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Abstract

Consider the d dimensional lattice Z¢ where each vertex is open or
closed with probability p or 1 — p respectively. An open vertex u :=
(u(1),u(2),...,u(d)) is connected by an edge to another open vertex which
has the minimum L; distance among all the open vertices with x(d) > u(d).
It is shown that this random graph is a tree almost surely for d = 2 and
3 and it is an infinite collection of disjoint trees for d > 4. In addition for
d = 2, we show that when properly scaled, the family of its paths converge
in distribution to the Brownian web.

Key words: Markov chain, Random walk, Directed spanning forest, Brownian
web.
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1 Introduction

Let P be the points of a Poisson point process on R? of intensity 1. For each x € P
let h(x) € P be the Poisson point in the half-space {u : u(d) > x(d)} which has
the minimum Euclidean distance from x, where v(j) denotes the j th co-ordinate
of v.€ R% The directed spanning forest (DSF) is the random graph with vertex
set P and edge set {(x,h(x)) : x € P}. The study of the directed spanning forest
(DSF) was initiated by Baccelli et al. [BB0O7]. Coupier et al. [CT11] proved that
for d = 2 the DSF is a tree almost surely. Ferrariet al. [FLTO04] also studied a
directed random graph on a Poisson point process, however, the mechanism used
to construct edges in that model incorporates more independence than is available
in the DSF. They proved that their random graph is a connected tree in dimensions
2 and 3, and a forest in dimensions 4 and more.
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A similar construction, like the DSF arising from a Poisson point process, can be
made from vertices of the integer lattice. Let {Uy, : v € Z?} be a collection of i.i.d.
Uniform (0, 1) random variables. Fix 0 < p < 1 and let V := {v € Z*: U, < p}
be the set of open vertices of Z%. Given u € Z%, let v € V be such that

1. u(d) < v(d),

2. there does not exist any w € V with w(d) > u(d) such that ||[u — wl|; <
[lu—v||1, and

3. for all w € V with w(d) > u(d) and ||[u—w||; = |jlu—vV]||; we have U, < Uy.

Here and henceforth ||u||; denotes the L; norm of u on R?. Such a v is almost
surely unique and clearly, is a function of u and X = {U,, : w € Z¢, w(d) > u(d)}.
We denote it by h(u,X). We will drop the second argument in h for the time
being. Let (u, h(u)) be the edge joining u and h(u) and let E denote the edge set
given by,

E :={{(u,h(u)) :ueV}.

In this paper, we study the random graph G := (V| E), which we will refer to as
the discrete DSF henceforth.

hiu)

Figure 1: The construction of h(u) from u on Z2. The shaded points are open,
while the others are closed. Note that in order to get h(u) from u, we require
information on the values of the Uniform random variables of the gray vertices.

Similar models of random graphs are known in the physics literature as drainage
networks (see Scheidegger [S67]) and have been studied extensively (see Rodriguez-
Iturbe et al. [RR97]). Mathematically, for similar discrete processes but with a
condition for constructing edges which allows more independence, the dichotomy
in dimensions of having a single connected tree vis-a-vis a forest has been studied
(see Gangopadhyay et al. [GRS04], Athreya et al. [ARS08]).



Our first result shows that the tree/forest dichotomy in dimension holds in the
discrete DSF. Thus, our paper may be viewed as an extension, albeit in the dis-
crete setting, of the result of Coupier et al. [CT11] to any dimension. Our proof
is different from that of [CT11]; while their argument is percolation theoretic and
crucially depends on the planarity of R?, our argument exploits a Markovian struc-
ture inherent in the DSF which allows us to extend the result to any dimension.

Theorem 1.1 For d = 2 and d = 3 the random graph G is connected almost
surely and consists of a single tree while for d > 4, it is a disconnected forest with
each connected component being an infinite tree almost surely.

Our second result in this paper is the convergence of the random graph G for
d = 2, under a suitable diffusive scaling, to the Brownian web. The standard
Brownian web originated in the work of Arratia [A79], [A81] as the scaling limit
of the voter model on Z. It arises naturally as the diffusive scaling limit of the
coalescing simple random walk paths starting from every point on the space-time
lattice. We can thus think of the Brownian web as a collection of one-dimensional
coalescing Brownian motions starting from every point in the space time plane
R%. Detailed analysis of the Brownian web was carried out in Téth et al. [TW9S].
Later Fontes et al. [FINRO4] introduced a framework in which the Brownian web
is realized as a random variable taking values in a Polish space. We recall relevant
details from Fontes et al. [FINRO4].

Let R? denote the completion of the space time plane R? with respect to the
metric

tanh(x;)  tanh(zs)

t t2)) = |tanh(¢;) — tanh(¢s)| V —
p(('xla 1)7($2a 2)) | an (1) an (2)| 1+’t1‘ 1+’t2’

As a topological space R? can be identified with the continuous image of [—00, 0o]?
under a map that identifies the line [—00, o] x {00} with the point (x, c0), and the
line [—o00, 00] x {—o00} with the point (x, —00). A path 7 in R? with starting time
or € [—00,00] is a mapping 7 : [0, 00] = [—00, 00| such that 7(c0) = 7(—00) = *
and t — (7(t),t) is a continuous map from [0, 0] to (R?, p). We then define II to
be the space of all paths in R? with all possible starting times in [—o0o, c0]. The
following metric, for m,mo € 11

h h
dri(my, ) = | tanh(o,, )—tanh(o., )|V sup tanh(m (t V or,)) _ tanh(ma(t V or, )

>0 Norg 1+ W 1+ |t’

makes II a complete, separable metric space. Convergence in this metric can
be described as locally uniform convergence of paths as well as convergence of
starting times. Let H be the space of compact subsets of (II, dy) equipped with



the Hausdorff metric dy given by,

dy(Kq, K3) = sup inf dp(m,m)V sup inf dy(m,m).
meK, mEK2 Tk, MEK
The space (H,dy) is a complete separable metric space. Let By be the Borel
o—algebra on the metric space (H,dz). The Brownian web W is an (H, By)
valued random variable.

Ferrari et al. [FFWO05] have shown that, for d = 2, the random graph on the
Poisson points introduced by [FLT04], converges to a Brownian web under a suit-
able diffusive scaling. Coletti et al. [CFD09] have a similar result for the discrete
random graph studied in Gangopadhyay et al. [GRS04]. Baccelli et al. [BBO7]
have shown that scaled paths of the successive ancestors in the DSF converges
weakly to the Brownian motion and also conjectured that the scaling limit of the
DSF is the Brownian web.

For the random graph G we consider here, taking the edges {(h*~1(u), h¥(u)) :
k> 1)} (with h°(u) := u and h* = h(h*71)) to be straight line segments we
parametrize the path formed by these edges as the piecewise linear function 7" :
[u(2),00) — R such that 7%(h*(u)(2)) = h*(u)(1) for every k > 0 and 7%(t) is
linear in the interval [h*(u)(2), A**1(u)(2)]. Define X := {7% :u € V}. For given
v,0 > 0, a path m with starting time o, and for each n > 1, the scaled path
T (7,0) : [ox/n%y,00] — [—00,00] is given by m,(y,0)(t) = 7(n*yt)/no. Thus,
the scaled path m,(7,0) has the starting time o, (y0) = 0x/n*y. For each n > 1,
let X,(y,0) = {m2(7,0) : u € V} be the collection of the scaled paths. The closure
X, (v,0) of X,(v,0) in (II,dy) is a (H, By) valued random variable. We have

Theorem 1.2 There ezist o := o(p) and v := (p) such that as n — oo, X,(7,0)
converges weakly to the standard Brownian Web W as (H,By) valued random
variables.

For the proof of Theorem 1.1 we obtain a Markovian structure in our model
and define suitable stopping times for this Markov process. From these stopping
times the process regenerates which allows us to phrase the problem as a question of
recurrence or transience of the Markov chain. This we do by obtaining a martingale
for d = 2, using a Lyapunov function technique for d = 3 and a suitable coupling
with a random walk with independent steps for d = 4.

The martingale obtained for d = 2 and the fact that the distributions of the
stopping times have exponentially decaying tails are used to prove Theorem 1.2.

Finally, although our results are obtained for the random graph constructed
by connecting edges between L; nearest open vertices, they should also hold for
the model constructed with the Lo metric.

The paper is structured as follows — in the next section we construct the paths
of the graph G starting from k distinct vertices and obtain some properties of
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these paths. In Section 3, we derive the martingale (for d = 2) and also provide
a method of approximation of the paths by independent processes, which is used
later to prove Theorem 1.1 and Theorem 1.2. In Section 4 we prove Theorem 1.1
and in Section 5, we prove Theorem 1.2.

2 Construction of the process

We first detail a construction of the graph G which brings out a Markovian struc-
ture. Later we obtain a martingale for d = 2 which is used in the next two
sections. Before proceeding further we fix some notation: for u € Z¢ and r > 0,
let S(u,r) := {w € Z? : |jJu — w||; < r} be the closed L; ball of radius r and
H(r) := {w € Z%: w(d) < r} be the half-space.

From k (k > 1) vertices u',...,u* € Z¢, we obtain the vertices {h"(u!), n >
0, 1 <1 < k} as a stochastic process. The vertices with the smallest d th co-
ordinate are allowed to move, while the others stay put. Each of these vertices
explores a region in the half space ‘above’ it to obtain the vertex to which it moves.
During this exploration a vertex may encounter regions which have been already
explored by other vertices earlier. While the information for the region explored
earlier is known, the information about the freshly explored region is new and
is obtained during the exploration process of the vertices which are moving at
that time. The region which has been explored till the n th move of the entire
process and which are needed for the n+1 th move is called the history region and
denoted by A, = A,(ul,...,u*) and {(w,Uy) : w € A,} constitutes the history
H, = H,(u,...,u*). Formally, let

(i) go(u’) =u’ for all 1 <i <k and ry = min{go(u’)(d) : 1 <i < k};

(ii) Waove .= {go(w) : w € {u',...,u*}, go(w)(d) = ro} and W™ := {go(u),
- go(uF) }\ s

(iii) Ag = Ag(u',...,u¥) == {w : w € W)™}, and Hy = Hy(u',...,u*) :=
{(w,z) :w € Ay, 2 =Uyx}.

Having obtained g, (u'), r,, Wmeve Wstay A, and H,, for 1 <1 <k, we set

(1) gni1(u) = h(gn(u)) for all g,(u) € WP and g,11(v) = gn(v) for all
gn(v) € W 1 i= min{g,,1(u")(d), 1 <i < k};

(i) Wmove := {g,(w) : w € {ul,...,u*}, go1(W)(d) = 71} and WY =
{gn—H (ul)’ <5 9ntl (uk)} \ ;fi/e;

(111) An+1 = An+1(u1, Ce ,uk> = (An U UuewrxlnoveS<u, ||h(u> — qu)) \H(Tn+1),
and Hy, 1 = Hypa(ah, ., uh) = {(w,2) 1w € Apyy, 2= Uyl
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Figure 2: The vertices g,,1(u'), gnr1(u?) and the history set A,;;(u',u?) when
Wwmove = fg (u'),g,(u?)}, W = (). Note the vertices above g¢,(u') and
gn+1(u?) are unexplored.

