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Abstract: The paper is concerned with the distribution of the least squares estima-
tor (LSE) of the drift parameter in the stochastic differential equation (SDE) of small
diffusion observed over discrete set of time points. Convergence of the distribution of
the least squares estimator to the standard normal distribution with an error bound has

been obtained when the discretization step decreases with noise intensity.
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1 Introduction

One of the basic assumptions in the study of estimation for parameters of a diffusion
process is that the process can be observed continuously in time. This assumption is
too strong and impossible to meet in practice. In view of this, it is desirable to study if
the parameter can be reasonably estimated from the discrete data D, = {to, t1, %2, - - tn;
X(to), X(t1), -+, X(t,)} This problem was first studied by Le Breton (1976) using Ito
approximation and later by Mishra and Bishwal (1995) using Stratonovich approxima-

tion. They considered the linear stochastic differential equation (SDE)

dX(t) = 0X(t)dt+dW(t), 0<t<T,
X(0) = 0 (1.1)

where {W(t),t > 0} is the standard wiener process and studied the discrete approx-
imation of the maximum likelihood estimator (MLE) 07 of @ when T is fixed, based



on the process X (t) observed over [0,7], by an estimator based on X;,, 0<i <n
and A, = max{|t; — t;41],0 <i<n—1} — 0 as n — oo. The problem was studied
by Mishra and Prakasa Rao (2002) for non-linear stochastic differential equation (SDE)
by using Stratonovich approximation.

Asymptotic optimality in the minimax sense of an approximate MLE and an ap-
proximate Bayes estimator of a parameter in the drift coefficient of a non-linear SDE,
when the observations are made at regularly spaced and dense time points was studied
by Mishra and Prakasa Rao (2001).

Considering the stochastic differential equation

dX(t) = f(0.X(0)dt+dW(t), 0<t<T,
X(0) = X (1.2)

Dorogovchev (1976) studied the least squares estimator (LSE) 6, and proved that
0, — 6o (the true value of the parameter) in probability as A, — 0 and T — oo.
Kasonga (1988) proved under mild regularity conditions that, the LSE 6, of 6 derived
from equation (1.2) based on {D;} is strongly consistent. In addition to this, Prakasa
Rao and Rubin (1981) studied the strong consistency and asymptotic normality of an
estimator related to LSE for parameter in the nonlinear stochastic differential equation
by studying families of stochastic integrals using Fourier analytic methods. Prakasa Rao
(1983) studied the asymptotic distribution of the LSE of parameter in the drift coefficient
in a nonlinear stochastic differential equation.

A comprehensive discussion on parameteric and non-parametric inference for stochas-
tic process from sampled data is given in Prakasa Rao (1988) and more recently in
Prakasa Rao (1999).

The study of the asymptotic distribution of an estimator is not very useful for prac-
tical purposes unless the rate convergence is known. No result of this type is known for
the distribution of the least squares estimator of the drift parameter of a diffusion pro-
cess described by a nonlinear homogenous stochastic differential equation even though
asymptotic properties of the estimator are known (cf. Prakasa Rao (1999)).

In this paper we obtain the Berry-Esseen bound for the LSE of the drift parameter
in Ito type stochastic differential equation of small diffusion, when the discretization step
decreases with noise intensity. Section 2 of the paper deals with some preliminaries and

main results.



2 Main Result

Let X.(t) be the solution of the one dimensional nonlinear stochastic differential equa-

tion

dX.(t) = f(0,X.(t))dt +edW(t), 0<t<T.
X(0) = Xo, (2.1)

where {W(t),t > 0} is a standard wiener process, f(f,z) is a known real valued
function § € © C R and X is independent of {W(t),t > 0}.

