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Abstract

We formulate the notion of equivariance of an operator with respect to a covariant
representation of a C*-dynamical system. We then use a combinatorial technique used by
the authors earlier in characterizing spectral triples for SU,(2) to investigate equivariant
spectral triples for two classes of spaces: the quantum groups SU,(£+ 1) for £ > 1, and the
odd dimensional quantum spheres S2*! of Vaksman & Soibelman. In the former case, a
precise characterization of the sign and the singular values of an equivariant Dirac operator
acting on the Lo space is obtained. Using this, we then exhibit equivariant Dirac operators
with nontrivial sign on direct sums of multiple copies of the Lo space. In the latter case,
viewing Sg“l as a homogeneous space for SU, (¢ + 1), we give a complete characterization
of equivariant Dirac operators, and also produce an optimal family of spectral triples with

nontrivial K-homology class.
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1 Introduction

Groups have always played a very crucial role in the study of geometry of a space, mainly as
objects that govern the symmetry of the space. One would expect the same in noncommutative
geometry also. Moreover, since one now deals with a larger class of spaces, mainly noncommu-
tative ones, it is natural to expect that one would require a larger class, Hopf algebras or the
quantum groups, to play a similar role. In the classical case, groups which govern symmetry
are themselves nice geometric objects. Here we want to look at quantum groups from the same
angle. In a previous paper ([3]), the authors treated the case of the quantum SU(2) group and
found a family of spectral triples acting on its Lo-space that are equivariant with respect to its
natural (co)action. This family is optimal, in the sense that given any nontrivial equivariant
Dirac operator D acting on the Lo space, there exists a Dirac operator D belonging to this
family such that sign D is a compact perturbation of sign D and there exist reals a and b such
that
|D| < a+b|D|.



A generic triple from this family, that is also a generator of the K-homology group, was
analysed by Connes in [8] where he used the general theory developed by him and Moscovici
([9]) to make elaborate computations and finally ended up with a local index formula. One
beautiful and somewhat surprising observation in his paper was that the description of the
cocycle given by the difference between the character of the triple and the cocycle for which
index formula was given involved the Dedekind eta function. This gave further impetus to the
construction of spectral triples for quantum groups and their homogeneous spaces ([10], [11],
[12], [16]). It should perhaps be pointed out here that the construction by Krédhmer ([16]) is
algebraic in nature and does not address the crucial analytic issues involved in the definition
of a spectral triple. The construction by Hawkins & Landi ([12]) on the other hand does
not deal with equivariance; and more crucially, they restrict themselves to the construction
of bounded Kasparov modules. But in Noncommutative geometry, spectral triples or the
unbounded Kasparov modules are key ingredients, as they work as a looking glass allowing one
to distinguish between continuous and smooth functions.

Our aim in the present paper is to look for higher dimensional counterparts of the spectral
triples found in [3]. We first formulate precisely what one means by an equivariant spectral triple
in a general set up (this is already implicit in [3]) and then study equivariant Dirac operators
for two classes of spaces, both of which can be thaught of as higher dimensional analogues of
SU,(2) which was worked out earlier. First, we analyse equivariant Dirac operators acting on
the Lo-spaces of the groups SU,(¢ 4 1). We derive a precise expression for the singular values
of an equivariant Dirac operator, and show that a Dirac operator with these singular values
will have the correct summability property. We also show that for £ > 1, an equivariant Dirac
operator acting on Ly(G) have to have trivial sign. Thus for ¢ > 1, one would be forced to
bring in multiplicity when looking for equivariant Dirac operators with nontrivial sign. Using
this observation, we then exhibit a family of equivariant Dirac operators acting on direct sums
of multiple copies of the Lo space and having nontrivial sign. Whether these Dirac operators
have nontrivial K-homology class is still not known. In the last section, we take up the odd
dimensional quantum spheres Sg“l. In this case, the outcome turns out to be more satisfactory.
After characterizing the sign and the singular values of Dirac operators on Lo (Sg“l) equivariant
under the action of the group SU,(¢+ 1), we produce, just like in the SU,(2) case, an optimum
family of nontrivial equivariant Dirac operators that are (2¢ + 1)-summable.

The paper is organised as follows. In the next section, we will recall from [2] the combi-
natorial method that was earlier used implicitly in [3] and [4]. In section 3, we formulate the
notion of equivariance. This has been done using the quantum group at the function algebra
level rather than passing on to the quantum universal envelopping algebra level. In section 4,
we briefly recall the quantum group SU,(¢ + 1) and its representation theory. In particular,
we describe a nice basis for the Ly space and study the Clebsch-Gordon coefficients. These are
used in section 5 to describe the action by left multiplication on the Lo space explicitly. In
section 6, we write down the conditions coming from the boundedness of commutators with D.

In sections 7 and 8, we analyze the equivariant Dirac operators for SU,(¢+ 1). First we give a



precise characterization of the singular values in section 7, and then a characterization of the

sign in section 8. In section 9, we deal with the odd dimensional quantum spheres.

2 The general scheme

Let us recall the combinatorial set up from [2].
Suppose H is a Hilbert space, and D is a self-adjoint operator on H with compact resolvent.

Then D admits a spectral resolution ) d,P,, where the d,’s are all distinct and each P,

er
is a finite dimensional projection. Assgme now onward that all the d,’s are nonzero. Let
¢ be a positive real. Let us define a graph G. as follows: take the vertex set V to be I.
Connect two vertices v and 4/ by an edge if |dy — dy/| < c. Let VT = {y €V : d, > 0} and
V- ={y eV :d, <0}. This will give us a partition of V. This partition has the following
important property: there does not exist infinite number of disjoint paths each going from a
point in V't to a point in V. Here disjoint paths mean paths for which the set of vertices of
one does not intersect the set of vertices of the other. This is easy to see, because if there is a
path from v to § and d > 0, ds < 0, then for some « on the path, one must have d, € [—c, ¢].
Since the paths are disjoint, it would contradict the compact resolvent condition. We will call
such a partition a sign-determining partition.
We will use this knowledge about the graph. We start with an equivariant operator that
is self-adjoint and has discrete spectrum. Equivariance will give us an idea about the spectral

resolution ) d,P,. Next we use the action of the algebra elements on the basis elements

er
of H and they boundedness of their commutators with D. This gives certain growth restric-
tions on the d,’s. These will give us some information about the edges in the graph. We
exploit this knowledge to characterize those partitions (V7, V3) of the vertex set that are sign-
determining, i. e. do not admit any infinite ladder. The sign of the operator D must be of
the form Z’YEVl P, — Z’yEVQ P, where (V1,V3) is a sign-determining partition. Of course, for a
given ¢, the graph G. may have no edges, or too few edges (if the singular values of D happen
to grow too fast), in which case, we will be left with too many sign-determining partitions.
Fortunately, the operators we are interested in are meant to be the Dirac operators of some
commutative/noncommutative manifold. Therefore the singular values of D will grow at the
rate of O(nl/ 4) for some d > 1. So one can choose a large enough ¢ and work with the graph
Ge. In other words, we would like to characterize those partitions that are sign-determining for

all sufficiently large values of c.

3 Equivariance

Suppose G is a compact group, quantum or classical, and A is a unital C*-algebra. Assume
that G has an action on A given by 7 : A — A ® C(G), so that (id ® A)r = (7 ®id)r, A

being the coproduct. In other words, we have a C*-dynamical system (A, G, 7). Our goal is



to study spectral triples for A equivariant under this action. Let us first say what we mean by
‘equivariant’ here.