Remark 2.1 If max{u'(d) —w/(d) : 1<14,j <k} = mq, then by the my + 1 th
move all the vertices would have moved from their initial positions u', ..., u".
Forn > my, the history region A,, formed at the n th step is a finite union of d-
dimensional tetrahedrons, with each tetrahedron in A, having a (d—1)-dimensional
cube as a base on the hyperplane Q. 11 = {x € Z% : x(d) = r,, + 1} where r, is as

defined earlier. Clearly, by definition of r,, W C Q,, .
Furthermore, for each n > my, all vertices in the set =, := Z4\ (An UH(Tn)>

are unexplored until the n+1 th step. Thus, eachn > mg, 1 =1,.... k, andm > 1,

the vertex gi™(u') does never belong to A, and always unexplored, where g/™(u')
15 defined by

gl () () = {9““”(” forl<jsd=1 .

m+ ga(w)(d)  for j = d.
Returning back, we now obtain the Markov process implicit in our construction.
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Figure 3: The vertices g,1(u'), g,y1(u?) and the history region A, ;(u',u?) :
j = 0} when Wrove = {g,(u?)}, W3 = {g,(u")}.

Let us denote S 1= (Z))* x {(w,z) : 2 €[0,1], w € A, A CZ% A finite}. Let

Y = {Vy : w € Z% w(d) > 0} be an independent collection of i.i.d. uniform [0, 1]-
valued random variables. For any n > 1, given {(g,(u'),..., g,(u*), H,(u',...,u")) =
(vi,... vk H )}, we define the collection of random variables Y = {Vi, : w €
7%, w(d) > r,} as follows: for A the associated history region of the history H,

w —

ool ifweA (wzx)eH
Vo ifweAw(y)=w(j),w(d)=wI(d)+r,.

The above definition implies that Y is a function of Y and H, say Y = f(Y,H)
where f is a function from [0, 1]Z\E©) to [0, 1]2"\E(™)  From the above definition

and the fact that the vertices in =,, = Z%\ (A U H(Tn)> are unexplored, and hence

can be replaced by another set of i.i.d. uniform random variables, for the family
X ={Uy :w € Z% w(d) > r,}, we have

X | {(gn(u)), ..., go(u"), H,(u', ..., uf)) = (v},... v H)} Y.

From the definition of the process, we obtain that g,.(ul),..., g,1(u*) and
H,.1 is a function of g,(u'),..., g,(u*), H, and X, i.e.,

(gn+1(u1)7 ce 7gn+1(uk)a Hn+1) - fl((gn(ul)v ce ’gn(uk)7 Hm X)
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where f; is a function on & x [0, 1]2"\H(») Therefore, from the above observa-

tion, given g,(ul) = vl ... g,(u*) = vF and H,(u',... , u*) = H, the conditional
distribution of g, 1(ul), ..., gor1(u¥) and H,,i(ul,... u*) is the same as that of
fi((ut,...,u* H), f(Y,H)). Hence, the process {(gni1(ul),..., gns1(u¥), Hyyp1) :
n > 1} admits a random mapping representation, which proves the Markov prop-
erty (see, for example, Levin et al. [LPW]).

Proposition 2.1 The process {(g,(u'), g.(u?), ..., g,(u*), H,), n > 0} is Markov
with state space S == (ZY)* x {(w,z) :x € [0,1], we S, S CZ? S finite}.

For the remainder of this section we fix u!,...,u* with ul(d) = --- = u*(d).
Set 7o = 7(ul,...,u*) := 0 and, for [ > 1, define

n=mn(ul,. .. ,uk) =1inf{n >7_1: H, = 0}. (1)

We call this the simultaneous regeneration of k joint paths. We note here that
7; denotes the number of steps (in the above construction) required for the joint
process to regenerate i.e., to reach a state of empty history, for the [ th time. This
is not the same as the time (measured as the distance in the d th co-ordinate)
for regeneration, which we will later denote by 7;. At each regeneration step
71, the paths must be at the same level in terms of their d th co-ordinate, i.e.,
gr (W) (d) = - = g, (uF)(d) (see Figure 4).

gTﬂﬂ’-I )

Figure 4: At regeneration step 7i(u',u?) of the process g, (u)(d) = g, (u?)(d)
and A, =)

Our first task is to show that the Markov process, defined in Proposition 2.1,
regenerates almost surely. In fact, we prove a much stronger statement that the
inter-regeneration times have exponentially decaying tail probabilities. More pre-

cisely, for [ > 1, define oy = oy(ul, ..., u*) == m(ul,... u*) — 7 (ul, ... u").
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Proposition 2.2 For any | > 1 and u',... u* € Z¢ with u'(d) = --- = u*(d),

we have

P(o; > n) < Cy exp(—Can) (2)
for all n > 1, where C; and Cy are positive constants, not depending on l,n or
u', ..., u”.

To prove Proposition 2.2, we need an auxiliary lemma on Markov chains, whose
proof is given in Appendix. Let {6, : n > 1} be a sequence of i.i.d. positive integer
valued random variables with P(¢; = 1) > 0 and P(6; > n) < Csexp(—Cyn)
for all n > 1 where C3, Cy are positive constants. Define a sequence of random
variables as follows: My := 0 and for [ > 0, M1 = max{M;,0,,,1} — 1. Let
7 :=inf{l > 1: M; = 0} be the first return time of M to 0.

Lemma 2.1 Forn > 1, we have
P(r > n) < Csexp(—Cgn)
where Cs and Cg are positive constants.

In order to prove Proposition 2.2, we define a random variable L,, which represents
the height of the history region A,,, measured along the d th co-ordinate from the
lowest vertex among g,(u'), ..., g,(u*) and construct a coupling with a Markov
chain M,, which dominates the height random variable. Hence, the Markov chain’s
return time to 0 will dominate the return time of L,, to 0. The Markov chain can
be constructed so that it uses an independent sequence of random variables when
L,, has already returned to 0 but M,, is positive.

Proof of Proposition 2.2:  We first observe that by the Markov property
(Proposition 2.1) it is enough to show the result for { = 1. In order to study that,
we define,

0 if A, =10 3)

where 7, = min{g,(u’)(d) : i = 1,...,k}. We set,

I {max{w(d) weA—r, A, #0

h=inf{n >1:L, =0}
and observe that 7, = 7%,

Using the fact that g™ (u’) ¢ A, for m > 1 and 1 < i < k, where g/™(u') is
as defined in Remark 2.1, for any fixed n > 0, we define the collection of random
variables

{Jnﬂ(ui) =inf{m>1:¢/")ecV}: 1<i< k}, (4)



which is an i.i.d. collection of geometric random variables with parameter p, i.e.
each of the random variables takes the value m with probability p(1 — p)™~* for
m=1,2,.... Also,

19 (W) = gni1(W)l[1 < Jnga(w) for all w with g, (w) € W (5)

Let {G:' : 1 <4 < k,n > 0} be another family of i.i.d. geometric random
variables with parameter p, independent of {Uy, : w € Z%}.

Now given g, (u'), ..., g,(u*) and H,, we define {M,, := M, (u!,... u*), X, =
X,(ut, ... u*) :n >0} as follows:

set My =0 = Xy and M, = max{M,, Jéﬂ} —1forn>0

where
max{J,;1(u) : g,(u) € Wreve} if #Wreve =k and X, = 0,
P max{Gi;L, Jnr1(u)
L go(u) € Wmove j =1 k—k} if #Wmoe =k < kand X, =0,
max{GL., :1<i <k} if X, =1,
(6)
and

(7)

1 X, =0 Ly =0
Xn+1 = .
X,  otherwise.
From (6) it follows that {J.,, : n > 0} is a family of i.i.d. copies of J where for
any m > 1,

P(J <m)=(1-(1-p") (8)

and hence the sequence {J! : n > 1} satisfies the conditions of Lemma 2.1.

Further, we claim that 0 < L, < M, for all 0 < n < 7%, Indeed, this holds
for n = 0, and assume that it holds for some 0 < n < 7% If A,.; = 0 then we
have 0 = L, 11 < M, 1. Otherwise if w € A, 1, then, from the definition of A, 1,
either w € A, or w € S(u,||u — h(u)|];) for some u € Wm°ve. Therefore, from
(5) and (6), w(d) < max{max{u(d) : u € A, },min{g,(u’)(d), 1 <i <k} +|ju—
h(u)|ly : u € WP} < max{L, + 7,7 + Jpi1} = max{Ly,, Jo41} + mn. Also
Tpe1 = min{g,1(w)(d), 1 <i <k} > min{g,(u’)(d), 1 <i<k}+1=r,+ 1.
Thus L1 < max{Ly,, Jy11} — 1 <max{M,, Jo1} — 1= M,..

Define,

™ =M uF) =inf{n>1: M, =0}.
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Note that the distribution of 7 (ul, ..., u*) does not depend on u!,. .., u*. From
the above observation that 0 < L,, < M,, for 0 < n < 7y, we obtain that

n=1t<M

Using Lemma 2.1, we obtain Proposition 2.2. 0

Since 7; < oo almost surely, we obtain that
{(gn,(0"),..., g, (u") : 1 > 0} is a Markov chain on (Z%)*.

Next we consider the width of the explored region between the [ — 1 and [ th
regenerations. For the process starting from u!, ..., u* with ul(d) = --- = u*(d)
define

il k
Wi =W(u, )= Y Y T ga(w) — g (a)] (9)
n=7_1+1 i=1

Further using {G%*! : 1 < < k,n > 0} another family of i.i.d. geometric ran-
dom variables with parameter p, independent of {Uy, : w € Z%} and {G% : 1 <i <
k,1<j<l,n>0}weconstruct { M, (g, (u'),..., g, (u")), X, (g, (ub),..., g, (u")):
n > 0} such that o1 (u', ..., u*) < 7M (g, (ub),..., g, (u¥)) and 7™ (g, (u'), ..., g, (u¥))
is an i.i.d. copy of 7™ (uy,...,u;). Also for ; < n < 741 we have

k
Sllgnn(w) =gl € S duala) <RI
=1

g”(ui)ewrgove
where the last sum is over distinct elements of W,"°¥® to avoid double counting

and J is defined as in (6) using {G%* : 1 <4 < k,n > 0} instead of {G%! :

ijll(grz(m) ..... gr, (Uk)) kJHl is an i.i.d. copy of WM - Zfiwl(m ,,,,, uy) le
The time for the [ th regeneration (measured by the distance travelled by
process in the d th co-ordinate) is defined as

Ti= T, ub) = g (0)(d) — u}(d) = g (') (d) — wi(d) for 1 <i < k. (10)

Clearly T; — T;_1 < W; and we have
Proposition 2.3 For any (> 1 and u', ..., u* with ut(d) = --- = u*(d) we have
P(T; = Ty > n) <P(W; > n) <P(WY >n) < Crexp(=Csn)  (11)

for all n > 1, where C; and Cy are positive constants, not depending on | or

u', ..., u”.
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Proof: As in the proof of Lemma 2.1, it suffices to show that E (exp(aW)) < oo
for some > 0. Since {J! : n > 1} are i.i.d. random variables, each with an
exponentially decaying tail probability, there exists fy > 0 such that the moment
generating function of ¥ ;(a) := E(exp(aJi)) < oo for all & < f. Since the
function W ;(«) is continuous at 0 and ¥ ;(0) = 1, we may choose o > 0 so that
U (2ka) exp(—Cs) < 1 for all @ < ag where Cy is the constant as in (2). Now, we
have, for 0 < a < ayp,

E[exp(aWM)} <E [exp(ak g: Ji)} = E[i 1(r n) exp(ak Z J} }
= iE[l(TM =n) eXp(akiJil)] i [E(exp(?kaZ]}))F/Q

