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Abstract

In the literature of information theory, the concept of generalized entropy has been
proposed. Recently, the length based shift-dependent information measure has been studied
by Di crescenzo and Longobardi (2006). In this paper, the concept of weighted generalized
entropy has been introduced. The properties of weighted generalized residual entropy and
weighted generalized past entropy are also discussed.
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1 Introduction

In the area of information theory as well as engineering sciences, the Shannon entropy and
its applications is a very important and well known concept. Information theory includes
the study of uncertainty measures and various practical and economical methods of coding
information for transmission. Let X be an absolutely continuous nonnegative random variable
having probability density function fx(¢). Then Shannon’s entropy is defined as

H(X)=- /000 fx(@)In fx(z)de = —E[In fx(X)]. (1.1)

One of the main drawback of H(X) is that for some probability distribution it may be negative
and then it is no longer an uncertainty measure. This drawback is removed in the generalized
entropy. By choosing a convex function ¢ such that ¢(1) = 0, Khinchin (1957) generalized (1.1)

and defined the measure as

1) = [ Fel@)o(x o). (12)
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For two particular choice of ¢, (1.2) can be written as

1) = 515 [1- [T ). (13)

and

HY(X) = 1i51n/000 18 (2)da, (1.4)

for some fixed f§ > 0 and § # 1. As f§ — 1in (1.3) or in (1.4), then they tends to (1.1). It
can be seen that by choosing appropriate value of 3, one can always find nonnegative H f (X)
and HQB (X) but (1.1) may be negative for some distribution. Sometime it is very important to
study about the system that survived up to an age ¢, then Shannon’s entropy function is not
useful in measuring the uncertainty about the residual lifetime of the system. Ebrahimi (1996)
have introduced residual entropy and defined as

o [T Ix@) ()
H(X;t)=— . Fe() In <FX(t)> dx, (1.5)

where Fx(t) be the survival function of the random variable X. Nanda and Paul (1996) have
introduced generalized residual entropy and they have redefined (1.3) and (1.4) for a unit

surviving up to age t as

HY(X:t) = ﬁ [1 - /too <£§(€;;>6dw] , (1.6)

HY(X:t) = 1_ﬁ /< >dm, (1.7)

respectively. As f — 11in (1.6) or in (1.7), then they tends to (1.5). In some practical situation

and

sometime it is important to study the uncertainty related to the past rather than the future.
The past entropy over (0,¢) have been introduced by Di Crescenzo and Longobardi (2002). If
X be the lifetime of a system then the past entropy of the system is defined as

HXt) = - | gﬁ; In (;ﬁé;) dx, (1.8)

where Fx (t) be the distribution function of the random variable X. Gupta and Nanda (2002)
have been defined generalized past entropies given by

t 2\ 7?
H (X t) = ﬁ [1 —/0 (gf(to dx] , (1.9)

In OOO (fx(@)ﬁ da, (1.10)

and




respectively. When 5 — 1 in (1.9) or in (1.10), then they tends to (1.8).

When an investigator collects a sample of observations produced by nature, according
to the certain model, the original distribution may not be reproduced due to various reasons
(cf. C.R. Rao (1965)). In many practical circumstances for modeling statistical data, sometime
the standard distributions are not found appropriate. For this reason, it is important to con-
sider the concept of weighted distributions. Guiasu (1986) has shown that weighted entropy
has been used to balance the amount of information and the degree of homogeneity associated
to a partition of data in classes. When the weight function depends on the lengths of the
component, the resulting distribution is called length biased weighted function. Di Crescenzo
and Longobardi (2006) have considered a length based shift dependent information measure,
related to the differential entropy and also introduced the concept of weighted residual entropy
and weighted past entropy. Misagh and Yari (2011) have studied the weighted differential infor-
mation measure for two-sided truncated random variable. Motivated with the usefulness of the
generalized entropy and the weighted entropy, the concept of weighted generalized entropy has
been introduced. Further, weighted generalized residual entropy and the weighted generalized
past entropy have been discussed in this paper.

This paper is organized as follows. In Section 2 of this paper some basic notation and
properties of weighted generalized entropy have been studied. Section 3 discusses the properties
of weighted generalized residual entropy, while Section 4 deals with some properties of weighted
past generalized entropy. Finally, Section 5 presents some concluding remarks.

Throughout the paper, increasing and decreasing properties of a function are not used
in the strict sense. For any twice differentiable function g(t), we write ¢'(¢) and ¢” () to denote

the first and the second derivatives of g(t) with respect to ¢, respectively, and a L b means

that a is defined by b.

2 Weighted generalized entropy

If X is an absolutely continuous non-negative random variable with probability density
function fy(t) and survival function Fy (), then the probability density function of length
based weighted random variable X, associated to the random variable X is

o) = ﬁfx(t),
and the survival function is E(XIX > ¢
F(t) = %Fx(t»

Then the weighted entropy is given by

FX) = = [7 e e

CE(XInX) | BX)khBE(X) 1

E(X) E(X) B E(X)/o rfx(x)In fx(z)de.  (2.1)




The weighted generalized entropy is given by

') = g [ [ el
1 1 e
- 1_W/o xﬂfﬁ(x)dx], (2.2)
and
7 (x) = ﬁ In <m /0 mxﬁfﬁ(x)dxﬂ. (2.3)

It can be noted that as § — 1 in (2.2) or in (2.3), they reduces to (2.1). Hfﬁ (X) and H;B (X)
are called as first kind weighted entropy of order 8 and second kind weighted entropy of order
B respectively.

