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This paper investigates the determinants of inequality in human capital with an emphasis 
on the role of the credit constraints. We develop and estimate a model in which 
individuals face uninsured human capital risks and invest in education, acquire work 
experience, accumulate assets, and smooth consumption. Agents can borrow from the 
private lending market and from government student loan programs. The private market 
credit limit is explicitly derived by extending the natural borrowing limit of Aiyagari (1994)
to incorporate endogenous labor supply, human capital accumulation, psychic costs of 
working, and age. We quantify the effects of cognitive ability, noncognitive ability, parental 
education, and parental wealth on educational attainment, wages, and consumption. 
We conduct counterfactual experiments with respect to tuition subsidies and enhanced 
student loan limits and evaluate their effects on educational attainment and inequality. 
We compare the performance of our model with that of an influential ad hoc model in 
the literature with education-specific fixed loan limits. We find evidence of substantial 
life cycle credit constraints that affect human capital accumulation and inequality. The 
constrained fall into two groups: those who are permanently poor over their lifetimes 
and a group of well-endowed individuals with rising high levels of acquired skills who 
are constrained early in their life cycles. Equalizing cognitive and noncognitive ability has 
dramatic effects on inequality. Equalizing parental backgrounds has much weaker effects. 
Tuition costs have weak effects on inequality.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

This paper develops and estimates a dynamic model of schooling and work experience in which agents are subject to 
uninsured human capital risks and face restrictions on their borrowing possibilities. We analyze unsecured borrowing limits 
with endogenous labor supply and human capital accumulation. We estimate the structural parameters of preferences and 
the technology of human capital production. They completely characterize the borrowing limits for heterogeneous agents. 
Accounting for borrowing limits in an environment with no asymmetries in information between lenders and borrowers 
where agents make consumption, human capital, and labor supply decisions has important consequences for understanding 
educational choices and human capital investment.

There is a growing body of evidence supporting the empirical importance of credit constraints in affecting educational 
attainment. As noted in Lochner and Monge-Naranjo (2015), the early literature found little evidence for them. The recent 
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literature – based on more recent data – shows much stronger evidence for credit constraints, a phenomenon first noted in 
Belley and Lochner (2007), and documented in later studies (Bailey and Dynarski, 2011; Lochner and Monge-Naranjo, 2012; 
and Johnson, 2013).

Previous empirical research on this topic fixes lending limits at ad hoc values, or else introduces additional “free param-
eters” to model credit limits. In our analysis, agents can borrow up to model-determined limits derived from an analysis 
of private lending with a natural limit combined with access to government student loan programs. No ad hoc or free 
parameters are introduced.

Ours is the first analysis that extends the natural borrowing limit of Aiyagari to simultaneously encompass endogenous 
labor supply, consumption, human capital accumulation, and savings in physical capital. Our model predicts that borrowing 
limits are lower for individuals who have lower levels of human capital and higher psychic costs of working. The predicted 
credit limits vary with age, first increasing, and then decreasing. Following Aiyagari (1994), we assume that lenders can fully 
enforce contracts and collect on resources available to individuals. Borrowers must repay as long as they have resources. 
However, different from Aiyagari (1994), agents in our model have the option of not working. Lenders cannot force bor-
rowers to work and human capital productivity shocks are uninsurable. The lending/enforcement protocol is that lenders 
can enforce full repayment subject to the restriction that borrowers must be provided a minimum consumption level that 
satisfies individual rationality constraints for working.

We use our estimated model to analyze the cross-sectional characteristics and the age profiles of the borrowing con-
strained population. We find that credit-constrained agents fall roughly into two groups: (a) those with poor initial endow-
ments and family background who acquire little human capital, have low wage levels, and little life cycle wage growth, and 
(b) those who are able and from good family backgrounds who have more education, less work experience, high wage lev-
els, and substantial life cycle wage growth. The first group of agents is constrained throughout their life cycles. The second 
group is constrained in their late 20s and early 30s, although they have high levels of life cycle wealth and human capital 
and rapid wage growth. They cannot fully smooth consumption in the early stages of their life cycles.

There is a corresponding two-humped profile of constrained agents with respect to endowments and abilities at the early 
stages of labor market entry. As income is harvested over the life cycle, the second hump (associated with the second, more 
affluent group) disappears. The first group with poor initial conditions remains constrained over its lifetime. This group 
of individuals has low labor market earnings, little savings, and small borrowing limits. Persons in this group have high 
discount rates and thus are less patient. They want consumption upfront but cannot access it due to their low borrowing 
limits.

Our paper extends the existing literature in other dimensions by analyzing how cognitive and noncognitive ability affects 
choices through (i) psychic costs of working and schooling; (ii) the technology of human capital production; and (iii) dis-
count factors. Following Cunha and Heckman (2008) and Cunha et al. (2010), we allow our measures of abilities to be 
fallible. We introduce heterogeneity in parental transfers which is not investigated in the existing literature.

We use our estimated model to understand the sources of inequality in education, wages, and consumption over the life 
cycle. We consider how parental characteristics and transfers, as well as credit markets, affect choices and outcomes. We 
find strong effects of adolescent endowments of cognitive and noncognitive ability on human capital development. Tuition 
costs and family transfers to children also play important roles in explaining differences in human capital investments.

We conduct counterfactual policy experiments using our estimated model. We examine the impact of equalizing initial 
endowments on inequality in consumption, wages, and human capital. We also examine the consequences of reducing 
tuition and increasing student loan limits on college attendance and graduation.

We compare our model with a recent model in the literature that fixes loan limits by education level in an ad hoc
fashion (Abbott et al., 2016). Using their specification, estimated subjective discount rates are smaller than in our model 
with endogenous credit limits. The goodness of fit is somewhat worse. Comparing counterfactual outcomes, the model with 
fixed credit limits by education predicts a higher elasticity of educational response to tuition than our model with the fully 
endogenous borrowing limit. The ad hoc model also predicts a much larger effect of increasing student loans on college 
enrollment and 4-year college completion.

The rest of the paper is organized as follows. Section 2 gives a brief overview of the literature on human capital accumu-
lation and credit constraints and places our paper in the context of this literature. Section 3 presents our model. Section 4
describes the data and conducts basic regression analyses that summarize the empirical regularities in the data. Section 5
presents our empirical strategy for estimating the model. Section 6 discusses our estimates. Section 7 conducts counter-
factual simulations. Section 8 compares estimates of our model with estimates from an ad hoc model of credit constraints. 
Section 9 concludes.

2. This paper in context: a brief review of the literature on the specification of credit constraints

This paper contributes to the literature on schooling and credit constraints (see Lochner and Monge-Naranjo, 2012, 
2015 and Heckman and Mosso, 2014 for overviews). The evidence of the importance of credit constraints and their effect 
on schooling decisions has evolved. Cameron and Taber (2004) reject the null hypothesis of binding credit constraints in 
NLSY79 data. Using NLSY79 and NLSY79 Children (CNLSY79), Carneiro and Heckman (2002) find that the role of family 
income in determining college enrollment decisions is very small once ability is accounted for. Linking information between 
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children and parents (CNLSY79 and NLSY79), Caucutt and Lochner (2012) find strong evidence of credit constraints among 
young and highly educated parents with steeply rising wage profiles.

Table 1 presents a concise overview of the structural literature on credit constraints and schooling. Using the National 
Longitudinal Survey of Youth 1979 (NLSY79) data, Keane and Wolpin (2001) estimate a structural life cycle model and show 
that borrowing constraints exist. However, they have no quantitative impact on schooling decisions.1 More recent studies 
suggest that borrowing constraints play a substantial role in college enrollment decisions in the National Longitudinal Survey 
of Youth 1997 (NLSY97) cohorts (see Belley and Lochner, 2007; Bailey and Dynarski, 2011; and Lochner and Monge-Naranjo, 
2012).

Abbott et al. (2016) compare partial and general equilibrium effects of alternative financial aid policies intended to 
promote college participation in an overlapping generations framework. They impose ad hoc education-specific borrowing 
limits. They find evidence that student loan programs affect schooling. They report that in the presence of their assumed 
credit market imperfections, the current configuration of federal loans and grant programs has substantial value in terms 
of both output and welfare, but further expansions of these programs would only marginally improve aggregate outcomes. 
Blundell et al. (2016) estimate a dynamic model of employment, educational choices, and savings for women in the UK, 
assuming an exogenous borrowing limit that is either zero or the amount of the student loan borrowed. They do not 
discuss the empirical consequences of relaxing this constraint.

3. Model: specification, solution concepts, initial conditions, and measurement system

This section presents our model specification, solution concepts, treatment of initial conditions, and associated measure-
ment system. We start by specifying our model.

3.1. Choice set

At each age t ∈ {t0, . . . , T } an individual makes decisions under uncertainty about: (i) consumption ct and savings st+1, 
(ii) whether to go to school de,t ∈ {0, 1}, and (iii) employment dk,t ∈ {0, 0.5, 1}, where dk,t = 0, dk,t = 0.5, and dk,t = 1
indicate not working, working part-time, and working full-time, respectively.2 An individual cannot go to school and work 
full-time at the same time, i.e., de,t + dk,t < 2. However, individuals can work part-time while in school. Let h(dk,t) denote 
the annual hours of work associated with employment choices dk,t . Thus, h(0) = 0 < h(0.5) < h(1). The cost of schooling 
includes monetary costs (tuition and fees), psychic costs, and foregone earnings.

3.2. State variables and information set

At each age t , an individual is characterized by a vector of predetermined state variables that shape preferences, produc-
tion technology, and outcomes:

�t := (t, θ, et,kt, st,de,t−1, ep, sp) (1)

where θ is a vector that summarizes individual components of unobserved (by the economist) heterogeneity (unobserved 
cognitive ability and noncognitive ability), et is the individual’s years of schooling at t , kt is accumulated years of work 
experience at t , st is net worth determined at the end of period t − 1, de,t−1 is the schooling status in the previous period, 
ep is parental educational level, and sp is parental net worth.3

There are three sources of uncertainty in the model: productivity shocks to human capital εw,t , preference shocks to 
schooling εe,t , and shocks to parental transfers εp,t . (They are introduced below in the context of the specific equations 
where they appear.) The information set includes all of the predetermined state variables and realized idiosyncratic (serially 
uncorrelated) shocks at age t , εt := (εe,t , εw,t, εp,t). It can be written as �t := {�t , εt}.

3.3. Preferences

An individual has well-defined preferences over consumption ct and choices about schooling and working (de,t , dk,t ):

U (ct ,de,t,dk,t;�t) = uc(ct;�t) + ue(�t) · de,t + uk(dk,t,de,t,�t). (2)

The function uc(ct; �t) describes utility over consumption. The function ue(�t) characterizes the psychic costs and the 
preference shock associated with schooling (de,t = 1). uk(dk,t , de,t, �t) captures the psychic benefits/costs associated with the 
labor supply decision dk,t ∈ {0, 0.5, 1}. We allow the psychic benefits/costs of part-time working to be different depending 
on whether the agent is enrolled in school de,t ∈ {0, 1}. Agents discount future returns using a subjective discount factor 
exp(−ρ(θ)), where ρ(θ) > 0 is the subjective discount rate that depends on unobserved ability θ .

1 Keane and Wolpin (2001) assume parental transfers to be a function of parents’ schooling, the current school attendance status of the youth, and a 
number of the youth’s assets. However, they do not actually observe parental transfers in their data.

2 In the data, the majority of the population completed their educational choices before age 27, thus we assume the schooling choice de,t = 1 is not 
available after age 27.

3 Individuals’ unobserved heterogeneity θ and parental education and wealth (ep, sp ) are measured at the initial period in our model, which is age 17.
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rsion Parental transfers Data

0.4826 Parental transfer is a 
function of parental 
education and individuals’ 
choices

NLSY79 
(1979–1992)

None NLSY79 
(1979–2006)

Parental transfer is a 
function of parental income 
and child choices

NLSY97 
(1997–2007)

Parental transfers explicitly 
modeled

Multiple 
data, 
including 
NLSY79, 
NLSY97

Parental income and 
background factors affect 
youth’s psychic cost of 
schooling

BHPS 
(1991–2008)

Parental transfer is a 
function of parental 
education and net worth, 
and individuals, choices; 
parental education affects 
youth’s psychic cost of 
schooling

NLSY97 
(1997–2013)
Table 1
Specifications of leading structural models of educational choice and credit constraints in the literature.

