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1 IntrodutionIt is of interest to ompare two random variables in terms of their variability. While this topihas been studied extensively in the univariate ase, several attempts have been made to extendit to the multivariate ase. Important ontributions in this ase have been made by Giovagnoliand Wynn (1995) Shaked and Shathikumar (1998) and Fernadez-Ponse and Suarez-Llorens(2003), among others.Let X and Y be two univariate random variables with distribution funtions F and G; andwith survival funtions F and G, respetively. A basi onept for omparing variability indistributions is that of dispersive ordering. X is said to be less dispersed than Y (denoted byX �disp Y ) if F�1(�) � F�1(� ) � G�1(�)�G�1(� ) whenever 0 < � � � < 1, (1.1)where F�1 and G�1 are the right ontinuous inverses of the distribution funtions F and G,respetively. This means that the di�erene between any two quantiles of X is smaller thanthe di�erene between the orresponding quantiles of Y . In ase the random variables X andY are of ontinuous type with hazard rates rF and rG, respetively, then X �disp Y if and onlyif rG(G�1(p)) � rF (F�1(p)); 8p 2 [0; 1℄: (1.2)For more details on dispersive ordering, see Setion 2B of Shaked and Shanthikumar (1994).In analogy with the haraterization (1.2) of the univariate dispersive ordering, we introduea new order in the multivariate ase whih we all upper orthant dispersive ordering and studyits properties. Aording to (1.2), X �disp Y if and only if the hazard rates of X and Y at thequantiles of the same order p are ordered for all values of p 2 [0; 1℄. To this end, we �rst reallthe de�nition of hazard rate (or hazard gradient) in the multivariate ase. Consider a randomvetor X = (X1; : : : ;Xn) with a partially di�erentiable survival funtion F (x) = PfX > xg.The funtion R = � logF is alled the hazard funtion of X, and the vetor rX of partialderivatives, de�ned byrX(x) = (r(1)X (x); : : : ; r(n)X (x)) = ( ��x1R(x); : : : ; ��xnR(x));for all x 2 fx : F (x) > 0g, is alled the hazard gradient of X ( see Johnson and Kotz, 1975and Marshall, 1975). Note that r(i)X (x) an be interpreted as the onditional hazard rate of Xievaluated at xi, given that Xj > xj for all j 6= i. That is,r(i)X (x) = fi(xi j \j 6=ifXj > xjg)F i(xi j \j 6=ifXj > xjg) ;where fi(� j \j 6=ifXj > xjg) and F i(� j \j 6=ifXj > xjg) are, respetively, the onditional densityand the onditional survival funtions of Xi, given that Xj > xj for all j 6= i. For onveniene,2



here and below we set r(i)X (x) = 1 for all x 2 fx : F (x) = 0g. Now we de�ne upper orthantdispersive ordering.De�nition 1.1. Let X = (X1; : : : ;Xn) and Y = (Y1; : : : ; Yn) be two random vetors withrespetive survival funtions F and G. We say that X is smaller than Y aording to upperorthant dispersive ordering (denoted by X uo�disp� Y) if for all uj 2 [0; 1℄, j = 1; : : : ; n, j 6= i,0�Xi j \j 6=ifXj > F�1j (uj)g1A �disp 0�Yi j\j 6=ifYj > G�1j (uj)g1A ; (1.3)for i = 1; : : : ; n.In ase the distributions under onsideration are absolutely ontinuous, the upper or-thant dispersive ordering an be equivalently expressed in terms of the hazard gradients atthe quantiles of the same orders of the onditional distributions. If we denote by xi(�;u)and yi(�;u), the �th quantiles of the onditional distributions �Xi j \j 6=ifXj > F�1j (uj)g� and�Yi j \j 6=ifYj > G�1j (uj)g�, respetively, thenX uo�disp� Y , r(i)X �F�11 (u1); : : : ; F�1i�1(ui�1); xi(�;u); : : : ; F�1n (un)�� r(i)Y �G�11 (u1); : : : ; G�1i�1(ui�1); yi(�;u); : : : ; G�1n (un)� ; (1.4)for every � 2 [0; 1℄, u 2 [0; 1℄n�1 and i = 1; : : : ; n, where r(i)X and r(i)Y stand for the ithomponents of the hazard gradients of X and Y, respetively.The following slightly modi�ed version of a theorem of Saunders and Moran (1978) providesa useful tool for establishing dispersive ordering among members of a parametri family ofdistributions.Theorem 1.1. Let Xa be a random variable with distribution funtion Fa for eah a 2 R suhthat(i) Fa is supported on some interval (x(a)� ; x(a)+ ) � (�1;1) and has density fa whih does notvanish on any subinterval of (x(a)� ; x(a)+ ),(ii) the derivative of Fa with respet to a exists and denoted by F 0a.Then, Xa �disp Xa� for a; a� 2 R and a > a�, (1.5)if and only if, F 0a(x)=fa(x) is dereasing in x. (1.6)In the next example we identify onditions under whih two bivariate normal random vetorsare ordered aording to upper orthant dispersive ordering. More examples are disussed inthe last setion. 3