In this paper we are concerned with the discretization of the process {X.(¢),t > 0}
when its values are observed at equidistant time points in [0,7:]. Actually we take
T. = \/en. and choose design points as t, = (k — 1)77;—2, k=1,2,...,n.+ 1. Then of
course At = tpy — tx = \/g for Kk =1,2,...,n., when en. tends to infinity and

e — 0. Let
Ne
€

20.0) = 3 | Xeltien) = Xelt) = 16, X0 [ | (22)

n
k=1 €

We define the least square estimator (LSE) éne of 6 to be the value of 6 at which
Zn.(0) attains its minimum.
Let us denote by 6y the true value of the parameter 6. The following notations are
used in this paper.
(1) £ = ST 1 <k<nand i=12% fi= [0 X(t), 1<k<
=bo
n. and f,gQ)(H) denotes the second derivative of f evaluated at, some 6 between
0y and éna, and X.(t;). Finally we define,

(2) Wi =W(tesr) = W(ts), Vil0) = £20) — £ and Uy = Xe(tisr) — Xe(ty) —
fk\/ga 1§k§n5

In the sequel, the notation FEy(respectively—Fy) is used when an expectation (respectively-
probability) is computed when the true parameter in (1) is 6.

We assume that the following set of regularity conditions hold.

(A;) The process {X.(t),t > 0} is a stationary process satisfying Ey(X?(0)) < oo.
More over for any g(.), Epg(X.(0)) < oo, and - >70= ) g(X(t)) — Epg(X-(0))
tends to zero in probability as n. — oo and ¢ — 0.



(Ay) f(6,x) is differentiable thrice with respect to 6 and for every 6 € O, there exists
a compact neighbourhood Vj of 6 such that,

sup [Eg| f(¢, X.(0))[|£9(0', X-(0)]] < o0

0'eVy

for 0 <4, j <2 where f© = f and f® denotes the 4 th derivative of f with

respect to 6.

(As) f9(,7) is Lipschitz in x for every § € © for i = 0,1,2, and |f®(0,2)| <
C@)(1+ |z]),z € R for some C(0) >0,i=0,1,2.

(A4) B f(0,X(0)) — f (0o, X-(0))]* = 0 iff 6 = 6.

Suppose further that there exists a non-increasing function §. — 0, T, §2 — oo

as n.e — oo and ¢ — 0.

(As) Py, {|9n5 — 0| > 65} < C’5§ where C' is a constant.

(Ag) Ey [f(i)(Q,XE(O))}2<oo for 6 €© and i=0,1,2.

(A7) f®(0,r) is Lipschitz in 6 in a compact neighbourhood Vp, of 6, with Lips-
chitzian function ¢(z) satisfying Ep [p(X.(0))]* < co.

(Ag) lim = fo =[O (6, X (t ))}2 dt = A(6y) Py, -a.s. where A(fp) is a positive num-

T Soo L
ber.
(Ag) sup By { ’T;§9T ~1] 2. } < 052
6co
where I, (0) = [;° [fM(0, X.(¢ ))} dt and C is a constant.

Under the conditions ( A; ) and ( Ay ), Prakasa Rao (1983) has shown that,

I 1 = 2 1 - 2) 1
(ene)1(On. — o) = (enc)” Uf | =Y 1 = —=N U T
Z e ; (en.)2 ; n.e)?
—1
Z U V(6 0. — 00)0p(1) (2.3)




Multiplying both sides of (2.3) by /A(6y) we obtain,

A0 (en Vi o — 4L ANS )
A(00>(5n8) (9715 00) - {\/m(e 6) ;kak }

EQ"HQ lczl f,il) 1 G @)
—— T T T N}
A(6p)(nee)? A(o)(n.e) ,; F

=

1 - " A 2
STAIOST ; UVie(05.) + (0. — 05)0p(1)

(2.4)
For the proof of our main result we need following lemmas.

Lemma 2.1: Let (Q,F,P) be a probability space and f and g be F -measurable

functions. Then, for every & > 0,

sup|P {w : % < l‘}—@(xﬂ < SLylplP{w f(w) <y}=@(y)[+P{w: [g(w) — 1] > e}+e

where ®(.) is the standard normal distribution function.