A covariant representation (7,u) of (A, G, T) consists of a unital *-representation 7 : 4 —
L(H), a unitary representation v of G on H, i.e. a unitary element of the multiplier algebra
M(K(H)® C(G)) such that they obey the condition (7 ®id)7(a) = u(r(a) @ I)u* for all a € A.

Definition 3.1 Suppose (A,G,7) is a C*-dynamical system. An operator D acting on a
Hilbert space H is said to be equivariant with respect to a covariant representation (7, u) of

the system if D ® I commutes with u.

Since the operator D is self-adjoint with compact resolvent, it will admit a spectral resolu-
tion ), dyPy, where the d)’s are distinct and each P, is finite dimensional. Also, D has been
assumed to be equivariant — so that the Py’s commute with u (to be precise, the (Py®1)’s do),
i.e. u keeps each P\'H invariant. As G is compact, each P\H will decompose further as &, P, H
such that the restriction of u to each Py, is irreducible. In other words, one can now write D
in the form Zwer d, P, for some index set I' and a family of finite dimensional projections P,
such that each P, commutes with u and the restriction of u to each P, is irreducible.

In this paper, we will deal with two cases, the group in question in both cases will be
G = SUy(¢ 4+ 1). The C*-algebra A on which the group acts will be C(SU,(¢ + 1)) in one
case and C (Sg“l) in the other. Let us discuss the first case a little here. The action 7 here
will be the natural action coming from the coproduct, H is Lo(G), 7 is the representation
of A= C(SUy(¢ + 1)) on 'H by left multiplication, and u is the right regular representation.
Structure of the regular representation of a compact (quantum) group along with the remarks
made above tell us the following. Let A be the set of unitary irreducible representation-types
for G. Then 'H decomposes as @ caAH ), where the restriction of u to H) is equivalent to dim A
copies of the irreducible A, and also that D respects this decomposition. Further, restriction of
D to H) is of the form ) 4 dxu Py, v commutes with each of these Py,’s, and the restriction
of u to Py, /H is equivalent to A. Let N) be any set with [Ny| = dim A. One can then choose an
orthonormal basis {e?j :4,j € Ny} such that the spaces Py,H are precisely span{ef‘j :j € Na}
for distinct values of i € Ny. Since D is of the form ), Zu dxu Py, in this system of bases, D
will look like ef‘j — d(\, i)ef‘j. In what follows, we will make a special choice of Ny, which will

make the combinatorial analysis very convenient.

4 Preliminaries on SU,({+ 1)

Let g be a complex simple Lie algebra of rank £. let ((a;;)) be the associated Cartan matrix,
q be a real number lying in the interval (0,1) and let ¢; = ¢\ @:21)/2 where s are the simple
roots of g. Then the quantised universal envelopping algebra (QUEA) U,(g) is the algebra
generated by E;, F;, K; and K, 1 i=1,...,¢, satisfying the following relations

KZ'K]' = KjKZ', KZ'KZ._I = [(—7'_1[{Z =1,



1. D
KB K =2 E;, KFK ™' =q *F,

K2 _ K2
EiFj — F;E; = 0jj ————1,
qi — q;
1—a;; 1
r=0 qi
l—ai]-

1—a;; —ai—
(—1>7"< r%> FTTRF =0 Vi
qi

r=0

where (:‘)q denote the g-binomial coefficients. Hopf *-structure comes from the following maps:
AK)=K oK, AK"Y=K'eK",
AE)=E®K +K '®9F, AF)=FoK +K '&F,
€(Ki) =1, e(E;)=0=eF),
S(K;) =K', S(E)=-qE;, S(F)=-q'F,

K;=K;, Ef=-q'F, F/=—qE;.

(A I A
In the type A case, the associated Cartan matrix is given by
2 if i =3,
Qi3 = —1 le:]il,

0 otherwise,

and (o, ;) = 2 so that ¢; = ¢ for all i. The QUEA in this case is denoted by uq(su(¢ + 1)).

Take the collection of matrix entries of all finite-dimensional unitarizable wuq(su(¢ + 1))-
modules. The algebra generated by these gets a natural Hopf*-structure as the dual of uq(su(¢+
1)). One can also put a natural C*-norm on this. Upon completion with respect to this norm,
one gets a unital C*-algebra that plays the role of the algebra of continuous functions on
SUq(€ + 1). For a detailed account of this, refer to chapter 3, [15]. In [21], Woronowicz gave a
different description of this C*-algebra. which was later shown by Rosso ([19]) to be equivalent
to the earlier one.

For remainder of this article, we will take G to be SU,(¢ +1) and A will be the C*-algebra

of continuous functions on G.

Gelfand-Tsetlin tableaux. Irreducible unitary representations of the group SU,(¢ + 1) are
indexed by Young tableaux A = (A1,...,\¢y1), where \;’s are nonnegative integers, Ay > Ay >
... > X411 (Theorem 1.5, [21]). Write H) for the Hilbert space where the irreducible A\ acts.

There are various ways of indexing the basis elements of H). The one we will use is due to



Gelfand and Tsetlin. According to their prescription, basis elements for H) are parametrized

by arrays of the form

11 2 0 Tig Tig41
21 T2 v T2y
r= )
Te1  Te2
Te41,1
where 7;;’s are integers satisfying r1; = A; for j = 1,..., 0+ 1, ;5 > 7ri415 > 15541 > 0 for

all 4, j. Such arrays are known as Gelfand-Tsetlin tableaux, to be abreviated as GT tableaux
for the rest of this section. For a GT tableaux r, the symbol r;. will denote its ith row. It
is well-known that two representations indexed respectively by A and ) are equivalent if and
only if A\; — )\;- is independent of j ([21]). Thus one gets an equivalence relation on the set of
Young tableaux {A = (A1,..., A1) : At > A2 > ... > Ayq, Aj € N} This, in turn, induces an
equivalence relation on the set of all GT tableaux I' = {r : rij € Nyryj > rigqj > r¢7j+1}: one
says r and s are equivalent if r;; — s;; is independent of ¢ and j. By I' we will mean the above
set modulo this equivalence.

We will denote by u* the irreducible unitary indexed by A, {e(\,r) : r1. = A} will denote
an orthonormal basis for H, and uy will stand for the matrix entries of u* in this basis. The
symbol 1 will denote the Young tableaux (1,0,...,0). We will often omit the symbol 1 and
just write u in order to denote u". Notice that any GT tableaux r with first row 1 must be,
for some i € {1,2,...,¢+ 1}, of the form (r4), where

1 fl<a<iandb=1,
fab = {0 otherwise.
Thus such a GT tableaux is uniquely determined by the integer . We will write just ¢ for this
GT tableaux r. Thus for example, a typical matrix entry of u! will be written simply as U

Let r = (rq) be a GT tableaux. Let Hyp(r) := 7q41p — Tap+1 and Vip(r) := rep — Tag1,6-
An element r of I' is completely specified by the following differences
Vir(r)  Hi(r) Hio(r) -+ Hyga(r) Hygr)

D(r) = Voi(r)  Hy(r) Ho(r) -+ Hypi(r)
Via(r) Hga(r)

The differences satisfy the following inequalities

b b
D Happr1(r) < Vap1a(r) + Y Hopyrpa(r), 1<a<l 0<b<a-—L (4.1)
k=0 k=0
Conversely, if one has an array of the form
Vii Huy Hyp -+ Hyg1 Hyy
Vor Hor Hap -+ Hpy g
Via Hia

)



where V;;’s and H;;’s are in N and obey the inequalities (4.1), then the above array is of the
form D(r) for some GT tableaux r. Thus the quantities V,; and Hg, give a coordinate system
for elements in I'. The following diagram explains this new coordinate system. The hollow
circles stand for the r;;’s. The entries are decreasing along the direction of the arrows, and

the V;;’s and the H;;’s are the difference between the two endpoints of the corresponding arrows.