Example 1.1 (Bivariate Normal Distribution).Let X and Y follow bivariate normal distributions with eah with mean vetor (0; 0) andwith dispersion matries�X =  �21 ��1�2��1�2 �22 ! and �Y =  �21 �0�1�2�0�1�2 �22 ! ;respetively, with �i > 0 for i = 1; 2. For the time being we are assuming that the marginaldistributions of X and Y are idential. The general ase is onsidered later. We use Theorem1.1 to prove that in ase � and �0 are of the same sign, thenj�0j � j�j ) X uo�disp� Y:Let us denote by G�, the distribution funtion of fX1jX2 > yg (we are suppressing itsdependene on y for the larity of notation). ThenG�(x) = 1P (X2 > y) Z x�1 Z +1y fX1;X2(u; v)dudv= 1P (X2 > y) Z +1y P (X1 � xjX2 = v)fX2(v)dv= 1P (X2 > y) Z +1y � x� ��1�2 v�1(1� �2)1=2! 1�2�� v�2� dvand the orresponding onditional density funtion isg�(x) = 1P (X2 > y)�1(1� �2)1=2 Z +1y � x� ��1�2 v�1(1� �2)1=2! 1�2 �� v�2� dvNow we omputeG0�(x) = ���G�(x)= 1P (X2 > y) Z +1y 8<:��1�2 v(�1(1� �2)1=2) + �1�(1��2)1=2 (x� ��1�2 v)�21(1� �2) 9=;��( x� ��1�2 v�1(1� �2)1=2 ) 1�2 �( v�2 )dv;whih simpli�es toG0�(x) = e� x22�21P (X2 > y)p2� Z +1y (� �2�1 � v)p2��22(1� �2)3=2 e� 12�22(1��2) (v� �x�2�1 )2dv= � e� x22�21P (X2 > y)(2�)(1 � �2)1=2 e� 12�22(1��2) (y� �x�2�1 )2 : (1.7)4



Similarly, the onditional density funtion g�(x) an be written asg�(x) = e� x22�21P (X2 > y)p2��1 Z +1y 1�2(1� �2)1=2(2�)1=2 e� 12�22(1��2) (v� �x�2�1 )2dv: (1.8)This gives h(x) = G0�(x)g�(x) = ��2 �1 rWx(y);where, rWx(:) denotes the hazard rate of Wx, a normal random variable with mean �x�2=�1and variane �22(1 � �2). It is known that the family of normal random variables with a �xedvariane but with di�erent means, is ordered aording to hazard rate order and the one withsmaller mean having greater hazard rate. Using this fat, it follows that if � > 0, then h(x)is inreasing in x. Hene by Theorem 1.1, 0 � �0 � � ) X uo�disp� Y. If � < 0, then h(x)is dereasing in x, hene (X1;X2) is inreasing in � in the sense of upper orthant dispersiveordering. This proves the required result.The organization of the paper is as follows. In Setion 2 we study some properties of theupper orthant dispersive ordering as de�ned above. It is proved that if two random vetors havethe same dependene struture (opula), then they are ordered aording to upper orthant dis-persive ordering if and only if their orresponding marginals are ordered aording to univariatedispersive ordering. In Setion 3 we onsider the speial ase of nonnegative random variables(more generally if the onditional distributions have ommon left end points of their supports).It is shown that if two random vetors have the same marginal distributions and they are or-dered aording to upper orthant dispersive ordering, then their bivariate opulas are orderedimplying that one random vetor is dependent in the sense of positive quadrant dependene(PQD) than the other. We also study the onnetion between upper orthant dispersive orderingand multivariate hazard rate ordering as introdued by Hu, Khaledi and Shaked (2002). Thelast setion is devoted to some examples and appliations. It is shown that if two univariatedistributions are ordered aording to dispersive ordering, then the orresponding vetors oforder statistis from them are ordered aording to upper orthant dispersive ordering.2 Properties of upper orthant dispersive OrderingIn this setion we establish an interesting property of the upper orthant dispersive orderingthat if two n-dimensional random vetors X and Y have the same dependene struture in thesense that they have the same opula, then dispersive ordering among the marginal distribu-tions implies upper orthant dispersive ordering and vie versa. The notion of opula has beenintrodued by Sklar (1959), and studied, among others by Kimeldrof and Sampson (1975),under the name of uniform representation, and by Deheuvels (1978), under the name of de-pendene funtion. A opula C is a umulative distribution funtion with uniform margins on5



[0; 1℄. Given a opula C, if one de�nesF (x) = C(F1(x1); F2(x2); : : : Fn(xn)); x 2 IRn; (2.1)then F is a multivariate distribution funtion with margins as F1; F2; : : : ; Fn. For any multi-variate distribution funtion F with margins as F1; F2; : : : ; Fn, there exists a opula C suhthat (2.1) holds. If F is ontinuous, then C is unique and an be onstruted as followsC(u) = F [F�11 (u1); F�12 (u2); : : : ; F�1n (un)℄; u 2 [0; 1℄n: (2.2)It follows that if X and Y are two n- dimensional random vetors with margins as(F1; F2; : : : ; Fn) and (G1; G2; : : : ; Gn), respetively and if they have the same opula, then(F1(X1); F2(X2); : : : Fn(Xn)) st= (G1(Y1); G2(Y2); : : : Gn(Yn)) : (2.3)For i = 1; : : : ; n, let us denote by HXi;u the df of the onditional distribution�Xi j \j 6=ifXj > F�1j (uj)g� and by HYi;u that of �Yi j \j 6=ifYj > G�1j (uj)g�. To prove the nexttheorem, we �rst prove the following lemma, whih may be of independent interest.lemma 2.1. If two n-dimensional random vetors X and Y have the same opula, then fori = 1; : : : n, Fi ÆHXi;u�1(�) = Gi ÆHYi;u�1(�); � 2 [0; 1℄; u 2 [0; 1℄n�1: (2.4)Proof: Proving (2.4) is equivalent to proving that for i = 1; : : : n and u 2 [0; 1℄n�1,HXi;u Æ F�1i (v) = HYi;u ÆG�1i (v); 8 v 2 [0; 1℄, P [Xi > F�1i (v) j \j 6=ifXj > F�1j (uj)g℄= P [Yi > G�1i (v) j\j 6=ifYj > G�1j (uj)g℄; 8 v 2 [0; 1℄, P [Fi(Xi) > v j \j 6=ifFj(Xj) > ujg℄= P [Gi(Yi) > v j \j 6=ifGj(Yj) > ujg℄; 8 v 2 [0; 1℄:whih is true beause of (2.3) sine X and Y have the same opula.Theorem 2.1. Let X and Y be two n-dimensional random vetors with the same opula. ThenX uo�disp� Y if and only if Xi �disp Yi, i = 1; : : : ; n.Proof : By de�nitionX uo�disp� Y , HYi;u�1(�)�HXi;u�1(�) is inreasing in � 2 [0; 1℄; u 2 [0; 1℄n�1, for i = 1; : : : ; n.(2.5)6



