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ABSTRACT. This paper deals with symmetric random matrices whose upper di-
agonal entries are obtained from a linear random field with heavy tailed noise. It
is shown that the maximum eigenvalue and the spectral radius of such a random
matrix with dependent entries converge to the Frechét distribution after appro-
priate scaling. This extends a seminal result of Soshnikov (2004) when the tail
index is strictly less than one.

1. INTRODUCTION

In this article, we study the asymptotic behaviour of the maximum eigenvalue of
an n X n symmetric random matrix A,, whose upper diagonal entries are given by
the linear random field

(1.1) Yii = ZZCini+k,j+la 1< kE<I<n,

i=0 j=0

where {¢; ;}i >0 is a sequence of real numbers satisfying

5
(12) ZZ]QJ[ < o0
i=0 j=0
for some 6 € (0, ), and {X; ;,4,j € N} is a family of i.i.d. positive random variables
with distribution function F' satisfying

(1.3) 1—F(z)=L(z)z™, >0

for some slowly varying function L and for some 0 < o < 1. It is easy to check,
following the arguments of Cline (1983) (see also Davis and Resnick (1985)), that
(1.2) ensures the almost sure convergence of the series in (1.1).

Random matrices with heavy tailed entries have generated considerable inter-
est in the recent years; see Soshnikov (2004), Ben Arous and Guionnet (2008),
Belinschi et al. (2009), Auffinger et al. (2009), Davis et al. (2011), Bordenave et al.
(2011). Soshnikov (2004) investigated the edge behavior of Wigner matrices with
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i.i.d. heavy tailed upper diagonal entries whose distribution function F' satisfies
(1.3) for some 0 < v < 2. It was established that in this case, the largest eigenvalue
converges to Frechét distribution after scaling by

) 2
(1.4) bn.—lnf{w.l F(x)gn(n+1)}.
This result was later extended by Auffinger et al. (2009) to the case 2 < a < 4 with
centered entries. One of the important features of the proof of the above results
is that eigenvalues behave similar to the largest entries of the matrix in absolute
value, and as a consequence, the point process of the normalized positive eigenvalues
converges to a Poisson point process.

This edge behavior is drastically different from the case of o > 4 which is supposed
to be governed by the Tracy-Widom law; see, for example, Lee and Yin (2013). For
a relaxation of identically distributed condition and further results on edge univer-
sality see Bourgade et al. (2013). Few similar results are also known for sample
covariance matrices; see, for example, Yin et al. (1988) and Auffinger et al. (2009).
Davis et al. (2011) studied the edge behavior for sample covariance matrix X X7
where the rows of X are independent copies of a linear process with heavy tailed
noise. Dependence across both rows and columns have also been investigated in
the context of bulk asymptotics of sample covariance matrices whose entries have
lighter tails; see Hachem et al. (2005) and Pfaffel and Schlemm (2012). For a review
of the existing literature on random matrices, we refer the readers to the articles
Ben Arous and Guionnet (2011), Erdds and Yau (2012).

Consider the Hilbert space I := {(a, :n € Z) CR: Y. _,a? < co}. We shall

nezZ -'n
define an operator T on [? as follows. For i, j € Z, let
Civ1j-1, 1 <—1,7>1,
(15) T(’L,j) = Cjt1,i—1, j S —1,2 Z 1,
0, otherwise .

T acts on I* in the natural way by (Ta); := > T(i,j)aj, i € Z. By the
Cauchy-Schwarz inequality, the operator norm [|T’|| of T" can be bounded above
by (2327202252, c?vj)l/Q, which is finite because of (1.2). Let p(A,) and Auax(A4,)
denote the spectral radius (same as the spectral norm in this case) and the max-

imum eigenvalue of A,,, respectively. With these notations, we can now state the
main result of this paper.

