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Abstrat: This paper is onerned with the study of the probabilty of large deviations of thethe maximum likelihood estimator and Bayes estimator of a parameter appearing linearly inthe drift oeÆients of two types of stohasti partial di�erential equations.
Key words and phrases : Stohasti partial di�erential equations, Large Deviation, Maximumlikelihood estimator, Inferene for stohasti proesses.AMS 2000 Subjet Classi�ation : Primary 62M40, Seondary 60H15.1 IntrodutionMaximum likelihood estimation and Bayes Estimation of a parameter � appearing linearly insome stohasti partial di�erential equations (SPDE) has been onsidered by H�ubner et al.(1993). Detail disussion of these SPDE's and some interesting phenomena arising out of theparameter estimation have been onsidered by them in two examples. A Berry-Esseen typebound for the distribution of the maximum likelihood estimator (MLE) of the parameter � forthese SPDE's have been onsidered in Mishra and Prakasa Rao (2004). We now study thebounds on the large deviation probabilities for the maximum likelihood estimator (MLE) �̂N;�and the Bayes estimator (BE) ~�N;� of a parameter � ouring linearly in suh SPDE's. Wefollow the method of Ibragimov and Khasminskii (1981) in obtaining these results.In Setion 2, we desribe a SPDE with parameter � suh that the orresponding stohastiproess u� generates measures fP �� ; � 2 �g whih are mutually absolutely ontinuous and themain results pertaining to this setion have been desribed in the Setion 3. In Setion 4, we1



desribe a SPDE with parameter � suh that the orresponding stohasti proess u� generatesmeasures whih form a family of probability measures fP �� ; � 2 �g whih are singular withrespet to eah other and this setion also ontains the main results onneted to this problem.Comprehensive surveys on statistial inferene for suh lasses of SPDE's are given in PrakasaRao (2001,2002).Throughout the paper, we shall denote by C;C1; C2 et. positive onstants di�erent atdi�erent plaes of ourene possibly dependent on the initial onditions of the SPDE's.2 Stohasti PDE with linear drift (Absolutely ontinuous ase): EstimationLet (
;F ; P ) be a probability spae and onsider the proess u�(t; x); 0 � x � 1; 0 � t � Tgoverned by the stohasti partial di�erential equationdu�(t; x) = (�u�(t; x) + �u�(t; x)) dt+ �dWQ(t; x) (2. 1)with the initial and boundary onditions given byu�(0; x) = f(x); f 2 L2[0; 1℄;u�(t; 0) = u�(t; 1) = 0; 0 � t � T (2. 2)where � = �2�x2 : Let � ! 0 and � 2 � � IR: Here Q is a nulear ovariane operator for theWiener proess WQ(t; x) taking values in L2[0; 1℄; so that WQ(t; x) = Q 12W (t; x) and W (t; x)is a ylindrial Brownian motion in L2[0; 1℄: Then it is known that (f. Rozovskii (1990))WQ(t; x) = 1Xi=1 q 12i ei(x)Wi(t) a.s. (2. 3)where fWi(t); 0 � t � Tg ; i � 1 are independent one dimensional standard Wiener proessesand feig is a omplete orthonormal system (CONS) in L2[0; 1℄ onsisting of the eigen vetors ofQ and fqig the orresponding eigen values of Q: Let us onsider a speial ovariane operatorQ with ek = sink�x; k � 1 and �k = (�k)2; k � 1: Then feng is a CONS with the eigen valuesqi = (1 + �i)�1; i � 1 for the operator Q where Q = (I ��)�1: Furthermore, dWQ = Q 12dW:We de�ne a solution u�(t; x) of (2.1) as a formal sumu�(t; x) = 1Xi=1 ui�(t)ei(x) (2. 4)(f. Rozovskii (1990)). It is known that the Fourier oeÆients ui�(t) satisfy the stohastidi�erential equationdui�(t) = (� � �i)ui�(t)dt+ �p�i + 1dWi(t); 0 < t � T (2. 5)2