< 3"V exp(—nCe/2) [¥4(2ka)] " = /Oy Z[exp(—cz)qu(zka)]”” < oo

n=1 n=1

here the first inequality follows from the Cauchy-Schwartz inequality. This com-
pletes the proof. O

Remark 2.2 For the process starting from just one vertex u, from the translation

invariance of the model, we have that {(oy(u), Wi(u), (Ty(u) — Ti—1(u))) : L > 1} is

an i.i.d. family of random vectors taking values in {1,2,3, ...} whose distribution

does not depend on the choice of the starting vertex u. Furthermore, each of the

marginals of this random vector has exponentially decaying tail probability.
Letting

u:=(u(l),...,u(d—1)) foru= (u(l),...,u(d)) (12)

denote the first d — 1 co-ordinates of u, we have

(V2 =, (W) =7, (w) : 1 > 0} (13)

is a sequence of i.i.d. 7' valued random wvectors, whose distribution does not
depend on u. For u = 0, we denote Y}S:)l) as Yiy1. It should be noted, from the
rotational symmetry in the first (d — 1) co-ordinates and reflection symmetry for
each of the first (d — 1) co-ordinates of ¢,,(0), that the distribution of the co-
ordinates of Y11 are uncorrelated and marginally each of them is symmetric about
0. More precisely, P(Y;(i) = +m) = P(Y;(i) = —m) for m > 1 where Y(i) denotes
the i th co-ordinate of Y;. Further, for alli,j € {1,2,...,d —1},i # 7,

E[(%i(0))?] = o® and E[(¥i(0))™ (Yi(j))™] = 0 (14)
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for some 0® > 0 and if at least one of mi, my is odd. Denoting the Ly norm in
(d — 1) dimensions by || - ||1,a—1, we also observe that ||Yi||1.a—1 < Wi(0), so that
we also have

P(I[Y1]|1.a-1 > n) < Crexp(—Csn) (15)

for alln > 1, where C7 and Cs are as in (11). O

3 Martingale and independent processes

For the process starting from u!,...,u* with u'(d) = --- = u*(d), the process
{(gr,(u1),...,g,(u¥)) : I > 0} is a spatially invariant Markov chain on (Z%).
Hence, for any pair 1 < i # j < k, the process {g,,(u’) — g, (u?) : [ > 0} is also
a Markov chain on Z¢. However, as observed earlier, (see Figure 4), g, (u’)(d) =
gn,(w)(d) for every [ > 1. Thus, using notation as in (12), for any pair, 1 < i #
J <k,

(2= 2wl w) =g, (w) — 3, (w) : 1 > 0} (16)

is a Z9! valued Markov chain.

In this section we first show that, for d = 2 and k = 2, the process Z; is a
martingale. Later, for a general d, we study how different are the two processes,
one which starts from k (k > 2) distinct vertices far apart and the other being a
collection of k independent processes starting from these k vertices.

3.1 DMartingale

In this subsection we restrict ourselves to d = 2. Consider the process starting
from two vertices u, v € Z? with u(2) = v(2). We first observe that, for > 0, the
regeneration time 7; = T;(u,v) is a stopping time with respect to the filtration
{Fi : t > 0} where F; := o{Uy : w(2) < u(2) +t}. By our construction, g,,(u)
is Fr, measurable. Therefore, g, (u), given by the projection from Z* — Z%!, is
also F7; measurable.

Proposition 3.1 Ford =2 and u,v € Z* with u(2) = v(2), the process {7, (u) :
> O} is a martingale with respect to the filtration {Fr, : 1 > 0}.

The above proposition also holds for g, (v), so we obtain

Corollary 3.1 For d =2 and any u,v € Z* with u(2) = v(2), the process {Z, =
Zj(u,v) : 1 > 0} is a martingale with respect to the filtration {Fr, : 1 > 0}.

Proof of Proposition 3.1: We construct the process (g,(u), g,(v), H,(u,v))
starting form u, v with u(2) = v(2), and the process (g,(u), H,(u)) starting from u
with the same set of uniform random variables {Uy, : w € Z?}. Observe that every
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joint regeneration of the paths from a pair of vertices u, v is also a regeneration of
the single path from u, i.e., for every [ > 0, we have

Ti(u,v) = Ty, ()

for some sequence N; = Nj(u,v). Therefore, we have,

Gy (uv) (1) = [ (u) = Z Yi(u)

where {Y;(u) = Grw(W) = Gr, () 17 > 1} is as in Remark 2.2. Since NV, <
Ti(u,v), and each of T;(u,v) — T;_1(u,v) and Y ) has an exponentially decaying
tail probability (see Proposition 2.3 and equation (15)), for every [ > 0, we have
that E((g,,u,v)(0)]) < oo,
Further we need to show that
Nit1

]E[§7'1+1(u,v)<u) _gn(uv ( >|le(u v) Z Y |‘FTNI(U):| =0as. (17)

1= Nl+1

Denoting G; := Fr,(u), we have that A +1 is independent of G;. We also observe
that N is {G; : ¢ > 0} adapted for each [ > 0, i.e., {V; < m} € G,,. Therefore, for
any A € Fry, () = Gn,, we have

Ny m
4) Y v = Z Z (N = n)L(Nijy = my +m) y_ Y]
i=N;+1 n;=1m=1 i=1
Z Z Ny =n)1(Npy > ny + m)Y('ﬁm}
n;=1m=1
= D ELALN = m)[1 = 1Ny < m+m— D]V,
n;=1m=1
=S Y E[E[L(A)LN, = n)[1 - 1Ny < my+m — 1YY, | gn,+m_1]]
n=1m=1
= 3 S TE[UAIN = m)[1 = 1Nesr < 1t = DIE[Y 0 | o]
n;=1m=1 B
= 3" S E[1A LN = )1~ LNy < 4+ m— 1)]E[Y,f;‘+)mﬂ ~0.
n;=1m=1 B

In the above we have used (14) and the fact that, since A is Gy, measurable,
AN{N, =m} € Gy, C Gnyim—1 forallm > 1. Also, {Ni;1 <ni+m—1} € Gppm—1
and Yn(l sz is independent of Gy, 4n—1. O
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3.2 Independent processes

In this subsection, we describe simultaneous regenerations of k independent paths.
This will be used to approximate the paths at simultaneous regenerations of joint
paths when the starting points are far apart. We start with a result (Lemma 3.1)
about renewal processes, which is proved in the Appendix.

Let {fr(f) :n > 1}, ¢ = 1,...,k, be k independent sequences of i.i.d. inter-
arrival times (positive integer valued random variables) with P(fff) =j)= f;i) for
i=1,..., k. We assume that > > fj@ < Cyexp(—Cion) for all n > 1 and some
universal positive constants Cy and C7y and fl(i) >0fori=1,...,k. Let Séi) =
and S = Z?:l 5]@ for all n > 1. For any n > 1 and ¢ = 1,...,k, define the
residual life of the ¢ th component at time n by

R . 1nf{S(Z ) >n}—n. (18)
We consider the joint residual process (Rﬁf :1=1,...,k) and define
R i=inf{n >1: RO =0fori=1,...,k}.
Lemma 3.1 For any n > 1, we have
P(r" 2 n) < Y exp(~Ci3'n)

where C’H and C’ 15 are positive constants, depending on k and the distribution of
(4) 5
& s only.

Now we consider k independent constructions of the marginal paths starting
from the vertices ul,... u* respectively, with u!(d) = --- = uf(d). More pre-
cisely, we start with k i.i.d. collections {U? : w € Z%}, i = 1,...,k, of uniform
random variables. For each ¢ = 1,...,k, we construct the path process, start-
ing from u’ only, as in Section 2, using only the collection {U! : w € Z?} and

(1) (4

we denote this process by {gn :n > 0}. Therefore, for each i, we have

a collection of regeneration times, which we denote by {T(Ind)( il > 0} (see
equation (10) for definition). Since the collection {T (i) : 1 > 0} uses only the
random variables {Ul : w € Z%}, these families are independent. Furthermore,
as mentioned in Remark 2.2, for a single starting point, the dlstrlbutlon of the
collection {T (Ind) (i) 1> O}, does not depend on the starting point u’ and is an
independent copy of the family of random variable {7;(0) : [ > 0}.

Define, R = inf{Tl(Ind)(ui) ; Tl(Ind)( ) > n} — n; note here that {Tl(fid (u') —
Tl(lnd)( “):1>0}is an i.i.d. sequence of random variables which plays the role of

{ﬁll) [ > 0} of the previous lemma. Set, 7, Ind)( L...,uf) =0 and, for [ >0,
YWt ub) = inf{n > TVt ub) RO =0 fori =1,... k). (19)
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We call Tl(lnd)(ul7 ..., u¥), the time for the [ th simultaneous regeneration time of
k independent paths.

Applying Lemma 3.1 and observing that each T, ,...,u¥) represents the
occurrence of a renewal event, we obtain the following proposition.

Proposition 3.2 The family {T\"\V (u!, ..., u¥) = T™V(ul, ... uk) : 1 > 0} is

(Id( 1

I+1
an i.i.d. sequence of random variables taking values in {1,2,3,...} and, for all
n>1,
P(T™ (!, ... u*) > n) < ¥ exp(—C¥n) (20)

where C’l(? and Cfi) are positive constants, depending on k and the distribution of
T1(0) only.

Now let {gi"V(u’) : n > 0}, 1 < i < k, be the k independent versions of
the processes starting from u!,..., u* respectively, as described above. Also, let
{ (Ind-))(ui) : 1 > 0} be the i th process evaluated at its regeneration steps 7;(u’),

T (u’

l > 0. Let T(Ind)( 1 ..., u*) be the [ th simultaneous regeneration time as defined

n (19). Clearly the simultaneous regeneration time Tl(lnd)(ul, ...,uf) is also a

regeneration time for each of the i = 1,...,k processes. Suppose N,(i) (i =

..k, 1 >0) is such that the [ th joint regeneration coincides with the N;(i) th
regeneration of the ¢ th process, i.e.

Ind Ind i .
Tz( )(ul,...,uk) = T](Vl(i))(u ),i=1,...,k

B

where T](\,I;E?))(ui) is the N;(7) th regeneration time of the ¢ th process starting only

from u’.
As in (9) consider the width of the explored region between the { — 1 and [ th
regenerations of the ¢ th process. We define

k
Wit k)= Wi () (21)

i=1 t=N;_(i)+1

where {W ™Y (uf) : I > 1} is the explored width process, associated with the
process {gl(lnd)( N:l>0}fori=1,..., k.
Since N;(i) < T/™(u!,.. ., u*) for every i = 1,... k and TV (u!,... ut) —

Tl(ﬁd)(ul, ..., uf) satisfies (20), so calculations similar to that in the proof of

Proposition 2.3 yields
POV, (', ) 2 n) < OF exp(=Cign) (22)

where C’flg) and C’flg) are positive constants, depending on £ and the distribution
of W1(0) only.
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From (13), we have that

(Ind) Ni(i): (u’)

—(Ind A u’

gTNz(i)(ui)(u ) =ur it
t=1

At each simultaneous regeneration time Tl(lnd) (ul,...,u"), the d th co-ordinates of
each of the processes ggnd)(ui) coincide and equal Tl(Ind)(ul, ..., uf). We consider
the first d — 1 co-ordinates of these processes and for i =1, ..., k, denote
(4) (Ind) (Ind) - (u?)
1) . —(Ind iy _ —(Ind i u’
77/11 = gTNl(i)(ui)(u ) gTNl,l(i)(“i)(u ) = Z Y, (23)
t=N;_1(i)+1

The process Z/}l(i) represents the increment in the first (d — 1) co-ordinates of the
path starting from u’ between the (I —1) th and the / th simultaneous regeneration
times of k independent paths.

