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On the maximal dimension of a ompletely entangledsubspae for �nite level quantum systemsbyK.R. ParthasarathyIndian Statistial Institute, Delhi Centre7, S.J.S. Sansanwal MargNew Delhi 110 016, Indiae-mail : krp�isid.a.inSummary : Let Hi be a �nite dimensional omplex Hilbert spae of dimension di assoiatedwith a �nite level quantum system Ai for i = i; 1; 2; : : : ; k. A subspae S � H = HA1A2:::Ak =H1
H2
 : : :
Hk is said to be ompletely entangled if it has no nonzero produt vetor of theform u1
u2
 : : :
uk with ui in Hi for eah i. Using the methods of elementary linear algebraand the intersetion theorem for projetive varieties in basi algebrai geometry we prove thatmaxS2E dimS = d1d2 : : : dk � (d1 + � � �+ dk) + k � 1where E is the olletion of all ompletely entangled subspaes.When H1 = H2 and k = 2 an expliit orthonormal basis of a maximal ompletely entangledsubspae of H1 
H2 is given.We also introdue a more deliate notion of a perfetly entangled subspae for a multipartitequantum system, onstrut an example using the theory of stabilizer quantum odes and posea problem.Key Words : �nite level quantum systems, separable states, entangled states, ompletelyentangled subspaes, perfetly entangled subspae, stabilizer quantum ode.MSC index : 81P68, 94B991 Completely Entangled SubspaesLet Hi be a omplex �nite dimensional Hilbert spae of dimension di assoiated with a �nitelevel quantum system Ai for eah i = 1; 2; : : : ; k. A state � of the ombined system AiA2 : : : Akin the Hilbert spae H = H
H2 
 : : :
Hk (1.1)1



is said to be separable if it an be expressed as� = mXi=1pi�i1 
 �i2 
 : : :
 �ik (1.2)where �ij is a state of Aj for eah j; pi > 0 for eah i and mXi=1pi = 1 for some �nite m. Astate whih is not separable is said to be entangled. Entangled states play an important rolein quantum teleportation and ommuniation [3℄. The following theorem due to Horodeki etal [2℄ suggests a method of onstruting entangled states.Theorem 1.1 (Horodeki et al) Let � be a separable state inH. Then the range of � is spannedby a set of produt vetors.For the sake of readers' onveniene and ompleteness we furnish a quik proof.Proof : Let � be of the form (1.2). By spetrally resolving eah �ij into one dimensionalprojetions we an rewrite (1.2) as� = nXi=1qijui1 
 ui2 
 : : :
 uikihui1 
 ui2 
 : : :
 uikj (1.3)where uij is a unit vetor in Hj for eah i; j and qi > 0 for eah i with nXi=1qi = 1. We shallprove the theorem by showing that eah of the produt vetors ui1 
 ui2 
 : : :
 uik is, indeed,in the range of �. Without loss of generality, onsider the ase i = 1. Write (1.3) as� = q1ju11 
 u12 
 : : :
 u1kihu11 
 u12 
 : : :
 u1kj+ T (1.4)where q1 > 0 and T is a nonnegative operator. Suppose  6= 0 is a vetor in H suh thatT j i = 0 and hu11 
 u12 
 : : : 
 u1kj i 6= 0. Then �j i is a nonzero multiple of the produtvetor u11
u12
: : :
u1k and u11
u12
: : :
