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Abstract

Generalized order statistics (gOSs) unify the study of order statistics, record values,
k-records, Pfeifer’s records and several other cases of ordered random variables. In this
paper we consider the problem of comparing the degree of dependence between a pair of
gOSs thus extending the recent work of Averous, Genest and Kochar (2005). It is noticed
that as in the case of ordinary order statistics, copula of gOSs is independent of the parent
distribution. For this comparison we consider the notion of more regression dependence or
more stochastic increasing. It follows that under some conditions, for i < j, the dependence
of the jth generalized order statistic on the ith generalized order statistic decreases as i
and j draw apart. We also obtain a close form expression for the Kendall’s coefficient of

concordance between a pair of record values.

Key words : Dispersive ordering; Pure birth process; Exponential distribution; Kendall’s

tau; Monotone regression dependence; Stochastic increasingness; Record values.

1 Introduction

Order statistics and record values play an important role in statistics, in general, and in Re-
liability Theory and Life Testing, in particular. Their distributional and stochastic properties
have been studied extensively but separately in the literature. However, they can be consid-
ered as special cases of generalized order statistics (gOSs) (cf. Kamps, 1995) which in addition
cover particular sequential order statistics, kth record values, Pfeifer’s record model, k,, record
from nonidentical distributions, and ordered random variables which arise from truncated dis-
tributions. It is well known that a sequence of record values can be viewed as a sequence of
the occurrence times of a certain non-homogeneous Poisson process. It is also connected to the
failure times of a minimal repair process. There is a close connection between Pfeifer’s records

and the occurrence times of a pure birth process (cf. Pfeifer, 1982b).
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As said above many interesting stochastic orderings results for order statistics and spac-
ings on one hand; and for record values and record increments on the other hand, have been
obtained separately by many investigators without realizing that perhaps they can be unified
under the umbrella of gOSs. Kamps (1995) in the last chapter of his book studied some reli-
ability properties of generalized order statistics. Franco, Ruiz and Ruiz (2002) obtained some
stochastic ordering results for spacings of generalized order statistics.

Recently Averous, Genest and Kochar (2005) have studied the dependence properties of
order statistics of a random sample from a continuous distribution. To compare the degree
of association between two such pairs of ordered random variables, they considered a notion
of relative monotone regression dependence (or stochastic increasingness). Using this concept,
they proved that for ¢ < j, the dependence of the jth order statistic on the ith order statistic
decreases as ¢ and j draw apart. In this paper we study dependence properties of a pair
of generalized order statistics and as a consequence these results will be applicable to order
statistics, record values, occurrence times of a pure birth process and all those models which
are covered under gOSs.

The organization of the paper is as follows. In Section 2, we introduce gOSs and state the
main theorem which describes the conditions under which a pair of gOSs is more dependent
than another pair in the sense of more SI ordering. It is seen that the work of Averous, Genest
and Kochar (2005) can be extended to the gOSs. In Section 3 we point out a close connection
that exists between the concepts of dispersive ordering and that of more SI ordering. The
proofs of the various results are given in this section. In the last section, we obtain a close form

expression for the value of the Kendall’s 7 between a pair of record values.

2 Main results

First we give the definition of the joint distribution of n generalized order statistics (cf. Kamps,
1995, p. 49).

Definition 2.1 Letn € N, k> 1, my,...,my_1 € IR, M, = Z;L:_Tlmj, 1<r<n-—1be

parameters such that
Y=k+n—r+M >1foralre{l,...,n—1}

and let m = (mq,...,mp_1), if n>2 (m € IR arbitrary, if n = 1).

If the random wvariables U(r,n,m, k), r = 1,...,n, possess a joint density function of the form
n—1 n—1
gram teon Oy =k (T (TTa-w ) @
j=1 j=1
on the cone 0 < up < ... < wu, <1 of IR", then they are called uniform generalized order
statistics.



Generalized order statistics based on some distribution function F' are now defined by means

of the quantile transformation
X(r,n,m, k) =F Y U(r,n,m, k), r=1,...,n

and they are denoted by gOSs. As discussed in Kamps (1995), for suitable choices of the
parameters these reduce to the joint distributions of order statistics from a continuous distri-
bution, record values, Pfeifer’s record values and so on.

Let (S,T) be a continuous bivariate random vector with joint distribution function H.