Since Tl(Ind) (ul,...,u”) represents the occurrence of a renewal event and all

random variables {Yt(ui) :t>1,i=1,...,k} are independent, we have that

{(wl(l), . ,wl(k)) : 1 > 1} is an ii.d. collection of random variables tak-
ing values in Z@ Dk Ag earlier, we also observe that S |[v\(|14-1 <
I/Vl(Ind)(ul, ..., u"), so that we have

k
P> (161" l14-1 > n) < O exp(—Cig'n)

i=1
for all n > 1, where 01(? and Cfg) are as above.

Using the inherent symmetries of the marginals of wli) (with wli) (7) being the

j th co-ordinate of wl(i)) and carrying out calculations, similar to that in the proof
of Proposition 3.1, we obtain the following.

(a) ]P’(wl(i)(j) =7r) = P(wli)(j) = —r) forallr > 1fori=1,....k and j =
1,...,d — 1. Furthermore, ]P’(wl(i) (7) = r) is independent of i = 1,...,k and
j=1,....d—1forr € Z.

(b) E[( l(il)(jl))m1 (wl(iQ)(jg))mQ]: 0 if at least one of my,my is odd, for all 1 <
i1 #ip < kand 1 <jp,jo <d—1.

(c) E[( l(il)(jl))ml (wl(iz)(]é))m] is independent of 7y,43,4; # i3, J1, j2, and de-
pends only on mq, ms.
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3.3 Coupling of joint process and independent process

In this subsection, we describe a coupling of the joint paths starting from u', ..., u*,
for K > 2, with u'(d) = --- = u*(d) and k independent paths starting from
ul, ... u” respectively. Without loss of generality, we may assume u'(d) = 0. Let

dmin = min{|[u’ —uw/||; : 1 < i # j < k}. As in last subsection, we start with k
independent collections of i.i.d. uniform random variables {U? : w € Z% w(d) >
0,i =1,...,k}. Foreach of i =1,... k, we construct the ¢ th independent pro-
cess {g"V(u) : n > 0}, starting at u’, using only the uniform random variables
{U: - w e Z% w(d) > 0}.

Fix r < dpin/2 and another independent collection of uniform random variables
{UFY © w € Z% w(d) > 0}. We define a new collection of uniform random
variables {Uy, : w € Z%, w(d) > 0} by

w o

i {Uf,v if ||[W—u'||1q_1 <rforsomei=1,...,k

UErL otherwise.

Using this collection of uniform random variables, we construct the joint process

(as in Section 2) from the points u', ..., u* until its first simultaneous regeneration
time Ty (ul, ..., u") of joint paths from ul,... u*.
Now, as defined in (19), let Tflnd)(ul, ..., uf) be the first simultaneous regen-

eration time of the k independent processes and N;(i) the number of individual
regenerations of the ¢ th process until the first simultaneous regeneration. With
the width of the explored region of the k independent processes as defined in (21),
we consider the event where the total width of the explored region of each of the
1 th processes until the first joint regeneration time is less than r.

Figure 5: The shaded regions represent part of the cylinders (up to 70" (u!, u?))
of width r around u' and u?. In the left cylinder we use the collection {U}}, on
the right cylinder we use the collection {U2} and in the remaining region, we use

{3}
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More precisely, we consider the event
AGod () = { Dt b < r}.

On the event A%°°d(r), the joint path process (g,(ul), ..., g,(u")) started simulta-

neously from (ul, ..., u"), using the collection {Uy : w € Z% w(d) > u'(d)}, until
the first simultaneous regeneration time 77 (ul,...,u") of joint paths, coincides
with the collection of independent paths {ggnd)(ui) :n > 0,4 =1,...,k}, with
the ¢ th independent path, starting from u’, constructed using only the collection
{U: - w e Z% w(d) > u’(d)}, until the first simultaneous regeneration of the in-

dependent paths Tl(lnd)(ul, ..., uf). Tt should be kept in mind that the paths may
be indexed differently than those for the independent paths, however as geometric
paths they are identical. Therefore, we must have

TVt uh) = Ty(u, ... ub)
and hence we have,
_ _ — 1 = k
P[(ng(ul,“.,uk)(ul)? s 7ng(u1,...,uk)(uk)) = (ul + ¢§ )7 s ?uk + ¢§ )):|
> P(A%(r)) > 1 — O exp(—CE 7). (24)

Finally, using the Markov property, we can use this coupling for each subsequent
joint regeneration step. The new value of d;, for the [ th regeneration has to be
computed from the position of the processes at the [ — 1 th joint regeneration and
the value of r has to be chosen accordingly.

4 Trees and Forest

In this section we prove Theorem 1.1. For d = 2, 3, we need to prove that for any
u,v € V, the paths 7" and 7V coincide eventually, i.e., 7%(¢) = 7V (t) for all t > ¢,
for some ty < oo.

First, we claim that it is enough to prove that

7% and 7V coincide eventually for u,v € V' with u(d) = v(d). (25)
Indeed, for u,v € V with u(d) < v(d) we have, from (25),

P[ ﬂ {the paths 7 and 7 coincide eventually}| = 1;
weVu(d)=w(d)

IP’[ ﬂ {the paths 7¥ and 7 coincide eventually}} =1
w’'eV,w/(d)=v(d)
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Further, P[there exist w, w’ € V with w(d) = u(d), w'(d) = v(d), h(w) = w'] = 1.
Since, the intersection of these three events has probability 1, 7% and 7¥ meet.

Now, to prove that for any two vertices u® and v% with u®(d) = v°(d), the
paths coincide eventually, we show that P(Z;(u’ v®) = 0 for some [ > 0) = 1
where Z; is as in (16). Recall, at the beginning of Section 3, we had observed that
{Z;(u°,v°) : 1 > 0} is a Markov chain taking values in Z?~! with 0 € Z?~! being
its only absorbing state.

4.1 d=2

For the proof of Theorem 1.1 in the case d = 2 we consider the process constructed
from the two vertices u® and v° with u®(d) = v°(d). Without loss of generality, we
may assume that u’(1) > v%(1). Since the paths {g,(u") : n > 0} and {g,(v°) :
n > 0} do not cross' each other, from Corollary 3.1 we have that {Z;(u’ v°) =
Gy (w0 v0) (1) (1) = grmovoy(VO)(1) 1 I > 0} is a non-negative martingale. By the
martingale convergence theorem, there exists a random variable Z,, such that
Z(w%,v% — Z, as. asl — oo. Also, 0 being the only absorbing state of the
Markov chain {Z;(u® v°%) : I > 0} we have Z,, = 0 a.s. and hence Z;(u’,v®) = 0
for some [ a.s. This completes the proof of Theorem 1.1 for d = 2. U

4.2 d=3

We show that the Lyapunov method used in Gangopadhyay et al. [GRS04] is
applicable here. We start with the process constructed from the vertices u®, v¥ €
73 with u®(3) = v%(3) and consider the process Z; = Z;(u®,v°) where Z; is as
defined in (16). Also, changing the transition probability of Z; from the state
0 = (0,0), so the state 0 is no longer absorbing, we make the Markov chain
{Z,(u°v?) : I > 0} irreducible. With a slight abuse of notation, we continue to
denote the modified chain by {Z;(u® v%) : [ > 0}.

As in [GRS04], to show that the modified chain is recurrent, we show that the
estimates (3), (4) and (5) of [GRS04] hold in this case too, i.e., we need appropriate

bounds of E[(HZlH(uO,VO)Hg —|Zi(u®,v))|3)™ | Zy(u®,v°) = x] for x € Z? and
m=1,23.

ISuppose u := (1,0) and v := (0,0) and h(v) = (3,5). If i > 0 then the region {(z,y) : y >
0and |[(z,y) —ully <i+4+j—1} C {(z,y) : y > 0and ||(z,y) — v||1 < i+ j} and since the
interior of neither of these regions contain open vertices, so h(u) = (¢,5). If i« < 0, then for the
edge (u, h(u)) to cross the edge (v, h(v)) it must be that ||h(u) —u||; > ¢ + 7 + 1; which is not
possible because ||h(v) — u||1 =i+ j + 1. Now for vertices u and v which are not neighbours
consider all the vertices in between. Since the edges from any pair of neighbouring vertices do
not cross each other, neither do the edges from u and v.
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Since our model is translation invariant spatially and Z;(u® v°) is a time ho-
mogeneous Markov chain, we may take v = 0 = (0,0,0) and u’ = (x,0) and
[=0.

Now, we use the coupling described in last section, with k = 2 and r = dp;, /3 =
(Jx(1)] 4+ |x(2)])/3. First we observe that ||Z;(u® v") —x]||o < [|Z1(u’, v?) —x||; <
Wi, v*) and [[o4" =i ||z < [l =i [l < W (@, v0), where W (u”, v°)
and W™ (u®, v%) are as defined in (9) and (21) respectively. Also, on the event
(AGod(r))¢, we have Wy (0, v0) > duin/3 = (|x(1)]+]x(2)[)/3 and W™ (u®, v0) >
duin/3 = (|x(1)] + [x(2)])/3. Thus, with ¥ as in (23), from the definition of
AG°°d () and the equation (24), we have

‘E[(HZl(uO,vO)H% —[[xI18)"™ | Zo(u®,v*) =]

~E[(110 +w7) - (7 + )3 - [Ix]13)"]

B[22 508 - 1) "1 (A 0)) | 2 ) =]

- B[+ uf") - w2l - )14 0))
<E[2" (1200 O "+ [[<]3™) 1 (A% ))]
+E[2 (117 = 1) + x4 I3 1 (A% (r))°)]
< 2B (=3 + 22710, v°) = xIB + x| ) 1 (A% (r))7)|
+ 2B (1B + 2 [ — 2B + [1xIB™]) 1((A% (1))
< 2] BP((AS (1)) + B (W3 (1, v0)) " 1(W3 (0, v°) > diyin/3)]
+ B[ @, v0)) " 1 (WD (00, v0) > diy, /3)]]
< Crrexp(—Chsl[x]]2)

for a proper choice of Cy7, Cis > 0.

Now, the estimates (3), (4) and (5) of [GRS04] follow from direct computations
of the moments of the marginals 2/}51) and ¢§2). For example, when m = 1, with
7 (j) denoting the the j th co-ordinate of ¥\ for i = 1,2 and j = 1,2, using
the observations made about the marginals in Section 3, we have E [H(@+ Py —
— 2 2
V) B - 1xIB] = E| (<) + 47 (1) =42 (1) + (x2) + 4P (2) - v (2))" -
(X(l))2 - (X(Q))2i| = 4E[( %1)(1))2] which yields (3). Similar calculations yield
(4) and (5). This completes the proof for d = 3. O
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4.3 d>4

We present the proof for d = 4; the argument being similar for d > 4. We first
show that P(G is disconnected) > 0, which by ergodicity of the model implies that
P(G is disconnected) = 1.

We start with two open vertices u® and v¥ in Z* with u°(4) = v°(4) = 0 and
show that for the Markov chain {Z;(u® v%);1 > 0} there is a positive probability
that it does not get absorbed at (0,0,0). We follow the same technique as in
[GRS04] to achieve the above, viz., we run the chain for n* time units, starting
from u® and v" sufficiently far apart (of the order n). Then, with a very high
probability the Markov chain has travelled further away (of the order of n?), and
using the Markov property, we start from these new vertices and continue this
process.