Theorem 1.1. Let A, be as above and b, be as in (1.4), then for all x > 0,
JEIC}OP()‘maX(An) < |7l bnx) = JI_HDIOP(/)(AYL) < |7l an) =e

Note that we partially recover Theorem 1.1 of Soshnikov (2004) as a consequence
of the above result by choosing ¢;; = 1 when 7 = j and ¢;; = 0 when ¢ # j. However
our methods are limited to 0 < a < 1 and the case 1 < a < 4 is still open. We
would also like to point that in general, it is very difficult to calculate || T||. In the
following special case, it can be computed using Lemma 3.2 below.

Corollary 1.2. Let A, b, be as in Theorem 1.1 with c¢;; = o;f3;, where {a;}i>0 and
{Bi}iz0 satisfy the summability conditions 3 2 |a;|® < oo and Y32 [B;]° < oo,
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respectively, for some 6 € (0,a). Then for all x > 0,
Jim P(nax(An) < llala18l12502) = lim P(p(An) < lalal| Bl buz) ="
where || - |2 denotes the €* norm.

The setup of Davis et al. (2011) can be thought of as a special case of the above
example (except that their random matrix X is not necessarily symmetric) with
only nonzero «; being ag = 1. They also obtained a similar constant in the limit.
In the rest of the paper, we prove Theorem 1.1. In Section 2, we deal with the
finite linear random fields and then using a truncation argument pass on to the
infinite case in Section 3. The novel technique used in this paper is the well-known
fact from linear algebra that for any matrix norm |||-|||,
1
(1.6) p(A) = lim [||A*]||>.

r—00

In this paper, for any n X n matrix M, the (i, 7)™ entry is denoted by M(i,5) and
the matrix norms [|- || and max(-) are defined by || M||o = maxi<i<, Y5, [M (3, j)]
and max (M) = max;<; j<, | M (3, j)|, respectively.

2. FINITE LINEAR RANDOM FIELD

In this section, we first show an upper bound of the spectral radius of A, using
(1.6) and by splitting the matrix A" into two parts, one having entries only with the
27" powers and the other with lower order terms. The matrix with lower order terms
has negligible contribution and the main contribution comes from the 2" powers.
A careful analysis of the coefficient matrices leads to the upper bound. Then we
prove a lower bound of maximum eigenvalue using the Rayleigh’s characterisation.

For each N > 1, let A be the n x n symmetric matrix whose upper diagonal
elements are given by the finite linear random field

N N
(21) Yk,(flv) = ZZCini+k’j+l’ 1 S k S ) S n,
=0 j=0
where {X;;,4,7 € N} and {¢;;}i j>0 are as in Section 1 and Cy be the matrix
0 Cu
2.2 Cy:=| ~ ,
2 ) { cy o 1

where Cly is the (N +1) x (N + 1) matrix whose (i, 7)™ entry is cy11-in11-;-
2.1. Upper bound for spectral radius. Our first lemma gives an upper bound for
the spectral radius of A and is the most crucial step towards proving Theorem 1.1.
Lemma 2.1.

(2.3) lim P ( p(A")

maxi<g.i<n ’Xk,z\

n—o0

>p(CN)+E) :()7

for all e > 0.
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2r
Proof. Fix an integer r > 1. Write (AgN)) = U, + V,, where U, contains the

terms X} with their coefficients and V;, consists of the cross terms. For all n > 2N,
we shall decompose U, further into the sum of two matrices W,, and Z,,, show that
W, gives the correct upper bound and || Z, ||, ||V |l have negligible contributions.
These steps are elaborated below.

Step 1: Decomposition of U,.

Fix n > 2N. Let k,[ be integers such that N <k <[—N <n— N and T be the
set of all pairs (k,[) satisfying these inequalities. Define Cy to be the n x n matrix
whose (N + 1) x (N + 1) submatrix formed by the (I — N)™ (I — N+ 1)% ...
1™ rows and (k — N)™, (k— N +1)™ . k™ columns is Ciy defined as above and
the other entries are all zero. The condltlon k < 1 — N ensures that Cy is upper
triangular with diagonal entries zero. Set C’kl = C’U+C’ Thus, Ckl is a symmetric
matrix, and the coefficient of X2} in the (i, 7)™ entry of U, equals CZ(4, 7). It is

easy to see that C’lf’} (i,7) is zero unless (i, j) belongs to either [k — N, k] x [l — n,l]
r [l = N,I| x [k —n,k]. Write U, = W, + Z,,, where W,, contains the entry X7

(with its coefficient) if and only if (k,1) € T and the remaining entries are in Z,.
Step 2: Bound for ||, .