Recall that T is said to be stochastically increasing in S if and only if, for all s,s’,t € R,
s<s = P(T <t|S=5)<PT<tlS=5s). (2.1)

Let H[, denote the distribution function of the conditional distribution of 7' given S = s.

The above implication may then be expressed in the alternate form
s <s' = Hig o H[;}l(u) <u,

where u € (0,1). .

Note that property (2.1) is not symmetric in S and 7', but that in case these variables are
independent, Hy o H[;}l(u) = u for all w € (0,1) and for all s,s" € R. Observe also that if
p=F ~1(p) denotes the pth quantile of the marginal distribution of S, then (2.1) is equivalent
to the condition

0<p<q<l= HpgoHg '(u)<u

holding true for all u € (0,1).

To compare the relative degree of dependence between arbitrary pairs of gOSs we use the
notion of more stochastically increasing dependence ordering as discussed in Averous, Genest
and Kochar (2005). For i = 1,2, let (S;,T;) be a pair of continuous random variables with joint

cumulative distribution function H; and marginals F; and G;.

Definition 2.2 T5 is said to be more stochastically increasing in So than Ty is in S1, denoted
by (T1|S1) <s1 (12| S2) or Hy <s1 Ha, if and only if

0<p<q<1= Hyg, o Hog, ' (u) < Hig, o Hig,) ™ (u), (2.2)

for allu € (0,1), where fori = 1,2, Hy denotes the conditional distribution of T; given S; = s,
and &, = Fi_l(p) stands for the pth quantile of the marginal distribution of S;.

Obviously, (2.2) implies that T is stochastically increasing in S if S; and Tj are inde-
pendent. It also implies that if 7T} is stochastically increasing in S7, then so is 75 in So; and
conversely, if T5 is stochastically decreasing in Ss, then so is 77 in S;. As observed in Aver-
ous, Genest and Kochar (2005), the above definition of more SI ordering depends on the joint

distributions of the underlying random variables only through their copulas. Also

(T1| Sl) <1 (T2| SQ) = Cl(u,v) < CQ(’LL,’U), (2.3)



where C; is the copula of (5;,T;), ¢ = 1,2, which in turn implies that
K(S1,T1) < K(S2,T3)

where (S, T) represents Spearman’s rho, Kendall’s tau, Gini’s coefficient, or indeed any other
copula-based measure of concordance satisfying the axioms of Scarsini (1984). In the special
case where ] = F5 and G = (3, it also follows from (2.3) that the pairs (S1,71) and (S2,T5)

are ordered by Pearson’s correlation coefficient, namely
corr(S1,T1) < corr(Se, Ts).

Note that the copula of a pair of gOSs is independent of the parent distribution F. For

comparing two different gOSs we use the following pre-ordering on IR™.

Definition 2.3 A vector x in IR" is said to be p-larger than another vector y also in IR™
p . .
(written x = y) if Tl zu) < Il=1v@),d = 1,...,n, where xqy < ... < x(,) and yqy <

.-~ Y(n) are the increasing arrangements of the components of x andy, respectively.

Now we state the main theorem of the this paper whose proof is given in Section 3.

Theorem 2.1 Let (X (r,n,m,k), r=1,...,n) and (X’(rl,n/,ﬁ@/,k/) r=1,... ,n) be the gOSs
based on distributions F and G, respectively. Let v, = k+n —r + ZZ;}« mp and fy,i =
E+n' —r+ 30" my. Then fori<jandi <7,

(X/G 0 K | XG0 K ) <st (X Gymai, B) | X iy, k)

provided the following conditions are satisfied,

(a1) i>74 andj—i<j —i,

P ’
(@2) iyseote)) & ()
for some set {l1,... Ly} C{1,...,i}.

/ ’ p
((13) (’Ykl’--- a’}/kj_i) = (’}/Z'_H,... ,’}/j)
for some set {ki,...,kj_;} C G +1,...,5}

It is well known that for specific sets of parameters, n, k and m;, i =1,...,n—1, the gOSs
reduce to the well known ordered random variables. Now we find sufficient conditions on the

parameters of the various sub-models of gOSs for which Theorem 2.1 holds.