JE— .
o o o o
Vi1
Hi, Hio His
7 o e} e}
Va1
v O— >0
V31
Hszy
o

Clebsch-Gordon coefficients. Look at the representation v @ u* acting on Hy ® Hy. The
representation decomposes as a direct sum &, u”, i.e. one has a corresponding decomposition
@, H, of Hy ® Hy. Thus one has two orthonormal bases {e5} and {e} ® e}}. The Clebsch-
Gordon coefficient C, (1L, \, 14, 1, s) is defined to be the inner product (e, el ® e2). Since 1, A
and u are just the first rows of 4, r and s respectively, we will often denote the above quantity
just by Cy(i,r,s).

Next, we will compute the quantities Cy(i,r,s). We will use the calculations given in ([14],
pp. 220), keeping in mind that for our case (i.e. for SU,(¢ + 1)), the top right entry of the GT
tableaux is zero.

Let M = (my,ma,...,m;) € N be such that 1 < m; < ¢+ 2 — j. Denote by M(r) the
tableaux s defined by

rie+1 ifk=m; 1<j<i,
sij{]k ’ ’ (4.2)

Tk otherwise.

With this notation, observe now that Cy(i,r,s) will be zero unless s is M (r) for some M € N°.
(One has to keep in mind though that not all tableaux of the form M (r) is a valid GT tableaux)

From ([14], pp. 220), we have
ro + €m, " (1,0) r; ri + em,
Tog+1- + €mat1 (0, 0) riy1. rit1. 7

(4.3)

a1 (1,0) ra+1.

i—1
Cyli,r, M(r)) = H < (1,0) r,




where e, stands for a vector (in the appropriate space) whose Eth coordinate is 1 and the rest

are all zero, and

2 0+2 .
(1’0) Ta re + €j = g —Taj+Tat1,k—k+] % Ha [ral Tatlk — 0 + k]q
(1,0) roi1. | rogr1. +ex o rai —Trag— i+l
i#j
l+1—a . .
e -1
% H Ta-‘rlz Ta,] _Z+] _]q , (44)
Ta-i—l i — Tatrlk — ¢+ k 1]q
z?ﬁk
(].7 0) I, rg. + ej 2 <1 ]+ZZ+1 “r +1,i ZZ:EQ “r )
= q )
(0,0) roq1 Tat1-

Hf—:i_%_a[ra-i-l,i —Tej—i+j—1]g

Héij “rai = raj — i+ jlg
i#]j

; (4.5)

where for an integer n, [n], denotes the g-number (¢" —¢~")/(q — ¢~ 1). After some lengthy

but straightforward computations, we get the following two equations:

(1,0) r, re +é€; _ A (4.6)

(1,0) rep1. | rop1 +ep 7 .
(1L,0) o xate; Nl pis (4.7)
(0,0) ror1 | Tay1. ,

where

Y arrp = 7rap) + (Farignk —ragur) ifj#FK,
JAk<b<jVk
0 if j = k.

= Z (ra—i-l,b - ra,b—i—l) +2 Z (ra,b - ra—i—l,b)

FAE<b<jVE k<b<j

= Y Ha@)+2 ) Val). (4.8)

FAR<b<jVk k<b<j

B = Z Hep(r), (4.9)

j<b<t4+2—a
and A’ and B’ both lie between two positive constants independent of r, a, j and k (Here and
elsewhere in this paper, an empty summation would always mean zero).

Combining these, one gets

Cyliyx, M(x)) = P - g€, (4.10)
where
1—1
Z r, M Z Z Hllb(r) +2 Z Vab(r) + Z Hz-b(r),
a=1 \mgAmg4+1<b<meVmeg41 Ma+1<b<mg m; <b<fl+42—1i
(4.11)

and P lies between two positive constants that are independent of 4, r and M.



Remark 4.1 The formulae (4.4) and (4.5) are obtained from equations (45) and (46), page
220, [14] by replacing ¢ with ¢~!. Equation (45) is a special case of the more general formula
(48), page 221, [14]. However, there is a small error in equation (48) there. The correct form
can be found in equations (3.1, 3.2a, 3.2b) in [1]. That correction has been incorporated in
equations (4.4) and (4.5) here.

5 Left multiplication operators

The matrix entries u form a complete orthogonal set of vectors in Ly(G). Write e}y for

1 )\
™

||l Then the e)‘ ’s form a complete orthonormal basis for Ly(G). Let m denote the

representation of A on Lo(G) by left multiplications. We will now derive an expression for

m(uij)ers
From the definition of matrix entries and that of the CG coefficients, one gets
upe pv z:uste P S 7 (51)
e(,m) =Y Co(j,s,m)e(ll, §) ® e(A,s). (5.2)
j?s

Apply u ® u* on both sides and note that u @ u* acts on e(u,n) as ut:
Zu“ e(p ZZC 3,8, n)uzjupse(1, ) @ e(\, r). (5.3)
m j,s ir
Next, use (5.2) to expand e(u, m) on the left hand side to get
Z i Cq(i,r,m)e(1l,7) ZZC g8, n)uijupse(1, ) @ e(A, r). (5.4)
i,r,m Js ir

Equating coefficients, one gets

ZC’ (¢,r,m)ubt ZC 3,8, ) Ui U (5.5)
m
Now using orthogonality of the matrix (Cy(1L, )\, 145 358, 1)) (1in), (j,s)» W€ Obtain
iU Z Cqy(i,r,m)Cy(j,s,n)uly,. (5.6)
H,m,n

From ([14], pp. 441), one has [Jupy|| = d, 2 —¥() | where

¢ 1 041 6420
R LD 3D IS S
1=2 j=1 riri=>X
Therefore
11
m(uig)ems = Y Co(I,A, 5,1, m)Cy (1, A, 5 j,8,m)dF dy, 2 q? v 0mele - (5.7)
f,m n
Write
L1
k(r,m) =did, 2 q¥(r)—¥(m), (5.8)



Lemma 5.1 There exist constants Ko > K; > 0 such that K1 < k(r,M(r)) < Ky for all r.

Proof: Observe that ([5], pp-365)

1<i<j<e+1 =g
Therefore one gets

dy _ [)\k—)\j—l-j—k‘]q « [)\Z‘—)\k—l-k‘—i]q
e —Nj+j—k+1], Ni— M+ k—i—1],

d
AMer e id<k[

There are ¢ terms in the above product, and each term lies between two positive quantities
that depend just on ¢. Next, we have

I+1 L+1 0421

14
=St 5
j=1 =2 j=1
It follows from this that ¢ (r) — ¢)(m) is bounded. Therefore the result follows. O

6 Boundedness of commutators

Let D be an equivariant Dirac operator acting on Lo(G). It follows from the discussion in

section 3 that D must be of the form
e d(r)eﬁs, (6.1)

rs

(Here, for a Young tableaux A, N, is the set of all GT tableaux, modulo the appropriate

equivalence relation, with top row A). Then we have
(D, 7 (uig)eds = S (d(m) — d(r))Cy (1A, 15,7, m)Cy (1, A, o5, 0)i(r, m)elsy. (6.2)
Therefore the condition for boundedness of commutators reads as follows:
[(d(m) = d(r))Cq(1, A, 34,0, m)Cq (1L, A, 15 j, 8, m)k(r, m)| < ¢, (6.3)

where c is independent of ¢, j, A\, u, r, s, m and n.

