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On the cluster size distribution for

percolation on some general graphs

Antar Bandyopadhyay, Jeffrey Steif and Addm Timar

Abstract

We show that for any Cayley graph, the probability (at any p) that
the cluster of the origin has size n decays at a well-defined exponential
rate (possibly 0). For general graphs, we relate this rate being positive
in the supercritical regime with the amenability /nonamenability of
the underlying graph.

1. Introduction

Percolation is perhaps the most widely studied statistical physics model for
modeling random media. In addition, it is a source of many challenging open
problems and beautiful conjectures which are easy to state but often are
very difficult to settle; see [13] for a survey and introduction. The classical
literature concentrates on studying the model on Euclidean lattices Z¢, d > 2
and on trees. However in recent years, there has been a great deal of interest
in studying percolation on other infinite, locally finite, connected graphs;
see [10, 9, 8, 15, 16, 14, 17, 27].

Our first theorem states that for any Cayley graph, the probability that
the cluster of the origin has size n decays at a well-defined exponential rate.
For Z¢, this is Theorem 6.78 in [13]. Throughout this paper, C' will denote
the connected component of a fixed vertex (the origin for Cayley graphs) for
Bernoulli percolation.

Theorem 1 If G is a Cayley graph, then

1
lim — log P, (|C| = n) exists for every p € (0,1).

n—oo
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Our method for proving this result combines a randomized version of
the usual method using subadditivity (as in for Z9) together with a proof
that any two finite subgraphs of G have disjoint translates that are at dis-
tance < 4 from each other where § is an appropriate function of the sizes of
the subgraphs. One expects perhaps that one should be able to take § being
a constant, depending only on the graph. See Question 3 for the statement
of this problem.

Remark: Interesting, as we point out later, there is a concept of an ordered
group who's definition is as follows:

Definition 1 A group G with a linear ordering <* is called an (right) or-
dered group if for every a <* b we have ag <* bg for all g € G.

For such groups, the proof of Theorem 6.78 in [13] can be extended. However,
for general groups, it seems that this proof cannot be applied.

It is of course of interest to know if the limit above is positive or 0.
As will be pointed out later, it is positive below the critical value for all
transitive graphs and so we restrict discussion to the supercritical regime.
In this case, for Z¢, the limit is 0 (see Theorem 8.61 in [13]) while for trees
it is positive (although 0 at the critical value). Equation (10.12) in [13] has
an explicit formula for these probabilities for the rooted infinite 3-ary tree.

One of the key issues studied in percolation is the difference in the behav-
ior of percolation depending on whether the underlying graph is amenable
or nonamenable (9, 8, 17, 27]. For example, for amenable transitive graphs,
there is uniqueness of the infinite cluster for all values of p while for nona-
menable transitive graphs, it is conjectured that there is nonuniqueness of
the infinite cluster for some values of p. Here it is also worthwhile to point
out that it is well known that properties of other probabilistic models as-
sociated with a graph differ depending on whether the graph is amenable
or not. Perhaps the most classical of all is the relation with simple random
walk on a graph, first studied by Kesten [22] where it was shown that there
is a positive spectral gap in the transition operator if and only if the group
is nonamenable. Similar relationships have been nvestigated with respect
to other statistical physics models (see e.g. [20, 21, 17, 11)).

For the nonamenable case, we state the following question.

Question 1 Is it true that for a general transitive nonamenable graph G we
have

(1.1) Pr(ICl=n) <exp(—v(p)n) Y n>1

for some v (p) > 0 whenever p # p, (G) ?
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Consider a general weakly nonamenable graph G := (V,£) (not neces-
sarily transitive) with bounded degree. Using a not so difficult argument
of counting laftice animals, one can prove that if vy is a fixed vertex of G
and C is the open connected component of vy, then for sufficiently large p
there is a function « (p) > 0, such that

(1.2) P,(ICl=n)<e®™ ¥V n>1.

In fact, in the appendix by Gébor Pete in [11] (see equation (A.3)), it is
shown by a slightly more involved argument, that the exponential decay (1.2)
holds whenever p > 1/ (1 + ') where &' = k' (G, vp) is the anchored Cheeger
constant. This is certainly in contrast to the Z? case and also, as we will see
later in Section 4, to what happens for a large class of transitive amenable
graphs.

Using classical branching process arguments, one can conclude that for
any infinite regular tree (which are prototypes for transitive nonamenable
graphs), we must have an exponential tail bound for the cluster size distri-
bution, when p is not equal to the critical probability.

The assumption of transitivity is however needed for Question 1 to have
a positive answer as the following example illustrates. The graph obtained
by taking Z* and attaching a regular rooted tree with degree r + 1 at each
vertex where r satisfies p. (Z%) < 1 is a nontransitive, nonamenable graph
which possesses an intermediate regime (above the critical value) of sub-
exponential decay as next stated in detail.

