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Abstract

In this paper, we study the size of the giant component Cg in the random geo-
metric graph G = G(n, 1, f) of n nodes independently distributed each according
to a certain density f(.) in [0, 1]? satisfying inf o 12 f(z) > 0.If & <77 < 0210%
for some positive constants ci,co and nr2 — oo, we show that the giant compo-
nent of G contains at least n — o(n) nodes with probability at least 1 — o(1) as
n — oo. We also obtain estimates on the diameter and number of the non-giant
components of G.
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1 Introduction

Consider n nodes independently distributed in S = [0, 1]* each according to a certain
density f(.) and say two nodes u = (Zy, ), v = (Z.,y,) € R? are connected to each other
if the Euclidean distance d(u,v) between them is less than r,. We denote the resulting

*E-Mail: guru9r@isid.ac.in



random geometric graph (RGG) as G = G(n,ry, f). Throughout the paper we assume
the density f on [0, 1]? satisfies

0< inf f(x)< sup f(x) < oc. (1)

ZEE[O,l]Q Q?E[O,l]z
Random graphs as described above are important in many applications and properties
like emergence of giant component, connectivity and area coverage have been studied
before (Penrose (2003), Gupta and Kumar (1998), Franceschetti et. al (2009), Muthukr-

ishnan and Pandurangan (2005)) for a variety of random graphs.
For the case of RGGs, we recollect the pertinent results below for convenience.

Theorem. (Gupta and Kumar (1998), Penrose (2003)) If r2 = < for some constant
c1 > 0 sufficiently large and the density f(.) satisfies (1), then:
(a) There exists a constant € = €(c1) > 0 so that

P(G contains a component Cg such that #Cq > en) — 1
and

#Ca

n

— 2¢ in probability

logn
n

asn — oo. If 2 = ¢y for some constant co > 0 and the density f(.) satisfies (1), we
have:
(b) If co is sufficiently large, then P(G is connected) — 1 as n — oc.

(c) If ¢ is sufficiently small, then liminf, P(G is not connected) > 0.

Here and henceforth any constant will always be independent of n and #C denotes
the number of nodes in Cg. Part (a) of the above result describes the size of the giant
component Cg of G. Parts (b) and (c) describe the behaviour of G in the densely con-
nected regime. Indeed when the density f is uniform, parts (b) and (c) are proved in
Corollary 3.1 and Corollary 2.1, respectively, of Gupta and Kumar (1998). The proof
for non-uniform f satisfying (1) is analogous. Part (a) and related results are discussed
in Chapter 11 of Penrose (2003).

Not much is known about the graph for intermediate values of r,,. To our knowledge,
even the size of the giant component is not known as a function of r,. Our main con-
tribution in this paper is developing novel techniques to analyze the structure of giant
component in the intermediate range i.e., when < < r2 < 0210% for sufficiently large
positive constants ¢y, co and obtain estimates on the size and diameter of non-giant com-
ponents (Theorem 1). The advantage of our approach is that it can also be used to study
related problems in RGGs.

Before we state the main result, we define the diameter of a graph. The diameter of
any subgraph H of GG is defined as

diam(H) = sup dg(u,v),

u,v
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where dp(u,v) represents the graph distance between the nodes u and v and the supre-
mum is taken over all pairs u,v belonging to the vertex set of H. We state the main
result of the paper below. Let 75 denote the collection of all components of GG. For a
fixed 8 > 0 we define the following events: Let

Un — Un(ﬁ) — {#7& S %6—5717"3}

n

denote the event that the number of components of G is less than 7%6’5’”"%,

Ve, =Va(B) = {there exists Cy € T¢ such that #Cy > n — ne—ﬁnr%}

denote the event that there exists a (giant) component Cj in Tg whose size is at least
n —ne P and

W, = W, (3) = Vnﬂ{ sup  diam(C) < — <1°g")2} .

2
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denote the event that the diameter of every component of G other than the giant com-

2

ponent Cj is less than % <12%> .

Theorem 1. Consider the graph G = G(n,r,, f), where the density f(x) satisfies (1)
and the radius r,, satisfies

c co logn

1 2
< < 2
S<n< (2)

for some fized positive constants c; and co. Let U,, and W, be events as defined above and
fix § > 1. If nr> — 0o as n — 0o, there exists a positive constant 3 = B(3) sufficiently
small so that:

(i) P(U,) >1—e P and

(ii) P(W,)) > 1 —e P for all n > 1.

The above result essentially says whenever r, is in the intermediate range as in (2), a
giant component of G exists with very high probability and moreover it contains nearly
all the nodes.