Using lemma 5.1, we get
[(d(m) — d(x))Cy(1, A, 53,1, m)Cy (1, A, 15 o, )] < c. (6.4)
Choosing j, s and n suitably, one can ensure that (6.4) implies the following:
|(d(m) = d(r))Cq (1L, A, p; 7,7, m)| < c. (6.5)

It follows from (6.2) that this condition is also sufficient for the boundedness of the commutators
[D, uz-j] .

10



From (4.10), one gets
jd(r) = d(M(x))] < cq~ O, (6.6)

Let us next form a graph G. as described in section 1 by connecting two elements r and
v’ if |d(r) — d(r")] < ¢. We will assume the existence of a partition (I'",T'7) that does not
admit any infinite ladder. For any subset F of ', we will denote by F* the sets F N I'*. Our
next job is to study this graph in more detail using the boundedness conditions above. Let us
start with a few definitions and notations. By an elementary move, we will mean a map M
from some subset of I to I" such that v and M(y) are connected by an edge. A move will
mean a composition of a finite number of elementary moves. If M; and Ms are two moves,
My Ms and MsM; will in general be different. For a family of moves My, M, ..., M,, we will
denote by E;zl M; the move MM, ... M,, and by Z;’:l M, 41— the move M, ... MyM;. For
a nonnegative integer n and a move M, we will denote by nM the move obtained by applying
M successively n times. Of special interest to us will be moves of the form M : r +— s, where s
is given by (4.2). We will use the vector (my,...,my) to denote M. The following families of

moves will be particularly useful to us:

My, = (i,i—1,...,i—k+1)eN  Nyp=(+1,...,i41,i,...,i) e N+>"7
~———
k

For describing a path in our graph, we will often use phrases like ‘apply the move Z§:1 M; to
go from r to s’. This will refer to the path given by

(r, My (r), Myt My(x), ..., MyMs ... My(r) = s).
The following lemma will be very useful in the next two sections.
Lemma 6.1 Let N, and M;, be the moves defined above. Then
1. ]d(r) = d(Njo(r))] <,

2. |d(r) — d(M(r))| < cq™ Seci Hajit1—a=4—; Hepri—1 | I, particular, if Hy it1-q(r) =0 for
1<a<k—1and Hypyr—1(r) =0 fori <b < L, then |d(r) — d(M;x(r))| < c.

Proof: Direct consequence of (6.6). O

7 Characterization of |D)|

In this section and the next, we will use lemma 6.1 to prove a characterization theorem for
the sign of the operator D. Along the way, we will also give a very precise description of the
singular values of D. The main ingredients in the proof are the finiteness of exactly one of the
sets F'* and F'~ for appropriately chosen subsets ' of I'. General form of the argument for
proving this will be as follows: for a carefully chosen coordinate C' (in the present case, C' would

be one of the V,1’s or Hyy's), a sweepout argument will show that any v can be connected by

11



a path, throughout which C(-) remains constant, to another point 4" for which C(y') = C(y)
and all other coordinates of 4/ are zero. This would help connect any two points v and &
by a path such that C(-) would lie between C(vy) and C(J) on the path. This would finally
result in the finiteness of at least one (and hence exactly one) of C'(F*) and C(F~). Next,
assuming one of these, say C'(F ™) is finite, one shows that for any other coordinate C’, C'(F ™)
is also finite. This is done as follows. If C’(F ) is infinite, one chooses elements y,, € F~ with
C'(yn) < C'(yn41) for all n. Now starting at each y,, produce paths keeping the C’-coordinate
constant and taking the C-coordinate above the plane C(-) = K, where C(F~) C [—K, K].

This will produce an infinite ladder. The argument is explained in the following diagram.

C

x] )

Y3

all other
coordinates

Our next job is to define an important class of subsets of I'. Observe that lemma 6.1 tells
us that for any r and any j, the points r and Njo(r) are connected by an edge, whenever Njo(r)
is a GT tableaux. Let r be an element of I'. Define the free plane passing through r to be
the minimal subset of I' that contains r and is closed under application of the moves N;o. We

will denote this set by .%,. The following is an easy consequence of this definition.

Lemma 7.1 Letr and s be two GT tableauz. Then s € Zy if and only if Vo1(r) = Vo 1(s) for
all a and for each b, the difference Hgp(r) — Hqp(s) is independent of a.

Corollary 7.2 Letr,s € I'. Then either % = Fs or Fr N Fs = ¢.

Let r € I'. For 1 < j < ¢+ 1, define a; to be an integer such that H,; j(r) = min; H;;(r).
Note three things here:
1. definition of a; depends on r,

2. for a given j and given r, a; need not be unique, and

12



3. if s € F;, then for each j, the set of k’s for which Hy;(s) = min; H;;(s) is same as the set
of all k’s for which Hy;(r) = min; H;;(r). Therefore, the a;’s can be chosen in a manner such

that they remain the same for all elements lying on a given free plane.
Lemma 7.3 Lets € %.. Let s’ be another GT tableauz given by
Va1(s') = Vai(s) and Hyi(s') = Hai(s) for all a,  Hyg, 5(s’) =0 for all b > 1,

where the a;j’s are as defined above. Then there is a path in F, from s to s’ such that Hyi(-)

remains constant throughout this path.

Proof: Apply the move 2522 (Zgig_b H,, j (s)) Nets—po- O
The following diagram will help explain the steps involved in the above proof in the case

where r is the constant tableaux.

© © ©
0Oa b . c d 0a 0 btc . d 0Oa 0 0 bt+c+d
S ©  (b+e)Nao e
0a b c - 0a 0 bic - 0a 0 O
.6 ‘ S
0a b 0a 0 0a 0
0a 0 a 0 a

(b+c+d)Nso
- a 0 O
0a 0
0 a

A dotted line joining two circled dots signifies a move that increases the r;;’s lying on the
dotted line by one. Where there is one circled dot and no dotted line, it means one applies the

move that raises the r;; corresponding to the circled dot by one.

Proposition 7.4 Letr be a GT tableauz. Then either F is finite or F,

. . 1s finite.

Proof: Suppose, if possible, both Hy1(.#;") and Hyy (%, ) are infinite. Then there exist two
sequences of elements r,, and s, with r, € Z," and s,, € .Z,", such that
Hll(rl) < Hll(sl) < Hll(rg) < Hll(Sg) < .-

Now starting from r,,, employ the forgoing lemma to reach a point r/, € %, for which

Va1 (r},) = Vaa(ry) and Hyy(r)) = Hai(ry) for all a,  Hg, p(r),) =0 for all b > 1.

13



Similarly, start at s,, and go to a point s/, € %, for which
Vai(sy,) = Vai(sy) and Hyi(s),) = Hai(sy,) for all a,  Hy, p(s],) = 0 for all b > 1.

Now use the move Nyg to get to s], from r/,. The paths thus constructed are all disjoint, because
for the path from r, to s,, the Hq; coordinate lies between Hii(r;,,) and Hi1(sy,). This means
(Z,F,.7,7) admits an infinite ladder. So one of the sets Hy1(#,") and Hy1 (%, ) must be finite.
Let us assume that Hqq (%, ) is finite.

Let us next show that for any b > 1, H, (%, ) is finite. Let K be an integer such that
Hyi(s) < K for all s € . If Hy, (%, ) was infinite, there would exist elements r,, € .%_ such
that

Hab(rl) < Hab(rg) < .-l

Now start at r, and employ the move Ny successively K times to reach a point in Z =
Fr\Z, . These paths will all be disjoint, as throughout the path, H,, remains fixed.
Since the coordinates (H11, Hi2, ..., H; ) completely specify a point in .7, it follows that

Z .~ is finite. O

r

Next we need a set that can be used for a proper indexing of the free planes. Such a set

will be called a complementary axis.
Definition 7.5 A subset € of I is called a complementary axis if
1. UpegFr =T,
2. ifr,s € ¢, and r # s, then %, and % are disjoint.
Let us next give a choice of a complementary axis.
Theorem 7.6 Define
€ ={rel T PH,(r) =0 for 1 <b< 1)
The set € defined above is a complementary axis.

