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We consider statistical inference based on the LASSO (cf. Tibshirani (J. Roy. Statist. Soc. Ser. B, Methodol. 58
(1996) 267–288)) in high dimensional regression problems. It is well known that the LASSO produces biased
estimator of the regression parameter. The bias problem is further exacerbated when the LASSO has the variable
selection consistency property (cf. Lahiri (Ann. Statist. 49 (2021) 820–844)). The centered and scaled point
estimators are dominated by the bias term and fail to converge to any non-degenerate limit distribution. In contrast,
we show that the LASSO interval estimators based on the Bootstrap are surprisingly accurate. Here, we consider
two variants of the Bootstrap, namely, the Residual Bootstrap and the Perturbation Bootstrap, and show that under
some regularity conditions, the Bootstrap approximations generated by both variants automatically adjust for the
effects of the bias and are second order correct. This is an important finding as centered and scaled LASSO
estimators under variable selection consistency fail to have a non-degenerate limit distribution and the Bootstrap
approximations provide a viable way of constructing valid confidence intervals. Building on these second order
results, we next consider construction of two-sided symmetric Bootstrap confidence intervals and show that with
suitable choices of the studentized pivotal quantities, Bootstrap based two-sided symmetric confidence intervals
attain a level of accuracy 𝑂 (𝑛−2) where 𝑛 is the sample size. Thus, even with penalization and with diverging
model parameter dimension, the performance of the Bootstrap here remains comparable to its finite dimensional
counterpart in the traditional Smooth Function model (cf. Hall (The Bootstrap and Edgeworth Expansion (1992)
Springer-Verlag)). We also establish similar results for the heteroscedastic case for the Perturbation Bootstrap and
report results from a moderate simulation study in support of the theoretical findings.

Keywords: Bootstrap; confidence interval; Edgeworth expansion; LASSO; second order correct; variable selection
consistency

1. Introduction

Consider the multiple linear regression model

𝑦𝑖 = 𝒙′𝑖𝜷 + 𝜖𝑖 , 𝑖 = 1, . . . , 𝑛, (1.1)

where 𝑦1, . . . , 𝑦𝑛 are responses, 𝜖1, . . . , 𝜖𝑛 are independent and identically distributed (iid) random
variables with 𝐸𝜖1 = 0, and 𝐸𝜖2

1 = 𝜎2 ∈ (0,∞), 𝒙1, . . . , 𝒙𝑛 are known non-random design vectors, and
𝜷 ≡ 𝜷𝑛 = (𝛽1,𝑛, . . . , 𝛽𝑝,𝑛)′ is the 𝑝-dimensional vector of regression parameters. When the dimension
𝑝 is large, particularly in the cases where 𝑝 > 𝑛, the linear regression model (1.1) is over-parametrized
and it is common to assume that only a few of the covariates are “active”. In mathematical terms, this
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means that the vector 𝜷𝑛 is sparse, so that the set 𝒜𝑛 = { 𝑗 : 𝛽 𝑗 ,𝑛 ≠ 0} has cardinality 𝑝0 = |𝒜𝑛 | which
is much smaller than 𝑝. For notational simplicity, we shall set 𝒜𝑛 = {1, . . . , 𝑝0}. Standard least squares
approaches fail to recover the true sparsity pattern due to continuity of the least squares solutions.
Traditionally, subset selection methods, such as AIC or BIC, have also been employed to identify the
true sparse model but these are not computationally scalable to the large 𝑝 regime. A widely used
approach to handle the underlying sparsity, particularly for the 𝑝 > 𝑛 case, is to add a penalty term to the
least square criterion function, leading to penalized regression methods that aim to simultaneously select
the true sparse model and also produce estimates of the nonzero regression coefficients corresponding
to the active covariates.