2 Proof of Theorem 1

Divide the unit square S into small  x ¢ closed squares {S;}; and choose A = A,, €
[4,5] so that % is an integer. We choose such a A so that nodes in adjacent squares can
be joined by an edge in GG. Define 5; to be occupied if it has at least one node and vacant
otherwise.



2.1 Proof of (i)

We first count the number of vacant squares in the set {S;};,. We then use the fact that

for each vacant square Sj, the 82” X % square with same centre as S; intersects at

most 64 distinct components of G to prove (i). The choice of 8 is not crucial and any

integer larger than 2 suffices since we only need to estimate the number of components
2

“associated” with S;. The total number of squares is ¢ = (TA) . To obtain an estimate

on the total number of vacant squares, we let {Z;}1<;<; be Bernoulli random variables
taking values either zero or one. We set Z; = 1 if and only if the square .S; is vacant
which happens if and only if none of the n nodes are in .S;.

We note that the sum ), Z; equals k if and only if there are exactly k vacant squares.
To compute the probability that ) . Z; = k, we proceed as follows. The number of ways
of choosing k squares from a total of ¢ squares is (i) The total area of the k squares is

/{;2—’212 > % since A < 5. All the k squares chosen are empty with probability at most p},
where

pe=1— kirilf/s f(z)dz <1 — Bokr? < ook, (3)

and By = 2—15 infycp,12 f(x) > 0. Thus using the inequality (Z) < (%)k, we have

(Fe) < £

g
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Setting k = ete= for some constant 6 < Sy to be determined later and letting 6, =



Bo — 0, we get for all sufficiently large n that

t t
P (Z Z; > ete‘enr%> < Z e~Ibiny
i=1 j=k

- e—kﬁlnr%
— 1 —e P
< 26—1661717’7%

2 exp (—ete‘em’%ﬁlnri)
= 2exp (—516A2n6_0nr’2‘>

< 2exp (—16651716_9"’”721) ,

where we use t = A?r? and A > 4, respectively, in obtaining the last two inequalities.
In what follows, the constants {3;};>; are not necessarily same in each occurrence. Let
6 > 1 be any constant. Since r2 < c"%" for some ¢, > 0 (see (2)), we choose § sufficiently
small so that

1
Gnri < fcylogn < 5 log n.

This implies that

t
P (Z Z; > eteemﬁ) < 2exp (—16651711’1/5) )

=1

Also, for each vacant square S;, the 8% X 8% square with same centre as \S; intersects at
most 64 distinct components of GG. Since t = f—; > i—?, we get from the above equation

that

P (#TG > 21267’;2679"“21) < 2exp (—16651711’1/5)

and (i) follows.

The rest of the proof is devoted to establishing (ii). The idea is to tile S horizontally
and vertically into rectangles and show that each rectangle contains a crossing of edges
in the longer direction with high probability. We then join together these crossings to
form a “backbone” and show that it forms a part of the giant component. Throughout,

we define K,, = IZEQ” and allow K, to be an integer. (Later, we show that the tiling is

(slightly) modified if K, is not an integer without any change in the argument.)

From (2), we have that K, > é Let R be any 22" x ™Xam rectangle contained
in S which contains exactly mymsoK, of the squares from {S;};. We define a left-right
crossing in R to be any set of distinct squares L = (S, S1, ..., S¢) such that:

(a) For every i, the squares S; and S, share an edge.
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Figure 1: Occupied left-right crossing in the rectangle R for some A > 4.

(b) Sy intersects the left face of R and S; intersects the right face.

If every square in L is occupied, we say that L is an occupied left-right crossing. Figure 1
illustrates an occupied left-right crossing in a 3= x % rectangle R. The nodes in the
rectangle are illustrated as dark dots and the sequence of grey squares form an occupied
left-right crossing in R. We need the following estimate on the probability of occurrence

of an occupied left-right crossing in R.
Lemma 2. For n > Ny (independent of the choices of my and msy), the event that an
occupied left-right crossing occurs in R has probability at least

mo

(4)

nm151
for some 01 > 0 (independent of the choices of my and my).

We now use the above estimate to construct a “backbone” of G and thus prove (ii).

Before we do so, we prove Lemma 2. The proof is independent of the rest of the proof
of Theorem 1.
Proof of Lemma 2: To prove (4), we identify the centre of each square S; contained in R
with a vertex in Z? in the natural way. Thus the rectangle R has an equivalent rectangle
R consisting of sites in Z2. Say that a site is occupied if the corresponding square S; is
occupied and vacant otherwise.