with the initial onditions ui�(0) = vi; vi = Z 10 f(x)ei(x)dx: (2. 6)It is further known that the funtion u�(t; x) as de�ned above belongs to L2 ([0; T ℄ �
;L2[0; 1℄)together with its derivative in t: Furthermore u�(t; x) is the only solution of (2.1) under theboundary ondition (2.2).Let P �� be the measure generated by u� on C[0; T ℄ when � is the true parameter. It has beenshown by H�ubner et al. [3℄ that the family of measures nP (�)� ; � 2 �o are mutually absolutelyontinuous andlog dP ��dP��0 (u�)= 1Xi=1 �i + 1�2 �(� � �0)Z T0 ui�(t)dui�(t)� 12 �(� � �i)2 � (�0 � �i)2	Z T0 u2i�(t)dt� :The projetion of the solution u�(t; x) onto the subspae �N spanned by fe1; e2; : : : ; eNg isgiven by u(N)� (t; x) = PNi=1 ui�(t)ei(x): Let P �;N� be the probability measure generated by theproess uN� (t; x) on C[0; T ℄ when � is the true parameter. Then the measure P �;N� is absolutelyontinuous with respet to the measure P �;N�0 andlog dP �;N�dP �;N�0= NXi=1 �i + 1�2 �(� � �0)Z T0 ui�(t)dui�(t)� 12 �(� � �i)2 � (�0 � �i)2	Z T0 ui�(t)dt� :(2. 7)Maximum likelihood estimator:It is easy to see that the maximum liklihood estimator (MLE) of the parameter � based on theobservation fuN� (t; x); 0 � t � Tg is given by�̂N;T;� = PNi=1(�i + 1) R T0 ui�(t)(dui�(t) + �iui�(t)dt)PNi=1(�i + 1) R T0 u2i�(t)dt (2. 8)(f. H�ubner et. al. (1993), p.154).Bayes estimator:Suppose that � is a prior probability measure on (�;B) where B is the �-algebra of Borelsubsets of an open set � � R: Further suppose that � has a density �(:) with respet to theLebesgue measure and the density �(:) is ontinuous and positive in an open neighbourhoodof �0; the true parameter. The posterior density of � given u(N)" (t; x); 0 < x < 1; 0 � t � T isgiven by 3



p(N)T ��ju(N)" � = �dP ";N� =dP ";N�0 � (u(N)" )�(�)R� �dP ";N� =dP ";N�0 � (u(N)" )�(�)d�:We de�ne the Bayes Estimator (BE) ~�N;T;" of �; based on the path u(N)" and prior density�(�); to be the minimizer of the funtionBN;T;"(�) = Z� L(�; �)p(N)T ��ju(N)" � d�; � 2 �where L(�; �) is a given loss funtion de�ned on � � �: In partiular, for the quadrati lossfuntion j� � �j2; the Bayes Estimator ~�N;T;" beomes the posterior mean given by~�N;T;" = Z� up(N)T �uju(N)" � du=Z� p(N)T �vju(N)" � dv:Suppose the loss funtion L(�; �) : ���! R) satis�es the following onditions:D(i) L(�; �) = L(j� � �j);D(ii) L(�) is non-negative and ontinuous on R;D(iii) L(:) is symmetri;D(iv) the sets f� : L(�) < g are onvex sets and are bounded for all  > 0; andD(v) there exists numbers  > 0; H0 � 0 suh that for H � H0;sup fL(�) : j�j � Hg � inf fL(�) : j�j � Hg :Obviously, loss funtions of the form L(�; �) = j���j2 satisfy these onditions D(i) - D(v).3 Main Result (Absolute Continuous Case)We now prove the following theorem giving the large deviation probability for the MLE andBE disussed in Setion 2. Suppose � < �2:Theorem 3.1: Under the onditions stated above, there exists positive onstants C1 and C2,depending on �; ";N; T and kfk, suh that for every H > 0;P ";N� n���Q1=2N;T;""�1 ��̂N;T;" � ����� > Ho � C1e�C2H2where �̂N;T;" is the MLE of the parameter � and4