It follows from (2.4) that ifX andY have the same opula, then for i = 1; : : : n and u 2 [0; 1℄n�1,HYi;u�1(�) �HXi;u�1(�) = G�1i Æ Fi(HXi;u�1(�))�HXi;u�1(�): (2.6)for i = 1; : : : n and for every � 2 [0; 1℄.It is easy to see that the right hand side of (2.6) is inreasing in � if and only if G�1i Fi(x)�xis inreasing in x, that is, if and only if Xi �disp Yi, i = 1; : : : ; n. This proves the desiredresult.Reently M�uller and Sarsini (2001) have investigated some other multivariate stohastiorders for whih results parallel to Theorem 2.1 hold for those orders. The following interestingproperty of the upper orthant dispersive ordering immediately follows from the above theorem.Corollary 2.1. Let Y = (a1X1 + b1; a2X2 + b2; : : : ; anXn + bn). Then for ai � 1; bi 2 IR,X uo�disp� Y.Proof : Sine X and Y have the same opula, the required result follows immediately fromTheorem 2.1Example 2.1 (Multivariate Normal Distributions).Let X follow the p-variate multivariate normal distribution with mean vetor � and dis-persion matrix � = ((�ij)), with �ij = �ij�i�j; �ii = 1; �i > 0; i; j = 1; : : : ; p. Let Y fol-low the p-variate multivariate normal distribution with mean vetor �0 and dispersion matrix�0 = ((�0ij)), with �0ij = �ij�0i�0j ; �0i > 0; i; j = 1; : : : ; p. It is known that X and Y havethe same opula. It follows from Theorem 2.1 that X uo�disp� Y if and only if �i � �0i fori = 1; : : : ; p. This result in onjuntion with Example 1.1 leads us to the following result foromparing two bivariate normal distributions.Let X and Y follow bivariate normal distributions with dispersion matries� =  �12 ��1�2��1�2 �22 ! ; �0 =  �012 �0�01�02�0�01�02 �022 ! ;respetively. If 0 < �i � �0i for i = 1; 2 and j�0j � j�j < 1, then X uo�disp� Y.It will be interesting to �nd neessary and suÆient onditions under whih two multivariatenormal random vetors will be ordered aording to upper orthant dispersive ordering in thegeneral ase.It follows immediately that if two random vetors are ordered aording to upper orthantdispersive ordering, then so are their orresponding subsets. In partiular, their marginaldistributions will be then ordered aording to univariate dispersive ordering.Theorem 2.2. Let X and Y be two n-dimensional random vetors suh that X uo�disp� Y.Then XI uo�disp� YI ;7



where I = fi1; i2; : : : ; ikg � f1; 2; : : : ; ng; XI = (Xi1 ; : : : ;Xik), YI = (Yi1 ; : : : ; Yik) and k =1; : : : ; n.The proof of the next result is also immediate.Theorem 2.3. Let X1; : : : ;Xm be a set of independent random vetors where the dimension ofXi is ki, i = 1; : : : ;m. Let Y1; : : : ;Ym be another set of independent random variables wherethe dimension of Yi is ki, i = 1; : : : ;m. Then�Xi uo�disp� Yi; i = 1; : : : ;m�) (X1; : : : ;Xm) uo�disp� (Y1; : : : ;Ym) : (2.7)Remark 2.1. : A onsequene of (2.7) is that if X1; : : : ;Xn is a olletion of independentunivariate random variables and Y1; : : : ; Yn is another set of independent random variables,then Xi �disp Yi, i = 1; : : : ; n implies X uo�disp� Y.In general, there does not seem to be any diret onnetion between upper orthant dispersiveordering and the multivariate dispersive ordering as introdued by Fernadez-Ponse and Suarez-Llorens (2003). Aording to their de�nition X �Disp Y may not imply that Xi �Disp Yi fori = 1; : : : ; n. Also the multivariate dispersive ordering as de�ned by them may not be preservedunder permutations of the variables. On the other hand the upper orthant dispersive orderingis invariant under same permutation of the two vetors and their marginals are also orderedaording to univariate dispersive ordering. Obviously if X uo�disp� Y, then tr�X � tr�Y ,where �X and �Y denote the dispersion matries of X and Y, respetively.3 The ase of nonnegative random variablesIn this setion we will restrit our attention to the ase when the random vetors under on-sideration are nonnegative or more generally, they have a �nite ommon left endpoint of theirsupports. We will see that ertain results hold in this ase whih may not hold in the generalase. The following assumptions will be made at some plaes in this paper :Assumption A : The random variables fXi j \j 6=ifXj > F�1j (uj)gg and fYi j \j 6=ifYj >G�1j (uj)gg have a �nite ommon left endpoint of their supports for all u and for i = 1; : : : ; n.In the univariate ase, for nonnegative random variables, there is an intimate onnetionbetween hazard rate ordering and dispersive ordering and whih is made more expliit in thefollowing result of Bagai and Kohar (1986). We use this theorem to prove some of the resultsof this setion.Theorem 3.1. Let X and Y be two univariate random variables with distribution funtions Fand G, respetively suh that F (0) = G(0) = 0. Then(a) if Y �hr X and either F or G is DFR (dereasing failure rate), then Y �disp X;8