A general definition of a penalized estimator 𝜷̂𝑛 of 𝜷𝑛 is given by

𝜷̂𝑛 = arg min
𝒕

[︄
𝑛∑︂
𝑖=1

(𝑦𝑖 − 𝒙′𝑖 𝒕)
2 + 𝑛

𝑝∑︂
𝑗=1
𝑃𝜆𝑛 , 𝑗 (|𝑡 𝑗 |)

]︄
(1.2)

where 𝜆𝑛 > 0 is the penalty parameter and 𝑃𝜆𝑛 , 𝑗 (·) : [0,∞) → [0,∞) is the penalty function corre-
sponding to the 𝑗 th coefficient of 𝜷𝑛. For suitable choices of 𝜆𝑛, the penalty terms 𝑃𝜆𝑛 , 𝑗 (·) induce
some sparsity to the estimated model. A large number of penalized estimators have been introduced
in the literature, the most well known of them being the LASSO. The LASSO estimator, introduced
by Tibshirani (1996), is simply the minimizer of 𝑙1-penalized least-square criterion function where
𝑃𝜆𝑛 , 𝑗 (|𝑡 𝑗 |) = 𝑛−1𝜆𝑛 |𝑡 𝑗 | for all 𝑗 ∈ {1, . . . , 𝑝}. Due to the convexity of the LASSO criterion function,
it is computationally feasible in very high dimensional regression problems [cf. Efron et al. (2004),
Friedman et al. (2007), Fu (1998), Osborne, Presnell and Turlach (2000)], and this makes the LASSO
a popular choice among practitioners. The LASSO is well suited to the sparse setting because of its
property that it sets some regression coefficients exactly equal to 0 and hence, it automatically leads to
variable selection. With careful choice of the penalty parameter 𝜆𝑛, the LASSO is variable selection
consistent (VSC), i.e., with 𝒜̂𝑛 = {1 ≤ 𝑗 ≤ 𝑝 : 𝛽 𝑗 ,𝑛 ≠ 0} denoting the set of selected covariates, as
𝑛→∞,

ℙ(𝒜̂𝑛 =𝒜𝑛) → 1. (1.3)

See Zhao and Yu (2006), Meinshausen and Bühlmann (2006), Wainwright (2009), and Lahiri (2021),
and the references therein.

Building on the ideas of the LASSO, Fan and Li (2001) developed guidelines for constructing a penalty
function that simultaneously guarantees variable selection consistency (also, abbreviated as VSC) as
well as asymptotic normality of the penalized estimators of the nonzero 𝛽 𝑗 ,𝑛, leading to the concept
of ‘oracle property’. Specifically when 𝑝0 is finite, a penalized regression method is said to satisfy
the oracle property if (1.3) holds and if the asymptotic distribution of the estimators of the nonzero
components is the same as that of the ordinary least squares (OLS) estimator under the true/“oracle”
model that knows 𝛽𝑛, 𝑗 = 0, 𝑗 = 𝑝0 + 1, . . . , 𝑝 a priori. The latter condition is equivalent to requiring

√
𝑛𝑪1/2

11,𝑛 ( 𝜷̂
(1)
𝑛 − 𝜷 (1)

𝑛 ) 𝑑−→ N
(︁
0, 𝜎2𝑰𝑝0

)︁
, (1.4)

where 𝑪11,𝑛 is the upper left 𝑝0 × 𝑝0 submatrix of 𝑪𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝒙𝑖𝒙

′
𝑖 , where 𝒙 (1) denotes the 𝑝0 × 1

subvector of the first 𝑝0 elements of a 𝑝-vector 𝒙, and where “ 𝑑−→” denotes convergence in distribution.
Fan and Li (2001) developed the non-convex SCAD penalty following their own guidelines and showed
that it satisfies the oracle property. There are several other penalization methods, such as the MCP (cf.
Zhang (2010)), the Adaptive LASSO (or ALASSO, in short) (cf. Zou (2006)), the One-step weighted
LASSO (cf. Zou and Li (2008)), and the Post-model selection OLS (cf. Belloni and Chernozhukov
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(2013)) that are known to enjoy the oracle property under suitable conditions on the regression model
(1.1). For penalization methods satisfying the oracle property, statistical inference on the nonzero
regression coefficients can proceed using the limiting oracle normal distribution.

We next highlight the challenges to carrying out valid statistical inference based on the LASSO in
high dimensions. In contrast to the penalization methods satisfying the oracle property, the LASSO
typically does not satisfy the oracle property, ruling out approximations by the limiting oracle normal
distribution. In a significant paper, Knight and Fu (2000) derived the limit distribution of the LASSO
estimator assuming that 𝑝 is fixed (as a function of the sample size 𝑛) and that 𝜆𝑛/

√
𝑛→ 𝑐 ∈ [0,∞).