We now use the fact that either a left-right occupied crossing or a top-bottom vacant
crossing must always occur in R but not both (see for e.g., Bollobas and Riordan (2006)
or Grimmett (1999)). To evaluate the probability of a vacant top-bottom crossing, we
fix a point z in the top face of R and consider a vacant crossing of length k starting from
x (see Figure 2 for illustration). The area enclosed by the corresponding path II; in R?

is kAr;QL > %, since A < 5. The probability that a particular node is present in II; is (see

also (3))

f(z)dz > kﬁori,
IIy

6
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Figure 2: Vacant top-bottom crossing of a 4 x 9 rectangle in Z? from the site z. Circled
sites correspond to occupied squares.

where By = o inf,co152 f(z) > 0. Therefore the probability that the path II; is vacant

25
is less than
(1— kﬁgri)" < e~ kmbors

Since the number of self-avoiding paths of length & starting from z is less than 4%
(at each step no more than four choices are possible), the probability that there exists
a vacant path of k squares starting from the square S, with centre x and contained
in R is bounded above by 4¥¢=*"f0m - Any top-bottom crossing from starting from S,
must necessarily contain at least m, K, and no more than m;msyK,, squares. Therefore
the probability that there exists a vacant path starting from S, and contained in R is
bounded above by

mimo Ky,
E /‘ 4kefk,80nr% S (efﬁlnr%yann
k=mi1K,

for a fixed constant 0 < 31 < Sy and all n > Ny, for some constant Ny independent of
the choices of m; and ms. In the above, we use the fact that nr?> — oo and therefore
that 4e—fonmn < e=F1mh for all n sufficiently large. Since there are my possibilities for S,
the probability that there exists a vacant top-bottom crossing of R is bounded above by

m1
_ 2 _ 1
ma(e Blnr”)le" = mge Armloen —
nf

logn
B ]
m"n

since K,, =

2.2  Proof of (ii)

Tile the square S horizontally into a set of rectangles Ry each of size 1 x % and

also vertically into rectangles each of size % x 1 for some fixed constant M > 1 to

be determined later. Let R be a fixed 1 x % rectangle in the tiling Ry and let 6 > 1



be a fixed constant. From (4), we know that R contains an occupied left-right crossing
L = (Sp, S1, ..., S;) with probability at least

AL A Ve ]

r, Mo = \/—nMél = no+2

if M is sufficiently large. The first inequality above is because r2 > < for some constant
c1 (see (2)). Let EX denote the event that every rectangle in Ry contains an occupied
left-right crossing in G satisfying (a)-(b) described above. The number of rectangles in
Ry is less than

A A 1 A
< vn < Divn
Mr, K, — Mr, c M02 Vel o
for some constant D; > 0. In evaluating the above we again use (2). The first inequality

is because K, = 12% > é by our choice of 7, in (2) and the second inequality follows

because r, > <. It follows that

p(Ef)Zl_Dl_‘/ﬁ> 1

n6+2 - n6+1 ’

for all n sufficiently large. Following an analogous analysis for the vertically tiled rect-
angles described in the first paragraph of the proof and defining an analogous event E

we have that P(EY) > 1 — . Thus if E, = EX N EY, we have that
2
B(E,) 21— ——. (5)

In Figure 3(a), we depict the occurrence of the event E,. We see that the event E,
results in a connected set of 7 x Z& squares B C {S;}; forming a “backbone” of crossings
in S. Let Cy denote the component of G containing nodes in B.

In the above, we have assumed that K,, = lzg” is an integer. If not, we set K,, = [12‘32” 1
and starting from the base of the square S, we perform an analogous horizontal tiling
as above. The only difference is that the two topmost rectangles overlap as seen in
Figure 3(b). A similar situation occurs in the vertical tiling. Following an analogous
analysis as above, we obtain (5) and a corresponding backbone. The rest of the argument
below remains unchanged.

We note that the tiling of S into vertical and horizontal rectangles induces a tiling of .S
(not necessarily disjoint) into Ml x Mraka gize squares {S/};. (If K, is an integer then
the tiling is disjoint as seen from Figure 3(a)). If the event E,, occurs, then the resulting
backbone B (and hence the component Cj) intersects each square S, “vertically” and
“horizontally” as shown in Figure 3(a). Therefore, if there exists a connected component
C of G distinct from Cj, it must necessarily be contained in a 24En x % square with

centre at some 7t x = square S;. In Figure 4, the square A;A;A3A, of Figure 3(a) is
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(a) The event E,, in the unit square. Each (b) The tiling obtained when K, is not an
wavy line is an occupied left-right crossing integer. The two topmost 1 x % rect-
of 3 x 2 squares as in Figure 1. angles in the tiling overlap.

