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Abstract

In this work we introduce a new urn model with infinite but countably many colors indexed by
an appropriate infinite set. We mainly focus on d-dimensional integer lattice and replacement
matrix associated with bounded increment random walks on it. We prove central and local
limit theorems for the expected configuration of the urn and show that irrespective of the null
recurrent or transient behavior of the underlying random walk, the urn models have universal
scaling and centering giving appropriate normal distribution at the limit. The work also provides
similar results for urn models corresponding to other infinite lattices.
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1 Introduction

Pélya urn schemes and its various generalizations with finitely many colors have been widely studied
in literature [16, 11, 10, 1, 2, 14, 12, 13, 9, 5, 6, 8], also see [15] for an extensive survey of many of
the known results. The model is described as follows:

We start with an urn containing finitely many balls of different colors. At any time
n > 1, a ball is selected uniformly at random from the urn, the color of the selected
ball is noted, the selected ball is returned to the urn along with a set of balls of various
colors which may depend on the color of the selected ball.

*E-Mail: antar@isid.ac.in
YE-Mail: thackerdebleena@gmail.com



The goal is to study the asymptotic properties of the configuration of the urn. Suppose there
are K > 1 different colors and we denote the configuration of the urn at time n by U, =
(Un1,Ung ..., Upk), where Uy, ; denotes the number of balls of color j, 1 < j < K. The dy-
namics of the urn model depends on the replacement policy which can be presented by a K x K

matrix, say R whose (i, j )th entry is the number of balls of color j which are to be added to the
urn if the selected color is 4. In literature R is termed as replacement matriz. The dynamics of the
model can then be written as

Upy1 =U,+ R; (1.1)

where R; is the *h row of the replacement matrix R if the (random) color of the ball selected at

the (n + 1)th

A replacement matrix is said to be balanced, if the row sums are constant. In that case the
asymptotic behavior of the proportion of balls of different colors will be same if we change the
replacement matrix R by R/s where s is the row sum. Note that the later matrix is a stochastic
matriz and hence the entries are not necessarily non-negative integers. Since we will be interested
mostly in the asymptotic behavior of the configuration of a balanced urn model, so without loss
of any generality, we assume that the replacement matrix R is a stochastic matrix. In that case it
is also customary to assume that Uy is a probability distribution on the set of colors, which is to
be interpreted as the probability distribution of the selected color of the first ball drawn from the
urn. Note in this case the entries of U, indexed by the colors are no longer the number of balls
of that color, but U,/ (n + 1) is the probability mass function associated with the the probability

distribution of the color of the (n + 1)th selected ball. In other words, if Z,, is the color of the ball
selected at the (n + 1)™ draw then

draw is i.

Uni .
L) = -2 1<i<K. 1.2
U) n-+1 ’ (1.2)

P(Zn:z'

We can now consider a Markov chain with state space as the set of colors, the transition matrix as
R and starting distribution as Uy. We call such a chain, a chain associated with the urn model and
vice-versa. In other words given a balanced urn model we can associate with it a unique Markov
chain on the set of colors and conversely given a Markov chain on a finite state space there is an
associated urn model with balls of colors indexed by the state space.

It is well known [12, 13, 5, 6, 8] that the asymptotic properties of a balanced urn are often
related to the qualitative properties of this associated Markov chain on finite state space. For
example, if the associated finite state Markov chain is irreducible and aperiodic with stationary
distribution 7 then in [12, 13] it has been proved that

Un
n-+1

— T as. (1.3)

The reducible case for the finite color urn model has been extensively studied in [5, 6, 8] and
various different kind of limiting results have been derived based on the properties of the replace-
ment/stochastic matrix R.

In this work we introduce a new urn model with countable but infinitely many colors. We will
show that for such a generalization unlike in the finite color case, the asymptotic behavior of the
configuration may not always depend only on the qualitative properties of the associated Markov
chain.



1.1 Urn Model with Infinitely Many Colors

We consider the natural generalization of the urn model to infinitely many colors through the
associated Markov chain on countably infinite state space. More precisely, let S be a countable and
possibly infinite set and let R be a stochastic matrix on S. Starting with an initial configuration
Uy which is a probability distribution on S we consider the urn model with possibly infinitely many
colors indexed by S. The dynamics of the model remains same as above, that is, at the (n + 1)th
trial if we choose a ball of color u € S, then

Un+1 - Un + Ru

where R, is the u'™ row of the replacement matrix R. Once again U,/ (n + 1) is the probability

mass function associated with the the probability distribution of the color of the (n + 1)th selected
ball, that is, if Z, is the color of the ball selected at the (n + 1)™ draw then

PQ@:uﬁh>:£ﬁq,ueS (1.4)

This basic recursion can be written in the matrix notation as follows
Un+1 - Un —|— In+1R (15)

where I, = (In,v)vev with I, , = 1 and I, , = 0 if v # u where u is the color of the ball chosen at

(n+ 1)th trial.

In this work, we mainly consider the special case of this generalization where the associated
Markov chain is an i.i.d. bounded increment random walk on Z%. Although in Section 5 of the paper
we also consider the case of general random walk on R? with i.i.d. discrete bounded increments.
Let {X;}i>1 be a sequence of random d-dimensional i.i.d. vectors and () # B C Z% be the support
for X;. We assume B is a finite set. Let the law of X7 be given by the mass function

p(u) :=P(X;=u), ueB,

where we assume 0 < p(u) <1, w € Band ) pp(u) = 1. Let R be the transition matrix for
the random walk S,, = Y X}, then it is easy to see that

R(u’v):{p(v—u) ifv—ueB (1.6)

0 otherwise

for all u,v € Z4. Following few special cases are of particular interest:

1. In one dimension we consider a trivial walk, namely, “move one step to the right”. Formally,
in this case d = 1 and B = {1}, the law of X; is given by P(X; = 1) = 1. The associated
Markov chain S,, = Sy + n is deterministic and trivially transient. The transition matrix R
is given by

0 otherwise.

R@J)z{l ifj=i+1 W

We call this R the right-shift operator.



2. The other special case is the simple symmetric random walk on Z®. For this B = {v €

Z3| ||v|y = 1} where || - ||; denotes the I; norm. The law of X7 is given by P(X; =v) =
z_lcp v € B. The matrix R is given by

L forv—ueB
R(u,v):{% orv-ue (1.8)

0 otherwise.

We here note that by the famous result of Pélya for d < 2, the simple symmetric random
walk is null recurrent, while for d > 3, it is transient.