Human capital 
investment

Labor 
supply

Government 
student 
loans

Private loan limit CRRA risk ave

Keane and Wolpin (2001) Education and 
work experience

Yes None Borrowing limits not observed. They 
are proxied by a function of age and 
human capital; the parameters of the 
borrowing limit are estimated.

Estimate γ =

Lochner and Monge-Naranjo (2011) Education and 
work experience

None Yes Endogenous credit limit based on 
borrowers’ cost of default (including 
temporary exclusion from credit 
market and wage garnishments), due 
to private lenders’ limited ability to 
punish default; parameters on the cost 
of default are calibrated outside the 
model.

Set γ = 2

Johnson (2013) Education and 
work experience

Yes Yes Borrowing limits not observed. They 
are proxied by a function of age and 
human capital; the parameters of the 
borrowing limit proxy equation are 
estimated.

Set γ = 2

Abbott et al. (2016) Education Yes Yes Among working-age married 
households, borrowing limit equals to 
$75,000 if the most educated spouse is 
a college graduate, $25,000 if the most 
educated spouse is a high school 
graduate, and $15,000 if both spouses 
are high school dropouts; no 
borrowing before age 21. Borrowing 
limits based on self-reported limits on 
unsecured credit by family type from 
SCF.

Set γ = 2

Blundell et al. (2016) Education and 
work experience

Yes Yes No borrowing permitted except for 
student loans.

Set γ = 1.56

This paper Education and 
work experience

Yes Yes Model-determined natural borrowing 
limit based on education and labor 
supply decisions, due to borrowers’ 
limited repayment ability in the 
presence of uninsurable wage risk; no 
new auxiliary parameters for 
borrowing limit is added in estimation, 
unlike many previous papers.

Set γ = 2

NLSY: National Longitudinal Survey of Youth. BHPS: British Household Panel Survey.
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3.4. Human capital production and wage equations

Human capital at age t (measured in labor efficiency units), ψt ∈R
++ , is characterized by the following equation:

ψt = F ψ(et,kt, θ , εw,t) (3)

where εw,t ≥ εw is an idiosyncratic shock to the human capital stock at age t . Equation (3) incorporates two types of 
human capital: education and work experience, both of which are consequences of investment decisions which we model. 
Equation (3) allows for productivity in the labor market to depend on cognitive and noncognitive skills (θ ).

An individual’s hourly wage offer depends on his human capital, whether he works part-time or full-time, and whether 
the individual is enrolled in school:

wt = ψt · F w(dk,t,de,t) (4)

where F w(dk,t , de,t) is the market price per unit human capital. We allow the rental price of human capital to be dif-
ferent between part-time jobs and full-time jobs. The part-time wage may differ depending on whether the individual is 
enrolled in school (see Johnson, 2013). We normalize the market price of human capital for a full-time job to be unity (i.e., 
F w(1, 0) = 1). Thus, an individual’s full-time wage offer equals to his human capital level: wt = ψt = F ψ(et , kt, θ, εw,t) if 
dk,t = 1.

After leaving school, the accumulated years of work experience evolves via:

kt+1 = kt + 1(dk,t > 0) − δkkt1(dk,t = 0) := F k(kt,dk,t) (5)

where δk is the depreciation rate of work experience in each period when the individual does not work. Education level at 
t + 1, measured by years of schooling, evolves according to the following relationship:

et+1 = et + de,t . (6)

3.5. Financial market frictions and endogenous credit constraints

To finance education and consumption, individuals can borrow at a fixed interest rate rb . Individuals can also accumulate 
physical assets at riskless rate rl .4 To capture an important feature of imperfect capital markets, we allow the lending rate 
to be smaller than the borrowing rate, i.e., rl < rb .5

The smallest amount of net worth st+1 that an agent can hold at the end of period t is captured by a (potentially 
negative) lower bound St+1 ∈ R

− , which is determined by both the private loan market borrowing limit and the maximum 
credit from the government student loan programs as follows:

st+1 ≥ St+1 := −max{de,t · L
g
(et + de,t), L

s
t (et+1,kt+1, θ)} (7)

where L
g
(et + de,t) ∈ R

+ is the maximum government student loan credit for schooling level (et + de,t) if the individuals 
choose to enroll in school (de,t = 1), and L

s
t (et+1, kt+1, θ) ∈R

+ is the natural borrowing limit of an individual in the private 
debt market. L

s
t (et+1, kt+1, θ) is determined by the maximum loan that the individual can pay back with probability one at 

the end of his decision period T , i.e., L
s
T = 0. We discuss the formulation of the endogenous natural borrowing limit L

s
t (·) in 

Section 3.8 below.
After leaving school, the borrowing limits St+1 are enforced in the following ways.6 Consider two different situations. 

First, if an agent’s current debt level does not exceed his private debt limit during previous period (i.e., st ≥ −L
s
t−1(et , kt, θ)), 

which could happen if the agent did not borrow more than his private debt limit when in school or the agent (voluntarily) 
paid down his previous student debt, his lower bound on net worth at the end of period t is given by his private market 
natural borrowing limit (i.e., St+1 = −L

s
t (et+1, kt+1, θ)). By construction, there will be no default in the model under such a 

situation.
Second, suppose that an agent’s current debt level exceeds his private debt limit during the previous period (i.e., st <

−L
s
t−1(et , kt , θ)). This can only happen if the agent borrows from student loan programs. Since he is not forced to repay the 

debt, we reset the asset lower bound St+1 equal to the agent’s current debt level (i.e., St+1 = st < 0) for t ≤ T − 1. This is 
designed to capture the fact that students are not forced to repay their student loans immediately. Student loans, in general, 
cannot be discharged through bankruptcy.7 Therefore, the model assumes that student debt will remain with the borrower 
until it is repaid. At the end of period T , the agent must pay back his student loans up to his available resources. Any 
remaining unpaid student loans which the agent does not have resources to pay, are forgiven.8 While in principle agents 

4 We abstract from portfolio choices.
5 We only need to keep track of an agent’s net worth. There is no need to separately keep track of an agent’s debts and assets.
6 See Johnson (2013).
7 See Lochner and Monge-Naranjo (2015) for evidence supporting this assumption.
8 In the case of involuntary default at the end of period T , the agent will consume a minimum sustainable consumption level cT = cmin > 0 and ST +1 = 0. 

We will discuss cmin in the next section (Section 3.6).
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can plan to carry student debt through the end of life and then default, doing so reduces their ability to borrow further 
over the lifetime to smooth consumption.9

3.6. Budget constraint and transfer functions

To finance a youth’s college tuition and fees, parents may provide financial transfers trp,t ≥ 0. Parental financial transfers 
are generated by a stochastic function that depends on (i) parents’ wealth terciles (sp ) and parents’ education (ep ); (ii) de-
cisions about schooling and employment (de,t , dk,t); (iii) youth’s cognitive ability and noncognitive ability (θ ) and current 
education (et ) and age t . This is captured by:

trp,t = trp(ep, sp,de,t ,dk,t, θ , et, t, εp,t) (8)

where εp,t is an idiosyncratic shock to parental transfers. Examples of parental monetary transfers include college financial 
gifts if the youth chooses to attend college. The parental transfer rule is determined outside our model. It captures pater-
nalism and tied transfers on the part of the parents, which is consistent with the findings of previous research (see, e.g., 
Keane and Wolpin, 2001 and Johnson, 2013).

Our parental transfer function allows for more heterogeneity in family transfers than those used in Keane and Wolpin
(2001) and Johnson (2013). In our parental transfer function specification, even among the students who make the same 
schooling-working decisions, there is heterogeneity in parental transfers due to differences in (1) parents’ net worth and 
parents’ education, which affect total available resources to the youth, (2) the youth’s own cognitive ability and noncognitive 
ability, which affect the psychic and labor market monetary returns of education, and (3) the shocks to the transfer function 
(ep,t).10

Defining r(st) := rl1(st > 0) + rb1(st < 0), the budget constraint for an individual who chooses to attend college (i.e., 
de,t · 1(et + de,t ≥ 13) = 1) is:

ct + (tc(et + de,t) − gr(et + de,t, sp)) + st+1 = (1 + r(st)) · st + wt · h(dk,t) + trp,t (9)

ct ≥ rc(et + de,t) (10)

where tc(et +de,t) is the amount of college tuition and fees, gr(et +de,t , sp) is the amount of grants and scholarships which 
depend on schooling level and parental wealth, and rc(et + de,t) denotes the cost of college room and board. We require 
that the consumption expenditure for those who choose to go to college must be no less than the cost of college room and 
board.

The budget constraint for an individual who is not currently enrolled in college (i.e., de,t · 1(et + de,t ≥ 13) = 0) is:

ct + st+1 = (1 + r(st)) · st + wt · h(dk,t) + trp,t + trc,t + trg,t (11)

ct ≥ trc,t (12)

ct ≥ cmin (13)

where trc,t ≥ 0 is the direct consumption subsidy from the parents to their dependent child in the forms of shared housing 
and meals.11 ct ≥ trc,t requires that trc,t only be a consumption subsidy. It cannot be used by the youth to finance his 
college expenses or pay back his debt. trg,t ≥ 0 is the amount of government transfers, which consist of unemployment 
benefits and means-tested transfers that guarantee a minimum consumption floor cmin . Treating cmin as a subsistence level 
of consumption, we require ct ≥ cmin .

3.7. Model solution

The value function Vt(·) for t = t0, . . . , T is characterized by the following Bellman equation:

Vt(�t) = max
de,t ,dk,t ,st+1

{
U (ct ,de,t,dk,t;�t) + exp(−ρ(θ))E(Vt+1(�t+1)|�t, et+1, st+1,kt+1,de,t)

}

subject to restrictions imposed by wage functions and human capital accumulation functions (Equations (3)–(6)), borrowing 
constraints (Equation (7)), and state-contingent budget constraints (Equations (9)–(13)).

The model is solved through numerical backward recursion of the Bellman equation assuming a terminal value function 
when the agent reaches age T + 1. Ideally, we would like to choose a very large age for T + 1. However, we also seek to 
avoid the computational burden of having to solve the model over long horizons. The initial age for our model is t0 = 17. 

9 Under the estimated model parameter values, our simulation shows that there is no default at the end of last period T among the simulated individuals.
10 Park (2016) finds that the source of parental transfer heterogeneity depends on factors that affect the total resources available to youth, such as parental 

wealth and altruism, and on factors that affect the monetary or psychic returns to education.
11 It is only received when the child is age 17 and is not attending college.
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We set the terminal age to be T + 1 = 51 so that individuals’ decisions during their 20s are not sensitive to functional form 
assumptions about the terminal value function, and at the same time, the computational burden is also manageable.12

3.8. Natural borrowing limit

At age t , the smallest possible full-time wage earnings an individual receives is F ψ (et , kt, θ, εw) · h(1), where εw is the 
worst possible productivity shock and h(1) is full-time hours of work. The individual receives no wage income if he does 
not work.

To illustrate our approach, consider an extreme case where individuals supply their labor inelastically from period t
onwards, i.e., dk,τ = 1 for all τ ≥ t . (This period comes after education decisions are made.) The natural borrowing limit in 
the private loan market in period t − 1 in this extreme case is:

L
s
t−1(e,kt , θ) = L

s
t (e,kt + 1, θ) + max{0, F ψ(e,kt , θ , εw) · h(1) − cmin}

1 + rb
.