More precisely, for € > 0, define the event

Ame(uo, VO) = {Zn4 (uO,VO) € Dn2(1+€) \Dn2(175>},

where D, := {x € Z3 : ||x||; < r}. We show

Proposition 4.1 For(0 <e < %, there exist constants Chg, 5 > 0 and ng > 1 such
that, for all n > ng,

inf ]P’(An,e(uo,vo)) > 1 — Con".

wem“l‘DnLl»e \Dnlfe

Following the steps of [GRS04], it is enough to prove Proposition 4.1. Again we
use the coupling described earlier for £ = 2. Consider the event

TL4 TL4
Ag;ld)(uo, VO) = {W + Z wl@) € @ + Z wl(l) -+ Dn2(1+e) \ Dn2(175),
=1 =1

J j
W+Z¢l(2) €@+Zr¢}l(l) +DKlogn for all]: 1,...,714}7
=1 =1

where K is a suitably chosen large constant. This event corresponds to the event
(19) defined in [GRS04] for which it was shown that there exists ny such that

inf P(AMD (1, v0)) > 1 — Cogn™®,

5.5 n,e
v0eu®+D 14e\D 1

for some constant Cyy, a > 0 and for all n > ng.
Now, we employ the coupling described earlier in Subsection 3.3 with k£ =
2. This time we will continue this coupling step by step for n* simultaneous
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regeneration steps of independent paths. At each step we choose r = K logn/3
and say that the coupling is successful at step j if the event A%°°d(r) occurs. We
do the coupling at step j + 1 if the coupling is successful at step j. Note, if the

coupling is successful at every step j = 1,...,n*, we have, for j = 1,2,...,n%,

;

Y 1 — - 2 —

W+ > Y =G, ooy () and VO + > 9P =G, 0 00y (V0.
=1 =1

Therefore, we get

P(A (0’ v%)) > P(A™Y(u’, v°) N {Coupling is successful for j = 1,2,...,n"}).

n

Using the Markov property and the estimate of the coupling being successful, given
in (24), we obtain, for all sufficiently large n,

IP’(AM(uO, VO)) >1—Con @ — C’g)n‘L exp(—C’f?Klog n/3)>1-— Cion™"

for suitable choice of > 0 and Cg. This proves the proposition and completes
the proof for this case. O

5 Brownian Web

In this section we prove Theorem 1.2. We begin by recalling that the Brownian web
takes values in the metric space ‘H equipped with the Hausdorff metric dy where
H is the space of compact subsets of the path space (II, dyy) (see the discussion in
the paragraphs after the statement of Theorem 1.1 in Section 1). As introduced
earlier, for any n > 1, the collection of scaled paths X, (7, o) is obtained from G
with normalization constants 7, o and we had remarked that the closure of &, (7, o)
in (I1,dp) denoted by X, (v, o) is a (H, By) valued random variable.

We require some more notations. For a compact set of paths K € H and for
teRlet K':= {7 € K : 0, <t} be the set of paths which start ‘below’ ¢. For
t > 0 and tyg,a,b € R with a < b, we define two counting random variables as
follows

Nk (to, t;a,b) == #{w(to +t) : 7 € K and 7 (ty) € [a,b]} and
fix (to, t;a,b) := #{m(tg +1t) : 7 € K and 7(ty +t) € [a, b]}.

Theorem 2.2 in Fontes et al. [FINRO04] provided a criteria for a sequence of (H, By)
valued random variables with non-crossing paths to converge weakly to the Brown-
ian web. In the following we denote, the standard independent Brownian motions
starting from x!,...,x" respectively, by (Bxl, cee Bxk) and standard coalescing
Brownian motions starting from x!,...,x" respectively, by (le, cee ka).
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Theorem 5.1 [FINRO4] Suppose X1, X2, ... are (H, By) valued random variables
with non-crossing paths. Assume that the following conditions hold.

(I,) Let D be a deterministic countable dense subset of R%. Suppose that, for any
k> 1, and for any x',...,x* € D, there exists 7}, ... 7% € x,, such that, as
n — oo,
).

(B1) For allt > 0,limsup,, ., SUp, o)er2 P(1y, (to, t;a,a+€) > 2) = 0 as e — 0F

k

(koY = (W W

n’ »hn

(Bs) For all t > 0, L limsup,,_,.. Sup, )erz P(1y, (fo, t;a,a +€) > 3) = 0 as € —
0.

Then x,, converges in distribution to the standard Brownian web WW.

The convergence in (I;) occurs in the space IT¥. Note that the convergence in II
implies that the starting points converge as points in R? and the paths converge
uniformly on the compact sets of time.

In Theorem 1.4 and Lemma 6.1 of Newman et al. [NRSO05], it was further
proved that the condition (Bz) can be replaced by (E]) where

(E) if Z' is any subsequential limit of x% for any ¢y € R, then for all ¢,a,b € R
with ¢ > 0 and a < b, E[jz1 (to, t: a,b)] < E[iw(to. t;a,b)] = 2.

It is worthwhile mentioning here that for a sequence of (H, By) valued random
variables x, with non-crossing paths, property (I;) implies tightness (see Propo-
sition B.2 in the Appendix of [FINRO4]) and hence such a subsequential limit Z'
exists. Our model X'y consists of non-crossing paths only. Thus, to prove Theorem
1.2 we need to show that for some v(p) > 0 and o(p) > 0 the sequence X, (7, 0)
satisfies the conditions (/;), (By) and (E]) and hence converges to the standard
Brownian web.

5.1 Proof of condition (/;)

We follow the argument of Ferrari et al. [FFWO05]. It should be noted here that
dependency structure of our model is quite different from that in [FFWO05] and we
require significant modifications of their argument. First, to show (/;) we need to
control the tail of the distribution of the coalescing time of two paths starting at
the same instant of time but at a unit distance apart.

Lemma 5.1 Fiz u = (1,0), v = (0,0) € Z*, let v = inf{l : gpuw(u) =
Gruv)(V)}, where (u, v) is the | th regeneration step as defined in (1). For the v
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th regeneration time T,(u,v) as defined in (10), there exist positive constants Coy
and Cao, such that, we have

Vi Vi
Corollary 5.1 For u = (a,0), v = (0,0) € Z?, let v(a) = inf{l : gruv(a) =
Gruv)(V)}, where a > 0 is any positive integer. Then

0\2/1; and ]P’(Tl,(a)(u,v)>t)§0\2/2¥a.

The corollary follows from Lemma 5.1, using the fact that the the coalescence time
v(a) is given by the maximum of the coalescence times of the martingales starting
from the pairs (¢,0) and (i — 1,0) fori =1,...,a.

Proof of Lemma 5.1: Consider the nonnegative martingale, {Z;(u, v), Fr,uv)}
defined in (16). We use the method in Theorem 4 of Coletti et al. [CFD09] to
achieve the bound on T, (u,v). In order to use the result of [CFD09], it is enough
to prove that

P(v>t) < and P(T,(u,v)>1t) <

P(v(a) > t) <

sup{P(Z;+1(u,v) =m|Z;(u,v) =m) :m > 1} <60 (26)

for some 6 € (0, 1).

C&Sé@%@) % 2

Figure 6: One possible realization of the event {Z;1; = m +1 | Z; = m}. The
bold vertices are open and all other vertices depicted are closed.

To show (26), we observe that for m > 2, P(Z;1(u,v) = m + 1|Z;(u,v) =
m) > (1 —p)%p® and P(Z;11(u,v) = 2|Z;(u, V) =1) > (1 —p)*p? (see Figure 6).
Therefore, we have

P(ZjJrl (ua V) = m’ZJ(u’ V) = m)
<1-P(Zi(u,(m,0)) =m+ 1|Zy(u, (m,0)) = m)
<1—min{(1-p)°° (1 -p)'p’} =1 - (1 -p)°p".

This establishes

Q!

=

2

P(v > t) < (27)

S
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To complete the result, we choose Cy3 = E(W™M) /2 where W is as in Proposition
2.3. Note that, it is also the case that Tj(u,v) < Y.t WM(:), for any [ > 1,
where {WM (i) : 4 > 1} is an i.i.d. sequence, each having the same distribution as
that of WM (see discussion before the statement of Proposition 2.3). Using (27),

P(Ty(u, V) > t) < P(T,,(u, V) >tv< ngt) + ]P)(I/ > ngt)

02 1

vV ngt
[Cast]

<P(Y WM3E) —EWM (i) >t — E(W)| Cost]) +

< P<T\_C'23tj <u7 V) > t) +

vV ngt

- Var( }253” WM (7)) N Cn < Cx
T (t=EWM)[Cyst]))? Vot ~ Vi

for a suitable choice of constant Cyy. This completes the proof. O

Let x!,...,x* € R? be k fixed points, ordered in such a way that either x*(2) <
x1(2) or x'(2) = x"*1(2),x'(1) < x**!(1) foralli =1,...,k—1. Let x!, = x', (7, 0)
be such that for any n > 1, x!, € Z? and x’,(1)/ne — x'(1) and x/,(2) = |n?yx*(2)]
so that (x%(1)/no, x (2)/n*y) — x* asn — oo, fori = 1,..., k. Note that we have
kept the choice of x¢ (1) in our hand and we can suitably adapt our choice later.
There are several choices which will work. For example, we can choose x! (1) so
that it corresponds to first open point to the left of (|nox’(1)[,x%(2)), i.e., x'(1) =
max{ |nox'(1)| + 7 :j <0,(|nox'(1)] + 5,x%(2)) € V}. Another choice that we
may consider is any open point on the interval, [[nox'(1)] — [n®], [nox’(1)] +
[n*]] x {x}(2)} for some 0 < a < 1. We now consider the joint process starting
from x?, ..., x* and define, for i = 1,..., k, the n th order diffusively scaled version
of these paths as

1

() = w3, 0)(1) i= —m(yn’t)  for > x,(2)/n’y. (28)

To obtain (I7), it is sufficient to show

Proposition 5.1 There exist v := ~(p) and 0 := o(p) such that, as n — oo,
{7l (y,0),...,7%(v,0)} converges weakly to {le, e ka}.

We prove the Proposition 5.1 through a series of other propositions. The
strategy we adopt to prove this proposition is, to show that until the time when
two paths come ‘close to each other’, they can be approximated by independent
paths, and after that time they coalesce very quickly, which is negligible in the
scaling.
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Towards this end, we start with k£ independent collections of i.i.d. uniform
random variables and we construct the path ™ (Ind), starting from x’ using the ¢ th
collection only for each ¢ = 1,..., k. Therefore, we have k independent processes,
(W}L’(Ind), o m]i’(lnd)) where the i th path, 75™% is an independent copy of the i
for i =1,...,k with 7, as defined in (28).

We first show that

Proposition 5.2 There exist v := ~v(p) and o := o(p) such that, as n — oo,

1 k

(rlind) o pknd)y o (pxt g,
Proof: Since the paths Wf;;(lnd) are pairwise independent, it is enough to show that
the marginals converge. So, it suffices to prove that ) converges weakly to
the standard Brownian motion BX', starting at x*. Furthermore, by translation
invariance of our model, we may write

{gn(x}) :m > 0} £ x. + {g,4(0) : m > 0}

where g,,,(u) is the position of the path after the m th step, starting from u. Since,
x} — x!, it is enough to show that the path starting from 0, scaled diffusively,
will converge to the standard Brownian motion, starting from 0. In other words,
it is enough to consider x! = 0.