The proof of the lemma is given in Michael and Pfanzagl (1971).

Lemma 2.2: Let {W(t),t > 0} be astandard Wiener process and Z be a non-negative

random variable. Then, for every ¢ > 0 and for all =z,
|P{W(2) <a} - d(x)| < (20)2 + P(1Z — 1| > ¢)

For the proof of this lemma, we refer to Hall and Heyde (1980). From relation (2.4),



using Lemma 2.1, we have

suplPa, { VAB)(n:2)* (B —00) < '} — B(y)

1 Sy
< SSP’P%{ eyt 2= O <y} ")
(n:2)2 = 42 4 | "y @)
+ Py, |{ - kl(fk )*/A(0o)(nee) } A(6o) nge)égUfk
1
(

1 - 1
< sup| Py, S U <y iy — @(y)l
y { A(0o) ng€)4; g
in (1y2
B I KSR SN GOy
e =1 A(Qo)(n€€)5 4

1
(
+P00{ tn ZUkvk z%}

e
B, {|<9n5 - 80Pl 2 % | 40,
= Il+[2+13—|—f4+[5—|—(55 (say).

Now

Ne

_ 1 1 (1)
L] = Sl;p|P90{ e 1Z<kak Wi fx )

0)(nee)t k=1

< : " HO (AW (¢ c : e 0o,
* VA(b)(n.e)s /o (O (@) + VA0 (nee)d /0 S
<y} — 0(y)|
- € " . _
< ypIPeo {\/m(nea)i /0 (00, X (¢))dW (t) < y} o (y)|
1 O G

=

+Pgo{|\/mng /H )dW()|>g4/2} +(Var) e

(by G.J.Babu et al. (1978))

X(t))dW(t)}



where HO(t) =

f (007X<tk>) - f(i)(e()?X
tpy1, 1 <k < n,

(t))) for i = 0,1,2, whenever t, <t <
. Observe that

e Te (78]
> Ealti~ Wil = 3 E {| [ [ 5000 X))~ 60,5000
k=1 te

t ]dt||f,§”|}
- ZEGO{ (t)dt||f;§1)l}

> {E ( / H<°><t>dt>2 Eay( %};

Ne

> ([ rouen)
k=1 M1

k

IN

IN

IA
Nt
—N
3
2
(NI

N

P b (Ot By (10 00, X <o>>2}

(2.5)
by stationarity of X.(¢). But

173

/ " B (HO(0)dt < C / " B CLL(1) — X (t)) 2t

by condition ( Az ) for some constant C' > 0. Again for 5.1 >t > 1y,

Epy (X () = X(ty))? < Ot — ;) < C\/nz

for some constant C' independent of ¢ (cf. Gihman and Skorokhod (1969)). Com-
bining (2.5) and (2.6) we obtain that

NS

ZEeowk Wl < o)

(2.7)
né

for some constant C' > 0, by using (Ag)

Therefore

C1  (nee)
Eoy|Ux — eWi || f{V] < ——— 2
\/(77%5 Z 00Uk wllf ] < T ]

Again, using this we have

1 1) Cl (nse)% 1
P, Uy — W3 £ |> < = < Oyeid (2.8)
’ { A(by)(nee) Z : A(bo) pzex
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Next,

(2.9)
by using ( Az ) and arguments similar to those given above. Hence,
T i 2Cse1
Py d le(nee)t [ HO@aw ()] > = 4 < =20 (2.10)
0 2 (nsg)z
Denote
T:
Zr, = FO (0o, X(£))dW (1)
0

which is a square integrable martingale with zero mean. Hence, by Theorem 2.3 of Feigin
(1976), there exists a standard Wiener process W(.) adapted to {F;, ¢ > 0} such that

Zr. I7. (o)
AO)T. v (A<90)Tg

) , Py, —a.s. for all T, > 0.