When employment decisions are endogenous, the formulation of the natural borrowing limit requires further thought. 
Let the credit limit at time t be L

s
t for an individual who does not work at t . The natural borrowing limit at period t − 1 is 

(suppressing arguments) L
s
t−1 = L

s
t /(1 + rb). This can be interpreted as saying that individuals borrow new loans at time t , 

L
s
t , to pay back debt (1 + rb)L

s
t−1. At age t the individual carries debt st+1 = −L

s
t ≤ 0 and consumes government transfers 

cu
t = trg,t ≥ cmin . Let Cev

t be the compensation that makes an individual indifferent between working and not working. We 
implicitly define Cev

t as the solution to the following indifference relationship:

uc(Cev
t ;�t) + uk(dk,t = 1,�t) (14)

+ exp(−ρ(θ))E(Vt+1(�t+1)|�t, e, st+1 = −L
s
t (e, F k(kt ,dk,t = 1), θ),kt+1 = F k(kt,dk,t = 1))

= uc(cu
t ;�t) + uk(dk,t = 0,�t)

+ exp(−ρ(θ))E(Vt+1(�t+1)|�t, e, st+1 = −L
s
t (e, F k(kt ,dk,t = 0), θ),kt+1 = F k(kt,dk,t = 0)).

We require that the consumption compensation has to be at least equal to the subsistence level. Thus, if Cev
t < cmin , we 

set Cev
t = cmin .13 As seen in Equation (14), Cev

t depends on the individual’s psychic cost of working, and the future pro-
ductivity gains of increased work experience, government transfers (including unemployment benefits), and the sustainable 
consumption level. In particular, the minimum consumption compensation Cev

t is high if (i) the individual’s psychic cost 
of working (−uk(dk,t = 1, �t) + uk(dk,t = 0, �t)) is high, (ii) the returns to work experience (E(Vt+1(�t+1)|�t , e, st+1 =
−L

s
t (e, F k(kt , dk,t = 1), kt+1 = F k(kt , dk,t = 1)) − E(Vt+1(�t+1)|�t , e, st+1 = −L

s
t (e, F k(kt , dk,t = 0), kt+1 = F k(kt , dk,t = 0))) is 

low, and (iii) the government welfare subsidy (cu
t = trg,t ) is high.

Equation (14) can be interpreted as an individual rationality constraint of working. The individual chooses to work only 
if his consumption level under working is at least Cev

t . Under the most unfavorable possible income shocks, if wage earnings 
are higher than the consumption equivalence value, i.e., F ψ(e, kt, θ , εw) · h(1) ≥ Cev

t , the individual works dk,t = 1 and the 
maximum amount of debt that he can pay back at age t is F ψ(e, kt , θ, εw) · h(1) − Cev

t . This is the surplus of employment 
in terms of consumption value under the most unfavorable productivity shock. Using this notation, when an individual can 
choose between full-time working and not working, the individual’s natural borrowing limit is:

L
s
t−1(e,kt , θ) = L

s
t (e,kt+1, θ) + max{0, F ψ(e,kt , θ , εw) · h(1) − Cev

t (e,kt , θ)}
1 + rb

(15)

kt+1 = F k(kt,dk,t), dk,t = 1(F ψ(e,kt , θ , εw) · h(1) − Cev
t (e,kt , θ) ≥ 0). (16)

It is straightforward to extend the previous derivation to take into account the part-time employment choices (or any 
discrete employment choices). Specifically, we define the employment-specific consumption compensation Cev

t (dk,t; e, kt , θ)

associated with employment status dk,t as follows:

uc(Cev
t (dk,t; e,kt, θ);�t) + uk(dk,t,�t) (17)

+ exp(−ρ(θ))E(Vt+1(�t+1)|�t, e, st+1 = −L
s
t (e, F k(kt ,dk,t), θ),kt+1 = F k(kt,dk,t))

= uc(cu
t ;�t) + uk(0,�t)

+ exp(−ρ(θ))E(Vt+1(�t+1)|�t, e, st+1 = −L
s
t (e, F k(kt ,0), θ),kt+1 = F k(kt,0)).

Note that when dk,t = 0, Cev
t (dk,t = 0; e, kt , θ) = cu

t > 0 satisfying Equation (17) automatically.

12 In comparison with previous studies, Keane and Wolpin (2001) approximate a terminal value function at age 31. Johnson (2013) approximates the 
terminal value function at age 40.
13 In this case, given normality of goods, the first expression in (14) is bigger than the second expression and the agent always works.
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Thus, the endogenous borrowing limit as defined in this paper is:

L
s
t−1(e,kt , θ) = L

s
t (e,kt+1, θ) + max{0, [F ψ(e,kt , θ , εw)F w(d̃k,t,0) · h(d̃k,t) − Cev

t (d̃k,t; e,kt , θ)]}
1 + rb

(18)

d̃k,t = arg maxdk,t∈{0,0.5,1}
{

1(dk,t > 0)
(

F ψ(e,kt , θ , εw)F w(dk,t,0) · h(dk,t) − Cev
t (dk,t; e,kt, θ)

)}
(19)

kt+1 = F k(kt, d̃k,t). (20)

Equations (18) and (20) imply that if 
(

F ψ(e,kt , θ, εw)F w(dk,t ,0) · h(dk,t) − Cev
t (dk,t; e,kt , θ)

)
< 0 for dk,t > 0, then d̃k,t = 0, 

L
s
t−1(e, kt , θ) = L

s
t (e,kt+1,θ)

1+rb
, and kt+1 = F k(kt , 0).

At terminal age T , LT (·) = 0, we calculate Cev
T (·) using Equation (17). We then calculate the natural borrowing limit 

LT −1(·) at T − 1 based on Equations (18) to (20). Using Equations (17)–(20), we calculate the natural borrowing limit 
recursively at any age.

The natural borrowing limit derived in our model implies that at a given age, an individual’s borrowing limit is lower 
if (i) the individual has a low level of human capital, (ii) the individual’s psychic cost of working is higher, (iii) the returns 
to work experience are lower, and (iv) the government welfare subsidy for not working is higher. An agent’s human capital 
affects his borrowing limit by affecting his future earning capacity {F ψ

t (·)}t . The individual’s psychic cost of working, the 
future productivity gains of increased work experience, and government welfare policy affect borrowing limits by affecting 
the minimum consumption compensation level Cev

t .

3.9. Discussion of our notion of the natural borrowing limit

The concept of the natural borrowing limit was first proposed in Aiyagari (1994).14 He defines the natural borrowing 
limit as the maximum amount an individual can repay with certainty. The underlying regime that would generate this 
constraint is one in which lenders can fully enforce contracts and collect on all resources available to the individual.15

Our notion of the natural borrowing limit extends Aiyagari’s borrowing limit by considering endogenous labor supply and 
human capital investment. Following Aiyagari (1994), we assume that lenders can fully enforce contracts and can collect 
from all resources available to the individual. Borrowers must repay as long as they have resources. However, different 
from Aiyagari, who assumes that earnings are exogenous, in our model labor supply is endogenous and lenders cannot 
force borrowers to work. Since borrowers always have the choice not to work and collect welfare covering their minimum 
consumption requirement, lenders can never drive borrower’s utility below that value or they will collect nothing. Hence, 
the lending regime with endogenous labor supply is that lenders can enforce full repayment subject to the restriction that 
borrowers must be provided a minimum consumption level (Cev

t defined by Equation (17)) that satisfies the borrower’s 
individual rationality constraint of working.

Our formulation of the borrowing limit, that takes into account individual decisions about labor supply and human 
capital accumulation, is related to studies that assume imperfectly enforceable contracts (see Marcet and Marimon, 1992; 
Kehoe and Levine, 1993; Albuquerque and Hopenhayn, 2004; and Cooley et al., 2004; Cagetti and De Nardi, 2006). Imperfect 
enforceability of contracts means that the creditors are not able to force the debtors to fully repay their debts as promised 
and that the debtors fully repay only if it is in their own interest to do so. Since both parties are aware of this feature and 
act rationally, the lender will lend to a given borrower only an amount (possibly zero) that will be in the debtor’s interest 
to repay as promised.

Our natural borrowing limit does not depend on parental transfers. In our model, parental financial transfers trp,t are 
governed by a stochastic transfer rule. The lowest possible value of parental financial transfers (regardless of the youth’s 
choices) is zero, which consequently implies that the youths cannot credibly promise to pay back positive loans using (pos-
sibly zero) parental transfers with certainty. Parental consumption transfer trc,t is in the form of shared housing and meals 
provided by their parents. Youth cannot “cash” such consumption subsidy to pay back their debt. Regarding government 
transfers, we assume that private lenders cannot touch government transfers including tuition subsidies and grants. Hence 
the formation of the natural borrowing limit does not take into account government transfers. However, both parental 
and governmental transfers affect labor supply decisions and accumulated work experience, and hence indirectly affect the 
natural borrowing limit.

We implicitly assume that borrowers can costlessly signal their private information to lenders so that there is no asym-
metric information in the lending market. Examples of such signals include past history of wage earnings, employment, 
criminal background, test scores on cognitive ability, and FICO scores, etc. Any restrictions that reduce an individual’s ability 
to signal his own type will result in asymmetric information in the lending market and may reduce the amount of the 
borrowing limits for the most able individuals.16

14 Huggett (1993) develops a model with incomplete-insurance where agents face a borrowing constraint of one year’s income.
15 It is one motive for precautionary saving (see Zeldes, 1989).
16 Our extension of the Aiyagari credit constraint does not capture the full array of credit market possibilities facing agents. They may go bankrupt with 

varying penalties ranging from full market exclusion (Alvarez and Jermann, 2001) to a range of other possible penalties (Chatterjee et al., 2007). Lenders 
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Our analysis differs from Navarro and Zhou (2017), who estimate a model with a version of an Aiyagari borrowing 
constraint.17 They assume, in our notation, that L

s
t (e) = Y M I N

T +1 (e)/(1 + rb)
T +1−t , where Y M I N

T +1 (e) > 0 is the social security 
income after retirement that depends on education. They assume that agents always work a minimum number of hours. 
They do not account for individual rationality constraints of working in their formulation of borrowing limits. The decision 
to work does not affect private debt limits. They do not allow for post-schooling human capital accumulation nor do they 
account for access to student loans, heterogeneity in parental transfers, and heterogeneity in parental characteristics.

In contrast, our formulation of the borrowing limit extends Aiyagari’s borrowing limit into the realm of imperfectly 
enforceable contracts where agents’ decision to work, the psychic cost of working, unobserved ability, and endogenous 
human capital accumulation (both in terms of education and work experience) directly affect the private debt limit.

Our analysis differs from the approaches of Keane and Wolpin (2001) and Johnson (2013) by not introducing additional 
free parameters from outside the model to proxy unmeasured credit constraints. Ours is a far more stringent approach to 
estimation. Finally, unlike other approaches in the literature, we do not specify ad hoc fixed credit limits (see, for example, 
Abbott et al., 2016) or calibrate the model to fit asset distributions. Table 1 summarizes how the literature models credit 
constraints and our distinct approach to modeling them.

3.10. Optimal decisions

The envelope condition is:

∂Vt

∂st
= λb,t(1 + r(st)), if st �= 0, (21)

where r(st) = rl1(st > 0) + rb1(st < 0) and λb,t is the Lagrange multiplier associated with the budget constraint.
The first-order conditions with respect to ct > 0 and st+1 �= 0, t < T are:

∂uc(ct;�t)

∂ct
= λb,t (22)

exp(−ρ(θ))

(
∂EVt+1

∂st+1

)
+ λs,t = λb,t (23)

where λs,t is the Kuhn–Tucker multiplier of the borrowing constraint. If λs,t > 0, the borrowing constraint binds, i.e., st+1 =
St+1. If λs,t = 0, the borrowing constraint does not bind and the individual is able to smooth consumption between ages t
and t + 1.

Individuals value education and work experience not only because they improve productivity and earnings, but because 
they increase the natural borrowing limit and thus provide insurance values for consumption against adverse wage shocks. 
The first order conditions are consistent with agent rationality associated with the employment choices.

3.11. Initial conditions and our measurement system

We complete the specification of our model by defining initial conditions and a set of measurement equations that relate 
proxied cognitive and noncognitive endowments to a set of observed measures. Individuals start life as autonomous agents 
at age 17 (t0 = 17). The age 17 information set, �17, is:

�17 := (17, θc, θn,k17, e17, s17,de,16, ep, sp).