1.2 Notations

Following notations and conventions are used in the paper.

e For two sequences {a,},~; and {b,},~, of positive real numbers such that b, # 0 for all

n > 1, we will write a,, ~ b, if lim dn _ 1.
n—oo n
e Vectors are written as row vectors unless otherwise stated. For example, a finite dimensional
vector x € R? is written as x = (x(l),x(2), ... ,x(d)) where (! denotes the i coordinate.
To be consistent with this notation matrices are multiplied to the right of the vectors. The
infinite dimensional vectors are written as y = (yj)j c7 Where y; is the j* coordinate and J

is the indexing set. For any vector x, x! will denote the transpose of z.

e By Ny (u, X) we denote the d-dimensional Gaussian distribution with mean vector u € R? and
variance-covariance matrix 2. The associated Gaussian measure on (Rd, B (Rd)) is denoted
by ®4 and by ¢4 we denote the corresponding density function. For d = 1, we simply write
N(u,0?) with mean p € R and variance 02 > 0 and associated measure ® and the density by

o.

e The symbol — will stand for weak convergence, %, will denote convergence in distribution,
while -2+ will denote convergence in probability.

e For any two random variables/vectors X and Y, we will write X 2 Y to denote that X and
Y have the same law.

e The symbol d is used both for dimension and distribution, it will be clear from the context
what it stands for.

1.3 Outline

In the following section we state the main results which we prove in Section 4. In Section 3 we
state and prove two important results which we use in the proofs of the main results. In Section 5
we further generalize our results for d-dimensional random walk in R? with i.i.d. discrete bounded
increments, in particular we consider the two dimensional triangular lattice. Finally in Section 6
contains a technical result which is required for the proofs in Section 4.



2 Main Results

In this section, we present the main results for this paper. Throughout this paper we assume that
(Q, F,P) is a probability space on which all the random processes are defined.

2.1 Weak Convergence of the Expected Configuration

In this subsection, we present the main results for the urns in which the colors of the balls are indexed
74, d>1. Let (Xi),>1 be a sequence of i.i.d. random d-dimensional vectors with non-empty finite

support B C Z¢. Let the law of X; be given by P (X; = v) = p(v), for v € B, where 0 < p(v) < 1
and Y, _pp(v) = 1. For X; = (XS),X{Q), . ,de)), let p1 = <E[X§”],E[X}2)], .. ,E[de)])
and X = ((045)),; j<q Where o5 = E[Xfi)ij)]. We assume X to be positive definite. We write
5 = ¥3 5% where X% is the unique symmetric positive definite matrix known as the positive square
root of X. Let {S,}, 5o be the random walk with increments {Xj};>1, that is S, = >, X;. We

also assume that the urn model starts with the initial configuration Uy = (Uovv)UGZd such that
Up,» = 0 except for finitely many v.

Theorem 2.1. Consider the urn model associated with the random walk {Sy, }n>0. Suppose Uy =
(Uovv)UEZd be such that Uy, = 0 except for finitely many v. Let A,, be the probability measure
on R corresponding to the probability vector n%rl (E[Un])yegza and A° be defined as A, (A) =
A, (\/lognAZ_l/2 + plog n) for Ae B (Rd). Then, as n — oo,

A7 By (2.9)

.’l/'fEt
where &4 (A) = (\/217)(1 e 2 dt for Ae B(RY).
T) A

Since all vectors are taken to be row vectors, we always multiply the matrices to the right of
the vectors.
Remark 1. Theorem 2.1 states that if Z, be the color of the randomly selected ball in the (n + 1)
draw, then

Zn—plogn 4
— — Ny4(0, % — 00. 2.10
\/m d( ) ) as n o0 ( )

Corollary 2.2. Ford =1, let X; = 1, that is the underlying Markov chain moves deterministically
one step to the right, then as n — oo
Zy—logn g4
——— — N(0,1).
Vlogn (0.1)
Corollary 2.3. Let S,, be the simple symmetric random walk on Z¢, d > 1. Then, as n — oo,

Z
n_ 95 Ny(0,d7My),

7

logn

where Iy is the d X d identity matrix.



Remark 2. We know that the symmetric random walk on Z¢ is null recurrent for d < 2 and transient
for d > 3. For both cases, the asymptotic behavior of Z, is similar upto centering and scaling.
Furthermore, notice from (2.10) that even for the general case, the centering and scaling vary only
upto multiplicative constants depending only on the law of Xj.

Remark 3. On Z the simple symmetric random walk is null recurrent while the right shift walk is
transient. For both cases, the asymptotic behavior of Z,, is similar upto centering and scaling.

2.2 'Weak Convergence of the Random Configuration

Let M be the space of probability measures on R?, d > 1 endowed with the topology of weak

convergence. For w € 0, let A, (w) € M; be the random probability measure corresponding to the
Up (w)

random probability vector
Theorem 2.4. For w € Q, let A%(w) (A) = A, (w) (ViognAX Y2 + pilogn). Then, as n — oo,
A% 25 By on My, (2.11)

I:l:t
where @4 (A) = (\/217)(1 Jem =z dt.
™) A

Remark 4. From Theorem 2.4 we can conclude that given any subsequence {n;};°, there exists a
further subsequence {ng;}72, such that as j — oo,

AL % ®,4 almost surely for all w.
J

2.3 Local Limit Theorem Type Results for the Expected Configuration

The random variable Z,, corresponding to the probability vector n+r1 (E [Unv])yez admits local limit
type results. In this section we present theorems demonstrating this. We will first present the local

property for d = 1 and then show the same for higher dimensions.

2.3.1 Local Limit Type Results for One Dimension

In this subsection, we present the local limit theorems for urns with colors indexed by Z. For j € N,
X is a lattice random variable. Let P (X; € a + hZ) = 1, where a € R and h > 0 is the span for

1 n
X;. Define £l = {z:2= e~ £\/logn + ﬁZ} where = E[X;] and 0% = E [X7].

Theorem 2.5. Consider the urn associated with the Markov chain of the random walk {Sy}n>0
and let Z,, be the color of the randomly selected ball at the (n + 1)th trial. We further assume that
P[X; =0] > 0. Then, as n — oo

V1 Zn — pl
sup |o ogn]P( LOBT _ x) —¢(x)] — 0 (2.12)
ver® h ov/logn
a2
where ¢(x) = \/%e z .

Remark 5. The assumption P [X; = 0] > 0 implies that for each j € N, X; and I; X are supported
on the same set.



Let P[X; = 0] = 0 and h be the span for X;. Let P(I;X; € a+hZ) = 1, where a € R and
h > 0 is the span for I; X;. It is easy to see that h < h. Define £§}) ={z:2=—F—=a—Llogn+

o+/logn
UIhWZ} where p = E[X,] and 0 = E [X7].