Define an n x n symmetric matrix B, whose (u,v)'" upper diagonal entry is Xi’”v.
Fix 1 < i,j < n. Clearly, if (k,l) ¢ S;;, the union of [i,i + N| x [j,j + N] and
17,7 + N] x [i,7+ NJ, then the coefficient of X7, in W, (i, j) is zero. Thus,

(2.4) Wa(i, )l < Y, CRl)X <max(Cy) > X7
(k,l)GSi]‘ﬂT (k,l)eSijﬁf
Using the above inequality, we have that for each 4,
S Wi )] < max(CF) 32 #4 € lion] « (k) € S} Bl )
J=i (k)eT

Since (k,l) € Sijﬁfandi <jyieldk—N<i<k<l—N <j<I[<n,the above
upper bound can be further bounded by

i+N n
<max(C¥) Y Y #{j € li,n] 1 (k1) € Sy} Bu(k,1) < (N + 1)* max(CY) | Bullso -
k=i =1

Similarly, using the symmetry of B, Z;ll |[W,(i,7)| can also be bounded by the
same quantity. Thus, we have |, ]l < 2(N + 1)2max(C%)||By||co, from which
using equation (34) in Soshnikov (2004) it follows that

lim P ( [Walloe 5= > 2(N + 1)* max(C*") —i—a) =

n—oo \ MaXi<k<i<n Xj)
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for all ¢ > 0.
Step 3: Negligibility of ||Z,] -

Let us now try to upper bound ||Z,||oe. For all 0 < k < N, let Cy, be a symmetric
(k+N+1)x (k+N+1) matrix whose (4, 7)™ upper triangular entry is ¢y 41— N+k+1—;
whenever 1 <i< N+ land k+1<j<N+k+1 (with ¢ < j) and other upper
triangular entries are all zero. By a reasoning similar to the proof of (2.4), it follows
that

|Za(i,§)] < max max(Cy) Y X7,

~ 0<k<N -
(u,v)€Te

for all 1 <i,7 < n, where T¢ = {(u,v) : 1 <u<w §n+N}\7~T It is easy to see
that the cardinality of 7 and the number of non-zero entries of Z,, are both O(n).
Therefore, there exists a constant K independent of n such that

1Zalloo <D D NZali ) < Ko Y X3,

i=1 j=1 (u)eTe

which implies || Z, |0 = 0, (n*"/).
Step 4: Negligibility of ||V, -

We shall show that
(2.5) Pl|[Vploo > bffe] — 0 asn— o0.

To this end, note that a typical entry of V,, has the following form:

n N 2r
! !
V(k,1) = E , § : H Crngni Xmma+hn+in ** Xmggtise—1,n20+

11,82, ,i2r—1=1 mq,"mog,=0 i=1
N, 77712,,‘:0

/
where Z denotes that the sum is over all those indices which do not give 2r-th

power. To simplify the notations we denote by Z the set of indices 1 <1 < n, {ig, 1 <
k <2r} and {m;,n;}1<;<2r such that i, € {1,--- ,n} and m;,n, € {0,--- , N} with
the constraint that (m;+k,ny+1i1) # - -+ # (ma, + i1, no,. +1). Also for any index
J € Z we denote the product of random variables X,,, 1% n,+i, * - Ximoy+ior_ 1m0+ DY
Zj and product of coefficients Hf;l Cmams DY G-