That the model dimension 𝑝 remains bounded as a function of the sample size is a very strong restriction
that rules out most applications of practical interest where 𝑝 grows to infinity and may even exceed
𝑛. Further, for 𝜆𝑛 satisfying the growth condition 𝜆𝑛 ∼ 𝑐

√
𝑛, some recent characterization results of

Lahiri (2021) imply that the LASSO cannot select the true sparsity pattern with high probability and
hence, it is not VSC. In such a scenario, on top of the fixed dimension restriction, the selected model
would include spurious covariates, leading to a distorted description of the relation between the response
and the covariates. Results in Lahiri (2021) also provide conditions on 𝜆𝑛 (outside the “𝜆𝑛 =𝑂 (

√
𝑛)”

regime) that allow the LASSO to be VSC, so that the LASSO selects the true model with probability
tending to one. However, for such choices of 𝜆𝑛,

√
𝑛( 𝜷̂𝑛 − 𝜷𝑛) is not tight (cf. Lahiri (2021)) and hence,

it can no longer have a limit distribution, even for a finite 𝑝 as in Knight and Fu (2000). Thus, for
valid statistical inference on the model parameters based on the LASSO in high dimensions, neither the
oracle limit distribution nor the non-normal limit distribution of Knight and Fu (2000) are applicable,
prompting one to look for alternative distributional approximation methods such as the Bootstrap.

In this paper, we consider two popular Bootstrap methods, namely the Residual Bootstrap (RB) and
the Perturbation Bootstrap (PB) methods for approximating the distributions of the LASSO estimators
in high dimensions. Thus, we will allow 𝑝 to grow to infinity with 𝑛 and hence, in view of the discussions
above, exclusively focus on the case where the LASSO has the VSC property. The main results of the
paper elucidate on the error of normal approximation for the LASSO under VSC, supplementing the
results of Lahiri (2021), and on higher order properties of the Bootstrap approximations generated by
the RB and the PB. To describe the results more precisely, henceforth, we drop the assumption that 𝑝0 is
fixed (or bounded) and allow both 𝑝 and 𝑝0 to become unbounded with 𝑛. Define 𝑻𝑛 =

√
𝑛𝑫𝑛 ( 𝜷̂𝑛 − 𝜷)

where 𝑫𝑛 is a 𝑞 × 𝑝 matrix with 𝑡𝑟 (𝑫𝑛𝑫
′
𝑛) = 𝑂 (1) (where 𝑞 does not depend on 𝑛). Thus, 𝑻𝑛 is a

collection of 𝑞-many centered and scaled linear functions of 𝜷̂𝑛. It is easy to show that the oracle limit
distribution of 𝑻𝑛 is normal with mean zero and covariance matrix 𝚺𝑛 = 𝑫 (1)

𝑛 𝑪−1
11,𝑛𝑫

(1)′
𝑛 where 𝑫 (1)

𝑛

consists of the first 𝑝0 columns of 𝑫𝑛. As a measure of the error of oracle normal approximation, we
consider the quantity

Δ𝑛 = sup
𝑩∈𝒞𝑞

|ℙ(𝑻𝑛 ∈ 𝑩) −Φ(𝑩;𝜎2𝚺𝑛) |

where 𝒞𝑞 is the collection of Borel measurable convex subsets of ℛ𝑞 and Φ(·; 𝑨) denotes the normal
distribution on ℛ𝑞 with zero mean and variance matrix 𝑨. We show that under some standard regularity
conditions,

Δ𝑛 → 1 as 𝑛→∞.

Thus, the oracle normal approximation to the distribution of 𝑻𝑛 fails. Indeed, it can be shown that
in this case, 𝑻𝑛 is no longer stochastically bounded and it can not be approximated by any given
probability distribution (including the oracle normal distribution). On the other hand, denoting the
difference between the distributions of 𝑻𝑛 and its RB and PB approximations over the same class of
sets 𝒞𝑞 by Δ∗

𝑛 and Δ∗∗
𝑛 , respectively, we are able to show that

Δ∗
𝑛 + Δ∗∗

𝑛 =𝑂 𝑝 (𝑛−1/2).
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This shows that while the oracle normal approximation or approximations generated by any fixed
distribution are not asymptotically valid, both of the Bootstrap methods closely track the variations in
the distributions of 𝑻𝑛 for different 𝑛’s and are consistent. In particular, the RB and the PB can be
used for constructing asymptotically valid tests and CIs for linear functions of the unknown regression
parameter 𝜷𝑛.

