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ABSTRACT. We show that there are no cubes in a product with at
least k— (l—e)kloig’ik ,€ > 0, terms from a set of k(> 2) successive
terms in an arithmetic progression having common difference d if
either k is sufficiently large or 3<(®) > k%. Here w(d) denotes
the number of distinct prime divisors of d. This result improves an
earlier result of Shorey and Tijdeman.

1. Introduction

Let b,d, ¢ > 1,m,k > 2,t > 2 be positive integers. Further let
di,- - ,dy € ]0,k) be integers with d; < dy < -+ < di. For any integer
n > 1, let P(n) denote the greatest prime factor on n and put P(1) = 1.
We consider solutions to the equation

(1) Ag= (m+did)--- (m+dd) = by", P(b) < k

i.e., we are looking for perfect powers or almost perfect powers in a
product of ¢ terms which are taken from k terms in an arithmetic
progression. When ¢ = k, all the k terms in the arithmetic progression
are present in Ay. When t < k, then k—1 terms are missing in Ay. This
equation has been intensely studied and several papers are available in
the literature since the remarkable work of Erdds and Selfridge [3] in
1975 where they showed that

a product of two or more consecutive positive integers is never a
perfect power.

In other words, equation (1) with b = d = 1,t = k has no solu-
tion. Fundamental contributions were made by Shorey and Tijdeman
towards (1). We refer to the expository articles of Shorey [9] and [10]
for a detailed account of many of the results. In this paper, we improve
a result of Shorey and Tijdeman [11] on the value of ¢ in the case of
cubes i.e. when ¢ = 3.
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2. Results-old and new

In 1955, Erdés [2] proved the following result when d = 1.
Suppose (1) withb=d =1, > 3,m > k* hold and

kloglog k

t>k—(1—¢ ,e > 0.

log k
Then k is bounded by an absolute constant.

This result was considerably sharpened by Shorey [7, 8] and later
by Nesterenko & Shorey [5]. As a result of [5], one obtains that k is
bounded by an absolute constant whenever

t > 4832k, ¢ > 7 and P(b) < k.

The results for £ > 2 depend on the theory of linear forms in loga-
rithms,irrationality measures of Baker based on hypergeometric method
and estimates of Halberstam and Roth on difference between consecu-
tive k free integers.

When ¢ = 2, in the above result of Erdds, ¢ was taken to be t >

k — 01@, where ¢; is an absolute constant. This was sharpened by

Shorey [8] tot >k — (1 — e)k% and later relaxed further by Bala-

subramanian and Shorey [1].

From now on we assume that d > 1. Shorey and Tijdeman com-
bined several elementary arguments of Erdos with the application of
box principle on numerous occassions in a beautiful paper to show the
following result (see [11, p.343]). Throughout the paper, we denote by
c(€) > 0 an effectively computable, sufficiently large number depending
on € > 0.

Let € > 0. Equation (1) with d > 1 and P(y) > k implies that there
exists an absolute constant co such that either

h(k
k < c(e) or @ > 02k10<gl)c
provided
h(k)
2 t>k—(1—¢ek
&) > k= (1= i
where

loglogk if ¢ >5
h(k) = < logloglogk if ¢ =3
Lif =2
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Recently, Saradha and Shorey [6] improved the above result for ¢ = 2
as follows.

Suppose equation (1) holds with d > 1 and P(y) > k. Then there
exist positive numbers c3 and ¢4 depending only on d such that if

(3) t>k—k loglogk logloglogh ¢
log & log k log k

then k < ¢4.

We observe from the above two results that (2) is weaker for the
values of ¢ when ¢ = 3. In this paper we bring the case of cubes on par
with other values of ¢ as far as ¢ is concerned.

Theorem 2.1. Equation (1) with d > 1, P(y) > k and ¢ = 3 implies
that there exists an absolute constant cs such that either k < c(e) or
3w(d) > cﬁc% provided

log1
Fs k- (1= okoBlosk

log k

The above improvement is due to a better box principle that is ap-
plied while counting the number of distinct Thue equations. See Section
7 below.

