1; 
2; 
3)(uk�)
(
4; 
5; 
6)(vk� );From Remark 4.2 we see that the asymptoti
 shape of the 
luster is given byfx 2 R2 : jh�(x)j � 0; jh�(x)j � 0g = f0g:By Lemma 4.3 (iii), Lemma 4.4 (iii) and a simple 
al
ulation we have4(xk;y`jz) � 1C�;� fjB0;�12R0�; 12R�(xk) n B0;�12R0�; 12R� j+ jB0;�12R0� ; 12R�(y`) n B0;�12R0� ; 12R� jg+ (2H0 �H�)fM(h0(xk � (y` + z))) � h0(z)gwhen jh�(z)j = o(1), jh�(z)j = o(1). >From Lemma 4.2 (ii)4(z) = 12(h�(z)2 + h�(z)2) + (2H0 �H�)jh0(z)j;if jh�(z)j � H�, jh�(z)j � H�. Thenf�(0; k�; k�) � Z(R2)k��1 duk��1 Z(R2)k��1 dvk��1K�(uk� ;vk� )��0;�;��p0 (uk� ;vk� )��;��p�(vk� )��;��p� (uk�);where K�(uk� ;vk� ) = ZR2 dz exp[�12C�;�p0�(h�(z)2 + h�(z)2)℄� exp[��C�;�p0(2H0 �H�)M(h0(uk� � (vk� + z)))℄:By Lemma 3.1 and Lemma 4.3 (iii) and similar 
al
ulations as above, we havef�(0; k�; k�) � � 14C�;��2�jkj�1�8�C�;��p0 � 12� Z(R2)k��1 duk��1 Z(R2)k��1 dvk��1J p02 (2H0�H�)(uk� ;vk� )� 
k�((12p0 + p�)H�; p�H�; 12p0H�)
k� (p�H�; (12p0 + p�)H�; 12p0H�):22



Sin
e by Lemma 4.1 (ii), �(p) = 4C�;�fp0H0H�(1� 34p0)H2�g, we have (4.24) from (4.12) andthe above estimates.Proof of Theorem 2.2 First we examine the behaviour of the fun
tion ���(C0 2 �(k)j�0)as � ! 1 when k = (k0; k�; k�), with k0; k�; k� 2 N. From (1.3) and an argument similar tothat needed to obtain (4.1) we have���(C0 2 �(k) j �0) = �jkj�1jkjpk00 pk�� pk��k0!k�!k� ! F�(k); (4.25)whereF�(k) = e��fp0jB�;0R�;R0[B�;0R�;R0 j+p�jB0;�R0;R�[B�;�R�;R� j+p�jB0;�R0;R�[B�;�R�;R� jg� Z(R2)k0�1 dxk0�1 Z(R2)k� dyk� Z(R2)k� dzk�1�(k)(C0(xk0 ;yk� ; zk� ))��0;�;��p0 (yk� ; zk� )��;�;0�p� (zk� ;xk0)��;0;��p� (xk0 ;yk�):From the above we see that the probability that the 
luster 
ontains sti
ks of three distin
torientations is mu
h smaller than that of only two distin
t orientations.For 
ase (1), when a; b � 2, from (4.13), (4.21) and (4.18) we havelim�!1 �14C�;�� log ���(C0 2 �(0; k; `)j�0) = p0(a+ b� 1) + (1� p0)ab;lim�!1 �14C�;�� log ���(C0 2 �(k; 0; `)j�0) = p�ab+ p�4 + (1� p�)b;lim�!1 �14C�;�� log ���(C0 2 �(k; `; 0)j�0) = p�ab+ p�4 + (1� p�)a:Sin
e p0(a+ b� 1) + (1� p0)ab > minfp�ab+ p�4 + (1� p�)b; p�ab+ p�4 + (1� p�)ag;we obtain Theorem 2.2 (1) (i) and (ii). From (4.18) we see that���(C0 2 �(k; 0; `)j�0) expf��(p)g � 
�k+`�5=2;and ���(C0 2 �(k; `; 0)j�0) expf��(p)g � 
0�k+`�5=2;with positive 
onstants 
 and 
0 independent of �. Thus we have (iii).For 
ase (2), when 1=2 < minfa; bg < 2, a 6= b, a; b 6= 1, from (4.18) we havelim�!1 �14C�;�� log���(C0 2 �(0; k; `)j�0) = f(0; �; �);lim�!1 �14C�;�� log���(C0 2 �(k; 0; `)j�0) = f(�; 0; �)lim�!1 �14C�;�� log���(C0 2 �(k; `; 0)j�0) = f(�; �; 0):23