Hence, by Lemma 2.2,

{\/T/ f(l) 0o, X (1))dW (1)) <y ¢ — P(y)]

r.(0o) Y Y .
- < Z 7Y =
Py, {W (A(OO)TE) < 5} < ) + ‘ <€> ‘ (by assumption(Ay))
< (26.)7 + Py, { | In.(0) _ 1] > ‘ <y> ‘ by Lemma 2.2)
- 0 A((90> - 19
< Oy {(256)% + <T55§)‘1} <20, {5 4 (n2ebo?) }
(2.11)
Now, combining (2.8), (2.10) and (2.11), we get,
1 1 15 -1 5 1
L] < Cs {(552 +e1 + (naza?ég) + e (nge)_z} : (2.12)



Let us consider,

o) e (32
|| = Py, \{< ;i) ;A(éof(n;)%}—nz%]
< P {Z / zdt_z / (7 (8, X <>>dt}/A<eo><nge>%| > %]

IA

IA

IN

IN

IN

IN

IN

+ Py, {! (( i f(1)2(90,Xe(t))dt/A(‘go)(nfg)é) —l=z (; }

{i | - e x ())|dt}/A(90)(ne i

_|_C65€2 (by assumption(Ag))

C ne trei1
— T By, Z /
A(0y)(n.e)z0. =t

1

Ne treyt
G g, { /
A(0y)(n.e)z0. t

k=1

SLC N o ) { /
A(GO)(REE)%& pr U

+C’75 (by assumption(As))

90 nE \/Ze — <E00
INC ~ [ ay !
A(@O)(neg)i(se\/;{;/tk {Eeo (B, X-(0)) + Eo £ (QO,XE(O))} dt

—1—0755% (by stationarity)
Cho
A(90>(n5€) (5 Te

07— f(l)Q(QO,Xg(t))’ dt} + 0755%

W (6, X)

5+ 700 X10)

dt} + L2

4 1000, X.00)

W 4 g xenl) dt+ o
I+ (00, X(t)) + Cr02

nE + 07(52 (by assumption(Ag))

3

Cu (— + 5) . (2.13)
A(0y)(n.e)z0.

We know that

T:

Ne Ne T:
S U2 < SO0 - Wil S + e / HOWaw )+ Je [ £ (60, X (6)dw (1)
k=1 k=1 0

0



and
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=
t
T
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=
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S
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——
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< 3{(2)

IN IN
S S
% (&)
Eal
o I &
g
Flo —2
~— |m
N———

< Cundet. (2.14)
Again,
T: T. 2y 3
Ey, |e H<2>(t)dW(t)’§g{E90 HP(t)dW (t) }
0 0
T. 3 :
< g{/ Eq, (H<2>(t))2dt} < Cise <<n€e)%(ni)%)
0 €
< Cige? (2.15)

by using assumption (Asz) and similar arguments as given earlier. Further more

o, | /0 " f(Q)(HO,XE(t))dW(t)’

1
2

T:
€ {/ Ego(f(Q)(Ho,Xg(O))th} (by stationarity)
0

< Clgs(ngs)% (by assumption (As)). (2.16)

VAN
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Therefore,

VI

1 = @) 5
S
A(6o) (n.e) ; el 4}

1 — (2 5&
S D =Wl [ A7) 2 E}

k=1

A
&
—N—
2
>
N
=)

o
\OL

T:

0c
e H()dW()] }

; =12
T:

S S f(Q)(HO,X(t))dt’ > %}

0

IA
0
©

, (by using (2.14), (2.15) and (2.16)) (2.17)

Observe that,

tk+1

|Zm > (U — WV (e |+|Z/ W),

k=1

Following the procedure in the calculation of the upper bound of |I;|, we obtain,