The initial conditions at age 17 that can be determined from sample information are18:

�
observed
17 := (17,k17, e17, s17,de,16, ep, sp).

We proxy θ but do not directly observe it.
The joint distribution of unobserved ability at initial age 17, conditional on parental background at 17 (X17) is given by:(

θc

θn

)∣∣∣∣ X17 ∼ N

((
μc(ep, sp)

μn(ep, sp)

)
,

(
σ 2

c σc,n

σc,n σ 2
n

))

can monitor and adjust period-by-period loans based on employment and medical histories, and other events realized by agents (see Chatterjee et al., 
2007 and Jermann and Quadrini, 2012). A variety of financial arrangements are available to lenders and borrowers (see Gertler and Kiyotaki, 2010). Lenders 
can monitor borrowers and demand collateral or some form of enforceable partial repayment conditions. The assumption that the only binding constraint 
facing agents is that they must repay debt in the terminal period (up to some limit) is surely an extreme simplification of a richer set of period-by-period 
market and default opportunities. Moreover, it assumes some implicit mechanism through which agents comply with a no-terminal-default rule. We thank 
Dean Corbae, Jorge García, and Lars Hansen for stimulating conversations on these issues.
17 Terminal assets must be no less than a particular lower bound.
18 Education, lagged school attendance, parental education, and parental wealth (e17, de,16, ep , sp ) are observed in our sample. We also set the accumulated 

years of working experience and net worth at age 17 to be zero (k17 = 0, s17 = 0).
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where μ j(ep, sp) = μ j + μ j,e,11(ep = 12) + μ j,e,21(ep > 12 & ep < 16) + μ j,e,31(ep ≥ 16) + μ j,s,11(sp = 2nd Tercile) +
μ j,s,21(sp = 3rd Tercile), for j = c, n. Thus we allow the initial distribution to differ by parents’ wealth and education to 
capture early parental investment due to parents’ financial resources, knowledge, or preferences.

We lack direct measurements of cognitive and noncognitive endowments. Instead, we observe a set of measurement 
equations for θ . Specifically, we assume that at age 17 there are two sets of dedicated measurement equations for (θc , θn)

given by Equations (24) and (25), respectively

Z∗
c, j = μz,c, j + αz,c, jθc + εz,c, j, j ∈ {1, . . . , Jc} (24)

Z∗
n, j = μz,n, j + αz,n, jθn + εz,n, j, j ∈ {1, . . . , Jn} (25)

where individual control variables, including parental education, parental wealth, and the individual’s age in 1997 are omit-
ted from the measurement equations. The measurement errors εz,c, j and εz,n, j are assumed to be independently distributed 
within and across each block of measurements. The distribution of (θc, θn) is assumed to be jointly normal. To incorporate 
both continuous and binary measurements, we assume that the following relationship holds for each measurement at every 
point of time:

Zi, j =
{

Z∗
i, j if Zi, j is continuous

1(Z∗
i, j > 0) if Zi, j is binary.

, i ∈ {c,n} (26)

4. Data and preliminary regression analysis

We estimate the model using data from the National Longitudinal Survey of Youth 1997 (NLSY97). The NLSY97 is a 
nationally representative sample of approximately 9,000 youths born during the years 1980 through 1984. Over the sample 
period 1997 to 2013, the NLSY97 provides extensive information every year on the respondents’ schooling, employment, 
earnings, and monetary transfers from parents and government. It also provides individual information on cognitive skills, 
earlier-life adverse behaviors, and parental education and wealth.

We restrict our sample to white males, so our estimates of inequality are not affected by issues of race or gender. We 
use the unweighted data.19 Our final sample contains 2,102 individuals, with 25,639 individual-year observations. Table A1 
in the Web Appendix reports the number of observations dropped in each step of our sample selection.

4.1. Variable description

4.1.1. Measures of cognitive ability and noncognitive ability
We use the Armed Services Vocational Aptitude Battery (ASVAB) scores as measures of cognitive ability.20 Specifically, we 

consider the scores from Mathematical Knowledge (MK), Arithmetic Reasoning (AR), Word Knowledge (WK), and Paragraph 
Comprehension (PC). These four scores have been used by NLSY staff to create the Armed Forces Qualification Test (AFQT) 
score, which is commonly used in the literature as a measure of IQ or cognitive ability. ASVAB scores are only asked in the 
year 1999.

Our measures of noncognitive ability include three variables that indicate respondents’ adverse behaviors at very early 
ages. Specifically, we use violent behavior in 1997 (have ever attacked anyone with the intention of hurting or fighting), theft 
behavior in 1997 (have ever stolen something worth $50 or more), and any sexual intercourse before age 15. Individuals 
with high noncognitive ability are less likely to display adverse behaviors. (See Heckman and Kautz, 2014 and Kautz and 
Zanoni, 2015 for discussions of these measures and their validity.)

4.1.2. Education and labor market outcomes
Education is measured by the highest grade completed. We manually recode this variable by cross-checking the high-

est grade completed with data on enrollment and the highest degree received, in order to correct for missing data, data 
coding errors, and GEDs. In particular, a high school dropout with a GED is recoded to his highest grade of school actually 
completed.

The NLSY97 records the number of hours worked in each week, the number of weeks worked in a year, and total income 
earned in a year. We define full-time working to be working no less than 30 hours a week, and part-time working to be 
working less than 30 hours a week but more than or equal to 10 hours a week. Among workers aged 23 and above, the 
average full-time employment annual hours of work is 2,314 and the median is 2,184, and the average part-time annual 
hours of work is 998 and the median is 1,040. Frequency distributions of weeks and hours worked are provided in the Web 
Appendix Figures A1 and A2, respectively. For employed workers, the hourly wage rate is the ratio between total earned 
income and total actual hours worked (in 2004 dollars).

19 See Johnson (2013) for the same procedure.
20 The CAT-ASVAB is an automated computerized test developed by the United States Military which measures overall aptitude. The test is composed of 

12 subsections and has been well researched for its ability to accurately capture the aptitude of test-takers.
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Table 2
Key variables over age.

Age 17 Age 20 Age 25 Age 30

In school 0.87 0.37 0.10 0.01
Full-time working 0.04 0.44 0.73 0.78
Part-time working 0.49 0.30 0.12 0.06
Part-time working while in school 0.46 0.24 0.07 0.03
Education 10.34 12.25 13.43 13.78
Years worked 0.00 0.77 3.92 8.05
Net worth 0.00 13467.81 20569.12 34826.70
Full-time hourly wage 6.10 9.55 14.71 18.25
Part-time hourly wage 6.16 8.46 15.28 15.77
Receive parental transfers 0.37 0.46 0.18 0.06
Total parental transfers 428.53 1766.64 315.89 83.51

Table 3
Measures of cognitive and noncognitive ability.

mean sd min max N

ASVAB: arithmetic reasoning −0.08 0.95 −3.14 2.37 1,786
ASVAB: mathematics knowledge 0.06 0.98 −2.80 2.68 1,781
ASVAB: paragraph comprehension −0.16 0.93 −2.36 1.83 1,784
ASVAB: word knowledge −0.28 0.89 −3.15 2.35 1,785
Noncognitive: violent behavior (1997) 0.22 0.42 0.00 1.00 2,097
Noncognitive: had sex before age 15 0.18 0.38 0.00 1.00 2,100
Noncognitive: theft behavior (1997) 0.10 0.30 0.00 1.00 2,098

The NLSY97 collects detailed information on assets and debts of respondents at ages 20, 25, and 30. We define net worth 
as all assets (including housing assets and all financial assets) minus all debt (including mortgages and all other debts).21

4.1.3. Parental education, net worth, and transfers
The NLSY97 asks each respondent about their parents’ schooling and net worth information only in round 1 (1997). 

We define parents’ education as the average years of schooling of father and mother if both the father’s and mother’s 
schooling are available.22 For single-parent families where only one parent’s schooling level is available, we define the 
parents’ schooling only using the single parent’s schooling level. Parents’ net worth is defined as all assets (including housing 
assets and all financial assets) minus all debt (including mortgages and all other debts). Parental transfer data is constructed 
as total monetary transfers received from parents in each year, including allowance, non-allowance income, college financial 
aid gift, and inheritance.23

4.2. Summary statistics

Table 2 reports the statistics of key variables by age.24 At age 17, 87% of the youth are enrolled in school, and the fraction 
of the youth in school decreases to 10% at age 25. The fraction of the youth who work full time steadily increases from 44% 
at age 20 to 78% at age 30; the fraction of part-time employment decreases from 30% at age 20 to 6% at age 30. Average 
years of schooling increase from 10.3 at age 17 to 13.8 at age 30. The average net worth increases from $13,468 at age 
20 to $34,827 at age 30. Average hourly wages (both part-time job and full-time job) increase between age 17 and age 30. 
Average full-time hourly wage rate is $18 at age 30. All the variables are measured in 2004 dollars. Table A3 reports average 
years of work experience, wages, and net worth for 4 education groups at age 25. Measures of cognitive and noncognitive 
skills at age 17 are presented in Table 3.

The distribution of parental transfers is skewed.25 The amount of parental transfers to children is either positive or 
zero. On average, 29% of the youths receive zero monetary transfers from their parents. Among those who receive positive 
parental transfers, the average amount of transfers received is $3,116, and the median amount is $907. As shown in Fig. 1, 
on average, the amount of parental transfers depends crucially on parental education and net worth and varies over the 
youth’s life cycle.

21 In our sample, the bottom 1% of net worth is −$42,028 and the bottom 5% is −$6,604. The net worth is skewed to the right, the median net worth is 
$8,504, the top 10% of the net worth is $80,630, and the top 5% is $146,364. We bottom-code the net worth to be −$75,000 and top-code the net worth 
to be $100,000. In Johnson (2013), asset values are top-coded at $45,000 and bottom-coded at −$35,000 for NLSY97 males aged 18 to 26.
22 We top-code parents’ years of schooling to be 16 years (4-year college graduate) and bottom-code parents schooling to be 8 years (high school 

dropouts).
23 College financial aid gift includes any financial aid respondents received from relatives and friends that are not expected to be paid back for each 

college and term attended in each school year.
24 The summary statistics for the entire sample over years 1997 to 2011 is reported in Table A2.
25 Conditional on parental transfers being positive, the top 1 percentile of the parental transfers amount is $24,639. We top-code the maximum amount 

of positive parental transfers to be $30,000 per year.
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Fig. 1. Parental monetary transfers by parental characteristics.
Source: NLSY97. Parental transfer is the total monetary transfers received from parents in each year, including allowance, non-allowance income, college 
financial aid gift, and inheritance.

There is a positive impact of parental education and wealth on educational decisions. As seen in Fig. 2, even after 
controlling for measures of the youths’ own cognitive ability, there is still a strong positive correlation between parents’ 
education and net worth and an individual’s college attendance and 4-year college completion. Table 4 reports the OLS 
regression results of years of schooling at age 30 on ASVAB, the number of early adverse behaviors, parental education, and 
parental net worth. After controlling for the ASVAB score, individuals’ years of schooling are still positively correlated with 
both parental education and parental net worth. Furthermore, college attendance decisions are negatively correlated with 
the number of early adverse behaviors, which suggests a positive correlation between years of schooling and noncognitive 
ability.26

5. Empirical strategy

The precise specifications used to estimate our model are reported in Section 5.1.27 In Section 5.2, we discuss calibra-
tion of parameters that are identified using externally supplied data. After that, we turn to consider model identification 
(Section 5.3) and estimation (Section 5.4).