The following example shows that although two distributions have same generalized
entropies but they have different weighted generalized entropies.

Example 2.1 Let X and Y be random variables with density functions

14t
fxy=q &0 OSte
0, otherwise,
and
1+t
() = 11—, 0<t<?,
0, otherwise.

Take 8 = 2. Then, we can see that Hf(X) = Hlﬁ(Y) = 1. where Hlﬁ(X) and Hf(Y) are the
first kind generalized entropies of X and Y. The first kind weighted generalized entropies of
the random wvariables X and Y are given by Hfﬁ (X) = 2% and Hfﬁ(Y) = 35 respectively.
Therefore, H¥" (X) # H¥" (V).

Again, the second kind generalized entropies of the random variables X and Y are given

by Hzﬁ(X) = Hg(Y) =In %. But we can see that H;JE(X) = ln% and H;B(Y) = ln% are

not equal.

Hence, even though Hlﬁ(X) = Hlﬁ(Y) and Hg(X) = Hg(Y), the weighted generalized
entropy about the predictability of X by the density function fx(t) is smaller than the pre-
dictability of Y by the density function fy(t). O

The following propositions gives the properties of H ‘I’JB (X) and Hé”ﬁ (X).

Proposition 2.1 Let Z be a random variable defined by Z = aX +b. Then

e (B(X))” o b
(Z) Hl (Z) - ﬁ -1 [1 B ag_l (aE(X) + b)ﬂ (1 a (ﬂ N 1)H1 (X))] B (ﬁ - 1)a5_1(aE(X) + b)ﬂ

/t:tﬁ—l (F)B( (?) {1 —(B-1)H} (K?)] — F() [1 — (B -1)H? (X;t)D dt:
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+

S B RN (:(% 5) 5
(@) Hy (2) = 15! [aﬁl[aE(X)va]ﬁ p((l mHQ(X)) (1= B)a~ [aB(X) +b]°

/:; 161 {Ffi <¥) exp <(1 — B)H} <X; %)) — Ftyexp (1= B)HS (X;t))] dt.

where a > 0, b > 0 and X be any absolutely continuous random variable. O

Proposition 2.2 If X and Y are independent, then
(i) H"(X.Y)=H{" (X) + HY" (V) = (8 = DHP" (X)HP" (V)

(ii) HY(X,Y)=HY (X)+HY (V). 0

3 Weighted generalized residual entropy

Di Crescenzo and Longobardi (2006) have introduced the concept of weighted residual
entropy which can be defined as

WiXif) = <o) ()
S I 1“<Fw<t>>d””
_ 1 * fx(x) zfx(z)
- _W/t 0 1n<E[X|X>t]FX(t)>dm' (3.1)

In this section the concept of weighted generalized residual entropy functions have been intro-
duced and some properties of weighted generalized entropy have been discussed. The weighted
generalized residual entropy functions are defined by

o (X)) = ﬁ[p/ﬁ(ﬁ(@)%x]

1 - 1 Ooxﬁ fX(CU) B i
: (E(X|X > t))ﬁ/t (Fx(t)> d ] ) (3.2)

B—1
7 (X)) = 11 m/tm(ﬁ;((xi)/sdx
_ 1_5 / ( ((5;’ >de—1fﬁ1nE(X|X>t). (3.3)

As f— 11in (3.2) and (3.3), we can see that they reduce to H*(X;t) as defined in (3.1). Now,
we can see that

[y e - [([ ) (32) o
([ [ o) ()

5

and




= [T () (B oo [ (o) (B

(
L) g [ [stow)]

Again,

and

which are equivalent to

/too (fﬁi(é;)ﬁdx =1 (8- DH} (X:1),

| Rtes = R0 [1- (6 - 07 (xn)].

/too< (t > dz = exp [1— (1= )HS (X;1)] |

and

A R(t)yexp [1— (1= B)HS (X;1)] .
Therefore, (3.2) can be rewritten as
o oy o~ L 1 8 B (x
B X5 = 57 |1 Gk s oy (7 [1 - (8- nuf (x50)] +

B/:oyﬁ 1(?{ ) [1—(ﬁ—1)Hf(X;y)]dy>],

and (3.3) can be rewritten as

1 (i) = g [Pe (1= HHS (X0 +

ﬁ/ 51<FX ) p[(l—ﬁ)Hzﬁ(X;y)}dy]

51nE(X\X > t).

(3.4)

(3.5)

The following theorem characterizes the weighted generalized residual entropy in the

sense that under certain condition the weighted generalized residual entropy uniquely determine

the distribution function.



Theorem 3.1 Let X be a nonnegative absolutely continuous random variable having probability
density function fx(t) and the survival function Fx(t). If

(i) Hlﬁ (X;t) is increasing in t, then HT’B (X;t) uniquely determine Fx (t);
(i1) Hzﬁ (X;t) is increasing in t, then H;’B (X;t) uniquely determine Fx (t).