Thus we obtain Theorem 2.2 (2).For 
ase (3), when 0 < a = b < 1, from (4.18) and (4.21) we havelim�!1 �14C�;�� log ���(C0 2 �(0; k; `)j�0) = p0a+ (1� 34p0)a2;lim�!1 �14C�;�� log ���(C0 2 �(k; 0; `)j�0) = 14p�a2 + a;lim�!1 �14C�;�� log ���(C0 2 �(k; `; 0)j�0) = 14p�a2 + a:If p� � p�, A(�; �) o

urs wheneverp0a+ (1� 34p0)a2 < 14p�a2 + a;i.e., a < l1(p0; p�; p�). Sin
e l1(p0; p�; p�) � 1 for p0 � p�, we obtain Theorem 2.2 (3).Finally for 
ase (4), when 1 < a = b < 2, from (4.18) and (4.21) we havelim�!1 �14C�;�� log���(C0 2 �(0; k; `)j�0) = p0a+ (1� 34p0)a2;lim�!1 �14C�;�� log���(C0 2 �(k; 0; `)j�0) = p�a2 + 14p� + (1� p�)a;lim�!1 �14C�;�� log���(C0 2 �(k; `; 0)j�0) = p�a2 + 14p� + (1� p�)a:If p� � p�, we see that A(�; �) o

urs wheneverp0a+ (1� 34p0)a2 < p�a2 + 14p� + (1� p�)a;i.e., a < l2(p0; p�; p�). Sin
e l2(p0; p�; p�) � 1 for p0 � p�, we obtain Theorem 2.2 (4).Also for 
ase (4) a = b = 1, from (4.18) and (4.21) we have Theorem 2.2 (5), easily.5 AppendixProof of Lemma 3.1: We bound the volume of B�;�R�;R�(xk) by the volume of the smallestparallelogram 
ontaining it.jB�;�R�;R�(xk)j � (2R� +M(x�k ))(2R� +M(x�k )) sin(� � �)= 2R�2R� sin(� � �) + (2R�M(x�k ) + 2R�M(x�k )) sin(� � �)+M(x�k )M(x�k ) sin(� � �)= jB�;�R�;R� j+ 2C�;�fH�M(h�(xk)) +H�M(h�(xk))g+C�;�M(h�(xk))M(h�(xk))whi
h yields (3.5).The inequality (3.6) follows on observing that(i) jB�;�R�;R� (xk)j must in
lude an area 2R�maxfx�1 ; : : : ; x�kg sin(���) along the `length' of the24