1
o

Theorem 2 Consider the graph just described and suppose p, (Zd) <

(a) If p € (0,p. (Z%)) U (%,1) then there are functions ¢, (p) < oo and
¢2 (p) > 0, such that for alln > 1,

(1.3)  exp(=¢1(p)n) <P, (n<|C| < o00) <exp(—g¢a(p) n).

(b) Ifp e (pc (Zd) . %) then there are functions i, (p) < oo and i (p) > 0,
such that for alln > 1,

(1.4) exp (—¢1(p)n@ V) <P, (n<|C| <o0) < exp (- —1a(p) =1/,

(c) For p =1 we have constants ¢; > 0 and c; (¢) < co such that every
e>0 andforallnzl

(1.5) 1/2 <Py(n< |c|<00)SW-

As also explained in Section 5, if p, (Zd) > %, this intermediate regime
disappears.
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An interesting class of graphs to investigate in regard to Question 1 are
products of Z¢ with a homogeneous tree.

Question 2 Is there exponential decay in the supercritical regime for Z% x T,
where T, is the homogeneous r-ary tree?

We now move to the amenable case.

Conjecture 1 Let G := (V,£) be a transitive amenable graph. Then there
is a sequence oy, = o(n), such that for p > p.(G)

(1.6) Pp(n <|C| <o0) >exp(—n(p)am) ¥V n>1,
where 1 (p) < oo.

It turns out that the argument of Aizenman, Delyon and Souillard (2, 13]
for proving this sub-exponential behavior for Z¢ can be successfully carried
out for a large class of transitive amenable graphs. For Z¢, the sequence {ay, }

d—1

can be taken to be {n"a }

Theorem 3 If G:=(V, &) is a Cayley graph of a finitely presented amenable

group with one end, then there is a sequence a, = o(n) such that for
P > p.(G), there is n(p) < oo such that
(1.7) P,(n<|Cl<o0)>exp(—n(p)a,) ¥V n>1.

We finally point out that transitivity is a necessary condition in Conjecture 1.

Proposition 4 There is an amenable nontransitive graph with p. < 1 for
which one has exponential decay of the cluster size distribution at all p % De.

This paper concerns itself mostly with the supercritical case. It therefore
seems appropriate to end this introduction with a few comments concerning
the subcritical case. It was shown independently in [25] and [1] that for Z¢
in the subcritical regime, the size of the cluster of the origin has a finite
expected value. While it seems that the argument in [25] does not work
for all transitive graphs as it seems that it is needed that the balls in the
graph grow slower than "’ for some v < 1, it is stated in [27] that the
argument in [1] goes through for any transitive graph. Theorem 6.75 in [13]
(due to [3]) states that for Z, if the expected size of the cluster is finite, then
exponential decay of the tail of the cluster size follows. As stated in [3], this
result holds quite generally in transitive situations and so, in combination
with the statement in [27] referred to above, for all transitive graphs, one
has exponential decay of the cluster size in the subcritical regime.

We point out however, not surprisingly, that transitivity is again needed
here. An example of a graph which does not have exponential decay in (a
portion of) the subcritical regime is obtained by taking the positive integers,
planting a binary tree of depth a;, (sufficiently large) at k for k > 1 and also
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attaching to the origin a graph whose critical value is say 3/4. This graph
has p. = 3/4 but for some p < 3/4, exponential decay fails.

We mention that Questions 3 and 4 which appear later on and arise
naturally in our study could also be of interest to people in geometric group
theory.

The rest of the paper is organized as follows. In Section 2, we provide all
the necessary definitions and notations. In Section 3, we prove Theorem 1.
In Section 4, we prove Theorem 3 and Proposition 4. Finally, in Section 5,
we prove Theorem 2 as well as study the variant of the example in Theorem 2
obtained by taking p, (Zd) > % instead.

2. Definitions and notations

Let G = (V,€) be an infinite, connected graph. We will say G is locally
finite if every vertex has finite degree.

The i.i.d. Bernoulli bond percolation with probability p € [0,1] on G is a
probability measure on {0,1}%, such that the coordinate variables are i.i.d.
with Bernoulli (p) distribution. This measure will be denoted by P,. For a
given configuration in {0,1}°, it is customary to say that an edge e € £ is
open if it is in state 1, otherwise it is said to be closed. Given a configuration,
write £ = £, U &, where £, is the set of all open edges and £, is the set
of all closed edges. The connected components of the subgraph (V,£,) are
called the open connected components or clusters.

One of the fundamental quantities in percolation theory is the critical
probability p. (G) defined by

(2.1) p.(G) :=inf {p € [0,1] | P, (3 an infinite cluster ) =1} .

The percolation model is said to be subcritical, critical or supercritical regime
depending on whether p < p.(G), p = p. (G) or p > p. (G) respectively.