Theorem 2.6. Consider the urn associated with the Markov chain of the random walk {Sy}n>0
and let Zy, be the color of the randomly selected ball at the (n+ 1)th trial. We further assume that
h < 2h. Then, as n — oo

V1 Zn, — pl
sup |o ogn]P( MOgn:x)—qﬁ(x) —0
ver® h ovlogn
—?
where ¢(x) = \/%e z .

In the next theorem we present the local limit theorem when the urn is associated with the simple
symmetric random walk which is not covered by either Theorem 2.5 or Theorem 2.6. Let {X;}i>1
be an ii.d. sequence of £1 Bernoulli random variables, such that P[X; =1] = P[X; = —1] = 3.
In this case, the span of X; is 2. The random variables I;X; is supported on the set {0,1, -1}
and the span of I;X; is 1. Therefore, in this X; and I;X; are supported on different sets. Let

P(I;X; € a+Z) = 1. One possible choice of a is 0. We define £ = {z:2z= @Z}.

Theorem 2.7. Consider the urn model associated with the simple symmetric random walk on Z
and let Z, be the color of the randomly selected ball at the (n + 1)™ trial. Then, as n — oo

Z,
su log nP C = - — 0
Vi (g =) -
zELy,
g2
where ¢(z) = e 2 .

Ver

2.3.2 Local Limit Type Results for Higher Dimensions

Throughout this subsection we assume d > 2. For j € N, X is a lattice random vector with £ as
the minimal lattice (see pages 226 — 227 of [3] for a formal definition). We also define | = |det (£)]
where det (£) (see the pages 228 — 229 of [3] for more details). Let P(X; € g+ £) = 1, where

2o € Re. Let us define £ = {z:2 = \/lgﬁwozfl/z — VIognp X712 + ﬁﬁﬂflﬁ} where

d . ) j
= (E[X{”],E[X@], .. E[x! >]) and X = ((037)),.<; ;g With o3; = E[X X,

Theorem 2.8. Consider the urn associated with the Markov chain of the random walk {Sy}n>0
and let Z,, be the color of the randomly selected ball at the (n + 1)th trial. We further assume that
P[X; = 0] > 0, where O is the origin in Z¢. Then, as n — oo

det(312) (Viogn)* [ Z, — pl
sup et( ) (vlogn) ]P’( n—plogn oy _ m) — da(z)] — 0 (2.13)
zeLl? ! fog

SC&Ct

1 —
(Qﬂ.)d/Q e 2

where ¢q(x) =



The assumption P [X; = 0] > 0 can be removed, for at least some cases, though we do not know
the full generality under which the local limit theorem holds. We consider a special case of interest
which is not covered by Theorem 2.8, namely the simple symmetric random walk on Z¢.

Let {X;};>1 be iid distributed as P[X; = +¢;] = % where e; is the d-dimensional row vector
with 1 at the i*" coordinate and 0 elsewhere. Note that in this case, the mean increment vector
g = 0 and the variance-covariance matrix X = d~!1;. Also observe that P[X; = 0] = 0. In the
next theorem, we present the local limit behavior of the urn associated with the random walk
Sn = 2?21 Xj. For j € N, I; X; is a lattice random vector with minimal lattice as 7% and we may

choose of g = 0, that is, P (Iij € Zd) = 1. We define ﬁSf” ={z:z= %Zd}.

Theorem 2.9. Consider the urn model associated with the Markov chain of the simple symmetric
random walk on Z and let Z, be the color of the randomly selected ball at the (n+1)" trial. Then,
asn — oo

d d Vd
;121(;) (d)2 <\/logn> P <ﬁZn = x) — ¢a(z)| — 0, (2.14)

zzt

where ¢q(x) = We 2.

Note that here the the minimal lattice is Z? and so its determinant is 1 (see page 228 — 229 of [3]).

3 Auxiliary Results

In the following section, we present two important results which we will need to prove Theorems
2.1 and 2.4. Throughout this section we assume that the initial configuration Uy = (Up,)
such that Uy, = 0 except for finitely many v.

n
Define II,, (z) = H <1 + E) for z € C. It is known from Euler product formula for gamma
- J
7=1
function which is also known as Gauss’s formula (see page 178 of [7]) that

veZd 1S

lim 23 p gy 2 (3.15)

n—oo n*

uniformly on compact subsets of C \ {0, —1,—2,...}.

For A € R% let e (\) = 3, cp €MV p(v) where (u,v) = uvt for u,v € R? denote the moment
generating function for Xj. It is easy to note that e () is an eigenvalue of R corresponding to the
right eigenvector z (\) = (e<)‘7”>)zezd. Let F, = 0 (Uj: 0 < j < n). Define

—  Upz(N)
Ma N =1 o0

From (1.5) we get,
Upt+12 (A) = Upx (A) + Ins1Rx (M)

Thus,

E [Uon ) ‘fn} — Upz(\) +e(NE [Ion ) ‘fn} - (1 v ﬁ) Upz (\).



Therefore, M, (\) is a non-negative martingale for every A € R? and E [M,, (\)] = Mg (A). We
will make use of the martingales M, (\) in the proof of the next theorem in which we present a
representation of the marginal of Z,, in terms of the increments X;,7 € N.

Theorem 3.1. Let Z, be the color of the randomly selected ball in the (n + 1) draw, then for all
n>1

n
Zo L 2o+ I;X;. (3.16)
j=1

where {I;}j>1 are independent random variables such that Ij ~ Bernoulli ( ) and are indepen-

j+1
dent of {X;};>1 and Zy is a random vector taking values in 7% according to the probability vector
Up and is independent of {I;};j>1 and {X;};>1.