(b) if Y �disp X and either F or G is IFR (inreasing failure rate), then Y �hr X.For a bivariate random vetor (S; T ), we say that T is right tail inreasing in S if P [T >tjS > s℄ is inreasing in s for all t, and denote this relationship by RTI(T jS). If S and T areontinuous lifetimes, then T is right tail inreasing in S if and only if r(sjT > t) � r(sjT >0) = rS(s) for all s > 0 and for eah �xed t. The RTI property is weaker than the RCSIproperty, but stronger than PQD (positive quadrant dependene). In the next theorem westudy the e�et of positive dependene on upper orthant dispersive ordering for nonnegativerandom vetors.Theorem 3.2. Let X = (X1;X2) be a bivariate random vetor suh that the left end pointof the support of nXijXj > F�1j (u)o is �nite and independent of u 2 [0; 1℄ for i; j = 1; 2. LetXI = (XI1 ;XI2 ) be a random vetor of independent random variables suh that Xi st= XIi , i=1,2.(a) If Xi is RTI in Xj, i 6= j, and Xi is DFR for i,j=1,2. Then(X1;X2) uo�disp� (XI1 ;XI2 ): (3.1)(b) If (X1; X2) uo�disp� (XI1 ;XI2 ) and Xi is IFR for i = 1; 2, then Xi is RTI in Xj, i 6= j,i; j = 1; 2.Proof : (a) Note that RTI(XijXj) if and only if for all u � 0,nXijXj > F�1j (u)o �hr Xi: (3.2)It follows from Theorem 3.1(a) that if, in addition, Xi is DFR, thennXijXj > F�1j (u)o �disp Xi st= XIi : (3.3)Sine this holds for i; j = 1; 2, the required result follows.(b) (X1;X2) uo�disp� (XI1 ;XI2 ) implies for all u � 0,nXijXj > F�1j (u)o �disp XIi st= Xi; i 6= j; i; j = 1; 2:This together with the assumption that X1 and X2 are IFR implies (3.2) by Theorem 3.1 (b).This proves that RTI(XijXj), i 6= j, i; j = 1; 2.Theorem 3.3. Let X and Y be two n-dimensional random vetors satisfying the AssumptionA and suh that Xi st= Yi, i = 1; : : : ; n. Then X uo�disp� Y implies thatCXi;j � CYi;j; for i; j = 1; : : : ; n; i 6= j; (3.4)where CXi;j (CYi;j) denotes the opula of (Xi;Xj)((Yi; Yj)).9



Proof : X uo�disp� Y ) (Xi;Xj) uo�disp� (Yi; Yj); i 6= j; i; j 2 f1; : : : ; ng; (3.5)from whih it follows thatnXi j Xj > F�1j (uj)o �disp nYi j Yj > G�1j (uj)o ; uj 2 [0; 1℄;and whih in turn impliesnXi j Xj > F�1j (uj)o �st nYi j Yj > G�1j (uj)o ; uj 2 [0; 1℄; (3.6)under the Assumption A sine dispersive ordering implies stohasti ordering when the randomvariables have a �nite ommon left end point of their supports. If we denote by F i;j (Gi;j) thejoint survival funtion of (X1;Xj) ((Yi; Yj)), then (3.6) an be written as,F i;j(x; F�1j (uj)) � Gi:j(x;G�1j (uj)); for x � 0; uj 2 [0; 1℄, F i;j(F�1i (ui); F�1j (uj)) � Gi:j(F�1i (ui); G�1j (uj)) for all ui; uj 2 [0; 1℄, F i;j(F�1i (ui); F�1j (uj)) � Gi:j(G�1i (ui); G�1j (uj)) for all ui; uj 2 [0; 1℄( sine Xi st= Yi, i = 1; : : : ; n), CXi;j(ui; uj) � CYi;j(ui; uj) for all ui; uj 2 [0; 1℄, CXi;j(ui; uj) � CYi;j(ui; uj) for all ui; uj 2 [0; 1℄where C(u; v) = 1� u� v + C(u:v).If (3.4) holds and the margins of (Xi;Xj) and (Yi; Yj) are equal, then we say that (Yi; Yj)is more PQD (positive quadrant dependent) than (Xi;Xj) (f. Joe, 1997, p.36 ). Note thatCXi;j(ui; uj) � uiuj in aseXi andXj are independent and CXi;j(ui; uj) � uiuj for all ui; uj 2 [0; 1℄in ase Xi and Xj are PQD. Thus aording to Theorem 3.3, if the Assumption A holds and ifX and Y have the same margins and X uo�disp� Y, then the Yi's are more dependent than theXi's aording to PQD ordering. We get the following result as a speial ase.Corollary 3.1. Let X = (X1;X2) be a bivariate random vetor suh that the left end pointof the support of nXijXj > F�1j (u)o is �nite and independent of u 2 [0; 1℄, for i 6= j andi; j = 1; 2. Let XI = (XI1 ;XI2 ) be a random vetor of independent random variables suh thatXi st= XIi , i=1,2. Then (X1;X2) uo�disp� (XI1 ;XI2 )) X is PQD: (3.7)Contrast this result with Theorem 3.2 (b) whih is a stronger one sine RTI implies PQD.However, here no assumption on the monotoniity of the hazard rates is made in the seondase. 10