u1k 2 R(�), the range of �. Now suppose that thenull spae N(T ) of T is ontained in fu11
u12
: : :
u1kg?. Then R(T ) � fu11
u12
: : :
u1kgand therefore there exists a vetor  6= 0 suh thatT j i = ju11 
 u12 
 : : :
 u1ki:Note that �j i 6= 0, for otherwise, the positivity of �; T and q1 in (1.4) would imply T j i = 0.Thus (1.4) implies�j i = (q1hu11 
 u12 
 : : :
 u1kj i+ 1) ju11 
 u12 
 : : : 
 u1ki:Corollary If a subspae S � H1
H2
 : : :
Hk does not ontain any nonzero produt vetorof the form u1 
 u2 
 : : : 
 uk where ui 2 Hi for eah i, then any state with support in S isentangled. 2



Proof : Immediate.De�nition 1.2 A nonzero subspae S � H is said to be ompletely entangled if S ontains nononzero produt vetor of the form u1 
 u2 
 : : :
 uk with ui 2 Hi for eah i.Denote by E the olletion of all ompletely entangled subspaes of H. Our goal is todetermine maxS2E dimS.Proposition 1.3 There exists S 2 E satisfyingdim S = d1d2 : : : dk � (d1 + d2 + � � � dk) + k � 1:Proof : Let N = d1 + d2 + � � �+ dk � k+ 1. Without loss of generality, assume that Hi = ICdifor eah i, with the standard salar produt. Choose and �x a set f�1; �2; : : : ; �Ng � IC ofardinality N . De�ne the olum vetorsuij = 2666666664 1�i�2i...�dj�1i
3777777775 ; 1 � i � N; 1 � j � k (1.5)and onsider the subspaeS = fui1 
 ui2 
 : : :
 uik; 1 � i � Ng? � H: (1.6)We laim that S has no nonzero produt vetor. Indeed, let0 6= v1 
 v2 
 : : :
 vk 2 S; vi 2 Hi:Then kYj=1hvj juiji = 0; 1 � i � N: (1.7)If Ej = fijhvj juiji = 0g � f1; 2; : : : ; Ng (1.8)then (1.7) implies that f1; 2; : : : ; Ng = [kj=1Ejand therefore N � kXj=1#Ej:3



By the de�nition of N it follows that for some j; #Ej � dj . Suppose #Ej0 � dj0 . From (1.8)we have hvj0 juij0i = 0 for i = i1; i2; : : : ; idj0where i1 < i2 < � � � < idj0 . From (1.5) and the property of van der Monde determinants itfollows that vj0 = 0, a ontradition. Clearly, dim S � d1d2 � � � dk � (d1 + � � � + dk) + k � 1:Prposition 1.4 Let S � H be a subspae of dimension d1d2 : : : dk � (d1+ � � �+ dk) + k. ThenS ontains a nonzero produt vetor.Proof : Identify Hj with ICdj for eah j = 1; 2; : : : ; k. For any nonzero element v in a omplexvetor spae V denote by [v℄ the equivalene lass of v in the projetive spae IP (V). Considerthe map T : IP ( ICd1)� IP ( ICd2)� � � � � IP ( ICdk)! IP ( ICd1 
 ICd2 
 : : :
 ICdk)given by T ([u1℄; [u2℄; : : : ; [uk℄) = [u1 
 : : : 
 uk℄:The map T is algebrai and hene its range R(T ) is a omplex projetive variety of dimensionkXi=1(di � 1). By hypothesis IP (S) is a projetive variety of dimension d1d2 : : : dk � (d1 + : : : +dk) + k � 1. Thusdim IP (S) + dimR(T ) = d1d2 : : : dk � 1= dim IP ( ICd1 
 ICd2 
 : : : 
 ICdk):Hene by Theorem 6, page 76 in [4℄ we haveIP (S)\R(T ) 6= ;:In other words S ontains a produt vetor.Theorem 1.5 Let E be the olletion of all ompletely entangled subspaes ofH1
H2
: : :
Hk.Then maxS2E dimS = d1d2 : : : dk � (d1 + d2 + � � �+ dk) + k � 1:Proof : Immediate from Proposition 1.3 and Proposition 1.4.