Proof. We have already noted that e (\) denotes the moment generating function for X;. The
eigenvalues and the corresponding right eigenvectors for R are given by e (A) and x (\). If Z,
denotes the color of the randomly selected ball at the (n + 1)th trial, then for A € RY, the moment
generating function of Z,, is given by

n}r =Y MR, = %@DE [M,(\)]
vEZ
- %@MO(A). (3.17)
We note that
_ 1 L e(A
MO()‘)n+1Hn( = Mo(A H( J+1 ]:_)1>

Jj=1

Therefore, from (3.17) it follows that

Zn L Zy+ Y0 X

where Z; is a random vector taking values in Z% according to the probability vector Uy and is
independen‘c of {Ij}jZl and {Xj}jZl-

O
Theorem 3.2. There exists § > 0 such that
sup sup E {Mi ()\)} < 0.
nzl xg[-6,6]%
Proof. From (1.5), we obtain
E [(Uon (f ] (Unzz (V)2 + 2¢ () Unz: (\) E [I,Hlx \) ‘]—"n] +e2(\E [(Inﬂm (M) ‘fn}

It is easy to see that

E [z (V) |7] = %H wr () and E [(Law (1) 7] = %H (20



Therefore, we get the recursion

2e ()
n+1

62
) E (U )] + fl)ﬂ-z Uz (20)] . (3.18)

E [(Unﬂx(x))?] - <1 +

Dividing both sides of (3.18) by II2 ,; (\),

1 4 2e)
o= (o) 2
n+1

M, (2)\) being a martingale, we obtain E[U,x (2)\)] = II, (e (2\)) Mo (2)). Therefore from
(3.19), we get

) (3.19)

26()\)
——2 I, (2e (A)) =2 "2 (A nol+ I, 2\
E M, (V)] = I 2e D)3z o)+ 3 ]i AN ( >2 n?l( (A Dz, 20). (3:20)
I (e (M) P Jok (1 + e(j)) k(e ()
1422 1, (2¢(3))
We observe that as e (A) > 0, therefore <7(i)>2 < 1 and hence 355y <1
1+4) nié
Therefore, ’
2 " 11 (e(2)))

E Wn (A)} < T2 (\) + €2 (\) Mo (2)) (3.21)

Using (3.15), we know that
ne(2)\)

IL, (e (2X)) ~ ey 1)

and
n2e()\)

I (e (A) ~ IS ESOh

It is easy to note that e (\) > 0 for all A € R? and e ()) is continuous as a function of X and e (\) > 0.
So given n > 0 there exists 0 < K7, Ko < 00, such that for all A € [—n,n]d, K; <e(M\) < K,. Since
the convergence in (3.15) is uniform on compact subsets of [0,00), given € > 0 there exists N1 > 0
such that for all n > Ny and X € [—n,7]%,

n

T2(e(\)+1) < 1 LI 2))
(1_6)r(e(2A)+1) k;V PRV 2 k IIC'I; M)

k>N1

I2(e(N\) +1) Z”: 1
T (e(2) +1) S klH2e—e@n”

IN

(I+¢)

Recall that e (\) = 3, c5 MV p(v). Since |B| < oo, so we can choose a dy > 0 such that for every
X € [=d0,80]%, 2¢ (A) — e (2)) > 0. Choose § = min{n, dy}. Since 2e (A) — e (2)) is continuous as a

10



function of A, there exists a Ao € [—4, 6]% such that min a2e(N)—e(2X) =2e(Aog)—e(2Xg) > 0.

AE[—6,6]
Therefore
> 1 > 1
kzl L1+2e(N)—e(2)) S ; L1+2e(h0)—e(ho)

Therefore given € > 0 there exists Ny > 0 such that VA € [, 6]%.

o0 o0

1 1
Z Llt2e(N)—e(2V) < Z 111 2e00)—e(@h0) &
k>No k>No2

Tl €2 (A) and My (2)) bei tinuous as functions of A are bounded for A € [-4, 0]’
TN +1)? 0 emg continuous as runctions o are bpounde or ) .

Choose N = max{Ny, Na}. From (3.21) we obtain for all n > N

E [Mi (A)} <M\ +C4 Z 211’1“_[21 ))) te (3.22)

for an appropriate positive constant C.

SN llgn'lc_[;i(()\)))) and MO (A) being continuous as functions of X, are bounded for A € [—4, ]°.

Therefore, from (3.22) we obtain that there exists C' > 0 such that for all A € [4,6]? and for all
n>1

This proves that

sup sup E [Hi ()\)] < 0.
n>1 x\e[-4,8)%

O

Remark 6. From Theorem 3.2 we can conclude that there exists a random variable M ()\) such that
as n — 00

M, (A) — M (N)

almost surely P and in Lo(IP).

4 Proofs of the Main Results

In this section we provide the proofs of the main results. Some of the notations used here have
been defined in the previous section.

11



4.1 Proofs for the Expected Configuration

This subsection contains the proofs for Theorems 2.1.

Proof of Theorem 2.1. Firstly we note by Theorem 3.1 without loss of generality, we may assume
that the process starts with a single ball of color indexed by 0, in other words Zy = 0 in (3.16),
then

n
d
Zn > LiX;.
j=1

It is easy to see that E {Z?:l Iij] — plogn = 2?21 %,u — plogn — yu where « is the Euler’s

constant.
Case I: d = 1. Let s2 = Var {Z?Zl IjX]}. It is easy to note that s2 = > i1 j%IE [(X?] -
(7-% ~ o2logn. Since |B| < oo, given € > 0, we have é Z?ZlE Iijzl{IjXpesn}} —0asn—

o0o. Therefore, by the Lindeberg Feller Central Limit theorem, we get as n — oo

Zn—plogn g4
——— — N(0,1).
ov/logn 0.1)

This completes the proof for d = 1.

Case II: d > 2. Let X, = [o4,(n)],;, , denote the variance-covariance matrix for >, I; X;
then by calculations similar to that in one-dimension it is easy to see that for all k,l € {1,2,...d}
as n — 0o

ok, (n)
(logn)ow,

Therefore for every § € R?, by Lindeberg Feller Central Limit Theorem in one dimension,

(0, 1;X;) — (0, plogn)
j=1

Viogn (0262

Therefore by Cramer-Wold device, it follows that as n — oo

i>N(0,1) as n — oo.

n
ZIij — ulogn
Jj=1 d

— Ny (0,2).
@ d( ) )
Hence, as n — oo
Zn—plogn g
— — Ny (0,%).
Toan 4(0,2)
This completes the proof. ]

12



4.2 Proofs for Random Configuration

In this subsection we will present the proof of Theorem 2.4. To do so, we present a lemma which
we will need in the proof of Theorem 2.4.

Lemma 4.1. Let § be as in Theorem 3.2, then for every \ € [—9, 5]d

M, (@) 21 (4.23)

as n — 0.