3. Preliminaries
Suppose equation (1) holds with P(y) > k. Then
(4) m+did > (k+1)°
implying that
(5) m+d > k.
Further we may write

m+did = A X}, P(A;) < kyged(Xo, [ [p) =L 1<i<t

p<k

where the product is taken over all primes < k. Note that since ged(m, d) =
1, we have

ged(A;,d) = ged(X;,d) =1for 1 <i <t
and

Let
Sl - {Ah"' aAt}'
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By deleting a term corresponding to every prime < k, we find that
there exists a set Sy with
(7) S, € Syand J[ Ailk!
A¢€SQ
Let K = Q(p) where p = €2™/3. Then [K : Q] = 2 and disc(K)=3. For

any prime p # 3, we have the following possibilities for the ideal [p| in
K.

[p] = p or p* or pigo

where @, 1, o are prime ideals in K. Thus for any integer d > 1, we
can write d’ = d/3°%(@ ag

(8) [d] = D, D3 Dy

where Dy, Dy, Dy are coprime ideals of K in at most 9°(¢) ways.

4. On Equal A;’s

Although many of the facts below are true for any prime ¢ > 3,
we restrict to £ = 3. We refer to [11, pages 326-336] for the various
arguments given in the lemmas below. We have put them in lemmas
to make the exposition more lucid.

Lemma 4.1. Suppose (1) holds with { = 3 with A, = A, for some
Ay, Ay in Sy with < v. Then ))g—: belongs to at most 3« residue
classes (mod d).

Proof. We have the identity
(v p)d = A, (X3~ XD).

It follows that A, < k, A, < k and by (5), X, # 1, X, # 1. Hence by
(6), they are distinct. Also

X3 — XE = 0(mod d).

Let R(d) denote the number of residue classes z such that 2% = 1(
mod d). Then a result of Evertse [4] gives that R(d) < 3“® which
implies the assertion of the lemma. U

In the next lemma we find out many X, /X, belonging to distinct
residue classes.

Lemma 4.2. Suppose (1) holds with £ = 3 and m+(k—1)d > k*~¢, ¢ >

0. Assume that
log log k

Sif <t = (1= /2=
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Then for k > c(¢), there are at least
log log k

(1 =)k |

distinct pairs (p,v) with X, /X, belonging to distinct residue classes.

Proof. Let

log k

R:{thlzﬁkr} and53:{Ai6511i€R}.

For A; € S5, let x(A4;) =|{j € R: A; = A;}| and for h > 1, let
Ch = [{A:i : x(4i) = h}|.
Then clearly

log log k

hCy, = |R| >t — ¢k
D hCh=IRlzt—e Alog k
Let x(A;;) = h and iy < iy < --+ < i; be such that A;, = A;, =
-+ = A;,. Then there are @ distinct pairs (p, v) with g4 > v and

A, = A, = A; . Hence the number of distinct pairs (p, v) with

and Z(Jh S |Sg| S |Sl|

log log k
9 k > ek
9) >SU>p>e Tlogh

and A, = A,
is

h(h —1) ek loglog k
ZTCh > thh_zch > (t—m — |51

log log k
>(1 — Nk )
(1= 3¢/4) log k
Hence we can find at least
log log k
1—ek—————
[(1—¢) og £ ]

distinct pairs (u, v) with (9).
Thus the conclusion of the lemma is true if we show that

Xy, /Xy, and X, /X,

belong to distinct residue classes (mod d) for two distinct pairs (pg, 1)
and (p9,v2) satisfying (9). We now proceed to prove this claim. Sup-
pose there exist pairs (u1, 1) # (12, 2), with

X — A (mod d).

10
(10) X, - X,

1

)

Consider

6 = (m+ md)(m+ 1ad) — (m + v1d)(m + pad)
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= AMQAVl ((XMXV2)3 - (XV1XM2)3) .
Assume X, X,, > X, X,,,. Then
2/3
18] > (A Au,)33d (A X3,) (AL X2))Y

log log &\ */3 N 3d§ (m+ (k — 1)d) loglog k\ */*
2log k ! log k '
On the other hand,

> 3d (m + ekd

16] < 2kd(m + (k — 1)d).