Proof: Let s € T'. A sweepout argument almost identical to that used in lemma 7.3 (application

]:
Hg,p(s’) =0 for 1 < b < /¢ by a path that lies entirely on .%s. Clearly, s’ € €. Since s’ € F,

by corollary 7.2, s € Zg.

of the move Zizl (Z“%_b H,, ,j(s)) Niyo-po ) will connect s to another element s’ for which

It remains to show that if r and s are two distinct elements of ¢, then s ¢ .%,.. Since r # s,
there exist two integers a and b, 1 < b < /¢ and 1 < a < ¢+ 2— b, such that Hg(r) # Hgp(s).
Observe that Hiy(-) must be zero for both, as they are members of ¥. So b can not be ¢
here. Next we will produce two integers ¢ and j such that the differences H;p(r) — H;p(s) and
Hjy(r) — Hjp(s) are distinct. If there is an integer &k for which Hy(r) = Hyp(s) = 0, then take
i = a, j = k. If not, there would exist two integers ¢ and j such that H;(r) = 0, Hy(s) > 0
and Hj(r) > 0, Hj(s) = 0. Take these i and j. Since Hy(r) — Hy(s) and Hjp(r) — Hjp(s) are

distinct, by lemma 7.1, r and s can not lie on the same free plane. O
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Lemma 7.7 Letr be a GT tableauz. Let s be the GT tableauzr defined by the prescription
Vai(s) = Vai(r) for all a,  Hgp(s) = Hap(r) for all a > 2, for allb, Hyp(s) =0 for all b.

Then there is a path from r to s such that Va1(-) remains constant throughout the path.

)4

Proof: Apply the move ZHl,b(r)MbHJ. O
b=1

The above lemma is actually the first step in the following slightly more general sweepout

algorithm.

Lemma 7.8 Letr be a GT tableauz. Let s be the GT tableauz defined by the prescription
Vii(s) = Vii(r), Va(s) =0 for alla>1, Hg(s) =0 for all a,b.

Then there is a path from r to s such that V11(-) remains constant throughout the path.

Proof: Apply successively the moves

¢ -1
> Hip(t)Mysry, Y Hop(t) Moo, .., Hea(r)Mesy,
b=1 b—1
followed by
¢
Vor(r)Mss,  (Vai(r) + Vai(r)) Maa, ..., (Z Val(r)> Mota,041. (7.1)
a=2

|

The following diagram will help explain the procedure described above in a simple case.

® . . ® . . ® . . . . 0
* K * * My, * K * 0 M3 * ok 0 0 Moy * 0 0 0
* * ok * * * * % * * *x
* * * * * ok * *
. SO . . . ® . - ®
My *x0 0 0 M3z *0 0 O Mys *0 0O 0
. 0 * 0 0 * 0 0
. ® ® .
* % * * 0
. ® . .
Mas 0 0 0 My *0 0 0
00 0 00 0
* 0 00
® .
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Corollary 7.9 |d(r)| = O(r11).

Proof: If one employs the sequence of moves

¢
Vii(r) Mo,  (Vii(r) + Vai(r))Mss, ..., (ZVal(I‘)) Myi1,041
a=1

instead of the sequence given in (7.1), one would reach the constant (or zero) tableaux. Total

length of this path from r to the zero tableaux is

which can easily be shown to be bounded by #rq;. O

Theorem 7.10 Let D be the following operator:

D: 6?75 — 7’1163,5 (7.2)

Then (.A,H,ﬁ) is an equivariant £(¢ + 2)-summable odd spectral triple.

Moreover, if D is any equivariant Dirac operator acting on the Lo space of SUy(£+1), then
there exist positive reals a and b such that |D| < a+bD. In particular, D cannot be p-summable
forp < L({+2).

Proof: Boundedness of commutators with algebra elements follow from the observation that
|d(r) —d(M(r)| <1 and hence equation (6.5) is satisfied.

Observe that the number of Young tableux A = (Aq,..., A\, Apg1) with n = A > Ao >
...)\gZ)\g_H =0is

n i ig—2

Z Z Z 1 = polynomial in n of degree £ — 1.

i1=042=0  ip_1=0
Thus the number of such Young tableaux is O(n‘~1).
Next, let A:m =X > Ay > ... > Ay > 0 be an Young tableaux, and let V) be the space

carrying the irreducible representation parametrized by A. Then

A — N\ (A1 = A | — 1
amvy, = ] QemAem)te Qo d)rio
Sy j—i

1<i<j<t+1

. H )\Z'—>\j+j—’i
1<i<j<t+1 J=

< (n+1)z(z;-1).

Thus the dimension of an irreducible representation corresponding to a Young tableaux

n=MAM2>X>... 2Ny =0

16



is O(née(“l)).
Using the two observations above, one can now show that the summability of D is 0(L+2).

Optimality of D follows from corollary 7.9. |

One should note, however, that the D defined above has trivial sign, and consequently

trivial K-homology class.

Lemma 7.11 Let D be an equivariant Dirac operator on Lo(G)® C™. Then there are positive
reals a,b such that |D| < a +b|D ® I|.

Proof: Let D be an equivariant Dirac operator on Lo(G) ® C™. Then D must be of the
form ep s ® v = ep s @ T'(r)v where T'(r) are self-adjoint operators acting on C™. The growth
conditions coming out of the boundedness of the commutators will now be exactly as in (6.6),
with the scalars d(-) replaced by operators T'(-) and absolute value replaced by operator norm.
If we now form a graph by joining two vertices r and s whenever || T(r) — T(s)|| < ¢, then
exactly as in the proof of corollary 7.9, one can show that any point r can be connected to the
zero tableaux by a path of length O(r11). This implies that there are positive reals a and b

such that |T'(r)| < a 4 br1;. The assertion in the lemma now follows from this. O

8 Characterization of sign D

We continue our analysis of the growth conditions on the d(r)’s in this section in order to come

up with a complete characterization of the sign of D.
Lemma 8.1 The sets Vi1(I') and Vi1(T'™) can not both be infinite.

Proof: If both the sets are infinite, then one can choose two sequences of points r,, and s,, such
that r, € I'", s, € I'" and

Vll(rl) < Vll(Sl) < Vll(rg) < Vll(Sg) < ....

Start at r,, and use lemma 7.8 above to reach a point r/, for which Vi1(r],) = Vi1(r,) and all
other coordinates are zero through a path where the V11 coordinate remains constant. Similarly,
from s,, go to a point s, for which Vi1(s],) = Vii(sy) and all other coordinates are zero. Now
apply the move (Vi1(s,,) — Vi1(ry,))M11 to go from r/, to s],. This will give us a path p, from
r, to s, on which V3;(-) remains between Vi1(r,) and Vi1(s,). Therefore all the paths p,, are
disjoint. Thus (I'",T'") admits an infinite ladder. So at least one of V11 (I't) and V41 (I'") must
be finite. O

Lemma 8.2 Let C be any of the coordinates Vg1 or Hy, where a > 1. If Vi1(I'7) is finite, then
C (™) is also finite.
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Proof: Assume K is a positive integer such that V11(I'") C [0, K]. Now suppose, if possible,
that C'(I'") is infinite. Let r,, be a sequence of points in I'™ such that

O(I‘l) < C(I‘g) < ....