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2 An Expliit Orthonormal Basis for a Completely EntangledSubspae of Maximal Dimension in ICn 
 ICnLet fjxi; x = 0; 1; 2; : : : ; n�1g be a labelled orthonormal basis in the Hilbert spae ICn. Chooseand �x a set E = f�1; �2; : : : ; �2n�1g � ICof ardinality 2n� 1 and onsider the subspaeS = fu�i 
 u�i ; 1 � i � 2n� 1g?where u� = n�1Xx=0 �xjxi; � 2 IC:By the proof of Proposition 1.3 and Theorem 1.5 it follows that S is a maximal ompletelyentangled subspae of dimension n2 � 2n + 1. We shall now present an expliit orthonormalbasis for S.First, observe that S is orthogonal to a set of symmetri vetors and therefore S ontainsthe antisymmetri tensor produt spae ICn ^ ICn whih has the orthonormal basisB0 = � jxyi � jyxip2 ; 0 � x < y � n� 1� : (2.1)Thus, in order to onstrut an orthonormal basis of S, it is suÆient to searh for symmetritensors lying in S and onstituting an orthonormal set. Any symmetri tensor in S an beexpressed as X0�x�n�10�y�n�1 f(x; y)jxyi (2.2)where f(x; y) = f(y; x) and X0�x�n�10�y�n�1 f(x; y)�x+yi = 0; 1 � i � 2n� 1;whih redues to X0�x�n�10�j�x�n�1 f(x; j � x) = 0 8 0 � j � 2n� 2: (2.3)De�ne Kj to be the subspae of all symmetri tensors of the form (2.2) where the oeÆientfuntion f is symmetri, has its support in the set f(x; j�x); 0 � x � n�1; 0 � j�x � n�1gand satis�es (2.3). Simple algebra shows that K0 = K1 = K2n�3 = K2n�2 = 0 andS = H ^H��2n�4j=2 Kj :We shall now present an orthonormal basis Bj for Kj ; 2 � j � 2n�4: This falls into four ases.5



Case 1 : 2 � j � n� 1; j evenBj = 8><>: 1pj(j + 1) 264 j2�1Xm=0(jm j �mi+ jj �m mi)� j ����j2 j2�3759>=>;[8><>: 1pj j2�1Xm=0 e 4i�mpj (jm j �mi+ jj �m mi); 1 � p � j2 � 19>=>; :Case 2 : 2 � j � n� 1; j oddBj = 8><>: 1pj + 1 j�12Xm=0 e 4i�mpj+1 (jm j �mi+ jj �m mi); 1 � p � j � 12 9>=>; :Case 3 : n � j � 2n� 4; j evenBj = 8><>: 1p(2n� 2� j)(2n� 1� j) 264 2n�2�j2 �1Xm=0 (jj � n+m+ 1 n�m� 1i+jn�m� 1 j � n+m+ 1i)� (2n� 2� j)jj2 j2i��[ 8><>: 1p2n� 2� j 2n�2�j2 �1Xm=0 e 4i�mp2n�2�j (jj � n+m+ 1 n�m� 1ijn�m� 1 j � n+m+ 1i); 1 � p � 2n� 2� j2 � 1�Case 4 : n � j � 2n� 4; j oddBj = 8><>: 1p2n� 1� j 2n�1�j2 �1Xm=0 e 4i�mp2n�1�j (jj � n+m+ 1 n�m� 1i+ jn�m� 1 j � n+m+ 1i); 1 � p � 2n� 1� j2 � 1�The set B0 [ [2n�4j=2 Bj , where B0 is given by (2.1) and the remaining Bj 's are given bythe four ases above onstitute an orthonormal basis for the maximal ompletely entangledsubspae S. 6



3 Perfetly Entangled SubspaesAs in Setion 1, let Hi be a omplex Hilbert spae of dimension di assoiated with a �nite levelquantum system Ai for eah i = 1; 2; : : : ; k. For any subset E � f1; 2; : : : ; kg letH(E) = 
i2EHid(E) = Yi2E diso that the Hilbert spae H = H(f1; 2; : : : ; kg) of the joint system A1A2 : : : Ak an be viewedas H(E)