Proof: (i) From (3.4), we have

) = g 1 g ([ o nE o) +
5[ 1(f{ )))B[l—w—l)Hf(X;y)]dy)],
which is equivalent to
Lo DH () = (X,;>t))ﬁ (¢ [1- (6~ E] (xX:0)] +
[ (58) - oot )
- o 30

where ¢(t) = F(X|X > t) and

~—

1) = 1= (-} (0] +5 [y <II§))((((ZZ)

Differentiating I(¢) with respect to ¢, we get

1w = ~@- g+ e [

Differentiating (3.6) with respect to ¢, we get
d 8 g (t) 1

~ -0 (0 = 5L 10+ 1) (37)
Again, from (3.2), we have
G nE () = [T (@Y
1—-(B—1HY (X;t) = e t)/t (Fx(t)> d. (3.8)

Differentiating (3.8) with respect to ¢, we get

d B iy — g [ 5 (fx@\’ B * o (Ix@))’
_(ﬁ_l)aﬂl (X;t) = -p 5+1(t)/ P <FX(t)> d:C—i—gB—(t)TX(t)/t 2’ <FX(t)> dr
B
Foed v
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Therefore, from (3.7) and (3.9), we have

A0 IR SN (O S o
PO+ gt = 5gﬁ+1<t>/t (FX@)) I
B

which is equivalent to

40) < ix@) B-1,d , B
P l””/t 7 () dy] ot a0 = g

[ﬂ/tooyﬁl <Z;i—((i))>ﬂ [1* (B —1)HY (X;y)} dy/tooyﬁ <{i((z;>ﬁdy] - g;—i)ri(t) =0.

For a fixed t > 0, rx(t) is a solution of A(z) = 0, where
_ 9 T (N B ed s B
w =0t [0 [ () dy%gﬁ(t)t "
* 5 Fx(y))ﬁ e By [T B(fX(y))ﬁ s
lﬁ/t y (Fx(t) [1 (8 —1)H; (X,y)} dy /t v F ) | = Fm®
Differentiating A(z) with respect to xz, we get

Al(z) = g%) [/tooyﬁ (%%)ﬁdyﬂ/tmyﬁl (?i%;)ﬁ [1* (8 —1)HY (X;y)} dy]

BtP -1
HON

Now, A’(z) = 0 gives

r = [tiﬁ (/tooyﬁ (g((yt;)ﬁdy—ﬁ/twyﬂ‘l (?i((i)))ﬁ[l—(ﬁ—l)Hf(X;y)} dy)]

= 1o, say.

1

B—1

Again, we see that

’ 00 B
A(0) = ngff()t) [I(t)— /t Y’ @1—%) dy

B-1,d 5
= ——t"'—H{(X;1).

B—1sd s
P —HI(X;
+gﬂ(t)t dt 1( 7t)

Case I: For 8 > 1, A(0) > 0, if H?(X;t) is increasing in t and A(co) = —oco. Further it can be seen
that
BB-DEF 5,

A= —mm

< 0.



Therefore, A'(x) is decreasing in x, and A’(tp) = 0, A’(c0) = —oco. Thus, we see that

Al(z) = 0, 0 <z < o,

< 0, x>t

Therefore, A(xz) = 0 has a unique solution. But we have seen that rx (t) is a solution. Hence, © = rx(t)
is a unique solution of A(z) = 0.

Case IT : For 8 < 1, A(0) < 0, if H(X:1) is increasing in ¢ and A(cc) = —oco. Further it can be seen
that A’(z) is increasing in ¢, and A’(¢y) = 0, A’(c0) = oo. Thus, we see that

Al(z) , 0 < x < tg,

0
0

A\VARV/AN

5 .’L'?fo

Therefore, A(x) = 0 has a unique solution and x = rx(t) is the unique solution of A(z) = 0.

Therefore, from the two cases it can be conclude that if H f (X;t) is increasing in ¢ > 0 and
A(tg) = 0, then rx(t) is the unique solution of A(x) = 0. Thus, Ha(X;t) determines rx (¢) uniquely.
Again, rx (t) uniquely determine Fx (¢). Hence, the result follows.

To prove (ii), we have, from (3.3)

o0 N
exp [(1 - B)HY (X;t)} = —(E(X|)i Y /t z? (J;);((t;) dz (3.10)
Differentiating (3.10) with respect to ¢, we have
G (ew[0-am" o)) = s 205 [T (£ ((yt;)ﬁ ty+ Lr(t)
/tooyﬂ (g%)ﬁdy— g;—i)rf((t). (3.11)
Again, from (3.5), we have
exp [(1- 5" (X:1)] = m (¢ exp [(1 - By5 (x:0)] +
6/ (l; ‘g)))ﬁexp [(1 — B)Hj (X;y)} dy)
B [g(t)]ﬂ’ o

[e’e} I B
F
where I (t) = t% exp [(1 - ﬁ)Hg (X;t)} + ﬂ/ yP1 ( X(y)) exp [(1 — ﬁ)Hg (X;y)} dy. Differenti-
t
ating I (t) with respect to t, we get

L) = 20 -85 HE (e [0 - 58 (0] +Frx ()

/too Pt (l;;))((((l;))>ﬁexp [(1 — ,B)Hgﬁ (X;y)} dy.