onne
ted 
luster,(ii) jB�;�R�;R�(xk)j must must in
lude an area 2R� maxfx�1 ; : : : ; x�kg sin(���) along the `breadth'of the 
onne
ted 
luster.Thus removing the double 
ounting obtained when we 
onsider the parallelograms along thebreadth of the 
luster we obtain (3.6).To show the last inequality we must estimate the double 
ounting more pre
isely. Observethat the two halves of the parallelograms on the extremes (in either of the two dire
tions � or�) of the region B�;�R�;R�(xk) 
onstitute an area jB�;�R�;R� j. Also if B�;�R�;R�(xk) is 
onne
ted, thenthe area of this region between the lines fx 2 R2 : x� = minfx�1 ; : : : ; x�kgg and fx 2 R2 : x� =maxfx�1 ; : : : ; x�kgg has an area at least (2R�maxfx�1 ; : : : ; x�kg+ 2R� maxfx�1 ; : : : ; x�kg) sin(� ��)�maxfx�1 ; : : : ; x�kgmaxfx�1 ; : : : ; x�kg sin(� � �). Sin
e xk = 0, (3.7) follows.Proof of Lemma 4.1 If 2H0 � H� and H� � H�. ThenjB0;�R0;R� [B0;�R0;R� j = jB0;�R0;R� n B0;�R0;R� j+ jB0;�R0;R� n B0;�R0;R� j+ jB0;�R0;R� \B0;�R0;R� j= 2R0:2R� sin�+R� sin(� � �)R� sin(� � �)(sin�)�1= C�;�(4H0H� +H2�):If 2H0 � H� and H� � H�. Then, similarly, we havejB0;�R0;R� [B0;�R0;R� j = 2R0:2R� sin� +R� sin(� � �)R� sin(� � �)(sin�)�1= C�;�(4H0H� +H2�):Finally if H�;H� > 2H0, thenjB0;�R0;R� [B0;�R0;R� j = jB0;�R0;R� j+ jB0;�R0;R� j � jB0;�R0;R� \B0;�R0;R� j= 4R0R� sin�+ 4R0R� sin� � 4R20 sin� sin�(sin(� � �))�1= 4C�;�H0(H� +H� �H0):This proves the lemma.Proof of Lemma 4.2 Suppose that 2H0 � H� and H� � H�. Also assume that jh0(x)j �H� � H� and jh�(x)j � 2H0 �H�. In this 
ase we have B0;�R0;R� [ B0;�R0;R� represented as theunion of the two parallelograms ABCD and EFGH in Figure 5, while B0;�R0;R�[B0;�R0;R� (x) is theunion of ABCD and IJKL. The di�eren
e between these two regions is thus the di�eren
e ofthe \dashed" triangles and the \solid" triangles outside the parallelogram ABCD. It is easilyseen that the sum of the area of the \dashed" triangles is sin� sin�sin(���) [R2� sin2(���)sin2 � + (x1 � x2tan�)℄,while the sum of the areas of the solid triangles is R2� sin � sin(���)sin� . This proves the �rst 
aseLemma 4.2 (i). By 
onsidering similar �gures, the other parts of the lemma follow.Proof of Lemma 4.3 First we 
onsider the situation when y1 = 0, ` = 1 and k = 2 withx2 = 0 and x1 su
h that jx�1 j � R� � 2R�0 ; jx�1 j � R� � 2R�0 : (5.26)25
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Figure 5: Figure a

ompanying proof of Lemma 4.2.
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Figure 6: The two shaded regions in the left �gure 
ombine on 
ollapsing the lines AD and BC.The shaded parallelogram in the right �gure is double 
ounted.We note here that this 
hoi
e of x1 ensures the existen
e of the hat
hed region in Figure 6whi
h is isomorphi
 to a parallelogram with sides making angles � and � with the x-axis.From Figure 6 we see that if we 
ollapse the lines AD and BC into one and removethe parallelogram 
ontained between these lines then ea
h of the parallelograms B0;�R0;R� andB0;�R0;R�(x1) be
ome isomorphi
 to B0;�R0;R��R0� . Moreover the shaded area whi
h represents�(B0;�R0;R�(x1; x2) [B0;�R0;R�(y1)) n (B0;�R0;R� [B0;�R0;R� )� is isomorphi
 to �B0;�R0;R��R0�(x1; x2) nB0;�R0;R��R0��.Sin
e (B0;�R0;R� [ B0;�R0;R� ) � (B0;�R0;R�(x1; x2) [ B0;�R0;R� ) and B0;�R0;R��R0�(x1; x2) � B0;�R0;R��R0�we have C�;��(x2; y1) = jB0;�R0;R��R0�(x2) n B0;�R0;R��R0� j: (5.27)Now observe that a similar result may be obtained when x1 = 0, k = 1 and ` = 2, y2 = 0and y1 su
h that jy�1 j � R� � 2R�0 ; jy�1 j � R� � 2R�0 : (5.28)26