(A) Order Statistics from i.i.d random variables. For n > 1, let X;.,, denote the ith
order statistic based on a random sample X1, ..., X,, from a continuous distribution with
cdf F. This is a special case of gOSs with m; =... =m,_1 =0 and k = 1. In this case
Ye=n—r4+1r=1,...,n—1 Let my=m,=0,i=1,...,n—1and k =k = 1. With

these settings we see that the conditions (a2) and (a3) are satisfied when n —i < n' —i



(B)

andn—jzn/—j/. That is, foriZil,j—iSj/—il,n—iﬁnl—i/ andn—jzn'—jﬂ
we have
(X]/'/:n' | Xz{/:n/) =sI (Xj:n | Xi:”)’

as proved recently by Averous, Genest and Kochar (2005). In the special case of one-

sample problem when n = n/, we have the following results.

(a) (Xkm| Xin) <s1 (Xjin| Xiin) for alll1 <i<j<k<mn;
(b) (Xjin| Xiin) <s1 (Xjg1:nt1| Xitims1) for all 1 <i < j < n;

() (Xnt1m+1| Xima1) <s1 (Xnwm| X1:n) for every integer n > 2.

k-Records. Let {X;,i > 1} be a sequence of i.i.d random variables from a continuous
distribution F' and let k£ be a positive integer. The random variables L(k)(n) given by
L®(1) =1,

L®(n+1) = min{j € N; Xjj 51 > X0 (m):L® (n)+h—1) > 7 = 1,

are called the nth k-record times and the quantities X&) (.1 ((n)+x—1) Which we denote
by R(n : k) are termed the nth k-records (cf. Kamps, 1995, p.34). The joint density of
the first n k-records corresponding to a sequence of independent random variables from
a continuous distribution F' is a special case of the joint density of first n gOSs with
m;=...=myp_1=—1. Inthiscase v, =k, r=1,...,n— 1. Now let m; :m; = —1,
i1=1,...,n—1and k = K. Using the above setting it follows that the conditions (a2)
and (a3) of Theorem 2.1 are satisfied. Therefore, for i > i, j—i<j —i, we have

(RG R IR R) <ot (RG:K) | R R),

where R(j : k),j > 1 and R'(j : k), j/ > 1 stand for the jth and j/th k-records. This
means that for ¢ < j, the dependence of the jth k-record on the ith k-record decreases as

1 and j draw apart.

(C) Two Stage Progressive Type II Censoring. Let Xi,..., X, be a random sample

from a continuous distribution F'. Let these be the lifetimes of v items put on test
at time ¢ = 0. At the time of the rith failure, n; functioning items are randomly
selected and removed from the test. The test terminates when further r9 items have
failed. The n = r1 + r9 observations Xi., < ... < X,,., are called order statistics arising
in progressive type Il censoring with two stages. This is a special case of gOSs with
my =...=Mp—1 =Mp41=...=Mp_1 =0, My, =ngandk=v—-—n; —n+1 In
this case v, =v—r+1,r=1,...,rmandy,=v—ny—r+1,r=r;+1,...,n—1. Let
mi=m;=0,i=1,...,m—=1Lr+1...,n=1my =m. =n;,k=v—-—n —n+1

and k' = v/ —n; —n + 1. With these settings we see that the conditions (a2) and (a3)



are satisfied when v —i < v —4 and v -7 > v —j/. That is, for i > i, j—1< j/ -7,

v—i<v —7 andv—ij/—jl,Wehave
/ /
(Xj':v' | Xz":v') <st (Xjw | Xiw) -

As discussed in Kamps (1995), there are many other models like Pfeifer’s records, sequential
order statistics, order statistics with non-integral sample size etc which can also be expressed

as special cases of gOSs.

3 Auxiliary results and proofs

In this section we prove some auxiliary results to prove our Theorem 2.1. As we will see, there

is a close connection between the concepts of dispersive ordering and more SI ordering.

Definition 3.1 A random variable X with distribution function F' is said to be less dispersed

than another variable Y with distribution G, written as X <gisp Y or F' <gs, G, if and only if
FHB) = F o) <G7H(B) = G (o)
forall0 < a<pB<1.
It is easy to see that the I’ <g;5, G is equivalent to
F{F'(u) — ¢} < G{G ' (u) — ¢} for every ¢ >0 and u € (0, 1).

For general information about dispersive ordering and its properties, refer to Section 2.B of
Shaked and Shanthikumar (1994). The next proposition establishes a close connection between

dispersive ordering and more SI ordering.