For a fixed vertex v € V, let C (v) be the open connected component
containing the vertex v. Let

(2.2) 0z (p) =P, (C (v) is infinite ) .

For a connected graph G, it is easy to show that irrespective of the choice
of the vertex v

(2.3) p.(G)=inf {p€[0,1] | 6% (p) >0}.

Definition 2 We will say a graph G = (V, £) is transitive if for every pair
of vertices v and v there is an automorphism of G, which sends u to v.
In other words, a graph G is transitive if its automorphism group Aut (G)
acts transitively on V.
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Observe that if G is transitive then we can drop the dependency on the
vertex v in (2.2), and then we can write 0 (p) = P, (C (vp) is infinite) for a
fixed vertex vg of G. f¢ (-) is called the percolation function for a transitive
graph G.

We now give definitions of some of the qualitative properties of a graph G
which are important for our study.

Definition 3 Let G := (V, ) be an infinite, locally finite, connected graph.
The Cheeger constant of G, denoted by k (G), is defined by
|oW|

(2.4) % (G) = inf {W

0#W CYV and |W|<oo}

where OW = {u ¢ W |3v € W, such that {u,v} € £} is the external
vertex boundary. The graph G is said to be amenable if k (G) = 0; otherwise
it is called nonamenable.

A variant and weaker property than the above is the following.

Definition 4 Let G := (V, ) be an infinite, locally finite, connected graph.
We define the anchored Cheeger constant of G with respect to the vertez vy
by

(2.5) K'(G,v) := inf {Lﬂ%'

vo € W C V,W connected and |W| < oo}

where OW is defined as above. The graph G is said to be strongly amenable
if k' (G, vy) = 0, otherwise it is called weakly nonamenable.

It is easily argued that for a connected graph G, &' (G, vy) = 0 implies that
k' (G,v) = 0 for every vertex v and so the definition of strong amenability
(or weak nonamenability) does not depend on the choice of the vertex vy. Of
course, the value of the constant k' (G, vo) may depend on the choice of v, in
the weakly nonamenable case. It follows by definition that x (G) < k' (G, vp)
for any vy and so strong amenability implies amenability. On the other hand,
it is easy to show that the two notions are not equivalent although if G is
transitive then they are equivalent.

A special class of transitive graphs which are associated with finitely
generated groups are the so-called Cayley graphs.

Definition 5 Given a finitely generated group G and a symmetric generat-
ing set 8 (symmetric meaning that S=87'), a graph G := (V,€) is called
the left-Cayley graph of G obtained using S if the vertez set of G is G and
the edge set is {{u,v}|v = su for some s€ S }.
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Similarly we can also define a right-Cayley graph of the group G obtained
using S. Observe that the left- and right-Cayley graphs obtained using the
same symmetric generating set are isomorphic, where an isomorphism is
given by the group involution u — u™', u € G. It is also easy to see that
multiplication on the right by any element in G is a graph automorphism of
any left-Cayley graph.

If not explicitly mentioned otherwise, by a Cayley graph of a finitely
generated group G, we will always mean a left-Cayley graph with respect to
some symmetric generating set.

Definition 6 A group is finitely presented if it is described by a finite num-
ber of generators and relations.

Definition 7 A graph is one-ended if when one removes any finite subset
of the vertices, there remains only one infinite component. A group is one-
ended if its Cayley graph is; it can be shown that this is then independent of
the generators used to construct the Cayley graph.

3. Limit of the tail of the cluster size distribution for
Cayley graphs

In this section, we prove Theorem 1. Throughout this section o will denote
the identity element of our group.

A Cayley graph is said to have polynomial growth if the size of a ball
is bounded by some polynomial (in its radius). Given a finitely generated
group, its Cayley graph having polynomial growth does not depend on the
choice of the finite symmetric generating set. It is well known (see [19]) that
the growth of a Cayley graph of polynomial growth is always between ark
and ér’“, for some k € N and o € (0,1) and that if a Cayley graph is not
of polynomial growth, then for any polynomial p(n), the ball of radius n
around o is larger than p(n) for all but at most finitely many n.

Let G be a Cayley graph with degree d. Denote by C, the open compo-
nent of vertex z; C' will stand for the open component of 0. As usual, for a
(not necessarily induced) subgraph H of G, E(H) is the edge set and V(H)
is the vertex set of H. Given some p € [0,1], let m, := P, (|C| = n).