Next we consider studentized pivots based on𝑻𝑛. We show that with an appropriate bias-correction of
the LASSO estimator, the errors of Bootstrap approximations can be improved to 𝑜𝑝 (𝑛−1/2) uniformly
over the class 𝒞𝑞 , making both RB and PB approximations second order correct (SOC). From these
results, it follows that the Bootstrap methods enable, for example, the construction of higher order
accurate one-sided CIs (with coverage error 𝑂 (𝑛−1)) for the nonzero regression coefficients even when
dimension 𝑝 is unbounded. Building on the results for the one-sided case, we push the boundary further
and consider two-sided CIs. It is known (cf. Hall (1992)) that in the traditional fixed dimensional set up,
one-sided Bootstrap CIs based on studentized statistics outperform their limit based counterparts due
to the SOC phenomenon but in general a similar improvement is not possible for two-sided CIs. In an
important work, Hall (1988) constructed two-sided symmetric Bootstrap CIs for parameters under the
Smooth Function Model (cf. Hall (1992)) that achieved an even higher order improvement, leading to
an impressive 𝑂 (𝑛−2) level of accuracy in fixed dimensions. However, a direct application of Hall’s (cf.
Hall (1988)) construction does not yield the same level of accuracy for the LASSO studentized pivot
considered above; Both the PB and the RB methods applied to this studentized pivot struggle to achieve
the optimal rate due to sub-optimal performance of the residual based error variance estimator. Here, we
develop a modified studentizing factor and show that the PB and the RB applied to the modified pivot
attain the𝑂 (𝑛−2) rate. This is a striking result, particularly considering the fact that, for the LASSO with
the VSC property, even a limit distribution does not exist but, with a careful construction of the pivots,
the Bootstrap based statistical inference can achieve higher order accuracy levels comparable to their
counterparts in the fixed dimensional Smooth Function Model even in the case where the dimension 𝑝
of the regression model can grow at an exponential rate.

We conclude this section with a brief and selective literature review of Bootstrap methods for
penalized regression. First we consider penalization methods that are VSC. Chatterjee and Lahiri
(2013) established second order correctness of the RB for ALASSO, allowing 𝑝 to grow as a polynomial
function of 𝑛. First order results on the PB applied to the ALASSO and the SCAD were obtained by
Minnier, Tian and Cai (2011). Recently Das, Gregory and Lahiri (2019) showed that the PB proposed
by Minnier, Tian and Cai (2011) fails to be SOC and developed a modification which enables the
PB to achieve second order correctness for the ALASSO. A good amount of work has been done on
Bootstrapping the LASSO when it does not have the VSC property. Knight and Fu (2000) established√
𝑛-consistency and limit distribution of the LASSO estimators in fixed dimension assuming 𝑛−1/2𝜆𝑛 →

𝑐 ∈ [0,∞). In this case, the limit distribution is complicated and it is typically non-normal [cf. Knight
and Fu (2000), Wagener and Dette (2013))]. Chatterjee and Lahiri (2010, 2011) showed that the usual
RB fails for approximating the distribution of the LASSO in this setting and developed a modified RB
based on thresholding the residuals when the errors are iid and design vectors are non-random. In the
random design case, Camponovo (2015) developed a similar modified paired Bootstrap for the LASSO
which also works in heteroscedastic regression models. Recently Das and Lahiri (2019a) developed a
PB method for the LASSO which works for both random and non-random designs with heteroscedastic
errors. As mentioned earlier, all of these results on the LASSO without the VSC property are in fixed
𝑝 setting which is a serious limitation in most applications. The results in this paper are aimed at
complementing the existing results and establishing Lasso as a viable variable selection method in high
dimension with nice asymptotic properties.