Let 7; and T} denote the j th regeneration step and time respectively for the

process starting from 0 (see (1) and (10)). Let Y; = Y;(O) =9,,(0) —7,,_,(0) (see

(13)). Now, we define a piecewise linear path 7% and its diffusively scaled
version 7 ™ as

t—"1T,
ﬁ_ly(Ind) ::ng (O) —|— ﬁ<g7—n+1 (0) - ng (O)) fOI‘ Tn S t < TTL+1
n+1 n

1
,ﬁ-}lv(lnd) (t) :7"1‘_31,(111(1) (f}/) 0‘) (t) = —ﬁ'l’(lnd) (’ynzt) for t Z 0
no

Next we define another stochastic process, S on [0, 00), as follows:
St)=T;+ (=) (Tj —Tj) for j <t <j+1,j=0.

Clearly, S(t) is a strictly increasing process. Hence, t — S(t) admits an inverse
S~1(t) which is also strictly increasing. The process S(t) denotes the time change

required to track the path #4(d) More precisely, we have, for ¢ > 0,

7n(t) = X, (S™H (n?*yt) /n?).
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where the process X,, = X,,(7,0) on [0,00) is defined as follows: X,(0) = 0 and
for t > 0,
1 [n?t]
X, () 1= — |(n?t — [n%])Y]por o + Z Y}

no

From Remark in 2.2, ¥;’s are symmetric and i.i.d., so that E(Y;) = 0. Thus, from
Donsker’s invariance principle, it follows that, for 0 = g := 1/ Var(Y}), the process
X, converges weakly to the standard Brownian motion starting from 0.

Let N(t) be the number of the renewals for the process S(t) up to time ¢, i.e.,
N(t) = | S7L(t)] so that, N( ) < S71(t) < N(t)+1. Hence by the renewal theorem
S (n2yt)/n? — g(t) := E(T) t > 0 almost surely (see Theorem 4.4.1 of Durrett
[D10]). Taking v = 7o := E[T3], we conclude that

~ 1
ﬂ,ll’(lnd) = B*.

Finally to conclude the result, it is enough to show that, for any s > 0 and
e>0

P [sup{ |7, ™ () — my "V (t)| - t € [0,5]} > €]
[Sup{|7r (Ind) (t) b (Ind)(t)| € [0,sn?]} > en} —0

as n — 0o. Since N(sn?) < |sn?], we have
{Sup{|7r (Ind) (4) — 71D (4)] 2 ¢ € [0, sn?]} > en}

[sn?]

c J {sup{la ™0 (e) — e O (0)| - t € (13, Ty} > en}.

Now, on the interval [T}, T};41], both the paths abrd) and 71.0nd) aoree at the end
points. Furthermore, both the paths are piecewise linear. From the definition of
W;(0) (see equation (9)), for any t € [T}, Tjyq], |75V (2) — 7Ld(T3)| < W; and
|7hnd) () — 7LD (T3)| < W;. Thus, we have

{sup{[F0 (1) = x OV (@)] 1t € [T, Tyua]} > en} C {2W05(0) > en},

and

Plsup{|7M™V(t) — a0 (4)| 1 ¢ € [0, 5n%]} > en]
< P2max{W;(0): j =1,...,|sn’|} > en] < [sn®|P(2W;(0) > en) — 0

as n — o0o. This proves Proposition 5.2. 0
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Henceforth, we assume that we are working with v = 7y and ¢ = o( and for
the ease of writing we drop (7, ¢) from our notation unless required.

First we consider the case where second co-ordinate of all x%’s equal 0, i.e.,
x!(2) = .-+ = x*(2) = 0. Hence, we must have x.(2) = --- = x*(2) = 0. Note
that 0 is not important, it is just easy for notation.

We think of the paths as coming from a metric space (C[0, 00), d) with d given

by

o0

d(my,m) = Z27j min{1, sup{|m (t) — ma(t)| : ¢ € [, + 1]} }
§=0
for 7y, m € C[0,00). Consider the product metric space (C[0,00)*, d*), where d*
is a metric on C[0, 00)* such that the topology generated by it coincides with the
corresponding product topology. In particular, we consider the metric

Jk<(7r1,1, cey T )y (T, - ,7rk,2)> = max{ci(m,l, Tio)ii=1,..., k‘}

for ;1,0 € Cl0,00), i =1,....k.
First, we prove a sandwich lemma, which we require later for proving our result.

Lemma 5.2 (Sandwich Lemma) Let {m, : n > 1} be any family of diffusively
scaled paths such that or, < 0 for each n > 1. Further, let u, = (u,,0) and
vV, = (U, 0) be two open points with u, < 0 < v, and (v, — u,)/n — 0. Further,
we assume that u, < m,(0)nog < v,, then

(0™, T l0,00), Th™) = (B°, B°, BY) (29)

n

where i and m" are the diffusively scaled paths starting from w,, and v,, respec-

twvely, mn|(0,00) @5 the restriction of the path m, on [0,00), and B° is the standard
Brownian motion starting at 0.

Proof of Sandwich Lemma: In view of the Proposition 5.2, we have, for any x €
R?, 7 (yon?t)/nog = B* such that x,(1)/con — x(1) and x,(2) = |x(2)yon?].
Taking x = 0, we observe that 7» = BP°.

Since the paths in our model are non-crossing and u,, < m,(0)noy < v,, we also
have w1 (t) < Ty|[0,00)(t) < () for all ¢ > 0. Therefore, to prove our result, it
is enough to show that m¥" converges to the same Brownian motion B°. Thus, to
complete the proof, we need to show that for any ¢ > 0, IP’[J(WX", 7T;‘Ll") > e] — 0
for which it is sufficient to show

P[sup‘m‘:” (t) — mun(t)| > e} = P[sup‘wv" (t) — 7 (t)| > eaon} — 0.
>0 >0
Recall that the difference between the two paths starting at v,, and u,, observed

at the simultaneous regeneration steps of the joint path forms a nonnegative mar-
tingale, denoted by {Z; = (Z/(vn,u,)) : | > 0}, as described in (16). Fix any
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0 <a<1andlet vy, :=inf{l > 0: 7, = 0}. On the intersection of the events
{v, < n?} and {(W; = W;(vy,u,) < n® for all j = 1,...,n%}, we have that

{Suptzo‘w"”(t) — U (t)] > eaon} C {max{Z : 1 =1,...,n%} > eogn — 2n°} C
{max{Z, : 1 =1,...,n*} > eogn/2} for all large n. Thus, we have,
P[sup|7r"" (t) — 7 (t)] > eaon]
>0
< }P’[maX{Zl l=1,...,n*} > eaon/Q} +P(v, > n?) + ]P’(U?il{VVj > n}).

From Corollary 5.1, we have P(v,, > n?) < Cy (v, — u,)/n — 0 as n — oo.
The third term converges to 0 by Proposition 2.3. For the first term, using by

Doob’s maximal inequality, we have ]P’[max{Zl cl=1,...,n% > eaon/2} <
2E(|Z,2]) /eoon = 2B(Z,2) [eaon = 2IE(Zy) /noge = 2(v,—u,)/eoon — 0 as n — oo.
This completes the proof. O

Now, we concentrate on the coalescence of paths starting far apart. Towards
that, we define a subset A of C[0,00)* as follows:

A :{(m, ..., T) € C[0,00)* : 7;’s satisfy the following conditions
a) m(0) < m(0) < - < mp(0);
b) tU) =inf{t >0:m(t)=7m;(t)} <ooforalli,j=1,... ki<j;
¢) D) £ @292) for all iy, 4y iy, jo = 1,... ki1 < ji,is < Ja
and (ir, j1) # (i2, J2);
d) forany d >0and i, j=1,... ki< j, thereexist t € (t") — ¢, ¢09)
and s € (9 09 1 §) such that (m;(t) — 7;(t))(mi(s) — 7;(s)) < O}.
Note that A consists of all k-tuples of continuous paths ordered by their starting
points where each pair of paths intersect at distinct time points and two paths

cross each other instantaneously after they intersect. Clearly, from the indexing of
x"’s and the path property of standard independent Brownian motions, we have

P[(BX,...,B<)c A] = 1. (30)
We define a ‘coalescence map’ f : C[0,00)* — C[0, 00)* as follows:
T1ye.os T fi . A
f(ﬂ-l;--wﬂ—k) — (71-17 Jﬂ-k) or (ﬂ-l?. 77Tk) <
(m1,...,m)  otherwise
where 71y =m and for 1 <1 < k

() = m(t) for t < s®
e 7m_1(t)  for t > sO
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where s ;= inf{t > 0: m(t) = 7_1(t)}. Forx',...,x* € R? with x'(2) =--- =
x*(2) = 0 and x!(1) < ... < x*(1), from the strong Markov property, it follows
that f (B"l7 o ,Bxk) has the same distribution as that of £ standard coalescing
Brownian motions starting from x!,...,x* (see Arratia [AT9)]), i.e.,

1 k

F(B B LW W), (31)

Next, we define a sequence of subsets of C[0,00)F where the pair of functions
come close to each other. We fix o € (0, 1) for the rest of this section. For n > 1,
define

An :{(7717 ..., T) € C[0,00)* : 7;’s satisfy the following conditions
a) m(0) < m(0) < - < mp(0);
b) ) = inf{t > 0: |m(t) — m;(t)] < 3n°7'} < 00
foralli,j=1,... ki < j;

o o 1
c) |t — {2 > — for all iy, ji, iz, jo = 1,..., k,
n

i1 < J1,42 < jo and (i1, j1) # (i27j2)}- (32)

Next we define the ‘a-coalescence map’ f,&o‘) : C[0,00)* — €10, 00)* as follows:

FO (. ) =

{(71,...,fk) for (7T1,...,7Tk) € Az

(71,...,m)  otherwise

where T, = m and, for 1 <[ < k, we define it inductively, by setting

m(t) for t < s
T(t) = { (D) + n2(t — s [Fa (W + &) —m(s)] for sV <t < sV 4+ L
m-1(t) for t > s{ + 5

where s\ = inf{t > 0:m(t)—m_1(t) < 3n°"1}. The a-coalescence map tracks m

until s{, then linearly interpolates to ﬁl,l(sg) + =5) in the time interval [sﬁf), sV 4
#} and then tracks the function 7;_; after that time point, for every [ > 2.
Before proceeding, we state the following deterministic lemma (which is a
slightly stronger version of Lemma 19 of Colletti et al. [CFD09]). The proof
of this lemma has been relegated to the appendix and it will be used in the proof

of Proposition 5.3.

Lemma 5.3 Let (m1,...,m) € A and {(71,...,Ten) 1 > 1} € C[0,00) be such
that d(m; n, ™) = 0 asn — oo. Then, forn large enough, we have (T1p, ..., Tky) €

31



A% and lim,, . sd = 50 for alll = 2,...,k, where {s(l),sg) c l=2,...,k} are
as defined above. Further,

d" (f,(la)(ﬂlm, ey ), [T, ,Wk)) — 0 as n — oo. (33)
Now, we consider the case when x',...,x" € R? have the same second co-
ordinates as 0, i.e.,, x'(2) = --- = x"(2) = 0. We prove the following

Proposition 5.3 We have

k

(0] FOSD )

(b) fn ( nytc n) (Wx ’WXk>;

(c) P[Jk( ,(La)(ml“... ™), (7, ..., 7E)) > €] = 0 for any e > 0 as n — oo.