Differentiating (3.12) with respect to ¢, we get

4 (ew[0-ams" o)) = -5 E0-n0+




= i (0 o (e [0 9 (0] + (o)
o) . F B /t
| () exp[(lﬂ)Hf(X;y)}dy>ﬂg&*%h(ﬂ- (313)
From (3.11) and (3.13), we get
g | [ s (I P s Brx(t)
P U 7 () @00+ i - e+

(7 (B8 ol oo [ (B0 ) o -

For a fixed t > 0, rx(t) is a solution of A;(x) = 0, where

6

B
Ar(x) = gé—()< ) (X5) -

(/t Y (JZ;X ) / ( ZZ)))BGXP[(l—B)HQB(X;y)}dy>x+g;—ft)xﬂ.

Now, Af(z) =0 gives

s = ([ (B v [ (B2) o lo-mt o) -

which is equivalent to

o [ (Y e o (B el o))

= t1, say.

Q

Again, A41(0) = S5 (1— B) % HS (X;t).
Casel : 5 > 1, A;(0) <0, if Hg(X;t) is increasing in ¢ and Aj(c0) = oco. By similar way one can say
that A;(z) = 0 has a unique solution. But we have seen that rx(¢) is a solution. Hence, x = rx(t) is a
unique solution of A;(z) = 0.
Casell : g < 1, A1(0) > 0, if Hg(X; t) is increasing in t. By similar way one can say that rx (¢) is a
solution. Hence, x = rx(t) is a unique solution of A4;(z) = 0.
Therefore, from the two cases it can be conclude that if Hj B (X;t) is increasing in ¢ > 0 and
Aq(t1) = 0, then rx(¢) is the unique solution of A;(z) = 0. Thus, Ho(X;t) determines rx (¢) uniquely.
Again, rx (t) uniquely determine Fx (¢). Hence, the result follows. O
Di Crescenzo and Longobardi (2006) have been defined two nonparametric classes of distribu-

tions based on the monotonicity properties of weighted entropy are given below.

Definition 3.1 A random variable X is said to have decreasing (resp. increasing) weighted uncertainty

residual life (DWURL (resp. IWURL)) if H*(X;t) is decreasing (resp. increasing) in t > 0. O

Here two nonparametric classes of distributions based on the monotonicity properties of weighted
generalized residual entropy have been introduced.

Definition 3.2 A nonnegative random variable X is said to have

10



(i) decreasing (resp. increasing) weighted uncertainty residual life of first kind of order 8 [DWURLF ()
(resp. IWURLF(53))] if H{JB (X;t) is decreasing (resp. increasing) in t > 0;

(i) decreasing (resp. increasing) weighted uncertainty residual life of second kind of order 8 [DWURLS(B)
(resp. IWURLS(5))] if H‘Q"B (X;t) is decreasing (resp. increasing) in t > 0. O

The following counterexample shows that there exist distributions which are not monotone in
terms of H¥" (X;t) or HY” (X;1).

Counterexample 3.1 Let X be a random variable having probability density function fx(t) = ﬁ,

t > 0. Then the corresponding survival function is given by Fx (t) = ﬁ, t > 0. Take 8 = 2. Then,
we see that for allt >0

- _ (L+)* (2(1+5¢t+10t%)
HY (X;t) = 1(1+2t)2< 15(14¢)° >
= (t)vsay’

which is not monotone in 0 <t < 0.5 as shown in Figure 1. Again, we see that for all t > 0

0.8665 -
A
0.8660 -
0.8655 -

@0 | a5

02645

0.3640

T
0 0.1 0z 03 0.4 0.5
» t

Figure 1: Plot of a1(t) for and ¢ € [0,0.5] (Counterexample 3.1)

S - g [0ED! (20 5+ 102)
HY (X:t) = —ln[(Hgt)z( 15(1 +t)5 )]

= Qa2 (t)7 say,

which is also not monotone in 0 <t < 0.5 as shown in Figure 2. Hence, H‘l"ﬂ (X;t) and H‘Q"B (X;t) are
not monotone. |

The following theorem gives the upper (resp. lower) bound to the failure rate function rx (¢), in
terms of H‘f’ﬁ (X;t) and H‘Q*’B (X;t). The proof is simple and hence omitted.

Theorem 3.2 (i) If X is IWURLF(B) (resp. DWURLF()), then

‘H

—1

|

rx(t) = (resp. <)w [ﬁ(

1= (8- (X31))]
(i) If X is IWURLS(B) (resp. DWURLS(3)), then

@
-

rx(t) = (resp. <)w [ﬁeXp ((1 — B)Hs" (X;t))} o

for allt > 0. O

11



20104

2.003

a,(t)

1995

T T T T 1
0 0.1 0z 03 04 0.5

> t

Figure 2: Plot of ay(t) for ¢t € [0,0.5] (Counterexample 3.1)

By taking 5 — 1, we have the following corollary. The proof is omitted.
Corollary 3.1 If X is IWURL (resp. DWURL), then

rx(t) = (resp. g)w

exp[l — H¥ (X;t)],
for allt > 0. O

The following theorem provides a lower bounds for weighted generalized residual entropy. The
proof is omitted.