Some variants of Lasso are also present in the literature. Lee et al. (2016) and Taylor and Tibshirani
(2018) focused on post-selection inference by Lasso where they developed conditional inference methods
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in linear models after selecting a model by Lasso. More precisely, Lee et al. (2016) and Taylor and
Tibshirani (2018) respectively considered Gaussian linear regression and generalized linear models and
performed post-selection inference by Lasso when the dimension 𝑝 is fixed and the sample size 𝑛 grows
to ∞. Zhang and Zhang (2014), van de Geer et al. (2014), Dezeure et al. (2015) and Javanmard and
Montanari (2014) focused on building techniques to construct confidence intervals for low-dimensional
parameters in high-dimensional setup without bothering about variable selection, similar to what least
square estimator does in low dimensional regime. They developed a bias corrected Lasso estimator,
called Debiased Lasso, for this purpose and established asymptotic normality for Debiased Lasso
estimators of the individual parameters. Consistency of Wild Bootstrap methods for simultaneous CIs
and testing based on Debiased LASSO estimators have also been established by Zhang and Zhang
(2014) and Dezeure et al. (2015), in high dimensions. However, unlike our work, higher order accuracy
of the Bootstrap remains unknown in all these cases.

The rest of the paper is organized as follows. For completeness, we describe the simpler RB method
first and then the PB method in Section 2. We state the regularity conditions and assumptions in Section
3. Results on the rate of normal approximation are given in Section 4 while the second order correctness
of the PB and the RB are established in Section 5, allowing 𝑝 to grow at a polynomial rate and also
at an exponential rate, under different moment assumptions on the error variables. Construction of the
symmetric Bootstrap CIs based on the RB and the PB, and their properties are reported in Section 6.
In Section 7, we give an extension of the higher order results to the heteroscedastic case, showing that
the PB methods work but not the RB. Results from a simulation study are given in Section 8. Here we
study finite sample performance of the two Bootstrap methods and also compare them to CIs based
on the naive oracle normal approximation (which does not give a valid large sample approximation).
Proofs of some of the results are presented in Section 9. Proofs of rest of the results are relegated to the
supplementary material file Das, Chatterjee and Lahiri (2026). Additional simulation results are also
presented in Das, Chatterjee and Lahiri (2026).

2. Description of the Bootstrap methods

Here we briefly describe the RB and the PB methods for the LASSO. While the original LASSO
estimator is centered around the true value of the parameter, the Bootstrapped estimators need to be
centered around suitable choices of a centering estimator 𝜷̌𝑛 (say) which is typically different from
the original estimator. For centering the RB and the PB versions of the LASSO estimator, we are
going to take 𝜷̌𝑛 to be the Post-LASSO OLS estimator (cf. Belloni and Chernozhukov (2013)) in the
rest of the paper. This is an important step to ensure higher order accuracy of the resulting Bootstrap
approximations; Intuitively, the main reason behind this consideration is to avoid the contribution of
large bias of the original LASSO estimator under VSC to the centering term. See also the discussion on
the effect of bias correction after the definition of pivotal quantities in Section 5.

2.1. Residual Bootstrap

First, let us briefly describe the RB method in LASSO. Define the residuals {𝜖1, . . . , 𝜖𝑛} by 𝜖𝑖 = 𝑦𝑖−𝑥′𝑖 𝜷̌𝑛.
Suppose 𝜖𝑛 is the mean of the residuals. Then, select a random sample {𝜖∗1 , . . . , 𝜖

∗
𝑛} with replacement

from {(𝜖1 − 𝜖𝑛), . . . , (𝜖𝑛 − 𝜖𝑛)} and define

𝑦∗𝑖 = 𝑥
′
𝑖 𝜷̌𝑛 + 𝜖∗𝑖 , 𝑖 = 1, . . . , 𝑛.



2870 D. Das, A. Chatterjee and S.N. Lahiri

Then the RB version 𝜷̂
∗
𝑛 of the penalized estimator 𝜷̂𝑛 is defined as

𝜷̂
∗
𝑛 = arg min

𝒕∗

{︂ 𝑛∑︂
𝑖=1

(𝑦∗𝑖 − 𝒙′𝑖 𝒕
∗)2 + 𝜆𝑛

𝑝∑︂
𝑗=1

|𝑡∗𝑗 |
}︂
. (2.1)

Note that here we have considered the actual residuals, not the thresholded residuals as in the construction
of Chatterjee and Lahiri (2011). As pointed out earlier, we will use the Post-LASSO OLS estimator 𝜷̌𝑛

to center 𝜷̂∗𝑛.