Y n n’

Proof of Proposition 5.3: Lemma 5.3 and the observation in equation (30),
allow us to use the extended Continuous mapping theorem (see Theorem 4.27 in
Kallenberg [K02]) to conclude that e ( »(Ind) ...,Wﬁ’(lnd)) = f(B*,...,B¥).
We conclude the result of (a) usmg equatlon (31)

To prove (b), we show that £ (r! %) and £l ( ) ,m’i’(lnd)) have

Ty eees Ty
the same limit. Towards that end, it is enough to show that for any s > 0 and for

any bounded uniformly continuous function H : C[0, s]* — R, we have

: « 1,(Ind k, Ind o 1 _
JLI&‘E[H(fTS)(wn( )~ B[H (O )0 ] 0.
where (71, ...,7)|0,s denotes the restriction of (m,...,m) over time [0,s]. To

achieve this, we describe a coupling procedure such that the individual paths of
the joint process (7r711, e ,7rn) starting sufficiently far apart, agree with the corre-
sponding individual paths of the independent processes (mll (Ind), e ,Wﬁ (Ind)).

We employ the same coupling idea used earlier. Starting from k41 independent

families ofi.i.d. U[O, 1] random variables {U%, : w € Z?, 1 < i < k+1} and vertices

x! . xF with x1(2) = -+ = xF(2) = 0 and x}(1) < -+ < x¥(1) we construct the
1nd1v1dual process {gm nd) (xz) m > 0} using the random variables {U}, : w € Z*}
for each i =1,... k. Let * b(Ind) — 7x5,(Ind) he the piecewise linear path obtained

for the ¢ th process and 720D 1 the n th order diffusively scaled version.

For the joint process we first select the set of vertices such that their horizontal
distances are at least 3n® apart, where a € (0,1) is as chosen in the definition
of £ We call these vertices special vertices. More precisely, let x1 = x! and
having defined x1, ..., xm-1 we define x" with

i = 10f{j > i g X (1) — xi=1 (1) > 3n®}

n
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if such an i, exists, otherwise we stop the selection. Let I} := {x'!,... ,x%} be
the special vertices thus selected. We define a new collection of uniform random
variables {Uy, : w € Z*, w(2) > x!"(2) = 0} by

g {Ujv if [w(1) — x;,(1)] < n® for x!, € I
v UETL otherwise
and construct the joint process {(gm(x;), ..., gm(xE)), m > 0}, as in Section 2,
using the collection {UL : w € Z? w(2) > 0} till the first simultaneous regenera-
tion time Ty (xL, ..., x*) of the joint process.
Having constructed the joint process till the 7 — 1 th simultaneous regeneration
time 7;_1(x}, ..., xF) of the joint processes with the /;_; being the special vertices,

we first choose the next set I; of special vertices as follows x7! = x € I;. For
xJm=1 € [; we choose xIm € I; with

Jm = 1Inf{j > j_q: le € l;_; and gijl(XZL)(l) — gTjil(x%mfl)(l) > 3n%}

if such an j,, exists, otherwise we stop the selection. The process from time 7;_,
onwards is constructed with the collection

i ._{Us‘v if [w(1) — gr,_, (x})(1)] < n® for x], € I,

w o
UEFY otherwise

until the time of the next simultaneous regeneration of the joint process.

Let (ﬂx}l, e ,Wxﬁ) be the paths obtained from this joint process starting from
(xL,...,x¥) and with (x, ..., 7") being the diffusively scaled versions. To compare
£ (mh ... 7rk) with £ (ml;(md), ., )y we define the events

— {( Ind ) ,7]' Ind)) c Aa}
. (Ind) . . (Ind) 2
s—{Wj ()<n o for all j > 1 with 7,7 (k) < sn”},

where A% Wj(lnd)(k) nd T(Ind)(k;) are as defined in (32), (21) and (19) respectively.

Note that from Prop081t10n 5.2 and using Skorohod’s representatlon theorem,

we can assume that (mp ™, ... 780Dy converges to (BX, ..., BX") as elements
in (C[0, 00)k, d¥), almost surely. Observe that on the event Bn s ﬂ E,, the coupled
processes satisfy £ ( Tor oo ) 0s] = ,(la)( ) fi(lnd M, for n large.

This observation yields
‘E[H(féa)@rrlz’and)J ce 77T7]z Ind ‘[Os )} - E[H(‘ﬁga)(ﬂ}w tee 77sz)|[0’3])} ‘

< [B|[H (A0, . ml0) — g (f(rh, 7)) | L o
< 2| H||P(BS,, U EY).
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Finally, from Lemma 5.3, P(E¢) — 0. Using a similar calculation, used in the last
part of Proposition 5.2, P(By, () — 0 as n — 0o, which completes the proof of (b).

We write the proof of (¢) for k = 2; the argument for general k being similar. By
definition of f{*), we have 7L (t) = 71 (¢) for all t > 0 and 7L (¢) = x2(¢) for t < s,
where i) = inf{t > 0 : 72(t) — w4(t) < 3071} = inf{t > 0 : 72(t) — 7L(t) <

3n*~1}. From the definition of the metric d*, it suffices to show that, for any € > 0,

]P’[Sup | (t) — ma(t)] > e] :IP’[ sup |7w'(t) — 7*(t)| > eaon} — 0
> (2) (2),y n2
as n — 0.

Let , := inf{j : T;(x;,,x2) > s yon?} where T;(x;,x2) is the j th simulta-
neous regeneration time of the joint paths starting from (x),x2) and define the
event D = {W, (x.,x2) < n®}. We have

1
n’

IP’[ sup ‘7r —m(t)] > eagn} < P(D)+P [{ sup ‘Wl(t)—ﬂ2(t)| > eaon}ﬂD]

t>52) >s®

~Yon? Yyon?

The first term P(D¢) = P{W,,(x},x2) > n*} — 0 from Proposition 2.3. For
the second term, we note that, on the event D, the width of the explored re-
gion is at most n®, hence the difference of the paths, at the previous simultane-
ous regeneration time before 31(12)70712, is at most 5n®, i.e., |71 (T, _1(x}:,x2)) —
7r2(T,$n,1(x x2))| < bn®  Also, for t € [Tﬁn,l(x}wxi),Tﬁn(x}l,Xi)], we have
|7l (t) — 7%(t)| < Tn® < eogn for all large n. Hence, using the Markov prop-
erty, non-crossing property of paths and the translation invariance of our model,

it follows that, for all large n,

PH s(;p |7r1(t) - 7T2(t)| > eaon} N D} < ]P’[ sup |7'(t) — 7r2(t)’ > eaon}

Yo n2 tZT/in (X}L,X%)
< ]P’[sup‘ﬂ (M0 (¢) — 700 ()] > eaon] — 0
>0
as n — 00, using the same calculations as in the Sandwich Lemma. U

Proof of Proposition 5.1: First we consider the case when x'(2) = --- =
x"(2).  With the choices of x!,... x* made in equation (28) and using the
translation invariance of the model, we note that the joint distribution of the
paths starting from (x!,...,x%) is the same as that of the paths starting from
((x1(1),0),...,(x*(1),0)) and then translated by (0,x.(2)). By Proposition 5.3,
the diffusively scaled paths starting from ((x.(1),0),. .., (x¥(1),0)) converge weakly
to coalescing Brownian motions starting from ((x!(1),0),...,(x*(1),0)). Since
(0,x1(2)) — (0,x'(2)) as n — oo, we have the result for this case.

For the general case, using similar arguments as above, it is enough to consider

x!, ..., x" starting at different levels with x!(2) < .- < x¥(2) = 0. We proceed
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by induction using arguments similar to that of Colletti et al [CFDO09]. First,
the result holds for & = 1, from Proposition 5.2. For £ > 2, we assume that
the result holds for k£ — 1, and we start with any & points x!,...,x* € R? with
x1(2) <. <xk(2) = 0 and let 4y := inf{i : x(2) = 0}.

We construct the process from these k vertices, noting that the vertices at the
highest level do not move until the process from the vertices below catches up
with the vertices at the highest level. We stop the process as soon as it needs
information of vertices on or above the z-axis. As per the construction of the
process, at any step m, the points at the lowest level, viz., W'V are allowed
to move and they have the same second co-ordinate. If all of them can find the
next vertex such that the explored region lies below the x-axis we run the process;
otherwise we stop at that step. More precisely, define

l, :=max{m : for each u € W2, (S(u,—u(2) — 1)\ {y <u(2)}) NV # 0},

where S(u,r) ={w € Z? : [|[w —ul|; <r}.

At this step [,, all vertices lie below the z-axis and no points on or above
r-axis have been explored. For the vertices below the z-axis we consider their
projection on the z-axis. We think of the process is being restarted from these
projected vertices (even though they many not be open) together with the paths
from the vertices which were originally on the z-axis. Since the number of vertices
below the z-axis from which we started the process is k — 1 or less, the induction
hypothesis gives us that the scaling limit of these paths until they reach the x-
axis is a system of coalescing Brownian motions. Using the previous case of this
proof and the sandwich lemma, we show that the scaling limit of the paths from
the projected vertices on the z-axis and the original vertices is the same system
coalescing Brownian motions. We also show that at the [,, th step the location of
the vertices of the process below the z-axis is close to the x-axis so that on scaling
this difference vanishes.

First we observe that, if the maximum gap of the second co-ordinates at step
I, from the z-axis is at least m + 1, then for some u € W;M¥ all the m vertices
lying above u (and below the z-axis) must be closed. Thus,

P[max{—gln(xil)(Z) 1<i<ig—1}>m+ 1}
< P[for some x° with g, (x') € VV;:OVG,QE (x)¢Viorl1<j< m}
< (o —1(1—p)™

Fix 0 < v < a. Define the event

E, = {max{—g, (x})(2) : 1 <i <io} >n"}. (34)
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Applying Borel Cantelli lemma, we get that P(limsup,, F,,) = 0 and hence
a1, (x5)(2) /0y — x°(2) =0 as n — oo for all 1 < i < iy almost surely.  (35)

By the induction hypothesis, we have that for paths starting from first ig — 1
vertices,

(wh, oy = (WX .

n? rin

Using Skorohod representation theorem, we can assume that the convergence is
almost sure as elements in II°71 ie.,

(. Tl & (le, e Wxiofl) as n — oo in IT0 ! (36)

n

almost surely. From (35) and (36) we have,

~ 91.(x,,)(2) o
) :ion <t < Tl ] <
({ﬂ-n( ) Ori S U n2'yo }, St < Zo)
— (WX (t) : x'(2) <t <0},1<i<ip) almost surely. (37)

Here we need to remark that although the process starts with k vertices, till
the [,, th step only the first 75 — 1 vertices move and their movement till the [, th
step is as if the process started with only these ig — 1 vertices. Thus the induction
hypothesis may be applied.

Let (P, pp) be the space of compact subsets of (R? p) with pp the induced
Hausdorff metric, i.e., for Ay, Ay € P,

pp = sup{ sup inf p(x', x?), sup inf p(x', x?)}.
xlcA, X 2c A, x2€ Ay X leA;

Denoting by X the projection of the vertex g;, (x!) on the z-axis and

= U { 0tu | xtand Q= | J {W¥(0),0}ru |J {x}.

1<i<ig 10<i<k 1<i<ip i0<i<k

we have, from (37), @, — @ as n — oo almost surely in (P, pp). Conditioned on
Qn, let X9 be the n th order diffusively scaled version of the paths starting from
the random point set {(noox(1),n*yx(2)) : x € Q,} = {x, : 1 < i < ip} U {x}
ip < i < k}. Using the first part where x!(2) = --- = x¥(2), and Lemma 6.5 of
Newman et al. [NRS05] we conclude that X@ converges in distribution to W,
i.e., coalescing Brownian motions starting from a random point set distributed as
Q.