H(E0); E0 being the omplement of E. For any operator X on H we writeX(E) = TrH(E0)Xwhere the right hand side denotes the relative trae of X taken over H(E0). Then X(E) is anoperator in H(E). If � is a state of the system A1A2 : : : Ak then �(E) desribes the marginalstate of the subsystem Ai1Ai2 : : : Air where E = fi1; i2; : : : ; irg:De�nition 3.1 A nonzero subspae S � H is said to be perfetly entangled if for any E �f1; 2; : : : ; kg suh that d(E) � d(E0) and any unit vetor  2 S one has(j ih j) (E) = IEd(E)where IE denotes the identity operator in H(E).For any state �; denote by S(�) the von Neumann entropy of �. If  is a pure state inH thenS((j ih j) (E)) = S((j ih j) (E0)): Thus perfet entanglement of a subspae S is equivalentto the property that for every unit vetor  in S, the pure state j ih j is maximally entangledin every deomposition H(E)
H(E0), i.e.,S((j ih j)(E)) = S((j ih j)(E0)) = log2 d(E)whenever d(E) � d(E0). In other words, the marginal states of j ih j in H(E) and H(E0) havethe maximum possible von Neumann entropy.Denote by P the lass of all perfetly entangled subspaes of H. It is an interesting problemto onstrut examples of perfetly entangled subspaes and also ompute maxS2P dimS.Note that a perfetly entangled subspae S is also ompletely entangled. Indeed, if Shas a unit produt vetor  = u1 
 u2 
 � � � 
 uk where eah ui is a unit vetor in Hi then(j ih j)(E) is also a pure produt state with von Neumann entropy zero. Perfet entanglementof S implies the stronger property that every unit vetor  in S is indeomposable, i.e.,  annotbe fatorized as  1
 2 where  1 2 H(E);  2 2 H(E0) for any proper subset E � f1; 2; : : : ; kg.7



Proposition 3.2 Let S � H be a subspae and let P denote the orthogonal projetion onS. Then S is perfetly entangled if and only if, for any proper subset E � f1; 2; : : : ; kg withd(E) � d(E0) (PXP )(E) = Tr PXd(E) IEfor all operators X on H.Proof : SuÆieny is immediate. To prove neessity, assume that S is perfetly entangled.Let X be any hermitian operator on H. Then by spetral theorem and De�nition 3.2 it followsthat (PXP )(E) = �(X)IE where �(X) is a salar. Equating the traes of both saides we seethat �(X) = d(E)�1TrPX. If X is arbitrary, then X an be expressed as X1 + iX2 where X1and X2 are hermitian and the required result is immediate.Using the method of onstruting single error orreting 5 qudit stabilizer quantum odesin the sense of Gottesman [1℄, [3℄ we shall now desribe an example of a perfetly entangledd-dimensional subspae in h
5 where h is a d-dimensional Hilbert spae. To this end we identifyh with L2(A) where A is an abelian group of ardinality d with group operation + and nullelement 0. Then h
5 is identi�ed with L2(A5). For any x = (x0; x1; x2; x3; x4) in A5 denoteby jxi the indiator funtion of the singleton subset fxg in A5. Then fjxi;x 2 A5g is anorthonormal basis for h
5 . Choose and �x a nondegenerate symmetri biharater h: ; :i forthe group A satisfying the following :jha; bij = 1; ha; bi = hb; ai; ha; b + i = ha; biha; i 8 a; b;  2 Aand a = 0 if and only if ha; xi = 1 for all x 2 A. De�nehx; yi = 4Yi=0hxi; yii; x; y 2 A5:(Note that hx; yi denotes the biharater evaluated at x; y whereas hxjyi denotes the salarprodut inH = L2(A5):) With these notations we introdue the unitary Weyl operators Ua; Vbin H satisfying Uajxi = ja+ xi; Vbjxi = hb;xi jxi; x 2 A5:Then we have the Weyl ommutation relations:UaUb = Ua+b; VaVb = Va+b; VbUa = ha; biUaVbfor all a; b 2 A5. The family fd� 52UaVb;a; b 2 A5g is an orthonormal basis for the Hilbertspae of all operators X;Y with the salar produt hXjY i = TrXyY between two operatorsX;Y .Introdue the yli permutation � in A5 de�ned by�((x0; x1; x2; x3; x4)) = (x4; x0; x1; x2; x3): (3.1)8