Start at r,, and use lemma 7.7 to reach a point r/, and then apply Mi; for K + 1 times to get
to a point s, for which Vj1(s,) > K. Throughout this path, C'(-) is constant, so that the paths
are all disjoint. Since Vi1(s,) > K, we have s, € I'". Thus this gives us an infinite ladder for
('Y, T'7), which is impossible. O

Lemma 8.3 Suppose Hy1y(F') is bounded. If V11(I'™) is finite, then F~ is finite.

Proof: The previous lemma, along with the assumption here tells us that the sets V1 (F ) and
Hgp41-q(F7) are all bounded for 1 < a < ¢. Since for an r € V, one has 71 = Zi:l Var(r) +
Zﬁ:l Hg41-4(r), the set {ri1 : v € F~} is bounded. It follows that F'~ is finite. O

Corollary 8.4 If V11(I'7) is finite, then €~ is finite.

Proof : Follows from the observation that Hy,(r) =0 for all r € % O

A similar argument will tell us that if V31 (I'") is finite, then €t is finite. Thus from lemma 8.1,
it follows that either €t or ¢~ is finite.

Theorem 8.5 Let D be an equivariant Dirac operator on Lo(SU,(¢ + 1)). Then sign D must
be of the form 2P — I or I — 2P where P is, up to a compact perturbation, the projection
onto the closed span of {ef),S i r € Fy, for some i}, with r1,...,r being a finite collection of
GT-tableaux.

Proof: Let €' ={r € € : F # ¢ # F; }. Let us first show that ¢” is finite, i.e. except for
finitely many r’s in €, one has either .%, C ' or .%, C I'". It follows from the argument used
in the proof of theorem 7.6 that any two points on a free plane can be connected by a path
lying entirely on the plane. If ¢’ is infinite, one can easily produce an infinite ladder using this
fact.

Thus there are only finitely many free planes %, for which both .# and .%, are nonempty.
Since we already know that for every r, either .Z or .%, is finite, it follows that by applying
a compact perturbation, one can ensure that for every r, exactly one of the sets .Z, and .#
is empty. This, along with the observations that ¢ N %, = {r} and that either € or ¢~ is

finite gives us the required conclusion. O

As a consequence of this sign characterization, we now get the following theorem.

Theorem 8.6 Let ¢ > 1. Let D be an equivariant Dirac operator acting on Lo(G). Then D

must have trivial sign.

18



Proof: We will show that if P is as in the earlier theorem, then the commutators [P, m(u;;)]
can not all be compact.
Let us first prove it in the case when P is the projection onto the span of {eys : r € Fy},

where % is the free plane passing through the constant tableaux. We have

Pr(uij)ers if r € %,
(P —I)m(uij)ers ifre Py

[P’ﬂ-(uij)]ers = {
Recall (section 5) the expression for m(u;;)eys:

m(uislers = Y Coli,r, R(r)Cq(j s, S(5)k(r, R(r))er(s(s) -

ReN?, SeNJ
R(1)=5(1)
Hence for r € %,
[Pvﬂ-(uij)]ers = (P_I)ﬂ-(uij)ers
= — Y Cylir, R(x)Cy,s, S(s)k(r, R(Y))er).s(s)-
ReNt, SeNJ

R(1)=S(1),R#N;
In particular, for i = j = 1, one gets

l
[P7 7T(ull)]ers = = Z CQ(17 r, Mkl (r))CQ(L S, Mkl (S))k(r7 Mkl (r))eMkl(r),Mkl(s)-
k=1
Now suppose r € % satisfies

rie=0=ros=r1441. (8.1)

Then
(€ (0),Mor (v [P (1) exe) = —Cy(1,1, M (r))*k(r, My (r)).

It follows from (4.10) and (4.11) that Cy(1,r, My (r)) is bounded away from zero, so long as r
obeys (8.1). We have also seen (lemma 5.1) that k(r, My (r)) is bounded away from zero. Now
it is easy to see that if £ > 1, then there are infinitely many choices of r satisfying (8.1) such
that they all lie in .%y. Therefore [P, 7(u11)] is not compact.

For more general P (as in the previous theorem), the idea would be similar, but this time
one has to get hold of a positive integer n such that for any r € Uleﬁ}i, nMy (r) & Uleﬁ}i,
and then compute (€, az,, (r)nMp (r)s (P — D)7 (u11)"err)- O

As mentioned in the introduction, the above theorem in particular says that in order to get
equivariant Dirac operators with nontrivial sign for for £ > 1, one needs to bring in multiplici-
ties. We will see below that if one takes the tensor product of Lo(G) with a suitable space, it

is possible to produce such operators.
Theorem 8.7 Let D be as in theorem 7.10 and let N; be the following operators on La(G):
Nz’er,s = fz'(r)er,57
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where fi(r) = min{H,(r) : 1 <a <{l+1—i}. Let y1,72,...,ve+1 be £+ 1 spin matrices acting
on C™. Define an operator D on La(G) @ C™ as follows:

14

DZZNz@%‘JrE@WH-
=1

Then (Lo(G) @ C™,m @ I, D) is an equivariant £({ + 2)-summable spectral triple.
Moreover, the operator D is optimal, in the following sense: given any equivariant Dirac
operator D' on La(G) @ C™ there are positive reals a,b such that |D'| < a + b|D].

Proof: Compact resolvent condition and summability of D follow from the fact that the oper-

ator |D| is given by |D|er s = Arer s, where the singular values A, obey the inequality
ri1 <A < Krpp

for some constant K that depends only on ¢. Boundedness of commutators follow from the
boundedness of commutators of the N;’s and D with the algebra elements, which is clear from
condition (6.6).

Observe that D @ I < |D|. Therefore optimality follows from lemma 7.11. O

Remark 8.8 Let XA/Z-l and PAIij denote the following operators on Lo(G):

~

Viters = Vir(r)ers, Hijers = Hij(r)ers, i+7 <0+ 1.

Suppose now that v1,72,...,%(¢43)/2 be spin matrices acting on some space C™, and Dy, for
1<k < @ are the operators 171'1 and f[z-j in some order. Now define D on Ly(G) ® C™ to

be the operator
D= Z Dy ® .

Then this operator D also enjoys all the features described in the above theorem.

9 The odd dimensional quantum spheres

In this section, we will use the combinatorial technique and the calculations done in the earlier
sections to investigate equivariant Dirac operators for all the odd dimensional quantum spheres
Sg“l of Vaksman & Soibelman ([20]). In what follows, we will write G for SU,(¢ + 1) and H
for SU,(L).

The C*-algebra C (Sg“l) of the quantum sphere Sg“l is the universal C*-algebra generated

by elements z1, zo, ..., zp+1 satisfying the following relations (see [13]):
Zizj = qzj%, 1<j<i<l+1,
zizy = qzi %, 1<i#j</tl+1,
ziz;k—zfzi+(1—q2)22kzz = 0, 1<i</l+1,
k>1
/41

E zizi = 1.
i=1
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Just like their classical counterparts, these spheres can be viewed as quotient spaces of the

quantum groups SU, (¢ + 1), i. e.
C(S21) = C(G\H) = {a € C(G) : (p ® id)A(a) = [ ® a}, (9.2)

where ¢ is a C*-homomorphism from C(G) onto C(H) that preserves the comultiplication,
that is, it satisfies A¢ = (¢ ® ¢)A, where the A on the right hand side is the comultiplication
for G and the A on the left hand side stands for the comultiplication for H. (For a formulation
of quotient spaces etc. in the context of compact quantum groups, see [18])

The group G has a canonical right action 7 : C(G\H) — C(G\H) ® C(G) coming from the
comultiplication A (i. e. 7 is just the restriction of A to C(G\H)). Let p denote the restriction
of the Haar state on C'(G) to C(G\H). Then clearly one has (p®id)7r(a) = p(a)l, which means
p is the invariant state for C(G\H). This also means that Ly(G\H) = Ly(p) is just the closure
of C(G\H) in Ls(G).