Theorem 3.3 (i) If the failure rate function rx(t) is decreasing in t > 0, then

1

wB

- T

(B(X|X >t)"

BOCIX > 1) gl(t)]

forallp>0,t>0.

(ii) If the failure rate function rx(t) is decreasing in t > 0, then

1

P
Hy (X;t) 2 -3 n

BEXX >0~

SO0 )

forall p>0,t>0. O
By taking 5 — 1, we have the following corollary. The proof is omitted.

Corollary 3.2 If the failure rate function rx(t) is decreasing in t > 0, then

E[XInX|X > {] _ln(%),

H? (X;t) > —
(X51) EX|X >t X|X >t

forall p>0,t>0. O

12



4 Weighted generalized past entropy

Di Crescenzo and Longobardi (2006) have defined weighted past entropy. The weighted past
entropy at time ¢ of a random lifetime X is defined by

= . B t fw (l‘) fw (l‘)
Ho(X51) = — ) In <Fw(t)> dx
_ ¢ xfx(x) zfx(z)
- /o BX[X < OFx () <E(X|X < t)FX(t)> de. (4.1)
Here the weighted version of generalized past entropies of lifetime distribution have been defined.
_ 1 1 t fX (x) ) B
a7 (X5t) = _ 5 ] .
v(Xt) -1 [E(X|X<t)]ﬁ/o x (Fx(t) x|, (4.2)
and
_ 1 1 t fX (:E) ) B8
. (X "= 1-p ! [E(X|X <t)]’6/0 ’ <FX(t) * (4.3)

As B — 1in (4.2) and (4.3), we can see that they reduce to H*(X;t) as defined in (4.1). Alternatively,
(4.2) and (4.3) can be written as

=B . . L 7; 5 - - s .
A (X = 5= |1 B <OP (t (1= (8- 1A (X;1))
t 8
_ﬁ/y_oyﬂl (%) [1—(5-1)1?5()(;;,)} dyﬂ, (4.4)
and
B v - 1 1 £ o - e

5 / < ))ﬁexp (- pyEE X)) dyﬂ | (45)

The following definitions gives two partial orders based on past entropy.

Definition 4.1 A random variable X is said to be larger than another random variable Y in weighted
past entropy order (written as X >wpr Y) if H*(X;t) < H®(Y;t). O

Definition 4.2 A random variable X is said to be larger than another random variable Y in weighted
generalized past entropy of order B (written as X >wapr Y ) if H‘f’ﬁ (X;5t) < H‘f’ﬁ (Y;t) (or, equivalently,
Hy"(X3t) < H" (Vs1)). D

The following counterexample show that weighted past entropy order is the subclass of the
weighted generalized past entropy of order .

Counterexample 4.1 Let X be a random variable having probability density function given by

L 0<t<?2
1) = 29 ’
fx(®) {0, t> 2.

13



by

Again, let Y be another random variable having probability density function given
3 2' 0<t<1,
5(1—e"2
2
fx(t)= ﬁ7 1<t<2,
5(1—e2)
0, t>2
Now, for 1 <t <2
3z 3ge” ¥
re 2 In L

1 30 t 22
/ 3re™ % da +/ 3r2e 2T dy
0 1

1

HY(X;t) — H*(Y;t) :/ T v -

0 /zefTId:er/ 22e T dx
0 1

2
gpa? 22+
35626 2+ % In 3z%e 2

dx

1 3z t '1‘2
/3me_?dm+/ 3r2e 2t T dx
0

1

dx

t
/3:17677d117+/ 3x2e 2T T dx
0

1

t 2 2
/f’&m 327N 0
0 13 13

= aft), say,

which is not always negative as shown in Figure 3. Therefore, X Rwpp Y. Take B =

01+

a(@) | -1

-0z -

-03 4

Figure 3: Plot of «(t) for and ¢ € [1,2] (Counterexample 4.1)
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on(t) = HY(X50) - HY(Y;0)
t 3 3
/ (xefﬁm) dx .
3 Ot s*%té , 0<t<l,
(/ xegzd:p>
| \Jo
= 1 % t 3
/ (xe 29”) d:p+/ <z26’2+ 3 ) dx .
3 1 33,2
-3 0 - 3 L - I —=t3 ], 1<t<2,
(/ :Eeiﬁmdij/ x262+m2d:r>
L 0 1
—0.0207, t>2

-00z2 -
R ]
-0.04
~0.06
~0.08
-0.10 -

o, (1) ]
-0.12

-0.14 4

-0.16

-0.18 4

Figure 4: Plot of a4 (t) for and t € [0, 2] (Counterexample 4.1)

ri(t) O EY (Xt - HY (Vi)

oo
=
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~
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~0.01498, t>2.

From Figure 5, we can see that H‘Q*’B (X;5t) < H‘Q*’B (Y;t). Therefore, X Zwapr Y. Hence, weighted past

entropy order is the subclass of the weighted generalized past entropy of order [3.