Remark 3.1. The Assumption A is very ruial for Theorem 3.3 and Corollary 3.1 to hold.As a ounter example, let Y1 and Y2 be two independent U(0; 1) random variables. Let X1 = X2be also uniformly distributed over (0; 1). Note that X1 and X2 are strongly positively dependentas they satisfy the Frehet upper bound. Let us ompare (X1;X2) with (Y1; Y2) aording toupper orthant dispersive ordering. The relevant onditional distributions to ompare are[X1jX1 > u℄ and [Y1jY2 > u℄; 0 < u < 1:The left-hand onditional distribution is U(u; 1) and the right-hand onditional distribution isU(0; 1). Hene (X1;X2) uo�disp� (Y1; Y2), but CX1;2 � CY1;2, ontraditory to (3.4). The reasonfor this ontradition is that unless the Assumption A is satis�ed, dispersive ordering may notimply stohasti ordering.Theorem 3.4. Let X and Y be two n-dimensional random vetors satisfying the AssumptionA and suh that X uo�disp� Y. Thenuv � CXi;j � CYi;j; i; j = 1; : : : ; n; i 6= j: (3.8)implies Cov(h1(Xi); h2(Xj)) � Cov(h1(Yi); h2(Yj)) (3.9)for all inreasing onvex funtions h1 and h2 for whih the above ovarianes exit.Proof : Without loss of generality, let i = 1 and j = 2. The survival funtions of (h1(X1); h2(X2)),h1(X1), h2(X2), respetively, are H(x1; x2) = F (h�11 (x1); h�12 (x2)), H1(x1) = F 1(h�11 (x1)) andH2(x1) = F 2(h�12 (x2)). Similarly, the survival funtions of (h1(Y1); h2(Y2)), h1(Y1), h2(Y2),respetively, are K(x1; x2) = G(h�11 (x1); h�12 (x2)), K1(x1) = G1(h�11 (x1)) and K2(x1) =G2(h�12 (x2)). Covariane between h1(X1) and h2(X2), if it exists, an be expressed asCov (h1(X1); h2(X2)) = Z Z �H(x1; x2)�H1(x1)H2(x2)� dx1dx2= Z Z �F (h�11 (x1); h�12 (x2))� F 1(h�11 (x1))F 2(h�12 (x2)� dx1dx2= Z Z �F (F�11 (u); F�12 (v))� (1� u)(1 � v)�� �h01(F�11 (u))f1(F�11 (u) ��h02(F�12 (v))f2(F�12 (v) � dudv= Z 10 Z 10 �CX1;2(u; v) � (1� u)(1� v)�� �h01(F�11 (u))f1(F�11 (u) ��h02(F�12 (v))f2(F�12 (v) � dudv (3.10)where h�11 (x1) = F�11 (u) and h�12 (x2) = F�12 (v). The assumption X uo�disp� Y implies thatXi �disp Yi from whih it follows that fi(F�1i (u)) � gi(G�1i (u)) and F�1i (u) � G�1i (u), i = 1; 2,11



under the Assumption A. Now h0i(x) is inreasing in x, sine h(x) is onvex. Combining thesefats, the required result follows from assumption (3.8).Theorem 3.5. Let X and Y be two n-dimensional random vetors satisfying the AssumptionA and let �1; : : : ; �n be inreasing onvex funtions on IR+. ThenX uo�disp� Y ) (�1(X1); : : : ; �n(Xn)) uo�disp� (�1(Y1); : : : ; �n(Yn))Proof : Note that the df of �j(Xj) is F�j (x) = Fj(��1j (x)) with its inverse as F�1�j (u) =�j(F�1j (u)). We have to prove that for i = 1; : : : ; n, uj 2 (0; 1), j = 1; : : : ; n, j 6= i,0��i(Xi) j\j 6=if�j(Xj) > F�1�j (uj)g1A �disp 0��i(Yi) j \j 6=if�j(Yj) > G�1�j (uj)g1A :That is,0��i(Xi) j \j 6=if�j(Xj) > �j(F�1j (uj))g1A �disp 0��i(Yi) j \j 6=if�j(Yj) > �j(G�1j (uj))g1A ;whih is equivalent to0��i(Xi) j \j 6=ifXj > F�1j (uj)g1A �disp 0��i(Yi) j \j 6=ifYj > G�1j (uj)g1A :Using Assumption A, for i = 1; : : : ; n, uj 2 (0; 1), j = 1; : : : ; n, j 6= i,0�Xi j \j 6=ifXj > F�1j (uj)g1A �disp 0�Yi j \j 6=ifYj > G�1j (uj)g1Aimplies �Xi j fXj > F�1j (uj)g� �st �Yi j fYj > G�1j (uj)g� :Now the required result follows from Theorem 2.2 of Rojo and He (1991), sine �i's areinreasing onvex funtions.Hu, Khaledi and Shaked (2002) gave the following de�nition of multivariate (weak) hazardrate ordering.De�nition 3.1. Let X and Y be n-dimensional random vetors with hazard gradients rX andrY, respetively. We say that X is smaller than Y aording to weak hazard rate ordering(written as X �whr Y) if0�Xi j\j 6=ifXj > xjg1A �hr 0�Yi j \j 6=ifYj > xjg1A ;12