Egy Y |Up — eWi| Vi(05)

k=1

< ZEQO {]Uk — Wyl SUP V(0 )|}

k=1
(since 7 is in the compact neighbourhood Vj, of 6

with probability close to 1 as (n€€)2 — 00, ande — 0)

(nsg)i : 2 :
< Cyp—— (since Ejp, | sup Vi (0)|* < oo by using (A7)).
n? 96‘/90

Further more

Ey,

ne tkt1
> e / Vi(05)dW (1)
k=1 Ytk

Me let1
< eFy, sup Z/ Vi (8)dW ()

96V90 k=1 tr

Ne

tet1
= ¢cEy, sup Zs/ J(0,t)dW (t)

QEVQO k=1 tr

11



Vi(6) if ty <t < tpq1,
0 otherwise.

(A7), we get from Prakasa Rao and Rubin (1981, p.181) that there exists a v > % such
that

where J(0,t) =

Now using assumptions ( Az ) and

Ey

0

D / TV )aw ()

k=1t

IA

Ep, sup €
QEVQO

1
CngTgQ (log Tg)V
C’zg(ngg)i(log n.e)?

/0 “ e, t)dW(t)’

AN

Hence
(log (n.e))”

14| < -
(n€€)55§

(2.18)

In view of assumption ( Aj ),
1
|I5] < Chd?. (2.19)
Therefore using (2.12), (2.13), (2.17), (2.18) and (2.19), we obtain

SLylp|P90 {\/A(Qo)(ngg)%(éne —6p) < y} — ®(y)|

(log(n.€))"

(nee) 42

1
< Oy +€i+(552

We now have the main result.

Theorem : Under the conditions ( A; )-( A ),

sup | Py, {\/A(Ho)(nga)i(éns — 4 < y} By <C |t o2+

—oo<y< oo (nee)%(?
where C' is a positive constant and ~ > %

Example : Considering the Ornstein-Uhlenbeck process
dX(t) = —0X.(t) + edW(t), X(0) = X,

where 6 > 0 and X, is independent of the standard Wiener process {W(t),t > 0}.
We obtain from Prakasa Rao (1983)

Ne

> A = {0t - 6, - (0} 22| (~Xelt)) = 0

k=1

12



or

Ne

3] Xelt) + (o, — 00) 3 X2(00) 2 = 0

€ =1 €
or

0 [ [Ak + eoXs(tk):—i] X (tr)
) - > ke Xz(tk)g
(e (e 245 [AHQoX () G )%} Xe(tr)
sz 1 6( k)
(o) —r > il [UnXe(th)]
o Dy X2(t)

Then

Py, {]éne — 0| > 55} = Py, {’

! liUngtk ZXth\>(5}

662 Ekl

< { ZUk (tk)| > A(60)0=(1 — 6 )}
Pp d |———> X2(te) — 1] > 6. 5.
N
From (2.13) we get
1 = € 1
Ppd |——= ) XZ(tx)—1]>6.p <C +62. 2.20
9 {‘nEAwo),; ) =112 } SN (220

Now,

Xc(tr)| = A(0p)d-(1 =6 )}

Ne

= PGO {| ! I Z(Uk - €Wk)X5(tkz)| > A(GO)%O - 5&)}

k=1

(
g - tet1 56
P, {r— S Kt - X)W )] = A 51 &)}

X)W ()] > A(60) (1~ 59}

VAN
S
>
—
—~
&
® Q)
N—
INE
(&%)
m
_l_
—~
3
™
Q) Q)
~— | nlw
[ SIS
™
—

IN
S
5

(by using (2.7) and (2.9)). (2.21)
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Let 6. = (nee)s. Then from (2.20) and (2.21) we get,

P, {|éna - 90| > 55} < 0285§~

Condition ( Ag ) is satisfied for the Ornstein-Uhlenbeck Process (cf. Mishra and Prakasa
Rao (1985)). It can be verified that other conditions are satisfied for Ornstein-Uhlenbeck
Process.
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