The following example shows that X >gr Y, but X ;‘éwc pE Y. A nonnegative random variable
X is said to be greater than another nonnegative random variable Y in stochastic order (written as
X 257 Y) if Fx(t) < Fy(t), for all t > 0, where Fx(t) and Fy (t) are the distribution functions of X

and Y, respectively.
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Figure 5: Plot of k;(t) for and ¢ € [0,2] (Counterexample 4.1)

Example 4.1 Let X be a random variable having probability density function fx(t) = (H_%)Q, t >0 and
the corresponding distribution function is given by Fx(t) =1 — %th’ t > 0. Suppose that' Y be a random
variable having probability density function fy(t) = ﬁ, t > 0 and the corresponding distribution
function is given by Fy (t) =1 — ﬁ, t > 0. It can be shown that Fx(t) < Fy (t), for all t > 0. Thus,
X >g7 Y. Take 8 =2. Now, we see that for allt >0

- - S U SNS H  S S

B (Xt — B (Vi) = (1+%) 3(141) 5(1+t)2 30 (14D 3(1+1) T+1 _ 3

(zer - + %) (2 +m+-1)

= as(t), say.

We see that as(0.5) = —0.1061 and as(3) = 0.03046. Again, we see that for allt >0

L1141 11141
1n | 2007~ 30407 50+0° " 30 (1+0)% ~ 3(14t)° 1+t ' 3

Hy" (X50) — 5 (Y31) = : ~In ;
1 1 1 1
(m*l—“Jrg) (1—+t+ln(1+t)fl)
= ka(t), say.
We see that k2(0.5) = —0.0458 and k2(3) = 0.08406. Hence, X ?wearr Y. O

The following example shows that X %g7 Y, but X >wapp Y.
Example 4.2 Let X be a random variable having probability density function given by

2(1—t) , 8t(1—t)?
fX(t) — 1+4t2 + (1+4t2)2) 0 <ﬁ < 17
0, t>1

The corresponding distribution function is given by

1,M 0<t

3

1
1.

A\

y

Again, let Y be another random variable having probability density function given by

)

Fol) = {2(1 —t)et+(1—t)2%t, 0 <i 1

0,

VoA
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The corresponding distribution function is given by

1—(1—-t)2%t 0<t<1,
Fy(t) = (1—1)
1, t>1.
Now, we can see that for 0 <t <1
1—1)?
Fo(t) = Fy(t) = (1—t)2et— &
x(t) = Frlt) = (-0t = T

004593,  t=0.1,
0.02663,  t=0.5.

Therefore, X %7 Y. By taking 8 =2, we can see that

def rw’ . T
Oég(t) - Hl (X7t)7H1 (th)
2(1—e 24+ 23 (1+t2)e 2 = 2¢(14+t)e 2 — 241 (142¢%)e 2
T—e—t(1+t—t2+23) ]
_ (754+900¢%+3600t* +4800t°) tan—! 2t —(3075¢° +-3744¢* —2304¢° 4-1088t>+150)

- - 6A(1+4L%)2 [2(80—3) —2(1+4¢2) In(1+422)+3(1+4L%) tan— 1 27] o Ot
—0.14175, t>1,
which is negative as shown in Figure 6. Again, we see that
> t
o 0.z 0.4 0.6 0= 1
A-02
0.4
a3(l) -0.6 4
-0.8 4
14
Figure 6: Plot of ag(t) for and ¢ € [0, 1] (Example 4.2)
rs(t) Y (Xt — HY (Y3t
1 2(A—e )32 A+tH) e 2 =3 t(14t) e - LBt (142t%)e
n T—c T (1+i—1211%)
1 (754+900t% 43600t * +4800t°) tan ' 2t—(3075¢° +3744t* —2304t> +1088t>4150) 0<t<1
n 64(1+4t2)2 [2¢(81—3) —2(1+4¢2) In(1+4t2)+3(1+4L2) tan— ! 2] ’ NP5
—0.10933, t>1,
which is negative as shown in Figure 7. Hence, X Z>wapr Y. O

Di Crescenzo and Longobardi (2006) have been defined a nonparametric classes of distribution
based on the monotonicity property of weighted past entropy is given below.

Definition 4.3 A random variable X is said to have increasing weighted uncertainty past life IWUPL
if H*(X;t) is increasing in t > 0. O
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Figure 7: Plot of k3(t) for and t € [0,1] (Example 4.2)

Here one nonparametric class of distribution based on the monotonicity property of weighted
generalized past entropy has been introduced.

Definition 4.4 A nonnegative random variable X is said to have

(i) increasing weighted uncertainty past life of first kind of order 8 [IWUPLF(B)] if H‘f’ﬁ (X;t) is
icereasing in t > 0;

(i1) increasing weighted uncertainty past life of second kind of order 5 [IWUPLS(B))] if f_lé"ﬁ (X;t) is
icreasing in t = 0. O

The following counterexample shows that the class IWUPLF(3) or IWUPLS(3) does not coin-
cide, in general, with IWURL class.

Counterexample 4.2 Let X be a random variable having probability density function given by

_3
Bt 0<t<],
5(1755
I[x(t) = @ 1<t<?2
5(1755)’ ’
0, t>2.