Proposition 9.1 Assume ¢ > 1. The right reqular representation u of G keeps Lo(G\H)
invariant, and the restriction of u to Lo(G\H) decomposes as a direct sum of exactly one
copy of each of the irreducibles given by the young tableaux A, = (n+ k, k. k, ..., k,0), with
n,k € N.

Proof: Write o for the composition hy o ¢ where hy is the Haar state for H. From the
description of C(G\H) above, it follows that

C(G\H) = {aeC(G):(c®id)A(a) =a}
{(c @ id)A(a) : a € C(GQ)}.

Now the map a — o xa := (0 ® id)A(a) on C(G) extends to a bounded linear operator L, on
Ly(G) (lemma 3.1, [17]), and it is easy to see that L2 = L,. It follows then that Lo(G\H) =
ker(L, — I) = ran L,. From the discussion preceeding theorem 3.3, [17], it now follows that
u keeps Lo(G\H) invariant and in fact the restriction of u to Lo(G\H) is the representation
induced by the trivial repersentation of H. From the analogue of Frobenius reciprocity theorem
for compact quantum groups (theorem 3.3, [17]) it now follows that the multiplicity of any
irreducible u* in it would be same as the multiplicity of the trivial representation of H in
the restriction of u* to H. But from the representation theory of SU,(¢ + 1), we know that
the restriction of u* to SU4(¢) decomposes into a direct sum of one copy of each irreducible
po (> pe > ... > ) of SUL(L) for which

M2 > >pe> o> N2>y > 0. (9.3)

Now the trivial representation of SU,(¢) is indexed by Young tableaux of the form p : (k, k, ... k)
where k € N. But such a p will obey the restriction 9.3 above if and only if A is of the form
(n+k,kk,... k0). O
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Remark 9.2 For the case ¢ = 1, the restriction of the irreducible (n,0) to the trivial subgroup
decomposes into n + 1 copies of the trivial representation. Therefore, in this case, LQ(SS’)

decomposes into a direct sum of 7 + 1 copies of each representation (n,0).

Next, we will make an explicit choice of ¢ that would help us make use of the calculations
already done in the initial sections for analyzing Dirac operators acting on Lo(G\H). More
specifically, we will choose our ¢ in such a manner that Ly(G\H) turns out to be the span of
certain rows of the e,s’s. Let ul denote the fundamental unitary for G, i. e. the irreducible
unitary representation corresponding to the Young tableaux 1 = (1,0,...,0). Similarly write
vl for the fundamental unitary for H. Fix some bases for the corresponding representation
spaces. Then C(G) is the C*-algebra generated by the matrix entries {u}]} and C'(H) is the
(C*-algebra generated by the matrix entries {v%} Now define ¢ by

I ifi=j=1,
Plug) = q ol ) if2<ij<O+1, (9.4)
0 otherwise.

Then C(G\H) is the C*-subalgebra of C'(G) generated by the entries u;; for 1 < j < £+1

(one recovers the relations for the generators of C (Sg“l) if one sets z; = q_i+1u’{7i).

Proposition 9.3 Let I'y be the set of all GT tableauz r™* given by

nt+k ifi=j=1,
riff =<0 ifi=1j=0+1,
k otherwise,

for some n,k € N. Let ng be the set of all GT tableauzr with top row (n+k,k,...,k,0). Then
the family of vectors
{epmkg:n, k€N, s € ek

form a complete orthonormal basis for Lo(G\H).

Proof: Let A be the linear span of the elements {uyn.x s : 7,k € N;s € Fg’k}. Clearly the closure
:n,k €N, s € T§*}. It is also immdiate that
the restriction of the right regular representation to the above subspace is a direct sum of one
copy of each of the irreducibles (n + k, k, k, ..., k,0).

We will next show that for any a € A, ujja and uj; a are also in A. Take a = unk . Use

of A in Lyo(G) is the closed linear span of {e

r"k,s

equation (5.6) to get

upjtpneg = > Co(L,r™F, M(x™))Cy(f, 8, M'(8))tpg (e asr(s)
M

= > Co(L,x™* My (x™F))Cq, 8, M'(8))ungy, (eniky arr(s)
M/

+ 3 Cy(1,x™, Myyy 1 (x™%))Cy (G, 8, M" () g, oty aars)
M//
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= Z C,(1, vk r"“’k)C’q(j, s, M,(S))Urn+l,k7M/(s)
M/

+3 Co(1,x™F xR C (8, MY (8) gt ppngs) (9.5)
Mll
where the first sum is over all moves M’ € N/ whose first coordinate is 1 and the second sum

is over all moves M" € N7 whose first coordinate is ¢ + 1. Thus uija € A.

1,k n,k+1

Next, note that if (uj;emr g, ers) # 0, then one must have r' = r" ¥ or v’ =r
Therefore it follows that uj;umk s is a linear combination of the upn-1k g Upn.k+1¢’s, and hence
belongs to A. Since A contains the element ug o = 1, it contains u1; and ufj Thus A contains
the x-algebra B generated by the wu;;’s. But by the previous theorem, restriction of the right
regular representation to the Ly closure La(G\H) of B also decomposes as a direct sum of one
copy of each of the irreducibles (n + k, k,...,k,0). So it follows that Lo(G\H) is equal to the

subspace stated in the theorem. O

A self-adjoint operator with compact resolvent on Lo(G\H) that commutes with the re-

striction of u there would be of the form
ers — d(r)ers, r el

Next, let us look at the growth restrictions coming from the boundedness of commutators. In
this case, one has the boundedness of only the operators [D,m(u;;)]. Which means, in effect,

one will now have the condition (6.6) only for i =1 and r € I'y:
|d(r) — d(M(r))| < cq~ D, (9.6)

Observe that only allowed moves here are the moves M = M; ; = (1) and M = Mgy = (€41).
Looking at the corresponding quantity C'(1,r, M), we find that there are two conditions:

=
—~~
L]
3
=
SN—
|
S
—~~
L]
S
T
—_
=
IN

c, (9.7)
A"y — AR < g Eim Fal™) gk (9.8)

As in the earlier sections, we can now form a graph by taking I'g to be the set of vertices, and

by joining two vertices r and s by an edge if |d(r) — d(s)| < c.

Lemma 9.4 Let %, = {r"* : k € N}, n € N. Then any two points in %, are connected by a
path lying entirely in Z,.
If n < n/, then any point in %, is connected to any point in %, by a path such that

n < Vii(r) <n' for every vertex r lying on that path.

Proof: Take two points r™/ and r™* in .%,,. Assume j < k. From the condition (9.7), it follows
that any point r is connected to My; 1(r) by an edge. Therefore the first conclusion follows
from the observation that if we start at r™* and apply the move Myi1,1 successively k — j
number of times, we reach the point r™7, and the vertices on this path are the points r™* for

i=j,7+1,...,k. Observe also that throughout this path, V; ;(r) remains n.
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For the second part, take a point r™* in .%, and a point r"J in .%,,. From what we have
done above, there is a path from r™* to r™" throughout which V; 1(r) = n. Similarly there is
a path from ™7 to r¥ throughout which V; ;(r) = n/. Next, note from (9.8) that for p € N,
the points r”? and rP*10 are connected by an edge and V4 1 (rP°) = p, V1 1(rP™19) = p+ 1. So

n+1,0’ I.n—i—2,0

start at r™0 and reach successively the points r and so on to eventually reach the

point r™%; also the coordinate V11(+) remains between n and n’ on this path. O

Theorem 9.5 Let D be an equivariant Dirac operator on Lo(G\H). Then

1. D must be of the form

ers— d(r)ers, rel,
where the singular values obey |d(r)| = O(r11), and

2. sign D must be of the form 2P — I or I — 2P where P is, up to a compact perturbation,
the projection onto the closed span of {ernk@ :n € FJk € N;s € ng}, for some finite
subset F' of N.