Comparing the lower and upper bounds for || we get
8 \* logk \*
k—1)d — ) B —
m+ ( Jd < (362) (loglogk)

m+ (k—1)d < k'
since k is sufficiently large. This is a contradiction. (l

giving

Putting together the above two lemmas we get the following propo-
sition.

Proposition 4.3. Suppose equation (1) holds with ¢ = 3. For e > 0,

let
_ log log k
—1)d > k*e 3w(@ 1—
m+ (k—1)d > k"% 39 < [(1 —e)k log £ 1
and log log &
0g 10g
t>k—(1—¢)k :
> k= =k 0
Then for k > c(e) we have
log log k

|S1] >t —(1—¢€/2)k

log k

Lemma 4.4. Suppose equation (1) holds with ¢ = 3. Then the number
of equal A;’s do not exceed 9D + 1.

Proof. Let Z = 9“Y + 2. Suppose there exist indices 1 < p11 < po <
-+ < pgz <t such that

A —=...— A

M1 Hz:*

For any u, with 2 <r < Z, we have

(,Ur - “1>d = A,UI(XEr - X,Sl)
Since ged(A,,,d) = 1 the ideal [d] divides P, = [X,, — X, ][ X, —
X, [X,, — p?X,,] in K. There are Z — 1 > 9°(9 products P,. Hence
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there exist coprime ideals Dy, Dy, D3 as in (8) and indices r, s such that
2 < py < pg < Z with

Dhl[Xm - pthr]3 DhHXm - pths]7 h=1,2,3.
Hence Dy |[X,, — X,,,] implying
d|(X,, — X,..).
Since A, = A,,, we have d|(X3 — X3 ). Further it is well known that

3 3
9)( Hr B Xﬂs
X, — X,

Thus we get

gl (X, — X, if 3|d.
Putting together the above facts, we find that
(11) X, — X,.| > d/3.
From the identity

(r — ps)d = AMT(XZ)T - XZ)S)
and (11) it follows that

- 2/3

which simplifies to
m+ (k—1)d < k2.
This is a contradiction since m + (k — 1)d > k* by (4). O

5. Large number of small A;’s
For the following lemma we refer to [11, Lemma 6].

Lemma 5.1. Let 0 <n < 1/2. Let " C Sy such that
IT Ailx!
A eS8’
Suppose g is a positive number such that g < (nlogk)/8 and
gk
log k

(12) S >t -

Then there ezists a set S” C S" with at least nk/2 elements satisfying
A; < ety

We apply the above lemma to get the following result.
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Lemma 5.2. Suppose equation (1) holds with ¢ = 3. For € > 0 let

_ log log k
k—1)d > k7 399D < [(1 - eh——
mt (k= Dd = K5 30 < [(1— Oh= 2]
and loelog k
og log
t>k—(1—¢ek .
~ (1-¢) log k

Then for k > c(e), there exists Sy C Sy with |Ss| > €k/20 such that
A; < kellme/Dlslosk for A, € 5.

Proof. As noted in the preliminaries, there is a set Sy C S; with |Sy| >
|S1| — w(k) and such that
IT A%

A;€S2
By Proposition 4.3, we have therefore

log log k

Sol >t —(1—¢/3)k :

S22 0= (1 = /T2

In Lemma 5.1, we take S’ = Sy, g = (1 — €/3) loglog k,n = €/10. Then
there exists a set Sy C S satisfying the properties of the lemma. [

Another instance when A; may be small is when X; # 1. We shall
show that there are few terms in Ay with X; = 1.
Lemma 5.3. Suppose equation (1) holds with ¢ = 3 and for e > 0, let

log log k
t> k- (1—e)k—2288

log k
Suppose
Th={p:2<p<tand X, =1}.
Then for k > c(€), we have |T1| < 2k/3.
Proof. For any pu € Ty, we have A, = m + d,d > m + d. From T}, for

every prime p < k delete one p such that p appears to the maximum
power in A,. Let T be the set of remaining p’s. Then |T5| > |1 | —n (k)

and
[T Aulk!

peTs
This implies
(m + d)lTl\—W(k’) < kF
giving by (5) that
Ty < k/2 +n(k) < 2k/3

since k is large. 0
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REMARK. By the above lemma, we therefore get that the comple-
ment set T3 of T} in [2,t] satisfies |T3] > ¢t — 1 — 2k/3 > k/4 and for
each pu € T3, we have X, # 1 and hence

(13) A, < (m+ (k—1)d) /K for u € Ts.