QN;T;" = NXi=1 � �i + 12(� � �i)v2i (e2(���i)T � 1)� T"2�i + 1� :Theorem 3.2: Under the onditions stated above, there exists positive onstants C1 and C2,depending on �; ";N; T and kfk, suh that for every H > 0;P ";N� �jQ 12N;T;""�1(~�N;T;" � �)j > H� � C1e�C2H2where ~�N;T;" is the BE of the parameter � with respet to the prior �(:) and the loss funtionL(:; :) satis�es the onditions D(i)-D(V). Let E";N� denote the expetation with respet to theprobability measure P ";N� :Fix � 2 �: For the proofs of these theorems, we need the following lemmas. De�neZN;T;"(u) = dP ";N�+"u=pQN;T;"dP ";N� :Lemma 3.1 : Under the onditions stated above, there exists positive onstants C1 and C2suh that E";N� [Z 12N;T;"(u)℄ � C1e�C2u2for �1 < u <1:Lemma 3.2 : Under the onditions stated above, there exists positive onstant C1 suh thatE";N� �Z 12N;T;"(u1)� Z 12N;T;"(u2)�2 � C1(u1 � u2)2for �1 < u1; u2 <1:Lemma 3.3 : Let �(t) be a real valued random funtion de�ned on a losed subset F of theEulidean spae Rk: Assume that random proess �(t) is measurable and separable. Assumethat the following onditions are ful�lled : there exists numbers m �  > k and a positiveontinuous funtion on G(x) : Rk ! R bounded on the ompat sets suh that for all x; h 2 F;x+ h 2 F; Ej�(x)jm � G(x); Ej�(x+ h)� �(x)jm � G(x)khk :5



Then, with probability 1; the realizations of �(t) are ontinuous funtions on F: Moreover let!(Æ; �; L) = sup j�(x)� �(y)jwhere the upper bound is taken over x; y 2 F with kx� yk � h; kxk � L; kyk � L; thenE(!(h; �; L)) � B0 supkxk�LG(x)! 1m Lk=mh �km log(h�1)where the onstant B0 depends on m;  and k:We shall use this lemma with �(u) = Z 12N;T;"(u); m = 2;  = 2; k = 1; G(x) = e�x2 andL = H +  + 1:For the proof of this lemma, see Ibragimov and Khasminskii (1981) (Corretion, f. Kallian-pur and Selukar (1993)).Proof of Lemma 3.1: We knowZN;T;"(u) = dP ";N�+"u=pQN;T;"dP ";N�= exp" NXi=1 �p�i + 1" �"uQ�1=2N;T;" Z T0 ui"(t)dWi(t)��12 �i + 1"2 �u2"2Q�1N;T;" Z T0 u2i"(t)dt���= exp" NXi=1 �p�i + 1uQ�1=2N;T;" Z T0 ui"(t)dWi(t)�(1=2)(�i + 1)u2Q�1N;T;" Z T0 u2i"(t)dt��where QN;T;" = NXi=1 � �i + 12(� � �i)v2i �e2(���i)T � 1�� T "2�i + 1� :
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Observe thatE";N� �Z1=2N;T;"(u)�= E";N� exp" NXi=1 �12p�i + 1�uQ�1=2N;T;"� Z T0 ui"(t)dWi(t)�14 (�i + 1)u2Q�1N;T;" Z T0 u2i"(t)dt��= E";N� (exp 12 NXi=1p�i + 1uQ�1=2N;T;" Z T0 ui"(t)dWi(t)�16 NXi=1(�i + 1)u2Q�1N;T;" Z T0 u2i"(t)dt!exp  �(1=12) NXi=1(�i + 1)u2Q�1N;T;" Z T0 u2i"(t)dt!)� "E";N� (exp 12 NXi=1p�i + 1uQ�1=2N;T;" Z T0 ui"(t)dWi(t)�(1=6) NXi=1(�i + 1)u2Q�1N;T;" Z T0 u2i"(t)dt!)4=3353=4�"E"� �exp��(1=12)(�i + 1)u2Q�1N;T;" Z T0 u2i"(t)dt��4#1=4 (by Holder's inequality)= (E";N� exp 23 NXi=1p�i + 1uQ�1=2N;T;" Z T0 ui"(t)dWi(t)�(2=9) NXi=1(�i + 1)u2Q�1N;T;" Z T0 u2i"(t)dt!g3=4�(E";N� exp �(1=3) NXi=1 Z T0 (�i + 1)u2Q�1N;T;"u2i"(t)dt!)1=4� "E"� (exp �13 NXi=1 Z T0 (�i + 1)u2Q�1N;T;"u2i"(t)dt!)#1=4 (3. 1)(sine the �rst term is less than or equal to one (f. Gikhman and Skorohod(1972))).From (2.5), we obtain thatdui"(s) = (� � �i)ui"(s)ds+ "p�i + 1dWi(s); 0 � s � T;ui"(0) = vi:
7