Proof. Without loss of generality, we assume that the process starts with a single ball of color
indexed by 0. From equation (3.20) we get
n

E [Mi ()

] 10, (2e(N) I, (2e(N)) e2(\) Hi_1 (e(2)))

IR (V) IR (e(N) & ko Ik (2e(N)

Replacing A by A\, = ﬁ, we obtain

_ T, (2¢(A)  Thy (26 (An)) = €2 (M) Ty (€ (22))
B 0] = et Y e 2k T Ge0n) 424

Since the convergence in formula (3.15) is uniform on compact sets of [0,00), we observe that for
A e [-6,0)

i e (2e(An)) e _1

nooo II7 (e (M) T'(3) 2

We observe that lim, . e(A,) = 1 and lim, I}[’%((z:((/\)‘n")))) 62(2‘ n) Hﬁ;é:gi%)) = %%Hﬁ (2()1 ) Since

—2
SUPp>1 SUP) ¢ 5} E {Mn

()\)} < 00, by dominated convergence theorem, we get

lim

I, (26 (\)) o= €2 (M) g (e (2X,)) 1 2
n=oc 112 (e (An))z I 52 (k+2 2

ko T (2e (\n)) — k+2)(k+1) 2

k=1
Therefore, from (4.24) we obtain

E [Mi (An)} — lasn — oo.

Hence, it follows that o
M, (M) L5 1asn — .

O

Proof of Theorem 2.4. Without loss of generality, we may assume that the urn process starts with
a single ball of color indexed by 0. Let A,, be the random probability measure on R? corresponding

13



to the random probability vector %HU,@. For A € R? the corresponding random moment generating
function is given by

1 1 1 —

(M) — _

nHZe Unp = +mq Unt (A) = ——g M (W) T (€(1))
veZd

The random moment generating function corresponding to the scaled and centered random measure

CS jq
A% is

1 A 1 — A A
—(\,pv/1ogn) U — —{Auv/logn) M - | II —_— .
n+1e "x<w/1ogn> n+1e n<\/logn> " e(\/logn)

To show (2.11) it is enough to show that for every subsequence {ny}x>1, there exists a further
subsequence {ng;}52; such that as j — oo

67<)‘7“\/10gnkj>M )\ H )\ M f 11
- @ - e — nle| ——m — € 2 or a
ng; + 1 *i\ \/log ng, V9og ny;

X € [-4,0]? almost surely (4.25)

where 0 is as in Lemma 4.1. From Theorem 2.1 we know that %\/%:“ N N4(0,1;). Therefore

using (3.17) as n — oo we obtain,

e()\,u\/logn)E [60\7%)} — ileo‘vﬂ\/ 10gn>Hn <€ <
n

A >\Z‘2)\t
— € .
Vlogn

Using Theorem 6.1 it is enough to show (4.25) only for A € Q¥ N [—4, ] which is equivalent to
proving that for every A € Q¥ N [—4, 5]d as j — 0o

— A
M i, <7> — 1 almost surely.

V/1og ng;

From Lemma 4.1 we know that for all A € [—4, 6]

— A
Mn< >i>1asn%oo.

Viogn

Therefore using the standard diagonalization argument we can say that given a subsequence {n }r>1
there exists a further subsequence {ny,}72, such that for every A € Q4N -6, 0

— A
Mnkj <7> — 1 almost surely.

V1og ng;
This completes the proof. O

Remark 7. It is worth noting that the proofs of Theorems 2.1 and 2.4 go through if we assume Uy

to be non random probability vector such that there exists > 0 such that for all A € {A: ||| < r},
Av)

ZveZd elhv) Up,y < 00 and lim,, ZUEZUZ evienly ,, exists finitely.

14



4.3 Proofs of the Local Limit Type Results

In this section, we present the proofs for the local limit type results for Z,,. As before, we present
the proof for urn with colors indexed by Z first and then proceed towards the proofs for Z¢, d > 2.

4.3.1 Proof for the Local Limit Theorems for d=1

Proof of Theorem 2.5. Without loss of generality we may assume pu = 0 and 0 = 1. We further
assume that the process begins with a single ball of color indexed by 0. From Theorem 3.1, we

know that Z,, 4 > or—q 1jX;. X; is a lattice random variable, therefore I; X is also so. Furthermore
0 € B, therefore I;X; and X; have the same lattice structure. Therefore Z,, is a lattice random

)

variable with lattice 51(11). Applying Fourrier inversion formula, for all x € ES we obtain

w/logn

Z h h
P Lo =)= ——— () dt
(x/logn :r:> 2my/logn /wl}?gne ¥nlt)

. Zn
where 9, (t) = E {envlogn] . Without loss of generality, we may assume h = 1. Also by Fourrier

inversion formula, for all x € R

1 [ . 2
o(x) / e~ dt.

:% .

Given € > 0, there exists N large enough such that for all n > N

v In_ @ < [ vy - e )
logn]I”(in:m)—(ﬁx‘ < / Yp(t) —e2 dt+2/ o(t)dt
10g n —m+/logn [—W\/log n,my/log n]c

my/logn 42
= / Yp(t) —e2 |dt +e.
—m+/logn
Given M > 0, we can write for all n large enough
m/logn 42 M 42 m/logn
[ o - e ¥ |ars [ fono - [aer [T o] a
—my/Togn -M M
my/logn 42
+2/ ez dt. (4.26)
M
Given € > 0 we choose an M > 0 such that
—t2
/ e2 dt <e.
[—M,M]*®
Therefore,
m/logn 2 42
/ ez dt < / e2 dt <e. (4.27)
M

[7M7M}c

15



_¢2

d =2
\/IZO”@ — N(0,1). Hence for all t € R, ¢, (t) — e 2 .
Therefore, for the chosen M > 0 by bounded convergence theorem we get as n — oo

We know from Theorem 2.1 that as n — oo,

M 2
/ U (t) —e2 | dt — 0.
-M
Let
my/logn
1) = [ o)
M

We will show that as n — oo, I(n) — 0. Since Z, 4 > j=11;X;, therefore

=0 54)

7j=1
1
n+1

I, (e (it))

where e (it) = E [¢"*1]. Therefore,

Ualt) = E [V = 11, (e(it//logm) ).

n+1

Applying a change of variables ﬁ = w, we obtain

= +/logn

M/\/logn
Now there exists 6 > 0 such that for all ¢ € (0,0)

J@) ‘dw (4.28)

2
le(it)] <1-— T (4.29)
2
Therefore using the inequality 1 — z < e™*, we obtain 1 — m + | )‘ < 7%%. Hence, for all
€ (0,9)
t2 - 1
1 =

L, (e (it))] <e 771 : (4.30)

n-+1

We observe from (4.28) that we can write

~Viogn [ (wvown) [aw + Vioga [

Un \/@) ‘ dw.

M/\/Togn

Let us write

wn w logn> ‘dw

m/

M//logn

16



and

12(”):\/1<>E/67r

From (4.30) we have I;(n) — 0 as n — oo.

As 0 is in the support of X, therefore I; X; and X; will have the same lattices. Therefore for all
t € [0,2m), |e(it)] < 1 and the characteristic function being continuous in ¢, there exists 0 < n < 1
such that |e (it)| < n for all t € [4, w]. Therefore

Un, <w log n)‘ dw.