for i = 1; 2; : : : ; n; x 2 IRn.That is, if r(i)X (x) � r(i)Y (x); i = 1; 2; : : : ; n; x 2 IRn:In the next theorem, we establish results analogous to Theorem 3.1 between upper orthantdispersive ordering and multivariate weak hazard rate ordering under the Assumption A.Theorem 3.6. Let X and Y be two n-dimensional random vetors satisfying the AssumptionA.(a) If Y �whr X and either r(i)X (x) or r(i)Y (x) is dereasing in x, for i = 1; : : : ; n, thenY uo�disp� X.(b) If Y uo�disp� X and either r(i)X (x) or r(i)Y (x) is inreasing in x, for i = 1; : : : ; n, thenY �whr X.Proof : (a) Under the Assumption A, Y �whr X, implies that Yi �st Xi, i = 1; : : : ; n, whihis equivalent to G�1i (u) � F�1i (u), for u 2 [0; 1℄, i = 1; : : : ; n. Again, Y �whr X impliesthat for i = 1; : : : ; n, (Yi j \j 6=ifYj > xjg) �st (Xi j \j 6=ifXj > xjg). Taking xj = F�1j (uj),j = 1; : : : ; n; j 6= i, we �nd that this implies y0i(�;u) � xi(�;u), where y0i(�;u) is the �thquantiles of the onditional distribution �Yi j \j 6=ifYj > F�1j (uj)g� and xi(�;u) is as de�nedearlier. On the other hand, r(i)Y (x) dereasing in x implies that0�Yi j\j 6=ifYj > xjg1A �st 0�Yi j \j 6=ifYj > x0jg1A ;for xj � x0j, j = 1 : : : ; n, j 6= i. This along with G�1i (ui) � F�1i (ui), implies thatyi(�;u) � y0i(�;u) � xi(�;u); i = 1; : : : ; n:Using these observations we get,r(i)X �F�11 (u1); : : : ; F�1i�1(ui�1); xi(�;u); : : : ; F�1n (un)� �r(i)Y �F�11 (u1); : : : ; F�1i�1(ui�1); xi(�;u); : : : ; F�1n (un)� ;sine Y �whr X: The right hand side of this inequality is less than or equal tor(i)Y �G�11 (u1); : : : ; G�1i�1(ui�1); yi(�;u); : : : ; G�1n (un)� ;sine r(i)Y (x) is dereasing in x: This ompletes the proof of (a).b) From the assumption Y uo�disp� X, it follows thatr(i)X �F�11 (u1); : : : ; F�1i�1(ui�1); xi(�;u); : : : ; F�1n (un)�� r(i)Y �G�11 (u1); : : : ; G�1i�1(ui�1); yi(�;u); : : : ; G�1n (un)� ; (3.11)13



and 0�Xi j \j 6=ifXj > F�1j (uj)g;1A �st 0�Yi j\j 6=ifYj > G�1j (uj)g1A ;whih implies that, xi(�;u) � yi(�;u) and F�1j (uj) � G�1j (uj), j = 1; : : : ; n, j 6= i. Usingthese fats and the assumption that r(i)Y (x) inreasing in x, it follows that, for i = 1; : : : ; n, theR.H.S. of (3:11) is less than or equal tor(i)Y �F�11 (u1); : : : ; F�1i�1(ui�1); xi(�;u); : : : ; F�1n (un)� = r(i)Y (x):That is, we have shown that for i = 1; : : : ; n,r(i)X (x) � r(i)Y (x)and hene the required result.Remark 3.2. : If r(i)X (x1; : : : ; xi; : : : ; xn) inreases in xi for i = 1; : : : ; n then we say thatthe the random vetor X has a multivariate inreasing hazard rate distribution (f. Johnsonand Kotz, 1975). The ondition r(i)X (x1; : : : ; xi; : : : ; xn) inreasing in xj, j = 1; : : : ; n, j 6= i,i = 1; : : : ; n desribes a ondition of positive dependene that is equivalent to saying that therandom vetor X has RCSI ( right orner set inreasing) dependene property. That is,P [X1 > x1; : : : ;Xn > xnjX1 > x01; : : : ;Xn > x0n℄is inreases in x0i, i = 1; : : : ; n.We will now study some preservation properties of the upper orthant dispersive order un-der random ompositions. Suh results are often referred to as preservations under `randommapping' (see Shaked and Wong (1995)), or preservations of `stohasti onvexity' (see Shakedand Shanthikumar (1994, Chapter 6) and Denuit, Lef�evre, and Utev (1999), and referenestherein).Let fF �; � 2 Xg be a family of n-dimensional survival funtions, where X is a subset ofthe real line. Let X(�) denote a random vetor with survival funtion F �. For any randomvariable � with support in X , and with distribution funtion H, let us denote by X(�) arandom vetor with survival funtion G given byG(x) = ZX F �(x) dH(�); x 2 IRn:Theorem 3.7. Consider a family of n-dimensional survival funtions fF �; � 2 Xg as above.Let �1 and �2 be two random variables with supports in X and distribution funtions H1 andH2, respetively. Let Y 1 and Y 2 be two random vetors suh that Y i =st X(�i), i = 1; 2; thatis, suppose that the survival funtion of Y i is given byGi(x) = ZX F �(x) dHi(�); x 2 IRn; i = 1; 2:14