By the Ito's Lemma, we haved(ui"(s)e�(���i)s) = "p�i + 1e�(���i)sdWi(s)or ui"(t)e�(���i)t � vi = Z t0 "p�i + 1e�(���i)sdWi(s): (3. 2)An appliation of Lemma 1.13 of Kutoyants (1998), p.26 shows thatsup0�t�T jui"(t)� ui0(t)j � ej���ijT "p�i + 1 sup0�t�T jWi(t)j:Note that ui0(t) = vie(���i)tand heneZ T0 jui0(t)j jui"(t)� ui0(t)j dt � ej���ijT Z T0 jvije�(�i��)t "p�i + 1 sup0�t�T jWi(t)jdt:
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Using the above inequality and (3.1), we obtain thathE";N� �Z1=2N;T;"(u)�i4 � E";N� (exp � NXi=1 u2(�i + 1)3QN;T;" Z T0 u2i"(t)dt!)� E";N� exp" NXi=1 u23QN;T;" (�i + 1)���Z T0 u2i0(t)dt�+�Z T0 2jui0(t)j jui"(t)� ui0(t)jdt���= exp(� NXi=1 u23QN;T;" (�i + 1)Z T0 u2i0(t)dt)�E";N� exp" u23QN;T;" NXi=1(�i + 1)Z T0 2jui0(t)j jui"(t)� ui0(t)jdt#� exp" NXi=1 �u23QN;T;" (�i + 1)Z T0 v2i e�2(�i��)tdt#�E";N� (exp" NXi=1 2u23QN;T;"p(�i + 1)jvij"�iej���ijT Z T0 e�(�i��)tdt#)(where �i = sup0�t�T jWi(t)j)= exp"� NXi=1 � u2v2i3QN;T;" �i + 12(�i � �) �1� e�2(�i��)T��#�E";N� (exp"2 NXi=1 u23QN;T;" p�i + 1jvij"�i�i � � ej���ijT (1� e�(�i��)T ))#)� exp"� NXi=1 u2v2i3QN;T;" �i + 12(�i � �)#�E";N� exp"2 NXi=1 u23QN;t;" p�i + 1�i � � jvij"�iej���ijT (1� e�(�i��)T )#� exp"�C1 NXi=1 u2QN;T;"v2i #�E";N�  exp[C2 NXi=1 u2"QN;T;" 1p�i jvij�iej���ijT (1� e�(�i��)T )℄!� exp ��C3 u2QN;T;"kfk2�� NYi=1E";N� exp �C2 u2"QN;T;" 1p�i jvij�iej���ijT (1� e�(�i��)T )� ; where 1Xi=1 v2i = kfk2! :9