Proof: Start with an equivariant self-adjoint operator D with compact resolvent, so that it is
indeed of the form e, s — d(r)ers. By applying a compact perturbation if necessary, make sure

that d(r) # 0 for all r € T'y. We have seen during the proof of the previous lemma that for any

n n,k+1

are connected by an edge, and for any n € N, the
k

n and k in N, the vertices r"* and r

n+1,0 can be reached from the

vertices r™° and r is connected by an edge. Thus any vertex r"
vertex r% by a path of length n + k. Therefore one gets the first assertion.

Next, define

Iy = {rely:d(r) >0},

Iy, = {rely:d(r) <0},
Ft = ZF,nIg,
F7 = F.nTy.

Observe that for the path produced in the proof of the forgoing lemma to connect two points
r* and r™J in .%,, the coordinate H 1,¢(-) remains between j and k. Now suppose for some n,

both .Z,F and %, are infinite. Then there are points

0< ki <ky<...

such that ¥ is in .Z," for k = koj and r™* is in .%,, for k = koj41. Using the above observation,
we can then produce an infinite ladder by joining each r™*2i-1 to r™*2i. Thus for each n € N,
exactly one of the sets .Z. " and .% is finite. Also, note that by the first part of the previous

n n

lemma, the set of all n € N for which both .#,} and .%, are nonempty is finite. Therefore
by applying a compact perturbation, we can ensure that for every n, either Z 1 = %, or

F = Fn.
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Finally, if there are infinitely many n’s for which .Z, 5 = %, and infinitely many n’s for

which .%, = #,, then one can choose a sequence of integers
0<ni<ng <...

such that .7 = %, for n = ny; and %, = %, for n = nyj;1. Now use the second part of the
previous lemma to join each r"2i-1:0 to r"2%9 to produce an infinite ladder.

Thus there is a finite subset F' of N such that exactly one of the following is true:

Fr ifneF, F- ifnecF,
Ty = { "o or Ty = { "o
F ifnégF, Ft ifndF.
This is precisely what the second part of the theorem says. O

Next, take the operator D : ey g +— d(r)er s on Lo(G\H) where the d(r)’s are given by:

—k ifn=20
d(r"*) = { e (9.9)
n+k ifn>0.
Theorem 9.6 The operator D is an equivariant (20 + 1)-summable Dirac operator acting on
Lo(G\H), that gives a nondegenerate pairing with K1(C(G\H)).
The operator D is optimal, i. e. if Dy is any equivariant Dirac operator on Lo(G\H), then

there are positive reals a and b such that
|Do| < a+0b|D|.

Proof: Recall from equation (5.7) that the elements u; ; act on the basis elements eyn. ¢ as

follows:

UL jepnkg = ZC’q(l,r"’k,M(r”’k))Cq(j,s,M'(s))ﬁ(r”’k,s)eM(rn,k%M/(S)
M, M’

= Z Cq(l, I‘n’k, M11 (r”’k))Cq(j, S, M/(S))H(I'n’k, S)eMll(rn,kLM/(S)

M/
+ Z Cy(1,e™F My y 1 (x™*)Cy (5,8, M" (s)) k(™" S)ENy sy 1 (k) M (s)
M//

= Z Cq(la rn,k’ rn—H’k)Cq(ja S, M/(S))’{(rn’k¢ S)er"Jrlvk,M’(s)
M/

+Co(1, ek xRN C (5,8, MY (8))R(E™, 8)epmi—1 ), (9.10)
MH

where the first sum is over all moves M’ € N/ whose first coordinate is 1 and the second sum
is over all moves M" € N/ whose first coordinate is £ + 1. If we now plug in the values of the

Clebsch-Gordon coefficients from equations (4.10) and (4.11), we get

' ot k+C(5,8,M’ k
UL jEpnk g = ZP1P2q+ (s )ﬁ(r" ,S)ern+1,k7M/(s)
Ml
- "
+ 3 PP UM (e ) epnit pn(s)s (9.11)
Ml/
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where P/, P]{’ and k(r™* s) all lie between two fixed positive numbers. Boundedness of the
commutators [D,u; ;] now follow directly.
For summability, notice that the eigenspace of |D| corresponding to the eigenvalue n € N
is the span of
{epem—r g0 <k <, selpmhy

Now just count the number of elements in the above set to get summability.

Next, we will compute the pairing of the K-homology class of this D with a generator of
the Ky group. Write w, 1= q_£U1’£+1. From the commutation relations, it follows that this
element has spectrum

{z € C:|z| =0 or ¢" for some n € N}.

Then the element v, := X1} (wywy)(wg — I) + I is unitary. We will show that the index of

the operator Qv,Q (viewed as an operator on QLo(G\H)) is 1, where Q = ﬂ
the projection onto the closed linear span of {e,ors: k € N,s € Fg’k}. What we will actually

, 1. e. it is

do is compute the index of the operator Q@ and appeal to continuity of the index. From

equation (9.10), we get

U17g+1€r0,k7s
= Cy(1,x%% My (xO%)) Oy (€ + 1,5, NLO(S))H(I'O’IC,Mll(ro’k))erl,kJVl’O(s)

—|—Cq(1, I'O’k, Mg+171(1‘0’k))0q(£ + 1, S, Mé-i—l,f-i—l (S))/{(I‘O’k, Mg+171(I‘O’k))ero,kfl7MZ+17“_1(S) .
(9.12)

Use the formula (4.3) for Clebsch-Gordon coefficients to get

9.13
9.14
9.15
9.16

= ¢“(1+o(q)),

Cy(1, ro, My (%))

") = 1+o0(q),
)
)

Co(1,x%%, My (x”
C (f—l—l S Nl()(S)
Cq(+ 1,8, Myt1,011(s)

= 1+o0(q),
= ¢+ 04(q)),

(9.13)
(9.14)
(9.15)
(9.16)

where o(q) signifies a function of ¢ that is continuous at ¢ = 0 and 0(0) = 0. We also have

k(% My (2F) = " (1+o(q)), (9.17)
k(e M1 (x%F) = 1+ o0(q), (9.18)

where o(q) is as earlier. Plugging these values in (9.12) we get

k
Wqlrok g = ¢ (1 + O(q))erlvk,leo(s) + qse+1,1(1 + O(q))erokal,Mg_‘_l’g_‘_l(s) (919>

Putting ¢ = 0, we get

ero’k_l,Mz+1,z+1(S) if k>0 and S41,1 = 0,
(,d()ero,k7s = erl,o’leo(s) if k= 0, (92())

0 otherwise.
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Thus wiwo is the projection onto the span of {eyox g : k € N} where s¥ is the GT tableaux
given by

k 0 ifi=£64+2-—7,
s. P —
" k otherwise,

which is uniquely determined by the conditions syy;1 = 0 and that s € Fg’k. Therefore the

operator 7yq is given by

Y0€r0.k s = €0k s — X{s=sk}Crok s T X{s=sk}Crok—1 gh—1-

It now follows that the index of Q@ is 1.

Optimality follows from part 1 of the previous theorem. O
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