Now note that for any u € Z, if {Y;,1 < i < 2r} are i.i.d. random variables with

regularly varying tail of index —a then, 7, < Yll1 x -Yzlﬁ* for some 0 < [; < 2r —1
satisfying [y + Iy 4 - - - 4+ I3, = 2r. Tt is easy to see that Z, is regularly varying with
index —a/k for some 1 < k < 2r — 1. Now partition Z into equivalence classes Cy
such that for any u € Cy, Z, is regularly varying —«a/k. Also note that there exists
constants Ly such that, |Cy, | < LpiN*n*. As )" [V(k, )| < 3 ez lcul Zu, it is
enough to show that for some ¢ > 0, we have P[> |cu|Zy > b2'n] < Cn=0+9),
where C' does not depend on k.
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For &k > 2 and r > 2 denote
k(4r — (1 + 2r)a)

a,r k)=
Pr (F) alk — )
Let 0y = 4r/a if r = 1 and also for k = 1. For k > 2 choose &y € (0, Ba.(k)).

> 0.

P <p

Z lcul Za > b2

ueCy

D leul| Zull(| Zo < 0) > e

ueCy,

+ P [max Zy>n%| = P+ P,.

ueCy

First we bound P,. Choose x such that x > (2’;;—:’1 AT

<Y P[|Za] > 0% <0 Y B[ Zu]]

ucCy ueCy
< lanT’—(SkH — lkn_(1+61).
Where we have used that |Cy| < LyN*n* and [, = LyN*. Also note that

€1 =0k —2r—1> 0.
Now to bound Py choose v > (1 A ¢). Using Hélder’s inequality we get,

P [max | Za| > no
ueCy

P> leallZall( Zal < n*) > bff&]
ueCy
<P

> leal|Za W Za| < %) > Klbfﬂrn””‘”]
ueCy

< Kb, 2"V E|| Zu (| Zal < 0™)].
By Karamata’s theorem (see Theorem 2.1 in Resnick (2007)), we get,
E[| Z[1(| Za| < n%)] ~ Kyn?®n~ %",

As b7 ~ n'e Li(n) for some slowly varying function L; we have
r [ e
b, 2B ZP (2] < 0]~ T Ly (),

Now choosing appropriately v and using the fact that a < 1 it easily follows that,
P < l;n*(He?) for some €5 > 0. Note that the constants only depend on €, N,r. So
there exists C' independent of k such that, P [, ; |cu|Za > b2'n] < Cn~0+9 This
establishes (2.5).

Step 5: Combine Steps 1 - 4.

Combining the above steps, we get that there is K > 0 such that for all » > 1
and € > 0,

A
lim P < plAn) > KY" max(C?)V? 4 8) =0,

n—00 maxj<g<i<n |Xk,l|
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from which (2.3) follows using (1.6). O

2.2. Lower bound for maximum eigenvalue. Let us now proceed to lower

bound Apax (AT).

Lemma 2.2.

n—oo |Xi*,j*

(V)
lim P (MA”) < Anax(Cy) — 5) =0.

Proof. Let (i*,j*) := argmaxi<i<j<n | X; ;| and E,, := {(i*, j*) € T}, where T is as
defined in Step 1 of the proof of Lemma 2.1. It’s easy to see that

(2.6) lim P(E,)=1.

n—oo

Let v € R™ be the unit vector whose (i* — N)® (i* — N 4+ 1™ ... ™ and (j* —
N (*=N4+1)® . 5*® coordinates are 1/4/2(N + 1) and the other coordinates

are zero. Now it is easy to see that on E, we have,
[WT ANy — | X 0T Oyo] < Z k|| Xl
(kD e(fi* =N, x[5* = N7 D\ (E*,5%)}

where wuy,; are fixed numbers independent of n. Thus by Rayleigh’s characterization,
we have that for fixed ¢ > 0,

(V)
P (M < )\max(CN) _ 5>

| X g

< P(E,)+P > i | X | > €] X -
(kDe(fi* —N,i*]x[7* =N, 5*D\{(#*.5*)}

Y

from which Lemma 2.2 follows using (2.6) since for each (k,l) in [i* — N,*] x [j* —
N, j*]), the ratio Xy ;/ X« j« converges to zero in probability. O

3. INFINITE LINEAR RANDOM FIELD

Let {X;;} be as before, that is, regularly varying —a with o € (0,1) and it is
easy to see that b, satisfies

n*P(Xi; > byx) — 27

Note that b, = naL(n) for slowly varying function L(n). The following lemma
asserts that if the truncation level of the linear random field goes to infinity then
one can approximate the original matrix A, with the matrix with truncated entries.