HenehE";N� �Z1=2N;T;"(u)�i4 � exp ��C3 u2QN;T;"kfk2�� NYi=1 exp (3C2=2) Tu4"2Q2N;T;" 1�i v2i e2j���ijT (1� e�(�i��)T )2! ; sine E� exp(l sup0�t�T jWi(t)j) � 2e(3=2)T l2 ; f. Kutoyants (1998)!� exp ��C3 u2QN;T;"kfk2� exp"C4 u4"2Q2N;T;"kfk2e2(N2�2��)T# ;Hene E";N� �Z1=2N;T;"(u)� � C5e�C6u2(the onstants C5 and C6 depend on "; �;N; T and kfk):Proof of Lemma 3.2 : Note thatE";N� �Z 12N;T;"(u1)� Z 12N;T;"(u2)�2= E";N� fZN;T;"(u1) + ZN;T;"(u2)g � 2E";N� �Z 12N;T;"(u1)Z 12N;T;"(u2)�= 2 �1�E";N� �Z 12N;T;"(u1)Z 12NT"(u2)��(sine E";N� ZN;T;"(u) = E";N� 24exp8<: NXi=10�up�i + 1Q 12N;T;" Z T0 ui"(t)dWi(t)�12 u2(�i + 1)QN;T;" Z T0 u2i"(t)dt��� = 1):Denote VN;T;" =  dP ";N�2dP ";N�1 !1=2 where �1 = � + "u1Q 12N;T;" and �2 = � + "u2Q 12N;T;"= exp8<:12 NXi=1 (u2 � u1)p�i + 1Q1=2N;T;" Z T0 ui"(t)dWi(t)�14 NXi=1 (u2 � u1)2(�i + 1)QN;T;" Z T0 u2i"(t)dt) :
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Now E";N� ��Z 12N;T;"(u1)��Z 12N;T;"(u2)��= E";N� 8>><>>:0B�dP ";N�+"u1Q�1=2N;T;"dP ";N� 1CA1=20B�dP ";N�+"u2Q�1=2N;T;"dP ";N� 1CA1=29>>=>>;= Z  dP ";N�1dP ";N� !1=2 dP ";N�2dP ";N� !1=2 dP ";N�= Z  dP ";N�2dP ";N�1 !1=2 dP ";N�1 = E";N�1 (VN;T;")= E";N�1 24exp8<:12 NXi=1 (u2 � u1)p�i + 1Q 12N;T;" Z T0 ui"(t)dWi(t)�14 NXi=1 (u2 � u1)2(�i + 1)QN;T;" Z T0 u2i"(t)dt)# :
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Thus2�1�E";N� �Z 12N;T;"(u1)Z 12N;T;"(u2)��= 2241�E";N�1 exp8<:12 NXi=1 (u2 � u1)p�i + 1Q1=2N;T;" Z T0 ui"(t)dWi(t)�14 NXi=1 (u2 � u1)2(�i + 1)QN;T;" Z T0 u2i"(t)dt)#� 2241� expE";N�1 8<:12 NXi=1 (u2 � u1)p�i + 1Q1=2N;T;" Z T0 ui"(t)dWi(t)�14 NXi=1 (u2 � u1)2(�i + 1)QN;T;" Z T0 u2i"(t)dt)# (by Jensen's inequality)= 2"1� exp( NXi=1 �(u2 � u1)2(�i + 1)4QN;T;" E�1 Z T0 u2i"(t)dt)#� 2" NXi=1 (u2 � u1)24QN;T;" (�i + 1)E";N�1 Z T0 u2i"(t)dt# (sine 1� e�x � x)= NXi=1 (u2 � u1)22QN;T;" (�i + 1�i � �v2i �1� e�2(�i��)T�+ "22 NXi=1 1�i � �  T � 1� e�2(�i��)T2(�i � �) !)(f. H�ubner et. al (1993), p.152)= (u2 � u1)2QN;T;" C " NXi=1 (v2i �1� e�2(�i��)T�+ "22 NXi=1 ( 1�i � �  T � 1� e�2(�i��)T2(�i � �) !)#� (u2 � u1)2QN;T;" C  NXi=1 v2i + T"2�i � �!� (u2 � u1)2QN;T;" C �kfk2 + T"2�� C (u2 � u1)2for some onstant C depending on �;N; T; " and jjf jj:Proof of Theorem:Denote U" = �u : � + u"�1 2 �	 ; where � � R: Let � be the interval H+ � juj � H++1:We use the following inequality to prove our theorem:P ";N� (sup� ZN;T;"(u) � 1) � C1(1 +H + ) 12 e� 14 (H+)2 : (3. 3)
12



So P ";N� njpQN;T;""�1 ��̂N;T;" � �� j > Ho� P ";N� ( supjuj>H;u2U"ZN;T;"(u) � ZN;T;"(0))� 1X=0P ";N� (sup� ZN;T;"(u) � 1)� C2 1X=0 e�C3(H+)2� C4e�C5H2 :This proves Theorem 3.1.We now prove the inequality (3.3).We divide the interval � into N sub-intervals eah with length at most h: The number ofsub-intervals N � � 1h�+ 1: Choose uj 2 �(j) ; 1 � j � N:P ";N� (sup� ZN;T;"(u) � 1) � NXj=1 P ";N� �ZN;T;"(u) � 12�+P ";N� ( supju�vj�h ����Z 12N;T;"(u)� Z 12N;T;"(u)���� � 12)(when juj; jvj � H +  + 1): (3. 4)From the Chebyshev's inequality and in view of Lemma 3.1 it follows thatP ";N� �Z 12N;T;"(uj) � 12� � Ce�(H+)2 :By Lemma 3.2 with �(u) = Z 12N;T;"(u) and using Lemma 3.3 we obtainE";N� supju�vj�hjuj;jvj�(H++1) ���Z1=2N;T;"(u)� ZN;T;"(v)��� � C(H +  + 1) 12h1=2 log(h�1):HeneP ";N� (sup� ZN;T;"(u) � 1) � Cf1he�(H+)2 + (H +  + 1) 12h 12 log(h�1)g (by using (3.4)):Considering h = e�(H+)2=2; we prove the inequality in Theorem 3.1.Proof of Theorem 3.2 : Observe that the onditions (1) and (2) in Theorem 5.2 of Ibragimovand Khasminskii (1981) are satis�ed by Lemmas 3.1 and 3.2. In view of the onditions on theloss funtion mentioned in Setion 2 with � = 2 and g(u) = u2; we an prove the Theorem 3.2by using Theorem 5.2. We omit the details. 13