Now, for 1 <t < 2, the weighted past entropy of the random variable X is given by

1 —%w —sx
Hw(X;t) — _ - 1 _ / 3xe . In 3xe . dl’—l—
L 3pe-de t 3p2e—2+% 0 5(1—e*a) 5(1—e*a)
/73dz+/ o
0 5(1—6‘5) 1 5(1%—5)
t 3a2e~2t% 3322+ L 3ge—3® t 3a2e~2%
/ I | dw - / 73dx+/ e

1 5(1—6‘5) 5(1—6‘5) 0 5(1%—5) 1 5(1—6‘5)

1 _3g t o2, -2tz
3 2 3 2
In / L3dx+/ Lsdx
0 5(1%—5) 1 5(1—6‘5)
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We see that as(1.2) = 0.10925, a4(0.5) = 0.22122 and «4(2) = 0.13153. Therefore, X is not IWURL.
By taking B = 0.5, the weighted generalized past entropy of first kind of the random variable X is given

by

t 3. 1\0.5
/ (33@6_5”“) dx
o — 0<t<1,
(/ 31:6_%”“'d1:>
, 0
HY (X;t) = 1 0.5 ¢ 2105
r(Xt) / (S,re_g”“) dw—i—/ (3x26_2+7) dz
0 1

-2 |1- t t 0.5
3 z2
</ 3xe‘5zd$—|—/ 3x2e_2+2>
0 1

0.4350, t> 2,

—211 —

as(t) &

which is increasing in t > 0 as shown in Figure 8. Again, the weighted generalized past entropy of

-0.54

as(1)

-1.54

Figure 8: Plot of a5(t) for and t € [0, 2] (Counterexample 4.2)

second kind of the random variable X is given by

3z7%0 dx
[ (s
0

o5 | 0<t<l,

T j .
(/ 3ze§xdz>
0

H(ﬁ)ﬁ (K51 = /01 (3ze_%z)0-5 dx + /lt (3z26—2+§)05 dx

21n 05 ) 1<t<2,

t 3 t 1:2 ’
(/ 3zxe 2%dx Jr/ 3x26_2+7)
0 1

0.3936, t>2,

21n

ra(t)

which is increasing in t > 0 as shown in Figure 9. Hence, X is not IWURL but it is IWUPLF(B), for
8 =0.5. |

The following theorem characterizes the weighted generalized past entropy in the sense that
under certain condition the weighted generalized residual entropy uniquely determine the distribution

function.
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&, (1)

Figure 9: Plot of k4(t) for and ¢ € [0,2] (Counterexample 4.2)

Theorem 4.1 Let X be a nonnegative absolutely continuous random variable having probability density
function fx(t) and the distribution function Fx(t). If

(i) f{f (X;t) is increasing in t, then H‘f’ﬁ (X;t) uniquely determine Fx (t);
(ii) HE (X;t) is increasing in t, then f_lé"ﬁ (X;t) uniquely determine Fx (t).

Proof: (i) From (4.4), we have

_ _ rrw’ . — ; _ _ 73 .
- (E-DE (XY = oo S [ (1= - naf ()
—6/ b= 1( i) (1—(6—1)H5(X;y))dy]
N [gl<t>]ﬂ’ o
where ¢1(t) = E(X|X < t) and
B
J(t) =7 (1= (8= DA (X;1) ﬂ/ - 1< ) (1= B -na] (X39)) dy.
Differentiating J(¢) with respect to t, we get
IO = G- SE 0+ g [ (FX(y))B(l—w—l)HB(X ) d
- et I A Fx(t) v)w
Differentiating (4.6) with respect to ¢, we get
B g (xp - 91(1) J'(t)
R LR (@7
Again, from (4.2), we have
(B _1\F¥ (Y. _ 1 i 8 fx(y) 7
@0 (G0 = [ () an (48)

20



Differentiating (4.8) with respect to ¢, we get

o0t e ) [ s (@)
om0 = gl [y ()
751/ g x@)\’ th i
el [ (5 R (49)

From (4.7) and (4.9), we have

91(t) IO e [ (@ B '
0 g = ik (R6) oo
P8

s

>
7N
K,j

>
—
s
~

™
=N
<

or, equivalently,

B [J(t) [ () |+ Dy (i) - O
[ﬂ/ot y’ <l;i—(é))>ﬁ (1 — (8- 1A (X;y)) dy + /Ot y” <g((z;>ﬂdy + g;?t)yff(t) =0
For a fixed t > 0, vx(t) is a solution of B(x) = 0, where
B(x) = ﬁg?iﬁ?t) [J(t)—/otyﬁ (g%)ﬁdy +ﬁg—}1tﬁ%fﬁ (X3y) — glﬁﬁ(t)
o[ (R (oo vmom)ar [l (R5) ] s e

Differentiating B(t) with respect to z, we get

B'(x) = glﬁﬂ(t) [ﬂ/@t y'! (?i—%;)ﬂ (1 — (B-1)H] (X;y)) dy+/0t y” (;i((g)ﬁdy]

o () s [ (R vt
= 19, Say.
Again, we see that
B—145d

B(0) = %t EH{’(X;t).