Proposition 3.1 Let X; and Y; be independent random variables with distribution functions

F; and G;, respectively for i =1,2. Then
Xo <gisp X1 and Y1 <gisp Y2 = (Xo + Y2)| X2 <s1 (X1 + Y7)[ X1

Proof. Let &, denote the pth quantile of F;, ¢ = 1,2. Since X; and Y; are independent for

i=1,2, Hyg, 1(2) = P[Xi +Y; < 2[X; = &p| = Gi(2 — &) and HZ.EP} (w) = G; ' (u) + &p. This

gives
Hie,p 0 Hye, )~ (u) = GG} (u) — (&ig — &ip)]-
Since X <gisp X1,
§2g = &op < &g —&iplor 0 <p<g<1 (3.1)

In order to prove Proposition 3.1 one needs only show that one has for 0 < p < g < 1,
—1 —1
Hyjg,,) 0 Hujey,) ™ (u) < Hyjeyg) 0 Hojey)) ™ (),
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that is,

G1lGy (1) = (€1g = &1p)] < Ga2[Gy () — (b2g — Ep))- (32)
Since Y7 <gisp Yo, by taking ¢ = §14—&1, > 0 it follows from the definition of dispersive ordering
that

G [Gl_l(u) — (§1g — &1p)] < G2[G2_1(U) — (§1g — &1p)]

Now (3.2) follows from it and (3.1) since Xy <gisp X1 and G2 is nondecreasing.

We shall be using the following known results to prove Theorem 2.1 in this section.

Theorem 3.1 (Khaledi and Kochar, 2004). Let X, ..., X\, be independent random variables

such that Xy, has gamma distribution with shape parameter a > 1 and scale parameter \;, for

P
i=1,...,n. Then, X = X implies

n n
Z X)\k Zdisp Z )()\;c
k=1 k=1

Lemma 3.1 (Lewis and Thompson, 1981). The random variable X satisfies X <gisp X +Y

for any random variable Y independent of X if and only if X has a logconcave density.

Theorem 3.2 (c¢f. Kamps, 1995, p.81). Let X(r,n,m,k), r =1,...,n be the gOSs based on
the distribution function F with F(x) =1—e ", 2 > 0. Let

Yi :’YlX(]-an7m7k) and Y} :/Y](X(j7nam7k) _X(j_ 17n7ﬁl7k))7j :27”’777'7

n—1

where v; = k+n—j+ Z:mZ Then the random variables Y1, ...,Y, are stochastically inde-
i=j

pendent and identically distributed according to distribution F'.

Moreover, for r = 2,...,n we have the representation
T
X(r,n,m,k) 23X
) 1y ) - Yo
J=1

where X, has exponential distribution with hazard rate vj, j =1,...,r.

To prove the main result in this section we use the following lemma which may be of

independent interest.

Lemma 3.2 Let X, ,..., X, be independent random wvariables such that X, has gamma
distribution with shape parameter a > 1 and scale parameter v, for k = 1,...,n and let
X%, e ,X%, be another set of independent random variables such that X%/c has gamma dis-
tribution with shape parameter a > 1 and scale parameter v, for k =1,...,n'. Then if the
conditions (al) — a(3) of Theorem 2.1 are satisfied, then fori <j, i <j ,

J' i J i
ZXv/k | ZXw’k =sI ZXV;C | ZX%'
k=1 k=1 k=1 k=1



Proof : Usmg PI‘OpOSlthH 3.1, it is enough to show that under the assumed conditions

(A) ZX’V >d7,sp ZX !
v=1

J J’
(B) Z Xy, <disp Z Xy,

v=i+1 v=i'+1

For 7 > ¢/, we have

ZX% = ZXWV + Z Xy,

v=1 v=1 vg{ly,..0;}

7
zdisp § X’ygy
v=1
i/
zdisp § X. e
v=1

since the density function of a gamma random variable with shape parameter a > 1 is logconcave
and a convolution of independent random variables with logconcave densities is logconcave, the
first inequality follows from Lemma 3.1. The second inequality follows from Theorem 3.1 under
the condition (a2). This completes the proof of (A).
The proof of (B) follows on the same lines under the condition (a3).

|
Proof of Theorem 2.1. It is clear from the definition of the joint distribution of gOSs
that their copula is independent of the parent distribution. Hence without loss of generality
we can assume that the distributions F' and G both are standard exponential. It follows from
Theorem 3.2 that

X(G,n,m, k) < ZX% and X (j,n,mm, k) | X(i,n,n StZX%|ZX%,
h=1
where X, has exponential distribution with hazard rate v, h = 1, ey and X% s are inde-

pendent. Now the required result follows from Lemma 3.2.
|
It is known that more SI ordering implies more PQD ordering (copulas are ordered) and it
is also known that the Spearman’s rho, Kendall’s tau, or Gini’s coeflicient of association can be
expressed as a functional of copula which preserves the ordering of copula in the same direction
(cf. Joe, 1997). This leads us to the following corollary.