Finally we need to show that the paths starting from { g, (xL), g, (x0T } U
{xi ... x"} and the paths starting from the projected vertices {xl XY
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{x® ... xF} converge to the same limit. Using (35), we conclude that the starting
points of the paths converge almost surely. For the local convergence of paths from
time 0 onwards, we will use the Sandwich Lemma.

Wefixa < <1 and for eachi = 1,...,4p—1, two open points u’, = (u’,0) and
vi = (vl,0) such that X (1)—n? < ul, < X! (1)—na <% (1)+n® < vl < %8 (1)+nP.
Note that the probability of existence of such points converges to 1 as n — oo (since
the points on the z-axis are yet to be explored). From the Sandwich Lemma, any
path which crosses the z-axis, in between u! and v will converge to the same
Brownian motion. It is therefore enough to prove that, fori =1,...,79 — 1,

P{m(0) ¢ [uf,, vi]} = P{xon0)(0) & [u,, v}]} — 0
as n — oo. On the complement of the event F,,, defined in (34), the path from

g1, (x%) needs at most n” steps to ensure that thereafter all the vertices of the
path are on or above the z-axis. Therefore, the maximum displacement of the first
co-ordinate of the path starting from g¢;, (x,) when it crosses the z-axis is bounded

by S 1 (g1, () — W~ (g1, (x;)]l1. Define the event
DY = {Zuhfgzn — W (g, (<))l < ).

If (Dg )¢ occurs, then we must have ||h7(g;, (x%,)) — b~ (g1, (x))||1 > n®™" for
some j = 1,...,n". Thus, using the bound in (2.3), we conclude that ]P((D( ))C) <

n’Cq exp(—ana_”) — 0 as n — oo. Finally, on the event D{’ N F¢, we have
79 0)(0) € [ul, v]. Thus,

P{r9n 60 (0) ¢ [ul, vl]} < P(F,) +P((Dy(i))°) — 0

as n — 0o. This completes the proof. O

5.2  Proof of (B;) and (E})

The proof of condition (B;) is standard and follows by the same argument as in
Coletti et al. [CFDO09].

In order to prove (E}), recall that X0 is the collection of n th order diffusively
scaled paths obtained from our random graph G which start before time ¢, and
X" is the closure of X! in (II, dy;). Note that condition (I;) guarantees that X,

is tight. Being a subset of X, for any t,, the sequence ?ff is also tight and hence
such subsequential limit(s) exist.

For K € H, let K(s) := {(n(s),s) : 7 € K,0, < s} C R% Also de-
fine Ztoiltotd+ .= fn . 5. = t; + € and there exists 7 € Z% such that 7(u) =
7' (u) for all u > tg + €}.

The equivalent of Lemma 6.2 and Lemma 6.3 of [NRS05] for our model is
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Lemma 5.4 Z%(ty+ €) is a.s. locally finite for any € > 0, and Zto:{0+9+ s djs-
tributed as WZ" W0+ i e coalescing Brownian motions starting from the random
point set Z'(ty + €) C R2.

Proof: Using Lemma 5.1 and Proposition 5.1, the same proof as that of Lemma
6.2 of [NRS05] proves that Z%(to + €) is a.s. locally finite for our model.

Finally we need to prove Z'i(to+9+ is distributed as coalescing Brownian mo-
tions starting from the locally finite point set Z% (¢ + €). Because of translation
invariance of our model we choose t; = 0. Using Skorohod’s representation theo-
rem, we may assume that we are working on a probability space such that X? — Z°
as n — 0o in (H,dy) almost surely. Hence we have

pp(X2(€), Z2°(€)) — 0 as n — oo almost surely. (38)

The rest of the proof follows a similar line as in last part of Proposition 5.1
and we provide a sketch. We again create a set of open points, @), on the line
|v0en?| such that pp(Qy, X°(e)) — 0 as n — oo almost surely, where Q,, is the
scaled version of points of @,. Again, for any interval [a,b], this can be done
in a similar way as in Proposition 5.1, so that no information about points on
the line {y = |yen?]} or above is required. Using the Proposition 5.1 and the
fact that pp(X9(e), Z9(e)) — 0 and pp(Q,, X2(e)) — 0, we now conclude that the
scaled paths starting from Q,, converge to a coalescing system of Brownian motions
starting from Z°(e). Finally, using the sandwich lemma, we conclude that x| o)
converges to the same coalescing system of Brownian motions starting from Z%(¢)
where X |« is the restriction of paths in X on [e, 00). O

Now, to prove (E}), for any € such that 0 < € < ¢, we have,

Elizt0 (o, t; a,b)] = B [zeo+0+ (to + €, — € a,b)]
b
< E[nw(te + €t —€;,a,b)] = e
7(t —¢)

Letting € — 0, we conclude (EY).

6 Appendix

Proof of Lemma 2.1: It suffices to prove that, for some a > 0, we have
E(exp(aty)) < oo. Since M, ; is a function of M, and an independent se-
quence of random variables, {M,, : n > 0} is a Markov chain. Furthermore, it is
irreducible and recurrent.

Note first that, using 1 to denote the indicator function,

M1 — My, = =1(0p41 < M) + [0 — My, — 1]1(0,41 > M,,).
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Choose myq large such that E[(6; — mo — 1)1(6; > mg)] < P(6; < myg). This is
possible because E[(; — m — 1)1(6; > m)] —P(6; < m) — —1 as m — co. By
the choice of mg, we have that E[M,, ., — M,, | M,, = mg] < 0. Since the random
variable #; has an exponentially decaying tail, we can choose a > 0 sufficiently
small and 7 > 1 so that E[exp(a(Mn1 — M,)) | M, =mg| < 1/r.

Furthermore, we observe that given M,, = m > my, the distribution of M,,,; —
M, is the same as that of —1(6,,41 < m) + [9n+1 —m — 1} 1(0,,41 > m); the latter
random variable being dominated by —1(6,,.1 < mg)+ [9n+1—m0—1] 1(0,11 > my).
Therefore, we conclude that, for all m > my,

E[exp(a(Mpt1 — M,)) | M, =m] < 1/r.

Hence, taking £ = {0,1,...,lp — 1} and f: {0,1,2,...,} = R by f(i) = exp(i)
and using Proposition 5.5, Chapter 1 of Asmussen [A03], we obtain the result. O
Proof of Lemma 3.1: Define L, := max{Rﬁf) c1=1,...,k} and set 7, =
inf{n > 1: L, = 0}. Then, we have, 7 = 7,. Again, we define a new Markov
chain which dominates L,, and satisfies the conditions of Lemma 2.1, from which
we will conclude the result.

We start with k famihes of independent copies of the inter-arrival times, say

{777(I :n > 1} with 7711) 51 for i = 1,..., k. Now, keeping the same notation as
in the proof of Proposition 2.2, we set Wrove := {i : RY = 0, fori=1,...,k}
and W2 .= {1,... k} \ Wm°. Now, for i € W " we have Sl(j()n) = n for some
li(n) >0, and for i € W= we have Sl(i) # n for every [ > 0. Define

Jng1 = rna,x{Inem{fl(j()n)Jrl i Winevey max{ngil = Wstay}}
and
My := 0 and My := max{M,, Ju41} — 1 for n > 0.

We now claim M,, > L,, for all n > O Clearly, My = LO = 0. Assume that the
result holds for n. For i € W3 (i.e., RY > 1) we have Rn = =RY —1. While,
for i € Wove (ie., Sli(n) = n for some [;(n) > 0) we have
-n—1

RO, =mf{S)”: S >n+1} —n—1=81 .,

@ ) _
Sitmy + Eimysr — M= 1=y a — 1
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Thus we have

Ly =max{R), i =1,2,... k}
= max{max{R}}, :i € W™} max{R,, : i € W;™}}
= mabx{1rrlaux{§lii()n)Jrl 1 Wmovey, max{Rg) e WnStay}}
< maX{max{gl(j()n)H Li€ WMoY max{RW :i=1,...,k},
max{nff}rl Lie W —1

= Mnp41-

The independence of the families of random variables, {fff)} and {777(3)} and
the fact that 59 2z nﬁi), for ©« = 1,...,k, implies that we can write M, ; =
max{M,, 0,1} — 1 where {6, : n > 1} is a sequence of i.i.d. random variables
with 6, 2 max{gf) :1=1,...,k}. The assumptions imposed on @@’s imply that
the Markov chain satisfies the conditions of Lemma 2.1 and the result follows from
that. U

Proof of Lemma 5.3: We prove this lemma for £k = 2, the proof for general k
being similar. Fix 0 < € < min{s(z), 1}. To prove lim,, 322) = s@ we show that
liminf, 52 > s® — ¢ and lim sup,, s < 5@ 4 e

Let vy = infye g 2 _g(ma(t) —m1(t)) > 0 and choose n, large enough so that for
all n > ny we have max{max{sup;c o 1 |min (t) —m;(£)] : 4 = 1,2}, 071} < vy /4.
Hence, for t < 52 — ¢, we have 7o, (t) — 71, (t) > mo(t) — 71 (t) — |7on(t) — 71 ()] —
7an(t) — ma(t)| > 11/2 > ! so that s > s® — ¢ for all n > ny and hence
liminf,, 522) > (2 ¢

For the upper bound, fix s € [s®, s + €], such that 7(s) — ma(s) > 0. Set
vy 1= min{m(s) — ma(s), infjg y2) o) Ta(t) — m1(t)}. Now choose n, large enough so
that for all n > ny we have sup,¢(o 5,11 |Tin — mi| < 2 for i = 1,2. Thus, for all
n > ng, we have g, (0) —m1,(0) > m2(0) —m2(0) — |71, (0) =71 (0) | — |72, (0) —72(0) | >
Vo /2 > 0, so that m9,(0) > m1,(0). Also, m1,(s) — man(s) > mi(s) —ma(s) — |m1n(s) —
m1(8)| — |man(s) — ma(s)| > vo/2 > 0. Thus, 7, and 7, cross each other before
time s® + ¢ and hence s\ < 52 4 €. This completes the proof of first part of the
Lemma.

To prove the second part of the lemma, observe that it suffices to show that
SUDye(0,52 1] | T2n(t) = T2(t)| — 0 as n — oo. Fix 7 > 0 and choose 8 > 0 such that
SUDy sefs@)—g,5@ 1 g) MAX{ |71 (£) =71 (s)|, [ma(t) =ma(s)], [(m2 = 71) (£) = (2 —71) (5)[} <
n. Take ng such that for all n > ng we have (a) 5 < 3, (b) s s + 5 €
(s = 8,5 + 5) and (¢) SuDyefp sy max{Tia(8) — 71 (8)] I7an(t) — ma(6)]} < 1.
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Further

sup  [Fon(t) = T2(t)| < sup  |man(t) — ma(t)]
t€[0,5(2 +1] te[0,s(—g]

+  osup [T(t) M)+ sup  mie(t) = m(l)].
te[s@)—ﬁ75<2>+ﬁ} te[5(2)+ﬁ,5(2)+1]

Note that for n > ny we also have

sup max{[T2,(t) — T1(s)|; [T1a(t) — Ta(s)], [F1n(t) — Tan(s)|} < 3n. (39)
te]s(?—B,5(2) 48]

Since we obtain 7y, by linearly joining 7T2n(81(12)) and Wln(sf) +5), for n > ng from
(39) we have sup;e (s _g 54 [T2n(t) — T2(s)| < 3n. Combining, we conclude that
SUDye(0,5(2) +1] |Tron(t) — Ta(t)| < 3n for all n > ny. O
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