5.1. Model parameterization

We use the following additively separable current flow utility function:

U (ct ,de,t,dk,t;�t) =
(
ct/est,e

)1−γ − 1

1 − γ
+ ue(�t)de,t + uk(dk,t,de,t ,�t) (27)

where est,e is the equivalence scales of family size,28 ue(�t) and uk(dk,t , de,t, �t) are flow utility (or disutility if negative) 
associated with individual choices of schooling and working, respectively:

ue(�t) = φe,01(de,t + et ≤ 12) + (φe,1 + φe,a1(t > 22)) · 1(de,t + et > 12 & de,t + et ≤ 16)

+ φe,21(de,t + et > 16) + αe,cθc + αe,nθn + φe,p1(ep ≥ 16) − φe,e(1 − de,t−1) + σeεe,t (28)

uk(dk,t,de,t,�t) = [φk,e · 1(dk,t = 0.5 & de,t = 1) + φk,0 · 1(dk,t = 0.5 & de,t = 0)

+ (φk,1 + φk,2(age − 17)) · 1(dk,t = 1)] · (1 + αk,cθc + αk,nθn) (29)

where the schooling preference shock εe,t is i.i.d. standard normal distributed.

26 Table A4 reports the OLS estimation results for logarithm of hourly wages among individuals who always work after leaving school upon completing 
the highest degree.
27 Web Appendix Section A.2 gives the parameterization of the parental transfer function.
28 Household equivalence scales measure the change in consumption expenditures needed to keep the welfare of a family constant when its size varies. 

We calculate the equivalence scales of different household sizes following Fernández-Villaverde and Krueger (2007). For example, this scale implies that a 
household of two needs 1.34 times the consumption expenditure of a single household. We do not model endogenous changes in family size. Instead we 
allow family size to vary exogenously depending on education level e and age t . The average family size for each education group at every age is obtained 
from CPS data 1997 to 2012.
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Fig. 2. Relationships between early endowments and environments and college choices.
Source: NLSY97 white males. 4-Year college graduate rate is calculated as the fraction of individual whose years of schooling are more than or equal to 16 
at age 25.

Table 4
OLS regression of adult educational outcomes on early en-
dowment and family influence.

Education

ASVAB 1.03∗∗∗ (0.03)
Num. of adverse behaviors −0.60∗∗∗ (0.04)
Parents’ education 0.27∗∗∗ (0.02)
Parents’ net worth 2nd tercile 0.67∗∗∗ (0.07)
Parents’ net worth 3rd tercile 1.12∗∗∗ (0.07)
Age 0.09∗∗∗ (0.02)

R2 0.46
Observations 5354

Standard errors in parentheses.
Source: NLSY97 white males aged 25 to 30.
∗ p < 0.10, ∗∗ p < 0.05, ∗∗∗ p < 0.01.

We allow for the psychic costs of schooling to depend on an individual’s cognitive and noncognitive abilities. φe,0, φe,1, 
and φe,2 characterize the level of psychic costs for attending high school, college, and graduate school, respectively. φe,a is 
the psychic cost of late enrollment in college, and φe,e is the psychic cost of re-entering school. We also introduce preference 
heterogeneity in schooling depending on parental education level ep to allow for the direct impact of parental education on 
schooling (φe,p). We allow for preference shocks to the utility of schooling (εe,t ).

Parameters φk,e , φk,0, and φk,1 govern the level of psychic costs of part-time working while in school, part-time working 
while not in school, and full-time working, respectively. We allow the preference of full-time working to vary with age 
(φk,2). We also allow the psychic costs of working to depend on an individual’s cognitive and noncognitive abilities.
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Following Gourinchas and Parker (2002) and De Nardi (2004), we assume that the terminal value function at age T + 1
takes the following functional form:

V T +1(�T +1) = φs
(sT +1/esT ,e)

1−γ − 1

1 − γ
, (30)

where φs characterizes the influence of net worth at age T + 1. Equation (30) approximates an individual’s value function 
at age T + 1. It does not imply that individuals die at age T + 1 or that other state variables in �T +1 do not matter. It 
just implies that the marginal effects of other state variables (such as accumulation of education and experience) on the 
individual’s value function at age T + 1 are small. As noted in Section 3.7, we set the terminal age to be T + 1 = 51.

We allow the subjective discount rate ρ(θc, θn) to depend on cognitive ability and noncognitive ability:

ρ(θc, θn) = ρ0(1 − ρcθc − ρnθn). (31)

An individual’s wage function and human capital function are characterized by:

log wt = logψt + 1(dk,t = 0.5)(βw,0 + βw,1de,t) (32)

where

logψt =βψ,0 + βψ,kkt + βψ,kkk2
t /100 + βψ,e,0(et − 12)

+ βw,e,11(et = 12) + βw,e,21(et > 12 & et < 16) + βw,e,31(et ≥ 16)

+ (αψ,c,0θc + αψ,n,0θn) · 1(et < 12)

+ (αψ,c,1θc + αψ,n,1θn) · 1(et ≥ 12 & et < 16)

+ (αψ,c,2θc + αψ,n,2θn) · 1(et ≥ 16) + εw,t −E(εw,t)

where εw,t is the education-specific idiosyncratic productivity shock. We allow the density function of εw,t to differ de-
pending on whether the individual has a 4-year college degree or not.

Without loss of generality, we normalize the lowest possible value of εw,t to be 0: εw = 0. We assume that the produc-
tivity shock εw,t ≥ εw = 0 is drawn from a gamma distribution Gamma(a, b) with the following density function:

p(εw,t) = 1

�(a)ba
(εw,t)

a−1e−(εw,t )/b. (33)

Therefore, E(εw,t) = ab and V ar(εw,t) = ab2. The gamma distribution allows us to flexibly model both the shape and the 
scale of the productivity shock distribution which are governed by the parameters a and b, respectively.29

5.2. External calibration

For parameters that can be identified outside the structural model, such as the monetary cost of schooling and govern-
ment transfers, we rely on external data sources. Table 5 summarizes all the parameters that are externally specified in our 
structural model. We now discuss these choices in detail.

We calculate the cost of college tuition and fees and grants and scholarships from the following two sources: (i) Total 
direct expenditures (including tuition and fees) of higher education level et are calculated as the average expenditures per 
student using data from The Integrated Postsecondary Education Data System (IPEDS); (ii) The average amount of the grant 
for each education level associated with every parental net worth tercile using the NLSY97 sample. We also obtain the 
average cost of college room and board from IPEDS for 2-year college and 4-year college, respectively.

We set the borrowing interest rate equal to 5 percent annually. We set the lending interest rate rl to be 1 percent 
annually, which is the average real interest rate on 1-year U.S. government bonds from 2001 to 2007. Note that the interest 
rate spread on borrowing and lending (4%) is quite large and already embodies an important market friction.

We estimate the logarithm of parental monetary transfers, log(trp,t + 1) using our NLSY97 sample (see Section A.2 in 
the Web Appendix for parameterization); the parameter estimates are reported in Web Appendix Table A5. In the sample, 
94% of youth who are attending high school live with their parents.30 Following Kaplan (2012) and Johnson (2013), we set 
the consumption subsidy provided by parents for those who are living with their parents and not attending school, χ , to 
be $650 monthly ($7,800 annually)31; χ includes both the direct and indirect costs of housing as well as shared meals.

29 Chatterjee et al. (2007) assume that the distribution function of εw,t is characterized by a one-parameter distribution function: Prob(εw ≤ z) =(
z−εw

εw −εw

)φw
, where φw controls the shape of the shock distribution and εw is the upper bound of the shock. Our specification is more flexible.

30 The ratio is 42% for those who are not attending high school.
31 Our model abstracts away from multiple child households.
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Table 5
Parameters calibrated outside the structural model.

Description Parameter Value Source

College Tuition & Fees tc(e = 13,14) $5,073 IPEDS data on average tuition and fees 1999–2006.
tc(e ≥ 15) $10,653

College grants and scholarship gr(e = 13,14, sp = T 1) $2,581 NLSY97 data on average grants and scholarship by years of schooling 
and parental wealth terciles.gr(e = 13,14, sp = T 2) $2,287

gr(e = 13,14, sp = T 3) $2,476
gr(e ≥ 15, sp = T 1) $3,604
gr(e ≥ 15, sp = T 2) $2,569
gr(e ≥ 15, sp = T 3) $2,607

College room and board rc(e = 13,14) $4,539 Johnson (2013) room and board for 2-year college and 4-year college
rc(e ≥ 15) $6,532

GSL borrowing annual limit l̄g(e = 13) $2,625 Annual Stafford Loan Limits 1993–2007
l̄g(e = 14) $3,500
l̄g(e = 15,16) $5,500
l̄g(e > 16) $10,500

GSL borrowing aggregate limit L
g
(e ≥ 13 & e ≤ 16) $23,000 Undergraduate

L
g
(e ≥ 16) $138,500 Graduate + Undergraduate

Borrowing interest rate rb 5% Federal student aid
Lending interest rate rl 1% Average real interest rate on 1-year U.S. government bonds from 

2001 to 2007

Parental transfer function trp(ep , sp,de,t ,dk,t , et , t) Table A5 NLSY97 sample

Parents consumption subsidy trc,t = χ · 1(t < 18) $7,800 Kaplan (2012) & Johnson (2013)

Part-time annual hours h(0.5) 1,040 20 hours per week, 52 weeks
Full-time annual hours h(1) 2,080 40 hours per week, 52 weeks

Unemployment benefit bg(e ≤ 12) $540 × 3 NLSY97 UI benefits
bg(e ≥ 13 & e ≤ 16) $600 × 3
bg(e > 16) $740 × 3

Minimum consumption floor cmin $2,800 NLSY sample average means-tested transfers among recipients

Risk aversion coefficient γ 2.0 Lochner and Monge-Naranjo (2012) and Johnson (2013)

Terminal value function φs 25.0 PSID 1999–2011: Median(s51/c50) = 5

IPEDS = Integrated Postsecondary Education Data System. Average tuition and fees are weighted by full-time enrollment and are deflated in 2004 dollars. 
Because expenditures are higher at 4-year institutions than at 2-year institutions, there is a noticeable jump in cost between two and three years of college. 
Within our sample period, the aggregate subsidized Stafford Loan Limits is $23,000 for undergraduate and $138,500 for graduate and undergraduate in total. 
The interest rate ranges from 3.34 to 8.25% for Stafford Loans over the time period 1997 to 2011. Parental consumption subsidy is given by trc,t = χ · 1
(t < 18), where χ is the value of direct consumption subsidy provided by the parents such as shared housing and meals when the youth attends high 
school.

We set the hours of work to be 20 hours per week for part-time jobs and 40 hours per week for full-time jobs (see 
Keane and Wolpin, 2001), therefore the annual hours of work is 1,040 hours for a part-time job and 2,080 hours for a full-
time job.32 We set the monthly unemployment benefits to be $540 for unemployed workers without a college degree, $600 
for some college or 4-year college workers, and $740 for workers with a graduate degree.33 We assume that unemployed 
workers can receive unemployment benefits for 3 months. In our sample, the average amount of means-tested transfers (in-
cluding food stamps, AFDC, and WIC) among recipients is about $2,800 annually. Thus, we set the government means-tested 
minimum consumption floor cmin to be $2,800.

We set the relative risk aversion parameter to be γ = 2.0 following Lochner and Monge-Naranjo (2011) and Johnson
(2013). A majority of existing microstudies on consumption and savings estimate the value of γ to be between one and 
three.34

32 In our sample, among workers aged 23 and above, the median annual working hours of a part-time worker is 1,040 and the median annual working 
hours of a full-time employed worker is 2,184.
33 Conditional on receiving unemployment benefits, the mean monthly unemployment insurance benefits are $800 for workers with at most a high school 

degree, $900 for workers with some college or 4-year college, and $1,100 for workers with a graduate degree. In the model, we assume individuals who are 
not working or in school receive unemployment benefits, which are substantially more generous than the actual unemployment benefits; we thus reduce 
the predicted unemployment benefits amount by one-third following Kaplan (2012).
34 See Browning et al. (1999) for a summary of the early literature.
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To calibrate the parameter in the terminal value function, we note that the first-order optimal condition at age T can be 
written as cT

−γ = φssT +1
−γ . From the Panel Study of Income Dynamics (PSID) 1999 to 2011, the median value of sT +1

cT
is 

5.0 among households whose head aged T + 1 = 51,35 therefore we set φs =
(

sT +1
cT

)γ = (5.0)γ = 25.0.

5.3. Identification

This section discusses identification of key features of the model.