Figure 3: Construction of the backbone.
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Figure 4: The square A;A3A3A, in Figure 3(a) is magnified to show a component not
attached to the backbone.



magnified and a component C' distinct from Cj is shown. The centre of the hatched
& X T2 square is also the centre of A; Ay AzAy.

Clearly in such a component C, the minimum number of edges traversed in going
from any node u to any other node v is at most (%)2 < (2MK,)? and therefore
diam(C) < (2M K,,)?. To summarize, so far we have proved that if event E,, occurs, then
a backbone B and hence the component C containing all the nodes in squares comprising
the backbone and possibly other nodes exist. Moreover, any component of G distinct
from Cj has diameter less than (2M K,,)?. Recall that 7T is the set of all components of
G and for 6 > 0 let

F,=F,(0) = Z #C < e~

CeTq : diam(C)<(2M Ky )?

denote the event that the sum of sizes of components whose diameter does not exceed
(2M K,,)* is less than ne~?"% We have the following estimate on probability of occurrence
of the event F,.

Lemma 3. We have
P(F,) > 1—e % (6)

for some positive constants 6 and 6.

Before we prove the above result, we complete the proof of (ii). Whenever FE, N F,
occurs, the component Cy contains at least n — ne~n nodes and is therefore the giant
component. Also, the diameter of any non-giant component is less than (2MK,)?.
Choosing 6; > 0 smaller if necessary, we have from (5) and (6) that the event E, N F,

occurs with probability

2 >1— 26—91711“%

— nT2

for all n sufficiently large. In the above estimate, we have used the fact (2) that nr2 <
¢z logn for some positive constant cy. This proves (ii) and hence Theorem 1. The proof
of Lemma 3 is independent of the proof of Theorem 1 and is provided below. [ ]

Proof of Lemma 3: Say that a set of squares C C {S;}; is a cluster if they form a
connected set in R2. We say that the cluster C is occupied if every square in the cluster
is occupied.

Fix ¢ and consider the square S;. If S; is occupied, denote C; to be the maximal
occupied cluster containing S;. Set X; to be the number of nodes in C; if C; is contained
in the 2(2M K,,)?*r, x 2(2M K,,)?r,, square S!" with same centre as S;. Otherwise set X; to
be zero. Thus, . X, is an upper bound on the sum of size of components whose diameter
is less than 2(2M K,,)?. In the beginning of the proof of (ii), we recall that to obtain the
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Figure 5: The occupied cluster C; and the set of vacant squares m; (marked by the symbol
IT) are shown for the square S; that is denoted by the dark square.

estimate (2M K,,)? on the diameter of a component not attached to the backbone, we had
considered a 2M K, x 2M K,, square appropriately centred (like A;A3A3A, in Figure 4).
In this subsection, however, we are not given any information regarding the backbone.
Therefore, to obtain a bound on the size of a component whose diameter is less than
(2M K,,)? the only information we have is that the component is enclosed in a (slightly
bigger) 2(2M K,,)? x 2(2M K,,)? square.

We first estimate P({#C; = k} N {X; # 0}) for £ > 1. Suppose that X; # 0 and
therefore that the cluster C; is contained in the square S/". Our aim now is to obtain a
sufficiently large number of vacant squares “attached to” C;. Consider C; as a set in R?
and let 01, ..., O be its disjoint boundaries. Each 0; is a circuit of edges (e; 1, ..., €; ;) (not
necessarily self-avoiding) such that e; ; and e; 1, touch each other. Since C; is connected,
one of the boundaries, say 0;, contains all squares of C; and all the other boundaries in
its interior. Also, any square S;; that has an edge e;; € J; and not contained in C; is
necessarily vacant.

Let m; denote the set of distinct vacant squares that contain some edge in 0;. The
path 0; contains L; > 2 edges of which at least % of them have an endvertex in the
interior of S. This implies that #m > %. In Figure 5, the dark grey square is S; and
the grey squares form C;. The set of vacant squares 7 is shown by the squares marked
IT and the curve of thick lines represents 0.

To compute the probability that such a vacant set of squares occurs, we set the centre
of S; to be the origin and draw X — and Y — axes parallel to the sides of S;. Let e ;55 be
the “last” edge in 0y that intersects the X —axis at (x4, 0). In other words, if an edge
e in 0y intersects the X —axis at (x;,0), then .5 > x;. In Figure 5, the edge €; j4st

11



is also shown. Clearly, there are at most L, possibilities for the location of edge e j4st-
Also, the number of choices for 0y starting from ey ;4 is less than 4l

Now, the total area of squares in m; is at least %2—% > %% since A < 5. Given
01, with probability at least %ﬁorfl a particular node is present in m; where [, =

o= infyepo12 f(2) > 0 s as in (3). Therefore with probability at most

none of the n nodes are present in ;.