If(a) X(�) �whr X(�0) whenever � � �0; (3.12)(b) �1 and �2 are ordered in the univariate hazard rate order; that is,�1 �hr �2; (3.13)() r(i)X(�)(x1; : : : ; xn) is dereasing in xj, j = 1; : : : ; n, i = 1; : : : ; n; thenY1 uo�disp� Y2: (3.14)Proof : Hu, Khaledi and Shaked (2002) proved that assumptions (a) and (b) imply thatY 1 �whr Y 2. Now we show that for i = 1; : : : ; n, r(i)Y1(x1; : : : ; xn) is dereasing in xj, j =1; : : : ; n, Then the required result will follow from Theorem 3.6 (a). Assumption (a) is equivalentto F �(x) being TP2 in (�; xj), j = 1; : : : ; n. r(i)X(�)(x1; : : : ; xn) dereasing in xj, j = 1; : : : ; n,j 6= i is equivalent to F �(x1; : : : ; xn) being TP2 in (xi; xj), i; j = 1; : : : ; n, j 6= i. Using theseobservations, it follows that G1(x) is TP2 in (xi; xj), i; j = 1; : : : ; n (f. Karlin, 1968) whihis equivalent to r(i)Y1(x1; : : : ; xn) dereasing in xj, j = 1; : : : ; n, j 6= i. It is worth noting thatr(i)X(�)(x1; : : : ; xn) dereasing in xi is equivalent to the fat that fXij \j 6=ifXj > xjgg is a DFRrandom variable, i = 1; : : : ; n. Now G1(x) an be written as followsG1(x) = Z P�(Xi > xi j\j 6=ifXj > xjg)P�(\j 6=ifXj > xjg; j = 1; : : : ; n; j 6= i)dH1(�):That is (Y1; : : : ; Yn) is a sort of mixture of DFR random variables, therefore �� logGj(x)=�xiis dereasing in xi, whih is equivalent to r(i)Y1(x1; : : : ; xn) dereasing in xi. This ompletes theproof.4 Examples and AppliationsExample 4.1 (Multivariate Pareto distributions).For a > 0, let Xa = (Xa;1; : : : ;Xa;n) have the survival funtion F a given byF a(x1; : : : ; xn) = � nXi=1 xi � n+ 1��a; xi > 1; i = 1; 2; : : : ; n;see, for example, Kotz, Balakrishnan, and Johnson (2000, page 600). The orresponding densityfuntion is given byfa(x1; : : : ; xn) = a(a+ 1) � � � (a+ n� 1)� nXi=1 xi � n+ 1��a�n; xi > 1; i = 1; 2; : : : ; n:15



Hu, Khaledi and Shaked (2002) showed that Xa1 �whr Xa2 , whenever a1 � a2. On the otherhand, r(i)X (x) = aPnj=1 xj�n+1 , is dereasing in xj, j = 1; : : : ; n. Then from Theorem 3.6(a) itfollows that Xa1 uo�disp� Xa2, whenever a1 � a2.Example 4.2 (Bivariate Farlie-Gumbel-Morgenstern distributions).For � 2 (�1; 1), let X� = (X�;1;X�;2) have the survival funtion F � given byF�(x1; x2) = F 1(x1)F 2(x2)[1 + �(1� F 1(x1))(1 � F 2(x1))℄and Y� = (Y�;1; Y�;2) have the survival funtion G� given byG�(x1; x2) = G1(x1)G2(x2)[1 + �(1�G1(x1))(1 �G2(x1))℄where F 1, F 2, G1 and G2 are arbitrary univariate survival funtions (whih happen to bethe marginal survival funtions of X�;1, X�;2, Y�;1 and Y�;2, respetively, independently of �).Assume that X�;i �disp Y�;i, i = 1; 2. It is easy to see that CX�(u; v) = CY�(u; v). Then fromTheorem 2.1 it follows that X� uo�disp� Y�.Example 4.3 (Multivariate Gumbel Exponential distributions).For positive parameters � = f�I : I � f1; 2; : : : ; ng; I 6= ?g, let X� = (X1;X2; : : : ;Xn)have the survival funtion F� given byF�(x1; x2; : : : ; xn) = exp��XI �IQi2I xi	; (x1; x2; : : : ; xn) � (0; 0; : : : ; 0);see Kotz, Balakrishnan, and Johnson (2000, page 406). For another set of positive parameters�� = f��I : I � f1; 2; : : : ; ng; I 6= ?g, let Y �� = (Y1; Y2; : : : ; Yn) have the survival funtion G�� .Let Xi =st Yi, i = 1; : : : ; n, that is �i = ��i . We show that if � � ��, then for i = 1; : : : ; n,0�Xi j \j 6=ifXj > F�1j (uj)g1A �disp 0�Yi j\j 6=ifYj > G�1j (uj)g1A ; uj 2 [0; 1℄: (4.1)Sine Xi =st Yi, i = 1; : : : ; n, (4:1) is equivalent to0�Xi j \j 6=ifXj > xjg1A �disp 0�Yi j\j 6=ifYj > xjg1A ; i = 1; : : : ; n: (4.2)Let xi = (x1; : : : ; xi�1; xi+1; : : : ; n) . The survival funtion of �Xi j \j 6=ifXj > xjg�, denotedby F i(xi;xi) isF i(xi;xi) = exp8<:�xi8<:�i +Xj �ijxj +Xj 6=k �ijkxjxk + : : : + �12:::nYj 6=i xj9=;9=; : (4.3)16