5.3.1. Factor model and measurement system
The identification of factor models requires normalizations that set the location and scale of the factors (see Anderson 

and Rubin, 1956). For each factor (θc, θn), we normalize its unconditional mean to be zero, i.e., Eep ,sp (θc), E(θc) = E(θn) = 0, 
and standard deviation to be one, i.e., σc = σn = 1. We allow intercepts in all measurement equations.

5.3.2. Dynamic model and structural parameters
This section provides an overview of identification of the structural model. The parameters that remain to be identified 

are: 15 parameters characterizing individual preferences over schooling and working, 20 parameters characterizing the hu-
man capital production function (including the density function of productivity shocks) and wage function, and 3 parameters 
regarding discount factors.

The parameters of the subjective discount rate can in principle be identified by using consumption data formed from 
the asset data. To illustrate, consider the Euler equation under a CRRA utility specification for those who are far away from 
borrowing constraints (abstracting from uncertainty)36:

γ · (log ct+1 − log ct) = −ρ(θc, θn) + log(1 + r),

using the fact that γ is set externally.37 The identification of the parameters of the subjective discount rate function ρ relies 
on variations in consumption growth and thus savings. The level of average net worth identifies the constant term of the 
subjective discount rate, ρ0.38

Identification of the rest of the model can be justified using the analysis of Heckman and Navarro (2007) and Heckman et 
al. (2016). Under large support conditions and conditional independence assumptions, we can determine an unconstrained 
set of agents with access to full insurance (Arrow–Debreu insurance) who always work and are not subject to credit con-
straints. With γ in hand (by assumption) and the discount factors known (by the previous analysis), we can monetize the 
consumption value of future income flows and can follow the two cited papers in using earnings data to identify psychic 
costs of education. Using the parameters so determined, we can use the full data set to estimate psychic costs of work and 
the parameters of the labor supply function. We identify the human capital accumulation equations by conditioning on θ
estimated from the preceding analysis (see, e.g., Heckman et al., 2013).

5.4. Estimation method

We use a two-step estimation procedure. In the first step, we estimate the parameters of the measurement system and 
the joint distribution of cognitive ability and noncognitive ability at age 17, using simulated maximum likelihood:

max �i

∫
θc ,θn

f (Zi; Xi, θc, θn)dF (θc, θn).

The initial conditions for cognitive ability and noncognitive ability in the second step are obtained by simulation using the 
parameter estimates from the first step.

In the second step, we use the method of simulated moments to estimate parameters of individual preferences (15 
parameters), human capital production function and wage equation (20 parameters), and discount factors (3 parameters).39

In total, we estimate 38 parameters in the second step using a total number of moments of 222. Table 6 lists targeted 
moments, which includes choices probabilities and outcome variables over age and by education categories as well as 
conditional moments between outcome variables and measures of cognitive and noncognitive abilities. We use diagonal 
moments of the data following Altonji and Segal (1996). The weighting matrix is the inverse of the diagonal matrix of the 
variance–covariance matrix of the data moments.

35 To be consistent with our net worth measure in the data section, we also measure net worth as all assets (including housing assets and all financial 
assets) minus all debts (including mortgages and all other debts) in PSID.
36 For illustrative purposes, here we assume uc(ct ; �t ) = c1−γ

t /1 − γ and r is the borrowing/lending interest rate.
37 Potentially, if r varies we can identify γ .
38 Alternatively, if we fix ρ externally, we can identify γ .
39 The choice variables in the model include not only discrete controls such as schooling and working decisions but also continuous controls such as asset 

level. As a result, we use Simulated Method of Moments (SMM) to estimate the model.



20 R. Hai, J.J. Heckman / Review of Economic Dynamics 25 (2017) 4–36
Table 6
Targeted moments for SMM estimation.

Targeted moments # Moments

Choice probabilities, state variables, and outcome variables over the lifecycle
Probabilities of schooling for each age 17 to 30 14
Probabilities of working part-time for each age 17 to 30 14
Probabilities of working full-time for each age 17 to 30 14
Average hourly full-time wage for each age 18 to 30 13
Average hourly part-time wage for each age 18 to 30 13
Average net worth at ages 20, 25, and 30 3
Average negative net worth at ages 20, 25, and 30 3
Average years of schooling at age 30 2
Average years of work experience at age 30 2
Probability of enrolling in college at age 21 1
Probability of graduating from 4-year college at age 25 1
Average years of work experience if working full-time at age 30 1
Probability of working part-time while in school at ages 18 to 22 1
Average log wage rate when working in school at ages 18 to 22 1
Probabilities of high school, some college, and 4-year college at ages 25 and 30 3 × 2
Probabilities of years of school more than 16 years at age 30 1
Variance of log earnings at age 30 1
Variance of log hourly wage at age 30 1
Variance of log years of schooling at age 30 1
Variance of log experience at age 30 1

Covariance terms from auxiliary models (Indirect Inference)
Regression coefficients of log hourly wage on work experience, work experience squared, years of schooling, HSG, SCL, CLG, cognitive 

ability × HSD, noncognitive ability × HSD, cognitive ability × HSG, noncognitive ability × HSG, cognitive ability × SCL, 
noncognitive ability × SCL, cognitive ability × CLG, noncognitive ability × CLG, previously not working, constant; and standard 
deviation of regression residual

17

Regression coefficients of school enrollment on previous period’s enrollment status, age, age=17, parents’ education, cognitive ability, 
noncognitive ability

6

Regression coefficients of full-time working on years of schooling, cognitive ability, noncognitive ability 3
Regression coefficients of log net worth on cognitive ability, noncognitive ability, and log wage, age ≥ 20, age ≥ 25, constant 6

Conditional moments for each of the 4 education categories
Average net worth by 4 education categories at ages 25 and 30 4 × 2
Average negative net worth by 4 education categories at ages 25 and 30 4 × 2
Average log hourly wage by 4 education categories at ages 25 and 30 4 × 2
Standard deviation of log hourly wage by 4 education categories at ages 25 and 30 4 × 2
Median log hourly wage by 4 education categories at ages 25 and 30 4 × 2
Bottom 5 percentile of log hourly wage by 4 education categories at ages 25 and 30 4 × 2
Top 5 percentile of log hourly wage by 4 education categories at ages 25 and 30 4 × 2
Average hourly full-time wage by 4 education categories at ages 25 and 30 4 × 2
Average hourly wage by 4 education categories at ages 25 and 30 4 × 2
Average years of work experience by 4 education categories at ages 25 and 30 4 × 2
Probability of working part-time by 4 education categories at ages 25 and 30 4 × 2
Probability of working full-time by 4 education categories at ages 25 and 30 4 × 2

6. Estimation results

This section discusses our estimates. Sections 6.1 and 6.2 discuss the parameter estimates and the goodness of model fit, 
respectively. Section 6.3 presents the estimated natural borrowing limits. Section 6.4 presents the fraction of youths who 
are estimated to be credit constrained by age, by endowment, and by human capital levels. Section 6.5 discusses the sorting 
patterns into education based on unobserved cognitive ability and noncognitive ability. Section 6.6 discusses the inequality 
in human capital, education, and consumption in the estimated model (baseline case).

6.1. Parameter estimates

6.1.1. Measurement system parameters
The distribution of (θc, θn) is reported in Web Appendix Table A6. The parameter estimates of the measurement equations 

are reported in Table A7. The two initial endowments are positively correlated with each other.40 The correlation between 
cognitive ability and noncognitive ability is 0.280.41

40 The variance of each factor is normalized to one for identification.
41 Heckman et al. (2016) report an estimate of .40 for a related model.
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Fig. 3. Density of estimated discount factors: exp(−ρ(θc , θn)).

6.1.2. Structural model parameters
Web Appendix Table A8 reports preference parameter estimates for the schooling utility functions (Panel A) and work 

utility function (Panel B). The psychic benefit of schooling is higher for individuals with higher cognitive and noncognitive 
abilities. Individuals whose parents have higher levels of education also have higher flow utility from schooling. The pa-
rameter estimates suggest that the psychic cost of working part-time while in school (φk,e = −0.0773) is higher than the 
psychic cost of part-time working while not in school (φk,0 = −0.0332). In our estimation, we do not impose any restrictions 
on the relative magnitudes of these two parameters. Forcing the psychic cost of working part-time while in school to be the 
same as the psychic cost of part-time working while not in school overpredicts the fraction of working students in school.

Parameter estimates of the discount rate function are reported in Table A9. Fig. 3 plots the density of the estimated 
discount factors in the benchmark model. Appendix Figure A4 plots the density of the estimated discount factor for high 
ability and low ability separately. As expected, individuals with higher levels of cognitive ability and/or noncognitive ability 
have considerably lower rates of time preference.

6.1.3. Labor market skill production and wages
Table A10 in the Web Appendix reports parameter estimates for the human capital production function and the wage 

equation. A one standard deviation increase in cognitive ability increases an individual’s human capital level as well as 
offered wages by (αψ,c,2 = 0.1433) log points among 4-year college graduate workers. The effects of noncognitive ability on 
human capital levels and wages are small and not statistically different from zero.

6.2. Model goodness of fit

In this section, we report the goodness of model fit on selected target moments (Table 6 gives the complete set of 
targeted moments). Our model closely fits the lifecycle patterns of school enrollment (Fig. 4(a)) and employment (see 
Figs. 4(b) and 4(c)). Fig. 4(d) shows that our estimated model fits the observed accepted wage patterns over time. Figs. 4(e) 
and 4(f) plot our model fits of average net worth and average negative net worth (st 1(st < 0)) at ages 20, 25, and 30.42

As shown in Fig. 5, our model can replicate the patterns of number of years worked for each of the four education 
categories at age 30. Our model can also replicate the average wages for each education category at age 30.

Tables A11 and A12 in the Web Appendix report model fits for the covariance terms from auxiliary models for enrollment 
and employment, respectively. Table A13 in the Web Appendix reports model fits of the auxiliary model for log hourly wage. 
Table A14 in the Web Appendix shows the model fits of the auxiliary model for log net worth. Our model generally fits the 
data well.

6.3. Natural borrowing limit L̄s
t

Fig. 6(a) plots both the average amount of natural borrowing limit for all individuals from age 17 to age 50. The mean 
natural borrowing limit at first increases as an individual accumulates schooling and work experience, and then gradually 
decreases as individuals age and remaining lifetime earnings declines.43 Such a pattern is in sharp contrast with that of a life 

42 Figure A5 in the Web Appendix plots the model fit on years of schooling over age, over parents’ education categories, and over parents’ net worth 
terciles. The fit is generally good.
43 The decline to zero at age 50 is an artifact of our assumed horizon of 51 years. The figure is qualitatively correct for later terminal ages but shifts the 

hump rightward.
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Fig. 4. Model fit over the lifecycle.

Fig. 5. Model fit by education.

cycle model without human capital accumulation in the absence of life cycle wage growth in which the natural borrowing 
limit decreases monotonically with age.

Next, we explore the relationship between an individual’s natural borrowing limit in the private lending market 
L̄s

t (et+1, kt+1, θ) and his human capital ψt = F ψ(et , kt, θ , εt) at age t . Fig. 6(b) plots the model-implied average natural 
borrowing limit over log human capital levels at age 30. The average natural borrowing limit is relatively flat with respect 
to an individual’s human capital level when the human capital level is low. For agents with a very low human capital level, 
natural borrowing limits are zero. This is because, in the presence of the worst possible labor market shock, agents with 
very low human capital would just choose to not work and live off welfare. When the human capital level is higher, the 
natural borrowing limit increases with the human capital level. Similarly, conditional on age, the natural borrowing limit 
generally increases with education, cognitive ability, and noncognitive ability (see Web Appendix Figure A15).

We plot the evolution of natural borrowing limits with age for individuals with different cognitive and noncognitive 
abilities in Fig. 7. The natural borrowing limits generally increase with age during the period age 17 to 30. However, the 
growth rate of the natural borrowing limit is much higher for individuals with higher initial ability endowments.
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Fig. 6. Mean of natural borrowing limit L̄s
t (et+1,kt+1, θ).

Fig. 7. Evolution of average natural borrowing limit by ability endowments.