If C; contains k squares, then the number of edges L; in 0 satisfies \/TE < Ly < 4k.
The upper bound is clear. To see why the lower bound is true, suppose that 0; has less
than ‘/TE edges. It is then necessary that 0 is contained in the \/TE% X \/TE% square Spy
with the same centre as S;. The square S, contains at most % squares from {S;};. This
is a contradiction since the path 0; contains C; in its interior and C; contains k squares.

Thus for k£ > 1 we have from the above discussion that

P{#C =k} N{X; #£0}) < > e oSy

vE<1<dk
l
< 4k Z (467/6’0711"31/8)
VE<<dk
< ke fonriVE (7)

for a fixed positive constant 6, < 5—8 and all n > Ny, where Ny is a constant that does not

depend on k. Here we use the fact that nr2 — co and hence that 4e=#7a/8 < ¢=50onrs
for some constant 6, > 0 and for all sufficiently large n. Letting N(A) denote the number
of nodes in the set A, we therefore have that

EX; = EY > N(S)LC = Co)l(X; #0)

Co SjECo
= [1 + 127

where the summation in the first line is over all clusters Cy that contain the square S;
and are contained in Si". In the above equation,

L=E> Y N(S;LC; = Co)l(N(Co) > 2ekfBonri)L(X; # 0),

Co Sj €Co

I, =EX, — I and [, is as in (3).
To evaluate I; and I, we need a couple of preliminary estimates. For a fixed Cy
containing k squares, we estimate P(N(Cy) > 2ekfynr?) first. Indeed since a particular

12



node is present in Cy with probability at most py = kBor? (see (3)), we have that

PINE) 2 20mp) < Y (@)pg;

anp<j<n J

anpy <] <n
ne
<
anpy <] <n
j>ompk
< e—?,@gknrn (8)

for some positive constant [y independent of k,i and the choice of Cy. In the third

inequality above, we have used the estimate (Z’) < (%)k . Also, the expected number of
nodes in any square .S; is bounded above by

supEN(S;) =nsup [ f(z)de <n sup f(z)5 < Dinr? (9)

J J JS; x€[0,1)2
for some positive constant Dy since sup,¢p 12 f(2) < 0o (see (1)) and A > 4. Analogously,
sup EN(S;)? < Dy(nr2)? (10)
J

for some positive constant D,.
To evaluate I, we now use Cauchy-Schwarz inequality to obtain that

L < > ) > EN(S)LN(Co) > 2ekfBonr)

k>1 #Co=k S;€Co

< D) D (EN3(S)PP(N(Co) > 2ekponr)?

k>1 #Co=k S;€Co

< DB”TiZ Z Z ko2

k>1 #Co=Fk S, €Co

for some positive constant D3 independent of i. In obtaining the final estimate, we use
(10) and the notation . _, refers to the sum over all clusters Cy containing k squares

of which one of them is S;. Since the number of clusters of size k is less than 8%, we get

_ 2 _ 2
I, < D3m’721 g &k e=kbanrn < D47’LT7216 Panry
k>1

13



for some positive constants D, and (3, independent of 1.
To evaluate I, we write

L = EY Y ) N(S)HUC = Co)L(N(Co) < 2ekfonr?)L(X; # 0)

k>1 #Co=k S;€Co

< 2650?””’21@2 k Z Z 1(C; = Co)L(X; # 0)

k>1  #Co=k S;€Co

= 2efonriEY K ) 1(Ci = Co)L(X; # 0)

E>1 #Co=k

= 2efonry Y KP{#C; = k} N {X; # 0})
k>1

< QGBOTLTZ Z J;3 e~ donri VR
k>1

_ 2
< D5m"ie Bonri

for some positive constants Dy and (5 independent of i, where the second inequality
follows from the estimate (7). From the estimates of I; and I, we therefore have that

EX; < ng’ie_ﬁf"”’"i (11)

for some positive constants Dg and (g independent of 7.
The number of squares in {S;}; is A?r, 2. By Markov inequality, we therefore have
for 6 > 0 that

A2y 2
2 EX; 4.2
P E Xz > ne—@nrn < Zz l€9nrn
=1 n

2
Dgnr2e=Penn -,
(AQT’n 2) n eenrn
n

IN

_ 2
S D76 O1nry

for some positive constants 6, and Dy, if 4 is sufficiently small. Since F;,, = {Z ;X < ne‘en’"%} ,
this proves the lemma. [ ]
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