4 Stohasti PDE with linear drift (Singular ase)Let (
;F ; P ) be a probability spae and onsider the proess ui"(t; x); 0 � x � 1; 0 � t � Tgoverned by the stohasti partial di�erential equationdu"(t; x) = ��u"(t; x)dt+ �(1��)�1=2dW (t; x) (4. 1)where � > 0 satisfying the initial and boundary onditionsu�(0; x) = f(x); 0 < x < 1; f�L2[0; 1℄;u�(t; 0) = u�(t; 1) = 0; 0 � t � T (4. 2)Here I is the identity operator, � = �2�x2 as de�ned in the Setion 3 and the proess W (t; x)is the ylindrial Brownian motion in L2[0; 1℄: In analogy with the disussion following thestohasti di�erential equation given by (2.5) in Setion 2, it an be heked that the FourieroeÆients ui�(t) satisfy the stohasti di�erential equationdui�(t) = ���iui�(t)dt+ �p�1 + 1dWi(t); 0 < t � T (4. 3)with ui�(0) = vi where vi = Z 10 f(x)ei(x)dx: (4. 4)Let P �� be the measure generated by the proess u� on C[0; T ℄ when � is the true parameter.It an be shown that the family of measures fP �� ; � 2 �g do not form a family of equivalentprobability measures. In fat P �� is singular with respet to P ��0 ; when � 6= �0 in � (f. H�ubneret. al [3℄).Let u(N)� (t; x) be the projetion of u�(t; x) onto the subspae spanned by fe1; e2; : : : ; eNg inL2[0; 1℄: In other words, u(N)� (t; x) = NXi=1 ui�(t)ei(x): (4. 5)Let P �;N� be the probability measure generated by the proess u(N)� on the subspae spannedby fe1; : : : eNg in L2[0; 1℄: It an be shown that the measures nP �;N� ; � 2 �o form an equivalentfamily and
14



log dP �;N�dP (�;N)�0 (u(N)� )= � 1�2 NXi=1 �i(�i + 1) �(� � �0)Z T0 ui�(t)(dui�(t) + �0�iui�(t)dt)+12(� � �0)2�i Z T0 u2i�(t)dt� (4. 6)It an be heked that the MLE �̂N;T;" of � based on u(N)� satis�es the likelihood equation��;N = ��1 ��̂N;T;" � �0���;N (4. 7)when �0 is the true parameter,��;N = NXi=1 �ip�i + 1 Z T0 ui�(t)dWi(t)and ��;N = NXi=1 (�i + 1) �2i Z T0 u2i;�(t)dt:De�ne RN;T;� = NXi=1 (�i)(�i + 1)2� fv2i (1� e�2��iT ) + T �2�i + 1g:Then pRN;T;�(�̂N;T;" � �0) = �nPNi=1 �ip�i + 1 R T0 ui�(t)dWi(t)o =pRN;T;"nPNi=1(�i + 1)�2i R T0 u2i�(t)dto =RN;T;"It an be heked that E�0 Z T0 u2i"(t)dt <1We de�ne the Bayes Estimator ~�N;T;" as in Setion 2 and assume that the onditions D(i) -D(v) stated there for the loss funtion L(:; :) hold.Main results :Theorem 4.1 : Suppose � > 0: Under the onditions stated above, there exists positiveonstants C1 and C2, depending on �; ";N; T and kfk; suh that for every H > 0;P ";N� �����R 12N;T;""�1 ��̂N;T;" � ������ > H� � C1e�C2H2 ;15