LGl e
j+1  Jj+1 = Jj+1 j+17
It follows that
1 ’Zj“ -
e <e 777 < pemi-mlonn

n+1

where Cs is some positive constant. So as n — oo
Ir(n) < Coe~(1=M1e™ (7 _ 6)\ /logn — 0.

So combining the facts that I1(n) — 0, Iz(n) — 0 as n — oo and from (4.26) and (4.27), the
proof is complete. O

Proof of Theorem 2.6. Without loss of generality we may assume that u = 0, ¢ = 1 and the process
begins with a single ball of color indexed by 0. The proof is similar to the proof of Theorem 2.5
(1)

and therefore we omit certain details. Since the span of I;X; is h, for all x € L5~ we obtain by
Fourrier inversion formula

Z h s
P N T () dt
<w/logn x) 2m+/logn /_u_wine ¥n(t)

.. Zn
where 9, (t) = E {en \/logn] . Without loss of generality, we may assume h = 1. Also by Fourrier

inversion formula, for all z € R

1 [ _., =
o(x) = —/ e~ dt.

2r J_
The bounds for ‘w/ log nlP < \/1Zonﬂ = x) - (b(x)‘ are similar to that in the proof of Theorem 2.5 except

for that of Iy(n) where

Iz(”):\/@/;

and 0 is chosen as in (4.29). We have to show

U (w log n)‘ dw

Ir(n) — 0 as n — oo.

The span of X being h, for all ¢ € {5, %’r), le (it)| < 1. Since h < 2 and the characteristic function

is continuous in ¢, there exists 0 < n < 1 such that |e (it)| < n for all t € [§, 7] C {5, 2%) Therefore
Ir(n) — 0 as n — oo using the similar bounds as in the proof of Theorem 2.5. O
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Proof of Theorem 2.7. In this case, p = 0 and ¢ = 1. Without loss of generality, we may assume
that the process begins with a single ball of color indexed by 0. In this case, the span of I; X is 1 and

IP(1;X; € Z) = 1. Therefore by the Fourrier inversion formula, for all z € £ = {z: 2= \/hiﬂz}

we obtain

VA /7r Viogn )
P i =g e "y, () dt
(x/logn > 27n/logn r/Iogn *)

. Zn
where ¢, (t) = E {eltvlog”} . Furthermore, by Fourrier inversion formula, for all z € R

1 [ iy =2
o(z) = —/ e "em2 dt.
2r J_

Like in the case of Theorem 2.6, the proof of this theorem is also very similar to that of Theorem
2.5. The bounds for |y/lognP (\/% = x) - (b(x)‘ are similar to that in the proof of Theorem 2.5
except for that of I3(n) where

= \/logn/7r
§

and ¢ is chosen as in (4.29). To show that Io(n) — 0 as n — oo, we observe that

E[eitZ"] :ﬁ<1_ 1 N Cost>
Jr1 i1

U (w log n)‘ dw

j=1
1
= 1Hn (cost)
since £ [e“Xl] = cost. Therefore,
n(wy/logn) = E [GWZ”] _ ! I1,, (cos w) .
n+1

We note that cosw is decreasing in [g, 77] and for all w € [” ] —1 < cosw < 0. Therefore, there
exists 7 > 7 such that for all w € [1 —n,7) we have —1 < cos(m —n) < 0 and

W (wy/log n)‘ < %Hﬂn (cos(m —n)) .

Since —1 < cos(m —n) <0, so for j > 1, < cos(r— ) < 1. Therefore,
<1

I1,, (cos(m — 1)) (4.31)
Let us write
Ir(n) = Ji(n) + J2(n)
where
n) = \/logvl/;?7 Uy, <w log n)‘ dw (4.32)

18



and
= \/logn/ﬂ

It is easy to see from (4.31) that

U <w\/@> ‘ dw.

n
J: <
2(n) < n+1
For all t € [0,m —n], 0 < |cost| < 1, so there exists 0 < o < 1 such that 0 < |cost| < « for all
t € [0, ™ — n]. Recall that

logn — 0 as n — oo.

" 1 COos W
n 1 = 1———+ - .
snlu/Tom) =TT (1= 7 + 529

j=1
Using the inequality 1 —x < e~ it follows that for all t € [§, 7 — 7]
1 |cos t| 1 «@ _l-a
il B T

l1——— - < - + ——<e i+t
j+1  5+1 7+1 741
and hence
>
— 541
+1]Hn (cost)| <e =1 < Ce~(I=mlogn
n

where C' is some positive constant. Therefore from (4.32) we obtain as n — oo

Ji(n) < Ce~0=ogn (1 §) \/logn — 0.

4.3.2 Proofs for the Local Limit Type Results for d > 2

Proof of Theorem 2.8 . Without loss of generality we may assume that ¢ = 0 and Y = I; and

the process begins with a single ball of color indexed by 0. From Theorem 3.1, we obtain Z, 4
Y r_11;X;. X; being a lattice random variable, I; X; is also so. Furthermore, 0 € B, therefore X;
and I; X; are supported on the same lattice. Therefore, Z,, has lattice Esld). For A c R% and z € R,
we define zA = {zy: y € A}. By Fourrier inversion formula (21.28 on page 230 of [3]), we get for
T € £§ﬂ>

Z
P n__ " —z(ta:
<w/logn x> (27T logn / ¥nl
(VTog nF*)

where ¢, (t) = E [e it lognq [ = |det (£)| and F* is the fundamental domain for X; as defined in

equation(21.22) on page 229 of [3]. Also by Fourrier inversion formula
1 ity le?
Pa(z) = (2m)d /6 w2 e="2 dt.
R4
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Given € > 0, there exists N > 0 such that n > N large enough,

d
(vIogn) I 1 1e12 1 _ 2
=z - < —
) p o dule)| < eaT / o) =% [+ o / 4
(Vlog nF*) R4\ \/log nF*
1 IItI
<
- (2m)d / Yalt) -
(ViognF*)
Given any compact set A C R? for all n large enough
liel2 _leg? _le®
Un(t) — e bn(t) — e~ '3 |at Q,Z)n(t)‘dt+ 19 at.
4 (VIog nF*)\A R4\ A

(vV1og nF*)

By Theorem 2.1, we know that \/ﬁ 4, Ny4(0,1;) as n — oo. Therefore, for any compact set
A c R? by bounded convergence theorem,

/

A

2
IItII

Y (t) —e”

dt — 0 as n — oo.