2.2. Perturbation Bootstrap

Let 𝐺∗
1, . . . , 𝐺

∗
𝑛 be 𝑛 independent copies of a non-degenerate random variable 𝐺∗ ∈ [0,∞) having

expectation 𝜇𝐺∗ . These quantities will serve as perturbation quantities in the construction of the PB
version of the LASSO estimator. We define the PB version as the minimizer of a carefully constructed
penalized objective function. Define the pseudo responses {𝑧1, . . . , 𝑧𝑛} by

𝑧𝑖 = 𝒙′𝑖 𝜷̌𝑛 + 𝜖𝑖𝜇−1
𝐺∗ (𝐺∗

𝑖 − 𝜇𝐺∗ ),

where 𝜖𝑖 = (𝑦𝑖 − 𝒙′𝑖 𝜷̌𝑛), 𝑖 = 1, . . . , 𝑛. Then the PB version 𝜷̂
∗∗
𝑛 of the penalized estimator 𝜷̂𝑛 is defined

as

𝜷̂
∗∗
𝑛 = arg min

𝒕∗

[︂ 𝑛∑︂
𝑖=1

(︁
𝑧𝑖 − 𝒙′𝑖 𝒕

∗)︁2 + 𝜆𝑛
𝑝∑︂
𝑗=1

|𝑡∗𝑗 |
]︂
. (2.2)

Some choices of the distribution 𝐺∗ are given in Section 3 below. For the PB-versions of the pivots, we
will use the Post-LASSO OLS estimator 𝜷̌𝑛 to center 𝜷̂∗∗𝑛 .

3. Assumptions

In this section we state the technical assumptions and briefly explain the justification behind these
assumptions. We begin with some notation that will be used in the rest of the paper. We denote the
true parameter vector as 𝜷𝑛 = (𝛽1,𝑛, . . . , 𝛽𝑝,𝑛)′, where the subscript 𝑛 emphasizes that the dimension
𝑝 := 𝑝𝑛 may grow with the sample size 𝑛. Let 𝒜𝑛 = { 𝑗 : 𝛽 𝑗 ,𝑛 ≠ 0} = {1, . . . , 𝑝0}. For simplicity, we
suppress the subscript 𝑛 in 𝑝𝑛 and 𝑝0𝑛. Consider the partition of 𝑪𝑛 = 𝑛−1 ∑︁𝑛

𝑖=1 𝒙𝑖𝒙
′
𝑖 as

𝑪𝑛 =

[︃
𝑪11,𝑛 𝑪12,𝑛
𝑪21,𝑛 𝑪22,𝑛

]︃
,

where 𝑪11,𝑛 is of dimension 𝑝0 × 𝑝0. and define 𝑠𝑔𝑛(𝑥) = −1,0,1 according as 𝑥 < 0, 𝑥 = 0, 𝑥 > 0,
respectively. Let

𝑺𝑛 =

[︄
𝑫 (1)

𝑛 𝑪−1
11,𝑛𝑫

(1)′
𝑛 · 𝜎2 𝑫 (1)

𝑛 𝑪−1
11,𝑛 𝒙̄

(1)
𝑛 · 𝜇3

𝒙̄ (1)′
𝑛 𝑪−1

11,𝑛𝑫
(1)′
𝑛 · 𝜇3 (𝜇4 − 𝜎4)

]︄
,

where 𝒙̄𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝒙𝑖 = (𝒙̄ (1)′

𝑛 , 𝒙̄ (2)′
𝑛 )′ with 𝒙̄ (1)′

𝑛 consisting of first 𝑝0 components of 𝒙̄′𝑛, 𝜎2 =
𝕍(𝜖1) = 𝔼(𝜖2

1 ), and where 𝜇3 and 𝜇4 are, respectively, the third and fourth central moments of 𝜖1.
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𝑫 (1)
𝑛 is the 𝑞 × 𝑝0 submatrix of 𝑫𝑛 consisting of first 𝑝0 columns of 𝑫𝑛. Define in addition the

𝑞 × 𝑝0 matrix 𝑫̌
(1)
𝑛 = 𝑫 (1)

𝑛 𝑪−1/2
11,𝑛 and the 𝑝0 × 1 vector 𝒙̌ (1)

𝑖 = 𝑪−1/2
11,𝑛 𝒙

(1)
𝑖 . For any matrix 𝑴, let 𝑴 𝑗 ·

denote the 𝑗 th row of 𝑴. For any vector 𝒍 ∈ ℛ𝑚 and a real number 𝑘 ≥ 1, ∥ 𝒍 ∥𝑘
𝑘
= 𝑚−1 ∑︁𝑚

𝑗=1 |𝑙 𝑗 |
𝑘 and

∥ 𝒍 ∥∞ = max{|𝑙𝑚 | : 1 ≤ 𝑗 ≤ 𝑚} are respectively the 𝐿𝑘 and the Sup norm. When 𝑘 = 2 then we denote
∥ 𝒍 ∥2 by simply ∥ 𝒍 ∥. By ℙ∗ and𝔼∗ we denote, respectively, the probability and the expectation conditional
upon the observed data.