where �̂N;T;" is the MLE of the parameter andRN;T;" = NXi=1 �i(�i + 1)2� �v2i �1� e�2��iT�+ T "2�i + 1� :Theorem 4.2 : Suppose � > 0: Under the onditions stated above,there exists positive on-stants C1 and C2, depending on �; ";N; T and kfk; suh that for every H > 0;P ";N� �����R 12N;T;""�1 �~�N;T;" � ������ > H� � C1e�C2H2where ~�N;T;" is the BE of the parameter with respet to the prior �(:) and the loss funtionL(:; :) satis�es the onditions D(i)-D(v).For proofs of Theorems given above, we need the following lemmas and Lemma 3.3. De�neZN;T;"(u) = dP ";N�+"u=pRN;T;"dP ";N� :Lemma 4.1 : Under the onditions stated above, there exists positive onstants C1 and C2suh that E";N� [Z 12N;T;"(u)℄ � C1e�C2u2for �1 < u <1:Lemma 4.2 : Under the onditions stated above, there exists positive onstant C2 suh thatE";N� �Z 12N;T;"(u1)� Z 12N;T;"(u2)�2 � C2(u1 � u2)2for �1 < u1; u2 <1:Proofs of these two lemmas are given below.Proof of the Theorem 4.1 is similar to that of Theorem 3.1 following the proedure inIbragimov and Khasminskii (1981). 16



Proof of the Theorem 4.2 an be given following the same remarks made earlier for Theorem3.2.Proof of Lemma 4.1: Observe thatZN;T;"(u) = dP ";N�+"u=pRNT"dP ";N�= exp"�( NXi=1 �ip�i + 1upRN;T;" Z T0 ui"(t)dWi(t)+12 u2RN;T;" NXi=1 �2i (�i + 1)u2i"(t)dt)#Therefore, E";N� �Z 12N;T;"(u)� = E";N� exp"�( NXi=1 �ip�i + 1u2pRN;T;" Z T0 ui"(t)dWi(t)+14 u2RN;T;" NXi=1 �2i (�i + 1)u2i"(t)dt)# :Proeeding as in Lemma 3.1, we get�E";N� �Z 12N;T;"(u)��4 � E";N� exp"�13 ( NXi=1 u2RN;T;" Z T0 �2i (�i + 1)u2i"(t)dt)#� E";N� exp" u23RN;T;" NXi=1 �2i (�i + 1)�Z t0 �u2i0(t)dt+ Z T0 j2ui0(t)j jui"(t)� ui0(t)jdt�� : (4. 8)From the equation (4.3) and by the Ito's lemma, we get thatd�ui"(t)e��it� = �p�i + 1e��itdWi(t)or ui"(t)e��it � vi = Z t0 ��i + 1e��isdWi(s):An appliation of Lemma 1.13 of Kutoyants (1998), p.26 shows thatsup0�t�T jui"(t)� ui0(t)j � ej��ijT "p�i + 1 sup0�t�T jWi(t)j:Note that ui0(t) = vie���it:17



and heneZ T0 jui0(t)j jui"(t)� ui0(t)jdt � ej��ijT Z T0 jvije���it �p�i + 1 sup0�s�T jWi(s)jdt:From (4.8), we obtain thatE";N� �Z 12N;T;"(u)�� exp"�C NXi=1 u2RN;T;"�2i (�i + 1)v2i �1� e�2��iT2��i �#�E";N� (exp"2 NXi=1 u2��iRN;T;"�2i (�i + 1)jvij "p�i + 1�iej��ijT (1� e���iT )#)� exp"�C NXi=1 u2RN;T;" �i(�i + 1)2� v2i �1� e�2��iT�#�E";N� exp" 2u2�RN;T;" NXi=1 �i(�i + 1) 12 jvij"�iej��ijT (1� e���iT )# ;(where �i = sup0�t�T jWi(t)j)� exp"�C1 NXi=1 u2RN;T;"�i(�i + 1)v2i #� NYi=1E";N� �exp�ej��ijT (1� e���iT ) u2RN;T;"�i(�i + 1) 12 jvij"�i��� exp"�C1 NXi=1 u2RN;T;" i4v2i # exp" u4R2N;T;"T"2 NXi=1 e2j��iT j(1� e���iT )2i6v2i #� e�C2u2 exp" u4R2N;T;"T"2 NXi=1 i6v2i e2j��ijT (1� e���iT )2#for some positive onstant C2 depending on �; "; T;N and jjf jj sineRN;T;" � C NXi=0 i4v2i :Hene the above inequality implies thatE";N� [Z 12N;T;"(u)℄ � C3e�C2u2 :Proof of Lemma 4.2: 18