Choose A such that

AC
Let us write
I(n) = / wn(t)‘ dt. (4.33)
(VIognF*)\A

For the above choice of A, we will show that

I(n) — 0 as n — 0.

Since Z, < > j—11jX;, we have

[mzn] ﬁ< j+1 ji?)

where e (it) = E [¢!X1)]. So,
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Applying a change of variables t = \/hiﬁw to (4.33), we obtain

1) = Wiogn® [ Jun (Viognw) [du. (4.34)
F\ = A

We can choose a ¢ > 0 such that for all w € B(0,9) \ {0} there exists b > 0 such that

b 2
le(iw)| < 1 - @ (4.35)
Therefore, using the inequality 1 — z < e™®
1 .
[Yn(Viegnw)| = ——— [l (e(iw))|
n+1
B (e m.Cy
. j+1 j+1
7j=1
B i b Jlwl
— j+1 2 w2
< e =1’ < Clefb“ 3 logn (4.36)
for some positive constant C;. From (4.34) we can write
I(n) = Li(n) + Ix(n)
where
Ii(n) = (y/logn)? / |t <\/lognw>\dw
(BOSN\=a)nF*
and
Ir(n) = (\/logn)d/ [thn, ( 10gnw>|dw.
F*\B(0,6)
Since (4.36) holds, given € > 0, we have for all n large enough
[
I (n) < (y/logn)? / Cre b 218 qy < e (4.37)
B(0,0)\ oo

Since 0 € B, the lattices for X; and I; X; are same. Therefore, for all w € F*\B(0,0) we get |e(iw)| <

—T

1, so there exists an 0 < n < 1, such that |e(iw)| < n. Therefore, using the inequality 1 — z < e™7%,
we obtain

i (y/Tog nuw)| < e~ =i 71071 < (o= (1=m logn (4.38)
for some positive constant Co. Therefore, using equation (21.25) on page 230 of [3] we obtain
Ir(n) < Cy(y/logn)le=(1=mMlen 0 as n — oo

where CY is an appropriate positive constant. ]
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Proof of the Theorem 2.9. Tt is easy to note that S, is the simple symmetric random walk on Z¢,
u=0and X = d ;. We further assume, without loss of generality that the process starts with a
single ball of color indexed by 0.
For notional simplicity we write a proof for d = 2, the general case can be written similarly.
Now when d = 2, for each j € N, I;X; is a lattice random vector with the minimal lattice 72,
It is easy to note that 27Z x 27Z is the set of all periods for I;X; and its fundamental domain is
given by (-, 7T)2. To prove (2.14), it is equivalent to proving

(logn) P ( Zn > — by, 11, (%)

sup =z — 0 as n — oo,
pe L@ Viogn
\/5 n
where ¢, 1 (7) = %e—l‘wt is the bivariate normal density with mean vector 0 and variance-
’2
: e 1 Lp@ g 1 2 o y
covariance matrix 5l and EE" ={z:2z = \/WZ }. By Fourrier inversion formula (21.28

on page 230 of [3]), we get for x € %Eg)

Z, 1 ‘
]P’ n — - @@ 7Z<t,$>
< Viogn x) (27)2logn / Yn(t)e dt
(f\/log nm,v/log n7r)2

Also by Fourrier inversion formula

1 it 142
¢2,%H2(x): L e "\PeT T dt.

R2

Let us write H, = (—\/log nw,/1og mT)Q. Given € > 0, there exists N > 0 such that n > N large
enough,

Zn 1 _lu? 1 _ e
‘ IOgTLP W — ¢27%H2 (1’)‘ § W ¢n(t) — e 4 dt + (27‘(‘)2 e 14 dt
Hy, R2\H,,
1 _le?
S W wn(t) — € 4 dt + €.

n

Given any compact set A C R? for all n large enough we have
¢l

/Q,Z)n(t)—e4 dtg/ dt+/I{n\A

Hpy A
By Theorem 2.1, we know that i’én a, N5(0,27'5) as n — oo. Therefore, for any compact set

A C R? by bounded convergence theorem,

/

A

[¢]12

() —e 4

2
_ el
4

dt.

qpn(t)‘dwr/ e

R2\A

2
¢n(t)—e_% dt — 0 as n — oo.
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Choose A such that

/eix2 dt <e.
I(n) = /

Ho\A

Let us write

wn(t)‘ dt.

For the above choice of A, we will show that
I(n) — 0 as n — 0.

Applying a change of variables t = —= —w, we obtain

Vlog

I(n) =logn /

(—WJT)Q\\AO#—MA

U < log nw) ‘dw.

We can write

where
I(n) =logn / |Yn, < log nw) | dw
(B(Oﬁ)\ﬁA)m(—w,n)?
and

Ir(n) =logn / [thn, ( lognw) |dw.

(_Wvﬂ)Q\B(Ov(S)

where § is as in (4.35). Using arguments similar to (4.37), we can show that I;(n) — 0 as n — oo.
Therefore it is enough to show that Io(n) — 0 as n — oo. To do so, we first observe that for
t = (t1,t2) € R? the characteristic function for X is given by e (it) = 3 (cost| + costs). So if
t € [—m,7)* be such that |e(it)] = 1, then ¢t = (x,n),(—m, ), (7, —n),(—m,—7). The function
cost is continuous and decreasing as a function of ¢ for t € [%,7‘(‘]. Choose n > 5 such that for
t € Ay = (—m,m)% N B0,8) N D, we have |e(it)] < 1, where D = [r —n,7)*> U [-7 — 1, —7) X
[m —n,m)U[—7 —n,—7)> U [r —n,7) x [-7 —n, —7). Let us write

IQ(TL) = Jl(n) + JQ(TL)

where

Ji(n) = logn/A [tn, ( 10gnw>|dw
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and
Ja(n) = logn/ [tn, ( 10gnw>|dw.
D

It is easy to note that
Ji(n) < logn/ [, ( lognw>]dw
Ay
where A; denotes the closure of Aj. For w € A; there exists some 0 < a < 1 such that |e (it)| < a.
Therefore using bounds similar to that in (4.38) we can show that

Ji(n) — 0 as n — oo.

We observe that

Ja(n) < 4logn/ , |Ym, < lognw) |dw.