6.4. Borrowing constrained youths

An important contribution of our model is the estimation of life cycle credit constraints governing behavior. Using our 
model, we can calculate the fraction of individuals who are borrowing-constrained by evaluating the Kuhn–Tucker multiplier 
associated with an individual’s optimal savings decision. In particular, using the first order conditions from an individual’s 
optimization problem (Equations (22) and (23)), we can calculate the Kuhn–Tucker multiplier associated with individuals’ 
next period asset decisions as follows:

λs,t(ct, st+1;�t) = ∂uc(ct;�t)

∂ct
− exp(−ρ(θc, θn))

(
∂EVt+1

∂st+1

)
. (34)

We define an individual as borrowing constrained at period t if λs,t > 0 and st+1 ≤ −L̄s
t (et+1, kt+1, θ). Figs. 8, 9, and 10

graph—at ages 21, 30, and 40, respectively—the model predicted fraction constrained as functions of various arguments. Ap-
pendix Figures A7, A8, and A9 graph the multipliers (λs,t) in the model simulated data as a function of the same arguments. 
Figs. 8(b), 9(b), and 10(b) report the fraction constrained by levels of cognitive ability. Figs. 8(d), 9(d), and 10(d) report the 
fraction constrained by the logarithm of human capital stocks.

At age 21, these graphs exhibit a weak bimodality that sharpens somewhat by age 30. Two groups of people are con-
strained. Many agents with low ability and low human capital endowments have relatively flat life cycle wage growth. There 
are also some with high ability and high human capital endowments with high wage growth who, in their 20s and early 
30s, cannot fully access their future income because of borrowing restrictions. By age 40 (Fig. 10), when life cycle earnings 
growth is more fully realized, the second (already smaller) hump disappears. The first hump remains throughout the life 
cycle. The first group of individuals has low labor market earnings, low savings, and tight borrowing limits. They also have 
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Fig. 8. Borrowing constrained youths (st+1 ≤ −L̄s
t (et+1,kt+1, θ) & λs,t > 0) at age 21.

high discount rates. These individuals want consumption upfront (even with flat income profiles) but cannot access it due 
to their low borrowing limit.44

There is evidence of bimodality in constraints with respect to cognitive and non-cognitive ability in the late 20s and 
early 30s. The patterns with respect to net worth show a sharp cliff. Beyond a certain level, agents are not constrained.

Fig. 11 shows the life cycle pattern of the proportion borrowing constrained. The U shape is a consequence of initial 
borrowing constraints and the approach of the terminal horizon.45 The constrained in college are 20% more likely to work 
than other college students.

6.5. Sorting into education by ability

Simulating our model, we illustrate the magnitude of sorting into education at age 30 based on unobserved abilities. 
Fig. 12 is the density plot of the two unobserved factors by education groups in the simulated data.

As seen in Fig. 12, people sort into education based on cognitive and noncognitive ability. On average, individuals who 
obtain higher education are more likely to have greater cognitive ability and noncognitive ability. However, there is also 
substantial overlap in both cognitive ability and noncognitive ability levels across different schooling levels, suggesting that 
sorting based on abilities is not the only factor shaping individual educational outcomes.

44 Consider a special case where there is no income growth (y1 = y2) and there is no borrowing constraint. The Euler equation for optimal consumption 
choices indicates that the optimal consumption in periods 1 and 2, c∗

1 and c∗
2, respectively, obey: γ (log c∗

2 − log c∗
1) = −ρ(θc, θn) + log(1 + r). Therefore, the 

following must be true when there is no borrowing constraint: −ρ(θc, θn) + log(1 + r) < 0 ⇒ c∗
2 < c∗

1. Thus, when the discount rate is relatively high 
(i.e., the agent is less patient), the agent will try to consume more today and consume less tomorrow even if there is no income growth between these 
two periods (y1 = y2). As a result, the agent will borrow today to consume more today, and pay back the debt in the next period using y2 and consume 
less the next period.

These forces are at work when the agent cannot borrow or cannot borrow enough to reach the optimal consumption level (c∗
1, c∗

2). Low-ability individ-
uals with low income growth are borrowing constrained because they are impatient and their borrowing limit is low.
45 The age 50 horizon artificially accelerates the borrowing constraint into middle age.
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Fig. 9. Borrowing constrained youths (st+1 ≤ −L̄s
t (et+1,kt+1, θ) & λs,t > 0) at age 30.

6.6. Inequality in education, wages, and consumption

Both employment decisions and borrowing constraints have important consequences for wage and consumption inequal-
ity. The first row of Table 7 shows the age-30 inequality in education, wages, and consumption in our benchmark model. 
Cross-sectional inequality is measured by the variance of logs. Wage inequality is higher than education inequality be-
cause of the existence of uninsured human capital risk, and large variation in individuals’ work experience, cognitive ability, 
and noncognitive ability. Consumption inequality is lower than wage earning inequality because individuals use savings to 
smooth consumption fluctuations. We discuss the other rows of this table in the next section when we discuss counterfac-
tuals.

7. Counterfactual exercises

In this section of the paper, we use our model to examine the impacts of changing credit constraints, tuition, and initial 
endowments on inequality. We start by analyzing the impact of equalizing endowments.

7.1. Equalizing initial endowments

We address the following question: To what extent do differences in cognitive ability, noncognitive ability, and parental 
environments account for the observed cross-section inequality in years of schooling, earnings, and consumption at age 30? 
To address this question, we perform three counterfactual experiments that equalize initial heterogeneity in (i) cognitive 
ability, (ii) noncognitive ability, and (iii) parental background factors (including both schooling and net worth). Equalization 
is achieved by placing all observations at the means of the selected variable, keeping other variables at sample values.

As shown in Table 7, equalizing cognitive ability reduces age-30 inequality in education by 36%. Equalizing noncognitive 
ability reduces age-30 education inequality by 44%. Finally, equalizing parental factors (including parent’s education and 
net worth) reduces inequality by 8%. Equalizing cognitive endowments reduces wage inequality by 12% and consumption 
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Fig. 10. Borrowing constrained youths (st+1 ≤ −L̄s
t (et+1,kt+1, θ) & λs,t > 0) at age 40.

Fig. 11. % Borrowing constrained by age.

inequality by 29%. Equalizing noncognitive endowments reduces wage inequality by 9% and consumption inequality by 23%. 
Equalizing parental factors has little impact on wage inequality, and it reduces consumption inequality by 4%.

We also investigate the effects of cognitive ability, noncognitive ability, and parental factors on the youths’ age-17 present 
discounted lifetime utility inequality. Equalizing cognitive ability reduces age-17 present discounted lifetime utility inequal-
ity by 24%. Equalizing noncognitive ability reduces age-17 present discounted lifetime utility inequality by 91%. Equalizing 
parental factors (including parent’s education and net worth) reduces age-17 present discounted lifetime utility inequality 
by 2%. The age-17 present discounted lifetime utility inequality is equal to zero once cognitive ability, noncognitive ability, 
and parental factors are all equalized.
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Fig. 12. Density of initial factors conditional on age-30 education.

Table 7
Inequality in education, wages, and consumption (age 30).

Inequality (Var of log) Changes in inequality (%)

Educ. Wage C Educ. Wage C

Benchmark 0.0395 0.3313 0.1002 N.A. N.A. N.A.

Counterfactual experiments

Equalizing cognitive ability 0.0255 0.2924 0.0714 −35.53 −11.75 −28.73
Equalizing noncognitive ability 0.0222 0.3012 0.0775 −43.88 −9.08 −22.69
Equalizing Parental Factors 0.0363 0.3292 0.0963 −8.14 −0.64 −3.92

Note: Inequality in education (Educ.), wage, and consumption (C) are measured using variance of log years of school-
ing, log hourly wage rates, and log consumption at age 30, respectively. Changes in inequality is calculated as the 
percentage changes in inequality compared to the benchmark model. When equalizing cognitive ability, we set every 
individual’s cognitive ability equal to the population mean, i.e., zero. Similarly, we set every individual’s noncogni-
tive ability equal to zero when equalizing noncognitive ability. When equalizing parental factors, we set parents’ 
education equal to 12 years of schooling and parent’s net worth to be in the second tercile. Once cognitive abil-
ity, noncognitive ability, and parental factors are all equalized, the variance remains are: Var(log (Educ)) = 0.0055, 
Var(log (Wage)) = 0.2623, and Var(log (C)) = 0.0432.

7.2. Subsidizing college tuition

We next consider the impact of subsidizing tuition on schooling choices. We give each agent a college tuition subsidy of 
$1,500 per year, which amounts to 29% of average college tuition cost and fees minus grants and scholarship.46 As shown 
in Table 8, compared to the benchmark model, the college attendance rate at age 21 increases by 6.22 percentage points 
(13.17%). The implied elasticity of college going with respect to tuition is −0.45, which is within the range of estimates 
reported in the literature.47 This tuition subsidy policy also leads to 3.55 percentage point increase in the 4-year college 
graduation rate at age 25. The college tuition subsidy reduces students’ incentive to work while in school. In particular, 
under this policy, the fraction of students who work part-time at school decreases by 6 percentage points.

Fig. 13 plots the college attendance and the 4-year college graduation rates for the benchmark and tuition subsidy policy 
over the full distribution of cognitive ability and noncognitive ability. Our college tuition subsidy increases college atten-
dance at age 21 among the individuals whose cognitive ability is within the second and third quartiles. The rate of 4-year 
college graduation increases much more among high-ability individuals compared to that among low-ability individuals.

7.3. Increasing student loan limits

We next consider the impact of increasing student loan limits. In this counterfactual experiment, we increase the bor-
rowing limit from the student program by $1,500 for each academic year, which amounts to a 29% reduction of average 
college tuition costs and fees minus grants and scholarship. As shown in Table 8, compared to the benchmark model, the 
college attendance rate at age 21 increases by 4.0 percentage points and the 4-year college graduation rate at age 25 barely 

46 In the simulation, we do not allow the amount of student loan that an individual can borrow if he decides to attend college to be directly affected by 
such college tuition subsidy.
47 See, e.g., Cameron and Heckman (2001) and Heckman and Cameron (1999).
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Table 8
Years of schooling and college attendance and graduation under different experiments.

Years of 
schooling 
at age 30

College 
attendance at 
age 21 (%)

4-year college 
graduation at 
age 25 (%)

% students 
who work 
part-time

Benchmark 13.76 47.25 27.76 63.45

Counterfactual experiments Changes relative to benchmark

(1) Subsidizing college tuition 0.18 6.22 3.55 −5.72
(2) Increasing student loan limits 0.04 3.95 1.09 1.28

Note: Education is measured by the average years of schooling at age 30. College attendance is measured as 
the percentage of individuals whose years of education is more than or equal to 13 at age 21. The rate of 
4-year college graduation is measured as the percentage of individuals whose years of schooling is more than 
or equal to 16 at age 25. The fraction of students who work part-time while in school are calculated over age 
18 to 22.

Fig. 13. Effects of college tuition subsidy.

increases. Under the student loan enhancement policy, the fraction of students who work part-time in school increases in 
response to the increased student debt limits. However, such increases are small (1 percentage point).

Fig. 14 plots the college attendance and the 4-year college graduation rates for the benchmark and enhanced student 
loan limit policy over the full distribution of cognitive ability and noncognitive ability. The differences are small.48 There 
appears to be a limited role for policies enhancing student access to credit for promoting college attendance and graduation.

48 These results are comparable to those reported in Johnson (2013).
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Fig. 14. Effects of increasing student loan limits.

8. Comparison with an alternative model with fixed credit limits by education

In this section, we estimate a version of our model where borrowing limits are fixed to sample means by education 
levels. We use the specific constraints analyzed in a recent paper by Abbott et al. (2016). We compare the results obtained 
under the ad hoc constraint used in that paper and those obtained under our model.

Our model provides a micro-foundation for the underlying borrowing environment, whereas models with ad hoc lending 
limits do not. The principle advantage of ad hoc models is their computational tractability. It is interesting to compare the 
quantitative differences in terms of parameter estimates, model fits, model predictions, and counterfactual implications.