In this 
ase we obtain C�;��(x1;y2) = jB0;�R0;R��R0�(y2) n B0;�R0;R��R0� j: (5.29)In 
ase both k = 2 and ` = 2 with x1 and y1 satisfying (5.26) and (5.28) we see from Figure6 that if we add the areas obtained in (5.27) and (5.29) there is double 
ounting of the shadedparallelogram with sides of length jx�1 j and jy�1 j and area jx�1 jjy�1 j sin(� � �). Thus we haveC�;��(x2;y2) = jB0;�R0;R��R0�(x2)nB0;�R0;R��R0� j+ jB0;�R0;R��R0� (y2)nB0;�R0;R��R0� j� jx�1 jjy�1 j sin(���). In general, for any k and `, we see that ifM(xk) � R� � 2R0�; and M(y`) � R� � 2R0� (5.30)there will be many su
h shaded areas whi
h will be double 
ounted. These areas need not beall distin
t and the total area of this double 
ounted region is at most M(x�k )M(y�̀) sin(���).Now note that the 
ondition (4.5) guarantees that (5.30) holds. Hen
e Lemma 4.3 (i) follows.The remaining parts of the lemmas follow from similar arguments and are explained throughFigures 7 and 8.Lemma 4.4 follows similarly and its proof is omitted.
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R0�

� � � �R�R0R0Figure 7: The shaded triangles in the left �gure give the last two terms in (4.6), while theshaded parallelogram in the right �gure is double 
ounted.
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ounted and is dedu
ted in (4.7).Referen
es[1℄ Alexander, K., Finite 
lusters in high-density 
ontinuous per
olation: 
ompression andspheri
ality, Probab. Th. Rel. Fields, 97, 35{63 (1993).[2℄ Domany, E. and Kinzell, W., Equivalen
e of 
ellular automata to Ising models and dire
tedper
olation. Phys. Rev.Letters, 53, 311{314 (1984)[3℄ Ehrenfest, P., Colle
ted S
ienti�
 Papers. (ed. M.J. Klein). North-Holland, Amsterdam.[4℄ Grimmett, G., Sto
hasti
 pin-ball. preprint(1998).[5℄ Harris, M., Nontrivial phase transition in a 
ontinuum mirror model. preprint(1996).[6℄ Hall, P., The theory of 
overage pro
esses. John Wiley, New York (1988).[7℄ Hall, P., On 
ontinuum per
olation. Annals Probab., 13, 1250{1266 (1985).[8℄ Menshikov, M., Coin
iden
e of 
riti
al points in per
olation problems. Sov. Math. Dokl.,24, 856{859 (1986).[9℄ Roy, R., Per
olation of Poisson sti
ks on the plane. Probab. Th. Rel. Fields, 89, 503{517(1991).[10℄ Sarkar, A., Finite 
lusters in high density Boolean models with balls of varying sizes. Adv.Appl. Probab. (SGSA), 30, 929{947 (1998).[11℄ Stoyan, D., Kendall, W. and J. Me
ke, J., Sto
hasti
 geometry and its appli
ations. 2nd.Ed. John Wiley, Chi
hester (1995).[12℄ Weber, W., Zur methode der lokalisierung und 
harkterisierung tiefer bru
hstrukturen f�urminerogenetis
he untersu
hungen. In Tiefenbru
hstrukturen und post magmatis
he min-eralization, ed. W. Weber and V.A. Kor
emagin. Freiberger Fors
hungshefte, C 329,Deuts
her Verlag f�ur Grund StoÆndustrie, Leipzig, 9{52 (1977).28



Rahul RoyIndian Statisti
al Institute,7 SJS Sansanwal Marg,New Delhi 110016, INDIA.e-mail:- rahul�isid1.isid.a
.inHideki TanemuraDepartment of Mathemati
s and Informati
s,Fa
ulty of S
ien
e,Chiba University,1-33, Yayoi-
ho, Inage-ku,Chiba 263-8522, JAPAN.e-mail:- tanemura�math.s.
hiba-u.a
.jp

29