[7‘—77777"]

Hence, it is enough to show that lognf[ﬂﬂ7 2 |¢n( lognw)|dw — 0 as n — oo. For w €
7 —n,7° we have 0 < |(1+ eiw) <(1+ cos(r—n) < 1. Therefore

)] = %HH( (1+42) < L

So,

2
logn/ |V < lognw) |dw < i logn — 0 as n — oo.
[r—n,7)? n+1

5 Urn on General Graphs on R?

We can further generalize the urn models to a large variety of graphs with vertex set a countable sub-
set of R% and an appropriate edge set. Let {Xi}i>1 be a sequence of random d-dimensional i.i.d. vec-
tors with non empty support set B C R%. We assume the cardinality of B to be finite. Consider V :=

{Zlenibi: ny,no,...,nE € Nyby,bg, ..., bk EB} CR?and E := {{u,v}: v,u € Band v —u € B}.
Let G = (V, E) be the graph with vertex set V' C R% and edge set E. Let the law of X; be given
by

P(X; = w) =p(w) for all w € B.

where 0 < p(w) < 1forallw € B and ), .pp(w) = 1. Define the random walk S, = >")'_; Xj.
In this section, we consider urn model with replacement matrix given by the stochastic matrix
associated with the bounded increment random walk S,, on G. Let the urn evolve according to the
random walk .S,, with the replacement matrix R given by

R (u,v) = {p(v—u), ifv-—ueB (5.30)

0 otherwise
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for all u,v € V.
The urn models as defined in the Subsection 1.1 with vertex set Z? and edge set being the
nearest neighbor links are special cases of urns on general graphs.

5.1 Main Results for General Graphs

Throughout this and the remaining subsections V, (Xj;),~, and B will remain as defined in Section
5. -
For X; = (XS),X{Z), . ,X@), let p = (E[X}”],E[X@], . ,E[X@]) and X = [o]axd

where o0;; = E[Xfi)ij)]. We assume X to be positive definite and as earlier let X = Z/2X1/2, Let
Sn = 2?21 X;. Let U, denote the configuration of the urn at time n and the process begin with
Uo = (Uo,u),ey such that Uy, = 0 except for finitely many v.

Theorem 5.1. Let the urn model be associated with the random walk {Sp},~q. Let A, be the

probability measure corresponding to the probability vector n+r1 (ElUn]) ey - For all A € B (Rd),

define KZS =A, (\/log nAX Y2 4 jlog n) Then, as n — 0o

AT oy,

n

I.’L‘t
where for ®4(A) = 2 dt for A€ B(RY).

1 [e~
Vo) 4
Remark 8. Theorem 5.1 states that if Z,, be the color of the randomly selected ball in the (n +
1) draw, that is Z, is a random d-dimensional vector corresponding to the probability vector

n+r1 (E[Unvv])uevv then

Zn—plogn 4
—— — Ny4(0, % — 00. 5.40
\/@ d( ) ) as n o0 ( )

For w € Q, let A,(w) € M be the random probability measure corresponding to the random

probability vector U;_‘(_“{) where M is the space of probability measures on R%, d > 1 endowed with

the topology of weak convergence.

Theorem 5.2. For w € Q, let A% (w) (4) = Ap(w) (VIog nAX Y2 4 jlog n). Then, as n — oo,
AS 25 ®y on My, (5.41)

xxt
where @4 (A) "2 dt for A e R4

1 —
=—— e
V2my {

Remark 9. From Theorem 5.2 we can conclude that given any subsequence {n;}7°; there exists a
further subsequence {ny; }32; such that as j — oo

A%ij %5 &4 almost surely for all w.
Let the support set for the i.i.d. sequence of increment vectors {X;};>1 be
B = {(1,0), (—1,0), w, —w,w2, —w2} )
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(6] -0

Figure 1: Triangular Lattice

where w,w? are the complex cube roots of unity and the law be given by P (X; = v) = % for every

v € B. Let G = (V, E) be the corresponding graph. It is called the triangular lattice in R2. Let
Sn = 2?21 I;X; be the random walk on the triangular lattice G. The urn with colors indexed by
the vertices of the triangular lattice and replacement matrix given by the stochastic matrix of the
increment vectors X; is an example of urn on general graphs.

Corollary 5.3. Let the colors of the balls in the urn be indexed by the vertex set of the triangular
lattice on R? and the urn model be associated with the random walk {Sy,}, o on triangular lattice.
Let the process begin with a single ball of color indexed by 0, then as n — oo

n d 1
— N2 0,=I | . 5.42
Vdiogn 2 < 2 2) ( )

5.2 Proofs

The proofs of Theorems 5.1 and 5.2 are exactly similar to that of Theorems 2.1 and 2.4 and hence
omitted. However, we present the proof of Corollary 5.3.

Proof of Corollary 5.3. In this case B = {(1,0),(—1,0),w, —w,w?, —w?} where w and w? are the
complex cube roots of unity. For a complex number z, Re(z) and Im(z) will denote respectively
the real and imaginary parts of z.

Since 1 + w + w? = 0, therefore it is immediate that p = Also we know that w =

0.
% + i@. Observe that E [(Xfl)) } = £ <1+ (Re w)” + (Re w? > and Re w = Re w?, there-
fore E [(Xp)? = %(1+2(R6 w)2) = 1. Similarly, since Im(w) = —Im(w?), E [(X%)ﬂ =

% <(Im(w))2 + (Im(w2))2> = % Furthermore E [Xfl) x@ )} 2]m (1 tw+tw ) —0. H
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6 Technical Results

In this section we present the following technical result which we have used in the proof of Theorem
2.4.

Theorem 6.1. Let i, be a sequence of probability measures on (R%,B(RY)), d > 1 and let m,(-)

2
I

be the corresponding moment generating functions. For some 6 > 0 if mp(A\) — e 2 asn — o0
for every A € [=6,6]Y N Q? then as n — oo

ﬂn i> q)da

.’l/'fEt
where ®g4(A) = dt for A€ B(RY).

B SR
o
Proof. For notational simplicity we present the proof when d = 1. The proof when d > 2 is similar
with appropriate modifications. From Theorem 22.2 of [4], we know that a distribution is uniquely
determined by its moment generating function in a neighborhood of 0. Therefore it is enough to
prove that sequence of probability measures /i, is tight. Choose a ¢’ € Q such that 0 < ¢’ < §. To

prove tightness, we observe that for a > 0

fin [(—a,a)] < e (mn(=8") + mn (&) .
Since my, (") = m(d') and m, (=) — m(—4§") as n — oo, we can say that

sup fin [(—a,a)] — 0 as a — oo.
n>1

Therefore, for every subsequence {n}x>1 there exists a further subsequence {ng;};>1 and a proba-
2

bility measure j such that ﬂnkj <, was n — oo. We already know that My, ) — e as j— o0

for every A € [=6,0] N Q. Since the moment generating function is continuous as a function of its
2

argument, therefore the moment generating function for f is ¢ . Therefore this completes the
proof. O
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