Lemma 3.1. Let AYY and A, are n x n symmetric matrices with entries given
by (2.1) and (1.1), respectively. Then the following holds,

lim limsup P (|p(A,) = p(ASY)| > ban) =0,
N—oo posso

and,

im limsup P (\)\max(An) — Amax(A)] > bnn) =0.

1
N—=oo pnsoo
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Proof. Tt is well known that

})\max(An> - /\max(AglN))‘ < ‘,O(An) - ,O(A(N < 2 max Z |Yk:l

- 1<k<n

Therefore, it is enough to show the following two limits

(3.1) hm hmsupZP (ZZ Z i j| Xtk j+1 > by ) =0,

N—oo
n—reo I=k i=0 j=N-+1

and

(3.2) hm hmsupZP (Z Z Z i j| Xivk j+1 > bn )

N—oo
n—reo I=k i=N-+1 j=0

To establish (3.1), note that the expression inside the limits can be bounded by

n n N 00
Z Z Z P(|Ci,j|Xi+k,j+l >bng>

o0

N
4|Ci7" 7
+ > > b—]E <X¢+k,j+zﬂ(|0z‘,j|Xz‘+kvj+l = b”Z)) '

k=1 I=k i=0 j=N+1 "

Since a € (0,1), by Karamata’s theorem each E (X yx j i I(Xiyr 0 < 1)) ~ 125t(1—
F(t)) as t — oo and hence by applying Potter bound (see Proposition 2.6 in Resnick
(2007)) on both the terms above, we can bound their sum by

<D DD D 0t )yl

k=1 I=k i=0 j=N+1

from which (3.1) follows using (1.2) as the O(n™?) term above does not depend on
i, 7,k and [. Similarly, we can also establish (3.2). This completes the proof. O

The next lemma evaluates the limit of spectral radius and maximum eigenvalue
of the coefficient matrix C defined in (2.2). This result was applied to establish
Corollary 1.2 and will be used in the proof of Theorem 1.1 as well.

Lemma 3.2. Let Cy be as in (2.2) and the coefficients satisfy (1.2) with0 < o < 1.
Then we have,

(a) As N — oo, p(Cn) — ||T'|| where T is defined in (1.5) and || - || denotes the
operator norm.

(b) Amax(Cn) = p(Cn) and hence the convergence of mazximum eigenvalue fol-
lows from (a).

Proof. Part (b) is obvious from the structure of the matrix Cy and hence we just
briefly sketch a proof of Part (a). To this end, note that by pre and post-multiplying
Cy by a permutation matrix, it is easy to see that for all N > 1, p(Cy) = p(Tn),
where T (i,7) == T(4,7)1(|i| V |j| < N) with T is given by (1.5). Furthermore, Ty
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is a self adjoint operator, and hence by Spectral Theorem, its spectral radius and
operator norm are equal. As N — oo we have,

1Ty =TI <Y (InG,5) =TG5 = >, T(,§)° =0,

Y] (1,9) €Z%:|i|V|i|>N

from which Part (a) follows. O

3.1. Proof of Theorem 1.1. We denote by Z, a Frechét random variable with
parameter «. Using Proposition 1.11 of Resnick (1987) and Lemmas 2.1, 2.2 and
3.2 above, we have that for each fixed truncation level N when n — oo, both
)\maX(A%N)) /b, and p(A%N)) /by, converge weakly to p(Cn)Z,, which in turn converges
to [|T||Zo when N — oo. Therefore by Lemma 3.1, Theorem 1.1 follows.

Remark 3.1. The proofs of Lemma 3.1 and Step 4 of Lemma 2.1 rely heavily on
the fact that 0 < o < 1. If these can be established (with additional assumptions if
necessary) for higher values of «, then our result can be extended.
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