Proeeding as in Lemma 3.2, we haveE";N� �Z 12N;T;"(u1)� Z 12N;T;"(u2)�2� 2 �1�E";N� �Z 12NT"(u1)ZNT"(u2)��= 2241�E";N�1 exp8<:�12 NXi=1 (u2 � u1)�ip�i + 1R 12N;T;" Z T0 ui"(t)dWi(t)�14 (u2 � u1)2RN;T;" NXi=1 Z T0 �2i (�i + 1)u2i"(t)dt)#� 2241� exp8<:E";N�1 8<:�12 NXi=1 (u2 � u2)�ip�i + 1R 12N;T;" Z T0 ui"(t)dWi(t)�14 (u2 � u1)2RN;T;" NXi=1 Z T0 �2i (�i + 1)u2i"(t)dt)# (by Jensen's inequality)= 2"1� exp(�(u2 � u1)24RN;T;" E";N�1 NXi=1 �2i (�i + 1)u2i"(t)dt)#� 2 (u2 � u1)24RN;T;" E";N�1 NXi=1 Z T0 �2i (�i + 1)u2i"(t)dt!(sine 1� e�x � x)= (u2 � u1)22RN;T;" NXi=1 �2i (�i + 1)Z T0 Eu2i"(t)dt� (u2 � u1)22�RN;T;"  NXi=1 �i(�i + 1)v2i (1� e�2��iT ) + T NXi=1 �i!(following H�ubner et. al. (1993), p.158)� C1(u2 � u1)2PNi=1 i4v2i (1� e�2��iT ) + T i3PNi=1 i4v2i (1� e�2��iT )(sine RN;T;" = nXk=1 �k(�k + 1)2� v2k(1� e�2��kT ) + T"2�k + 1 � NXk=1 k4v2k(1� e�2��kT ))� C2(u2 � u1)2for some positive onstant C2 depending on �; ";N; T and jjf jj:
19



Referenes:1. Gikhman, I. and Skorokhod, A. V. (1972) Stohasti Di�erential Equations, Springer.Berlin.2. H�ubner M, Khasminskii R. and Rozovskii B. L. (1993) Two examples of parameter esti-mation for stohasti partial di�erential equations, Stohasti Proesses (S. Cambanis, J.K. Ghosh, R. L. Karandikar, and P. K. Sen, eds.), Springer-Verlag, New York, pp.149-160.3. Ibragimov I. A. and Khasminskii R. Z. (1981) Statistial Estimation:Asymptoti Theory,Springer-Verlag, New York.4. Kalianpur G. and Selukar R. S. (1993) Estimation of Hilbert-spae valued parametersby the method of Sives, Statistis and Probability (J. K. Ghosh, S. K. Mitra, K. R.Parthasarthy and B. L. S. Prakasa Rao, eds.), Wiley Eastern, New Delhi, pp.235-347.5. Kutoyants, Yu. A. (1998) Iden�ation of Dynamial Systems with Small Noise, Kluwer,Dordreht.6. Mishra M. N. and Prakasa Rao. B. L. S. (2004) On a Berry-Esseen type bound for maxi-mum likelihood estimator of a parameter for some stohasti partial di�erential equations,Journal of Applied Mathematis and Stohasti Analysis (To appear).7. Prakasa Rao B. L. S. (2001) Statistial inferene for stohasti partial di�erential equa-tions, Seleted Proeedings of the Symposium on Inferene for Stohasti Proesses(Athens, Ga, 2000)(I. V. Basawa, C. C. Heyde and R. L. Taylor, eds.), IMS LetureNotes Monogr. Ser. Vol.37, Inst. Math. Statist., Ohio, pp. 47-70.8. Prakasa Rao B. L. S. (2002) On some problems of estimation for some stohasti partialdi�erential equations, Unertainty and Optimality (J. C. Misra,ed.), World Sienti�Publishing, New Jersey, pp. 71-153.9. Rozovskii B. L. (1990) Stohasti Evolution Systems, Kluwer, Dordreht.

20