Then � is an automorphism of the produt group A5 and��1((x0; x1; x2; x3; x4)) = (x1; x2; x3; x4; x0):De�ne �(x) = �2(x) + ��2(x): (3.2)Let C � A5be the subgroup de�ned byC = fxjx0 + x1 + x2 + x3 + x4 = 0g:De�ne Wx = hx; �2(x)iUxV�(x);x 2 A5: (3.3)Then the orrespondene x!Wx is a unitary representation of the subgroup C in H. De�nethe operator PC by PC = d�4 Xx2CWx: (3.4)Then PC is a projetion satisfying TrPC = d. The range of PC is an example of a stabilizerquantum ode in the sense of Gottesman. From the methods of [1℄ it is also known that PC isa single error orreting quantum ode. The range R(PC) of C is given byR(PC) = fj ijWxj i = j i for all x 2 Cg:Our goal is to establish that R(PC) is perfetly entangled in L2(A)
5 . To this end we prove aouple of lemmas.Lemma 3.3 For any a; b 2 A5 the following holds :hajPC jbi = ( 0 if P4i=0(ai � bi) 6= 0;d�4ha; �2(a)ihb; �2(b)i otherwise:Proof : We have from (3.1) - (3.4)hajPC jbi = d�4 Xx0+x1+x2+x3+x4=0hx; �2(x)ih�(x); bihajx+ biwhih vanishes if 4Xi=0(ai � bi) 6= 0. Now assume that 4Xi=0(ai � bi) = 0. ThenhajPC jbi = d�4ha� b; �2(a� b)ih�2(a� b); biha� b; �2bi= d�4ha; �2(aihb; �2(b)i:Lemma 3.4 Consider the tensor produt Hilbert spaeL2(A)
5 = H0 
H1 
H2 
H3 
H49



where Hi is the i-th opy of L2(A). Then for any (fi; jg) � f0; 1; 2; 3; 4g and a; b 2 A5 theoprator (PC jaihbjPC) (fi; jg) is a salar multiple of the identity in Hi 
Hj.Proof : By Lemma 3.2 and the de�nition of relative trae we have, for any x0; x1; y0; y1 2 A,hx0; x1j(PC jaihbjPC) (f0; 1g)jy0; y1i= Xx2;x3;x42Ahx0; x1; x2; x3; x4jPC jaihbjPC jy0; y1; x2; x3; x4i= d�8 Xx2+x3+x4=Pai�x0�x1x2+x3+x4=P bi�y0�y1 hx; �2(x)iha; �2(a)ihb; �2(b)i� hy0; y1; x2; x3; x4; �2(y0; y1; x2; x3; x4)iThe right hand side vanishes ifP(ai� bi) 6= x0+x1� y0� y1). Now suppose that P(ai� bi) =x0 + x1 � y0 � y1. Then the right hand side is equal tod�8ha; �2(a)ihb; �2(b)ihX ai � x0 � x1; x0 + x1 � y0 � y1i� Xx2;x42Ahx2; y1 � x1ihx4; y0 � x0i= ( 0 if x0 6= y0 or x1 6= y1;d�6ha; �2(a)ihb; �2(b)i otherwise:This proves the lemma when i = 0; j = 1. A similar (but tedious) algebra shows that thelemma holds when i = 0; j = 2.The yli permutation � of the basis fjxi;x 2 A5g indues a unitary operator U� in A5.Sine � leaves C invariant it follows that U�PC = PCU� and thereforeU�PC jaihbjPCU�1� = PC j�(a)ih�(b)jPC ;whih, in turn, imples thathx1; x2j(PC jaihbjPC) (f1; 2g)jy1; y2i= hx1; x2jPC j��1(a)ih��1(b)jPC)(f0; 1g)jy1; y2i:By what has been already proved the lemma follows for i = 1; j = 2. A similar ovarianeargument proves the lemma for all pairs fi; jg:Theorem 3.4 The range of PC is a perfetly entangled subspae of L2(A)
5 and dimPC = #A:Proof : Immediate from Lemma 3.3 and the fat that every operator in L2(A
5) is a linearombination of operators of the form jaihbj as a; b vary in A5.10
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