Lemma 5 If G is a Cayley graph of linear or of quadratic growth, then
. 1
Jim —-—log I, (|C] = n)

exists for every p € (0,1).
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Proof. If G has quadratic growth then the vertices of G can be partitioned
into finite classes, so-called blocks of imprimitivity, in such a way that the
group of automorphisms restricted to the classes is Z?2, see [28]. Now we can
mimic the proof of the claim for Z2, see [13]: use the subadditive theorem
and the fact that for any two connected finite subgraphs of G, one of them
has a translate that is disjoint from the other, but at bounded distance
from it. For Cayley graphs of linear growth, one can proceed along the same
arguments, since a partition into blocks of imprimitivity, as above, exists
(see [19]). u

Before starting the proof of Theorem 1, we first prove the following
lemma which gives an important estimate for Cayley graphs with at least
cubic growth. Using the simple structure of Cayley graphs of linear or
quadratic growth, Lemma 6 is true for every Cayley graph. (In the latter
two cases, (|A| + |B|)** can be replaced by 1.)

Lemma 6 Let G be a Cayley graph of at least cubic growth and A,B C G
be connected subgraphs. Then there is a v € Aut(G) such that the translate
YA is disjoint from B and

dist(yA, B) < (|4 +|B[)**.

Proof. Let A, be the set of all connected subgraphs of size n in G that
contain the o. Fix I to be the group whose Cayley graph G is. Note that T
acts vertex-transitively by right multiplication on G and only the identity of
I" has a fixed point. For a vertex z of G, let 4, € I" be the (unique) element
of I' that takes o to z. Finally, for a subgraph H of G denote by H' the
1-neighborhood of H (that is, the set of vertices at distance < 1 from H).
Note that if H is connected and |V(H)| > 1, then |V(H')| < d|V(H)|,
because every point of H has at most d — 1 neighbors outside of H.

Let n,m > 1 and A € A,, B € A,,. Suppose that for some y#5€l
there is a point « in A’ such that yB’ and 5B’ both contain z. Then, by the
choice of ', y~'z # 4~'z. Since y~'z,5 'z € B, we conclude that every
z € A' is contained in at most |V (B’)| translates of B’ by I. Hence there
are at most |V(A')||V(B')| translates of B’ that intersect A’. Since G has
at least cubic growth, so there is a constant a > 0 such that, the ball of
radius (n + m)** around o contains at least a(n + m)¥4 points, which is
greater than |V(A')||V(B')| < d>nm for m,n sufficiently large. Therefore
there exists a vertex x4 g in this ball of radius (n + m)%/4 such that v, gt .
does not intersect A’. Fix such an z, p. Fix some path P(A, B) of minimal
length between A and x4 p, denote its length by |P(A, B)|. By the choice
of z4 p we have |P(A, B)| < (n+ m)¥*. Taking v := Vs s Completes the
proof. ®
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Proof of Theorem 1. For graphs of hinear or guadratic growth, the theo-
rem follows from Lemma 5.

Assume now that our group has at least cubic growth and so the ball
of radius r has volume > ar® with some a > 0 by the facts about Cayley
graphs that we mentioned earlier. Fix I' as in the proof of the previous
lemma.

The generalized subadditive limit theorem (see Theorem II.6 in the Ap-
pendix of [13]) gives the result if we can show that

(31) s & TTmTfnC(m+”)3'I4 loggy(m+n)

whenever m and n are sufficiently large, where 0 < ¢ = ¢(d,p) < 1 is some
constant depending only on d and p.

We will first show that

glm+np/i((1+d) logg(minjtald)y
n 3/4 n4-m)3/
">_ Z Z PP (C = A) PP (C“:A,B = ’YTA,B(B)) p( i (1 _p)%( s
A€A, BeEAn

where c;(d) is a constant depending only on d. We will then show that the
theorem will follow easily from here.

To prove the above inequality let A € A,, B € An,. Define r4 5 and
Yeap @ in the proof of Lemma 6. Let U(A, B) be defined as the union
of three graphs: U(A,B) := AU, ,B U P(A, B). Fix some arbitrary
X (A, B) C U(A, B) set of vertices not containing o such that the subgraph
K(A,B) := U(A,B) \ X(A, B) is connected and |[V(K(A.B))| = n+m.
Then let X (A, B) be the subgraph of U(A, B) consisting of the edges incident
to some element of X (A, B).

For fixed A € A, and B € A,, we obtain

P, (C = K(A, B)) 2
= ) B A a5 0 o)t P LR
by first opening the edges of P(A, B), closing the other edges incident to the
inner vertices of P(A, B) but not in AU ~,, ,(B), and finally closing every
edge incident to some element of X (A, B), whenever it is necessary. The
events {C = A} and {C;, ;, = 7z, 5(B)} are independent because they are

determined by disjoint sets of edges, since z4 g was chosen such that A’ and
Ye. 5(B') are disjoint. Hence the previous inequality can be rewritten as

P, (C = K(4,B) 2
(32)  2PBp(C= AP, (Cops = Yeaa(B)) P (1 - p)*mt
also using |P(A, B)| € (n + m)¥/4.
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