Similarly, the survival funtion of fYi j Yj > xj ; j 6= ig, denoted by Gi(xi;xi) isGi(xi;xi) = exp8<:�xi8<:�i +Xj ��ijxj +Xj 6=k ��ijkxjxk + : : :+ ��12:::nYj 6=i xj9=;9=; : (4.4)Now the ratio Gi(xi;xi)F i(xi;xi) (4.5)is inreasing in xi. That is0�Xi j \j 6=ifXj > xjg1A �hr 0�Yi j \j 6=ifYj ; > xjg1A ; i = 1; : : : ; n: (4.6)On the other hand, the random variable fXi j Xj > xj; j 6= ig has exponential distributionwhih is DFR. Combining this observation with (4:6), it follows form Theorem 3.1(a) that(4:2) holds. Now applying Theorem 3.3 to this example, we get that C�i;j is dereasing in �,where C�i;j denotes the opula of (Xi;Xj)Appliation 4.1. Order StatistisLet X1; : : : ;Xn (Y1; : : : ; Yn) be a random sample from a univariate distribution with stritlyinreasing distribution funtion F (G). Bartoszewiz (1986) has shown that F �disp G impliesXi:n �disp Yi:n, i = 1; : : : ; n where Xi:n (Yi:n) is the ith order statisti of the X-sample (Y -sample). We shall strengthen this result to prove that F �disp G implies(X1:n; : : : ;Xn:n) uo�disp� (Y1:n; : : : ; Yn:n): (4.7)We �rst show that in the ase of random samples from ontinuous distributions, the opulasof order statistis are independent of the parent distributions. Note that Yi:n st= G�1F (Xi:n),i = 1; : : : n. Sine the funtion G�1F is stritly inreasing, it follows from Theorem 2.4.3 ofNelsen (1998) that C(Xi:n;Xj:n) = C(Yi:n; Yj:n), for i; j = 1; : : : ; n. It now immediately followsfrom Theorem 2.1 that F �disp G implies (4.7).Sine the order statistis from a random sample are positively assoiated (f. Boland et al.,1996) and sine (X1:n; : : : ;Xn:n) and (Y1:n; : : : ; Yn:n) have the same opula, the onditions ofTheorem 3.4 are satis�ed. Hene for i; j 2 f1; : : : ; ng,Cov(h1(Xi:n); h2(Xj:n)) � Cov(h1(Yi:n); h2(Yj:n));for all inreasing onvex funtions h1 and h2 for whih the above ovarianes exit. This resultwas originally proved by Bartoszewiz (1985) using a di�erent method. A similar result an beestablished for reord values.Appliation 4.2. Reord values 17



Let X1; : : : ;Xn; : : : (Y1; : : : ; Yn; : : :) be a sequene of random variables from a univariatedistribution F (G). It is known that F �disp G implies RXm �disp RYm, where RXm (RYm) isthe mth reord value of the X-sequene (Y -sequene). We �rst show that in ase of randomsequenes from ontinuous distributions, the opulas of reord values are independent of theparent distributions. Then it will immediately follows from Theorem 2.1 that F �disp G implies(RXm1 ; : : : ; RXmn) uo�disp� (RYm1 ; : : : ; RYmn): (4.8)Let M(x) = � logF (x), then the distribution funtion of RXm an be expressed as FRXm(x) =Gm(M(x)), where Gn(x) is the distribution funtion of a Gamma random variable with saleparameter one and shape parameter m. Similarly, let N(x) = � logG(x), then the distributionfuntion of RYm is FRYm(x) = Gm(N(x)). NowM(X1); : : : ;M(Xn); : : : andN(Y1); : : : ; N(Yn); : : :both are sequenes of independent and idential exponential random variables with mean one.Using this observation, it follows that(RXm1 ; : : : ; RXmn) st= (M�1(R�m1); : : : ;M�1(R�mn)) and (RYm1 ; : : : ; RYmn) st= (N�1(R�m1); : : : ; N�1(R�mn));where R�m is the mth reord value of a sequene of i.i.d exponential random variables withmean one. CRX (u1; : : : ; un) = FRX �F�1RXm1 (u1); : : : ; F�1RXmn (un)�= P �RXm1 � F�1RXm1 (u1); : : : ; RXmn � F�1RXmn (un);�= P �M�1(R�m1) �M�1G�1m1(u1); : : : ;M�1(R�mn) �M�1G�1mn(un)�= P �R�m1 � G�1m1(u1); : : : ; R�mn � G�1mn(un)�= P �N�1(R�m1) � N�1G�1m1(u1); : : : ;N�1(R�mn) � N�1G�1mn(un)�= P �RYm1 � F�1RYm1 (u1); : : : ; RYmn � F�1RYmn (un);�= CRY (u1; : : : ; un):This proves the desired result.AknowledgmentsThe authors are grateful to the referees for their helpful omments and suggestions whih havegreatly improved the presentation of the paper.Referenes1. Bagai, I. and Kohar, S. C. (1986). On tail ordering and omparison of failure rates.Comm. Statist. Theory and Methods 15, 1377-1388.18
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