Corollary 3.1 Under the conditions of Theorem 2.1,
K (X’(z",n',m',k/),X’(j/,n/,m',k')> < k(X (i,n,m, k), X (G, n,mm, k))

where k(S,T) stands for any measure of concordance between S and T in the sense of Scarsini

(1984), e.g., Spearman’s rho, Kendall’s tau, or Gini’s coefficient of association



4 Kendall’s 7 for record values

In order to further understand the implications of Corollary 3.1 we find a closed form formula
for the Kendall’s coefficient of measure of concordance T between any two records corresponding

to a sequence of i.i.d random variables from an arbitrary distribution F'.

Theorem 4.1 Let {X;,i > 0} be a sequence of independent and identically distributed random
variables from a continuous distribution F. Then the Kendall’s coefficient of concordance T

between the records R,, and R,, is

n n—j . .
1 m+) n—m+1i—1
) =11 3 S (7))

j=m+1 i=0

PROOF : Since the copula and hence 7 for a pair of records is independent of the parent
distribution, without loss of generality we assume that F' is standard exponential. To derive

this formula we shall use the following identities :

n

1 P e W\ o
Fam—ar T, £ dt—Z(])pf(l P, (4.)

j=a

for0<p<l,a=1,....,n,n=1,2,... and

/+00 Lifrl_jte_tdt =e” Z m_z (4.2)
. I'(n) il
where ((a,b) and I'(a) stand, respectively for the beta and the gamma functions.

Let R;n and Rln be the records corresponding to a sequence {X;,z' > 0} of i.i.d random
variables with common distribution function as standard exponential. We assume that this
sequence is independent of the sequence {X;,7 > 0}.

The joint density function of (R,,, Ry) for m < n is

1
m!(n —m —1)!

fRp R, (2, y) = 2™ (y —x)"m eV, for 0 < z <y < oo.

By definition, the Kendall’s 7 is
T(Rm, Rp) =1 —4p,
where

p = P(Rn<R,,R,>R) (4.3)

+o0 +o0o 1
= / / P(R,, <x,R, >1y) o r—— 1) 2" (y — )" e Vdy da

9



Now first we compute h(z,y) = P(Ry, < z, R, > y).

+o0 T 1

_ m(, _ ,\n—m—1_-—v

h(z,y) = /y /0 i —m = 1)!u (v—u) e “dudv

+o00 ,Un—le—v e 1 wu\m u\n—m—1

- /y F(n+1)/0 B(m+1,n—m) (;) (1_;> dudv
foo  ne—v z/v 1 (mt1)—1 (n—m)—1

_ ] m 1—2)m=m=1g, g

/y F(n+1)/0 5(m+1,n—m)(z) ( ?) = av

7?) (i1 - iy (4.4)

Jj=m+
_ zn: <n I(n—j+1)aie™ n_j (y —x)ie” (=2 (4.5)
PR I'(n+1) par i
L Ry —a)e
B Pl ily!

(4.4) and (4.5) follows respectively, from (4.1) and (4.2). Using the above expression in (4.3),
We get

n

= Z nz_:j/ﬂo /+OO( —g)nmtilem2g il dx
b= 0 - vy Y iljlm!(n —m — 1)1

j=m~+1 i=0

Simplifying it, we get the required result.

10



Table 1 gives the values of 7(R,,, Ry,) for 1 <m <n=T7.

Table 1: The values of 2048 x 7(R;, R;).

11280 1024 880 784 714 660
2 1408 1168 1024 924 849
3 1488 1264 1124 1024
4 1544 1334 1199
) 1586 1388
6 1619

It is seen from the above table that for fixed i, 7(R;, R;) decreases with j (> i) and for fixed
J, it increases with i (< j). Also for a fixed integer ¢, 7(R;, R;+.) increases with i. It is easy to
see that the conclusions of Theorem 2.1 hold in this case.
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