We follow Abbott et al. (2016) and consider the following specification of credit limits49:

L̄s
t (e) =

⎧⎨
⎩

$75,000 if e ≥ 16
$25,000 if e < 16 & e ≥ 12
$15,000 if e < 12

(35)

if t ≥ 22 and L̄s
t (e) = 0 if t < 22. They justify these limits using averages of self-reported credit limits in the survey of 

consumer finances.
We apply the same estimation procedure (see Section 5) to estimate this alternative model and estimate the same set of 

structural parameters. Our model with endogenous debt limit is a far more stringent approach to estimation than models 
with ad hoc credit limits.

49 In Abbott et al. (2016), among working-age married households, borrowing limit equals to $75,000 if the most educated spouse is a college graduate, 
$25,000 if the most educated spouse is a high school graduate, and $15,000 if both spouses are high school dropouts; no borrowing before age 21. Borrowing 
limits based on self-reported limits on unsecured credit by family type from SCF.
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Fig. 15. Density of estimated discount factors (fixed credit limits by education): exp(−ρ(θc , θn)).

8.1. Estimation results

The last two columns of Web Appendix Table A8 report preference parameter estimates for the schooling utility func-
tions (Panel A) and work utility function (Panel B) in the alternative model. Similar to our model with endogenous credit 
constraints, we find that the psychic benefit of schooling is higher for individuals with higher cognitive and noncognitive 
abilities, and is higher if their parents have higher education. We also find that the psychic cost of working part-time while 
in school (φk,e = −0.0603) is higher than the psychic cost of part-time working while not in school (φk,0 = −0.0338). These 
estimates are similar in magnitude to those estimated for our model with endogenous credit constraints.

One of the biggest differences in the estimated parameter values between our model and the alternative model lies in the 
estimated parameter values for the subjective discount rate. In particular, in the alternative model, the estimated discount 
factor is much higher, which implies that individuals are more patient (see Table A9 to compare parameter estimates). Fig. 15
plots the distribution of estimated discount factors. Appendix Figure 4(c) plots the density of estimated discount factor for 
high cognitive ability and low cognitive ability. Appendix Figure 4(d) plots the density of estimated discount factor for high 
noncognitive ability and low noncognitive ability. As in our model, those with higher cognitive and/or noncognitive skills 
have lower rates of time preference.

This has important implications for the estimated levels of human and physical capital accumulation. The overall fit of 
this model to the data is worse than our model. The minimized SMM objective function in this model is 76% larger than 
in our model with endogenous credit constraints. The fit of the model to the data is worse for many components of life 
cycle behavior than our model (for example, compare Figs. 16 and 17 with Figs. 4 and 5, and appendix Table A14). Sorting 
patterns into education by ability are similar (see Fig. 18).

Similar to our analysis of the model with endogenous credit constraints, we also report the evolution of credit limit 
for the Abbott et al. model. In the ad hoc model, the credit limit does not change with age or work experience after the 
agent completes the highest degree (see Web Appendix Figure A10(a)). Conditional on age, the credit limit is bounded 
below at $15,000 and increases with human capital, which is due to the fact that on average higher educated individuals 
have higher human capital level (Web Appendix Figure A10(b)). At age 30, the borrowing limit increases with education, 
cognitive ability, and noncognitive ability; but there is no heterogeneity in credit limits within each education category (see 
Web Appendix Figure A15).

The estimated patterns of constraints by age and individual characteristics are different across the two models. The age 
21 patterns are roughly similar, but the hump is more noticeable in the ad hoc model. The weak bimodality at age 30 found 
in our model is not present in the ad hoc model, and the proportion of agents constrained is much lower. The fraction of 
borrowing constrained population continues to decrease and reaches zero after age 45 (Fig. 19).50

8.2. Counterfactual experiments

Differences are sharp between the two models when we consider the same set of policy experiments conducted for our 
model with endogenous credit constraints. We consider the implications of changing endowments, tuition and credit limits 
in the ad hoc model for the same set of policies considered in the discussion of the endogenous credit constrained model. 
We start by equalizing initial endowments.

50 After college is completed, the private debt limit in the ad hoc model is set at a very large number.
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Fig. 16. Goodness of fit over the lifecycle (alternative model).

Fig. 17. Goodness of fit by education (alternative model).

Fig. 18. Density of initial factors conditional on age-30 education (alternative model).
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Fig. 19. % Borrowing constrained by age for alternative model.

Table 9
Inequality in education, wages, and consumption at age 30 (fixed credit limits by education).

Inequality (Var of log) Changes in inequality (%)

Educ Wages C Educ Wages C

Benchmark 0.0398 0.3825 0.1168 N.A. N.A. N.A.

Counterfactual experiments

Equalizing cognitive ability 0.0253 0.3360 0.0704 −36.37 −12.17 −39.75
Equalizing noncognitive ability 0.0248 0.3471 0.0784 −37.76 −9.27 −32.89
Equalizing parental factors 0.0375 0.3782 0.1112 −5.75 −1.14 −4.83

Note: Inequality in Education (Educ), wages, and consumption (C) are measured using variance of log years of school-
ing, log hourly wage rates, and log consumption at age 30, respectively. Changes in inequality is calculated as the 
percentage changes in inequality compared to the benchmark model. When equalizing cognitive ability, we set every 
individual’s cognitive ability equal to the population mean, i.e., zero. Similarly, we set every individual’s noncogni-
tive ability equal to zero when equalizing noncognitive ability. When equalizing parental factors, we set parents’ 
education equal to 12 years of schooling and parent’s net worth to be in the second tercile.

8.2.1. Equalizing initial endowments
As shown in Table 9, equalizing cognitive ability reduces age-30 inequality in education by 36% (about the same as in 

the model with endogenous constraints). Equalizing noncognitive ability reduces age-30 education inequality by 38% – less 
than in our model (44%). Finally, equalizing parental factors (including parent’s education and net worth) reduces inequality 
by 6% (compared to 8% for our model). The equalizing effects are generally somewhat smaller than in the model with 
endogenous credit constraints.

Equalizing cognitive endowments reduces wage inequality by 12% (about the same as in the model with endogenous 
constraints) and consumption inequality by 40% (compared to 29% for our model). Equalizing noncognitive endowments 
reduces wage inequality by 9% (vs 9%) and consumption inequality by 33% (vs 23%). Equalizing parental factors has little 
impact on wage inequality, and reduces consumption inequality by 5% (compared to 4% for our model).

8.2.2. Subsidizing college tuition
This section reports the effects of a tuition subsidy on schooling choices. We give each agent a college tuition subsidy of 

$1,500 per year, which amounts to 29% of average college tuition cost and fees minus grants and scholarship.51 As shown 
in Table 10, compared to the benchmark model, the college attendance rate at age 21 increases by 7.63 percentage points 
(15.76%). The implied elasticity of college going with respect to tuition is −0.54, which is much higher than the elasticity 
obtained in the model with endogenous credit limits. Such a tuition subsidy policy also leads to 5.78 percentage points 
increase in the 4-year college graduation rate at age 25. The fraction of students age 18 to 22 who work part-time at school 
decreases by 5.1 percentage points.

Fig. 20 plots the college attendance and the 4-year college graduation rates for the benchmark and reduced tuition 
policy over the full distribution of cognitive ability and noncognitive ability. The college tuition subsidy increases the college 
attendance at age 21 for all quartiles of cognitive ability, including those located at the lowest cognitive ability quartile.

In summary, the model with education-specific fixed credit limits predicts a higher elasticity of response to tuition than 
the model with an endogenous borrowing limit. Ad hoc credit limits of the sort used by Abbott et al. (2016) overstate 
somewhat the effectiveness of a tuition-reduction policy. This finding is intuitive because restricting borrowing limits to be 

51 In the simulation, we do not allow the amount of student loan that an individual can borrow if he decides to attend college to be directly affected by 
such college tuition subsidy.
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Table 10
Years of schooling and college attendance and graduation under different experiments (fixed credit limits by 
education).

Years of 
schooling 
at age 30

College 
attendance at 
age 21 (%)

4-year college 
graduation at 
age 25 (%)

% Students 
who work 
part-time

Benchmark 13.52 48.44 34.53 64.83

Counterfactual experiments Changes relative to benchmark

(1) Subsidizing college tuition 0.29 7.63 5.78 −5.11
(2) Increasing student loan limits 0.12 4.60 2.34 0.60

Note: Education is measured by the average years of schooling at age 30. College attendance is measured as 
the percentage of individuals whose years of education is more than or equal to 13 at age 21. The rate of 
4-year college graduation is measured as the percentage of individuals whose years of schooling is more than 
or equal to 16 at age 25. The fraction of students who work part-time while in school are calculated over age 
18 to 22.

Fig. 20. Effects of college tuition subsidy on attendance and graduation (fixed credit limits by education).

the same within each education group over-predicts the amount of debt a low-ability individual can borrow from private 
debt market and thus over-predicts the net benefits of college education for low ability students. Even after conditioning on 
education, our model predicts that the amount of debt an individual can borrow is lower if the individual has lower human 
capital (either due to low abilities or low work experience) and if the individual has a higher psychic cost of working.

8.2.3. Increasing student loan limits
In this counterfactual experiment, we increase the borrowing limit from the student program by $1,500 for each academic 

year (the same as in the analysis of our model). As shown in Table 10, such policy experiments lead to a 4.60 percentage 
point increase in the college attendance rate at age 21 and 2.34 percentage points increase in the 4-year college graduation 
rate at age 25. The fraction of students age 18 to 22 who work part-time while in school increases by 0.6 percentage points. 
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Fig. 21. Effects of increasing student loan limits on attendance and graduation (fixed credit limits by education).

Fig. 21 plots the college attendance and the 4-year college graduation rates for the benchmark and enhanced student loan 
limit policy over the full distribution of cognitive ability and noncognitive ability. The differences are small.52 These results 
are comparable to those obtained from the model with endogenous credit constraints.

9. Summary and conclusion

This paper estimates a life cycle model of human capital and work experience with parental transfers in the presence of 
endogenous borrowing limits and precautionary savings motives. In our model, individuals are subject to uninsured human 
capital risks and choose to invest in education, accumulate work experience and assets, and smooth consumption. Borrowing 
is permitted up to an endogenously determined limit. The limit is explicitly derived. Our model extends Aiyagari’s (1994)
analysis by considering the effects of labor supply and human capital accumulation on the supply of available credit. We 
account for the private lending market and government student loan programs. We use our estimated model to investigate 
the determinants of human capital inequality and to examine the relationship between educational attainment, cognitive 
and noncognitive abilities, and parental education and wealth. We analyze the effects of tuition subsidies and enhanced 
student loan limits on educational attainment and human capital inequality. We do not introduce arbitrary free parameters 
into our analysis of credit constraints, nor do we impose ad hoc borrowing constraints.

We find substantial evidence of life cycle credit constraints that affect human capital accumulation and inequality. Con-
strained individuals fall into two groups. A large proportion of the chronically poor with low initial endowments and abilities 
who acquire little skill over their lifetimes are constrained. There is also a smaller portion of initially well-endowed persons 
with high levels of acquired skills who are constrained early in their life cycles. The first group has flat life cycle wage pro-
files. Most remain constrained over their lifetimes. The second group has rising life cycle wage profiles. They are constrained 

52 These results are comparable to those reported in Johnson (2013).
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only early on in life because they cannot immediately access their future earnings. As they age, their constraints are relaxed 
as they access their future earnings.

Equalizing cognitive and noncognitive ability (separately and together) has dramatic effects on reducing inequality in 
education. Equalizing parental backgrounds has a much weaker effect on inequality in earnings and consumption. Reducing 
tuition has substantial impacts on schooling, but has only minor effects on our measures of inequality (even lifetime utility). 
Enhancing student loan limits has minor effects on all outcomes studied.

We compare the estimates from our model with those from a recent model that imposes ad hoc credit constraints by ed-
ucation level. There are differences in the predictions across models. The ad hoc approach overstates the likely effectiveness 
of tuition policy and understates the fraction of individuals who are constrained.
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