6. Many pairs of A;’s with large gcd

We use an argument of Erdds to show that there is a subset of S5 in
which ged of any two elements is large.

Lemma 6.1. Suppose equation (1) holds with ¢ = 3. For e > 0, let

_ log log k
kE—1)d > k¢ 3w 1—e)k
m + ( )d > ; 3 < [(1—e) log k ]
and o log &
og log
t>k—(1—ek .
> k== k=0

Then for k > c(e), there exists a set S5 C Sy with |Sy| > €k/80 and
such that ged(A,, Ay) > k=% where § < 1.

Proof. We take the set Sy given by Lemma 5.2. Let
S@ = {Al € S4 : Az 2 ]{}179}.
Then

Denote by by, - - , b, all integers between k'~¢ and ke(l—¢/4loglogk gych
that every proper divisor of b; is < k'~?. Observe that if b; > k'~9/2,
every prime divisor of b; is > k%2. Hence by Brun’s sieve,

9J.(1—€/4) loglog k
0 log k
Every element of Sg is divisible by at least one b;. Let
S; = {A; € Sg: 3 b; dividing A; and no other A; in Sg}.
Then

(14) s << k72 4

|S7] <'s
and hence by (14), taking Ss, as the complement of S; in Sg we get
|S5| > €k /80.
Further, for any A,, A, € S5 we have
ged(A,, A)) > b;

for some b; which gives the assertion of the lemma. O
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7. Proof of Theorem 2.1 when m + (k — 1)d > k*=¢

Suppose equation (1) with d > 1, P(y) > k and ¢ = 3 holds. Let
e > 0. Suppose

m+ (k—1)d > k*

and

log1
Es k- (1= ok o8loek

log k

Also assume that k > c¢;(€) where ¢;(¢) is sufficiently large. We shall
show that

log log k

“d) > (1 - e)k
L v

Suppose not. Then we take S5 as in Lemma 6.1 with § < 1/3. For any
pair (A,, A,) with A,, A, € S5, form the cubic equation

AX) —AX) = (n—v)d.

This reduces to

(15) LX3— MY? = Nd
where
B A, B A, . p-v
L= ged (Am AV) M= ged (Aw Al/) N = ged (Am Al/)

and L, M, N are co-prime and bounded by k’e(!~¢/9loglogk anq (15) has
a solution (X, X,). The number of distinct pairs (A,, A,) is at least
(ek/80)?/2 and the number of distinct triples (L, M, N) is at most
k30e3(—c/4loglogk Hence there are at least

K = %(6/80)2k2—306—3(1—5/4) log log k

pairs (A,, A,) which give rise to the same cubic equation as in (15).
Further this cubic equation has at least K distinct solutions (X, X, ).
By a result of Evertse [4] and our supposition we get

log log k

K <3@ < (1—¢)k
- < 2 log k

which gives k < ¢;(¢). Taking c(e) > ¢;(€) we get a contradiction. [
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8. Proof of Theorem 2.1 when m + (k — 1)d < k*~¢

Suppose equation (1) with d > 1, P(y) > k and ¢ = 3 holds. Let
m+ (k—1)d < k'

and loelog k
og log
t>k—(1—-ek gk
Also assume that k& > c(e). We take the set T3 as given in the Remark
after Lemma 5.3. Thus by (13) there are at least k/4 number of A,’s
with
A, <k

Hence there are at least k¢/4 number of A,’s which are equal. By
Lemma 4.4,
k€/4 < 9°@ 41,
It is well known that w(d) < 4logd/loglogd. Since d < k3~¢ we have
9w(d) +1< k5(3—e)/loglogk < k5/4
for k > c(e). This is a contradiction. O
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