CaseI: For 3 > 1, B(0) > 0, since H (X;t) is increasing in ¢ and B(z) is convex function with
minimum occurring at @ = to. So B(x) = 0 has unique solution when B(t2) = 0.
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Case Il: For § < 1, B(0) < 0, since Hf (X;t) is increasing in ¢ and B(z) is concave function with
maximum occurring at & = t2. So B(x) = 0 has unique solution when B(t2) = 0.

Therefore, from the two cases it can be conclude that if A f (X;t) is increasing in ¢t > 0 and
B(t2) = 0 then B(x) = 0 has unique solution. Since vx (¢) is the solution of B(z) = 0 then H‘f’ﬁ (X;1)
determines vx (t) uniquely. Again, vx (¢) uniquely determine Fx (¢). Hence, the result follows.

To proof (ii), we get, from (4.3)

eXp[(lfﬂ)HEJB(X;t) = ;ﬂﬂ/otyﬁ <fX(‘z)>ﬂdy

Differentiating (4.10) with respect to ¢, we get

_ 5 t B t B
i (oo l0-0]) = ol [ (B8) o gm0 [ v (RE) »

5
+g§(t> V(). (4.11)
Again, from (4.5), we have
e [0- 085" (060] = o [1esp (- D)
t B
*ﬂ/o y (?;(5))) exp ((1 — B)H, ( )) dy]
_ L)
= (4.12)

B
where Ji(t) = t%exp ((1 - ﬁ)Hﬂ X; t ﬂ/ A-1 < ) exp ((1 - B)Hg(X;y)) dy. Differenti-

ating Ji (t) with respect to ¢, we get
/ 5 75 d s 2
Ji(t) = t°(1—pB)exp ((1 — B)H,, (X;t)) = Hy (X;t) + Bvx(t)

/Oty5—1 (J;X((gz)))ﬁexp ((1 - B) _g(X;y)) dy.

Differentiating (4.12) with respect to t, we get

& (exp [0 - " (x:0)]) = g%(t) (tﬁ(l ~Besp (L HHE (1) SA(G)
+5%x (t) /Ot ' <Z;i—(g)))ﬁ exp ((1 — B)Hy (X; y)) dy)
g (1
- B+1(t) Ju(t). (4.13)
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From (4.11) and (4.13), we have

540 [Jloe) [ (fX(y))ﬂdy] - B e (- maf o) a1

i Fx (1) IO
ﬁmt) lﬂ/@ g (?ﬁiﬁf)ﬂexp (- 9 (x:9) dy +/ (f,§<(t§) d ]
+9§§t) vXA(t) =0.
For a fixed t > 0, vx (¢) is a solution of By(z) = 0, where
B = o [ - [ (LY dy] - |Pee (a-pm ) i)
[ yP1 Ff(((zt/)))ﬁexp«l—ﬁ) 10 (X y))dy—i—/o (f);(éi)ﬂdylw
8.
91 (t)

Now, Bf(z) = 0 gives

9 o B [ (R 190X, (N Y
PO %[ﬁ/oyﬂ <Fx<i>) e"p(“ﬂ)Hg(X’y))d“/oyB<Fx<yt>> dy] -

which is equivalent to

¢ (1 () oo (32

= 13, say.

8
|

Again, By(0) = — 227 exp ((1 — B HL (X; t)) 4 FB(X ;).
CaseI: For § > 1, B1(0) > 0, since Hg (X;t) is increasing in ¢ and Bj(x) is convex function with
minimum occurring at @ = t3. So Bj(x) = 0 has unique solution when Bj(t3) = 0.
Case IT : For 8 < 1, By(0) < 0, since HY (X;t) is increasing in ¢ and By (x) is concave function with
maximum occurring at z = t3. So Bi(z) = 0 has unique solution when By (t3) = 0.
Therefore, from the two cases it can be conclude that if ﬁg (X;t) is increasing in ¢t > 0 and
B (t3) = 0 then Bj(x) = 0 has unique solution. Since vx (t) is the solution of B;(x) = 0 then H‘Q*’ﬁ (X;1)
determines vx (t) uniquely. Again, vx (t) uniquely determine Fx(t). Hence, the result follows. O
The following theorem gives the upper bound to the reversed failure rate function vx(¢), in
terms of H‘f’ﬁ (X;t) and H‘ﬁ’ﬁ (X;t). The proof is omitted.

Theorem 4.2 (i) If X is IWUPLF(3), then

o) < POESD (54 o i’ (x:0)] 7
(ii) If X is INUPLS(B), then
vx(t) < ZEEZ [y (- gy " (i)™
for allt > 0. O
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By taking § — 1, we have the following corollary. The proof is omitted.
Corollary 4.1 If X is IWUPL, then

B(X|X <)

vx(t) < xp 1 — HY (X;t)],

for allt > 0. O

5 Concluding Remarks

In literature, generalized entropy is a very well known concept which can always gives a nonneg-
ative measure of uncertainty. But in many practical situations for modeling statistical data, sometime a
certain amount of information may be lost. With this in mind, here the concept of weighted generalized
entropy has been introduced. In this paper, several results on weighted generalized residual and past
entropies also have been discussed. Here it has been shown that generalized entropy uniquely deter-
mines the distribution of the random variables. Some nonparametric classes of distribution based on
the monotonicity properties of weighted generalized entropy have been defined. A partial order based
on weighted generalized entropy has been given.
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