For a convex function 𝑔 : [0,∞) → [0,∞) with 𝑔(0) = 0 and a zero mean random variable 𝑌 , define
the 𝑔-Orlicz norm of 𝑌 as

∥𝑌 ∥𝑔 = inf
{︂
𝑎 > 0 : 𝐸

[︂
𝑔
(︂
|𝑌 |/𝑎

)︂]︂
≤ 1

}︂
.

Let 𝑟 be some positive number ≥ 1. Let 𝛿1 ∈ (0,1) and 𝐾𝑟 be a constant depending only on 𝑟 .
We are going to use 𝑟, 𝛿1, 𝐾𝑟 , 𝐾̃ in stating the assumptions below. Let 𝑔𝛾 (𝑥) = 𝑒𝑥

𝛾 − 1. Assume
that for any 𝛾 > 0, 𝐶 (𝛾) = max{

√
2,21/𝛾} ×

[︁√
8𝑒3 (2𝜋)1/4𝑒1/24 (︁𝑒2/𝑒/𝛾

)︁1/𝛾 ]︁ when 𝛾 < 1 & 𝐶 (𝛾) =
max{

√
2,21/𝛾} ×

[︁
4𝑒 + 2(log 2)1/𝛾 ]︁ when 𝛾 ≥ 1. Then define

𝜅(𝛾, 𝑟) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2𝑒(𝐶 (𝛾) + 𝑒)

(︃
𝐾̃ ∥𝜖 ∥𝑔𝛾 +

41+1/𝛾
√

2

)︃
if 𝛾 ∈ (0,1] ∪ [2,∞)

2𝑒(𝐶 (𝛾) + 𝑒)
(︃
𝐾̃ ∥𝜖 ∥𝑔𝛾 +

41+1/𝛾
√

2
𝐾

1/2𝑟𝛾
𝑟

)︃
if 𝛾 ∈ (1,2).

We now list the assumptions. Except the assumptions (A.5) and (A.6), let all the below assumptions
hold for all 𝑛 > 𝛿−1

1 . The value of 𝑟 will be specified in each theorem.

(A.1) max{|(𝑪21,𝑛) 𝑗 ·𝑪−1
11,𝑛𝑠𝑔𝑛(𝜷

(1)
𝑛 ) | : 1 ≤ 𝑗 ≤ (𝑝 − 𝑝0)} ≤ 1 − 𝜂 for some 𝜂 ∈ (0,1).

(A.2) (i) max{𝑛−1 ∑︁𝑛
𝑖=1 |𝑥𝑖, 𝑗 |

2𝑟 : 1 ≤ 𝑗 ≤ 𝑝} + max{𝑛−1 ∑︁𝑛
𝑖=1

⃓⃓
(𝑪−1

11,𝑛) 𝑗. 𝒙 (1)
𝑖

⃓⃓2𝑟 : 1 ≤ 𝑗 ≤ 𝑝0} +
max{𝑛−1 ∑︁𝑛

𝑖=1 | (𝑪21,𝑛) 𝑗 ·𝑪−1
11,𝑛𝑥

(1)
𝑖 |2𝑟 : 1 ≤ 𝑗 ≤ (𝑝 − 𝑝0)} + 1 ≤ 𝐾𝑟 .

(i)′ max{|𝑥𝑖, 𝑗 | : 1 ≤ 𝑖 ≤ 𝑛,1 ≤ 𝑗 ≤ 𝑝} + max{𝑛−1 ∑︁𝑛
𝑖=1

⃓⃓
(𝑪−1

11,𝑛) 𝑗.𝒙
(1)
𝑖

⃓⃓2𝑟 : 1 ≤ 𝑗 ≤ 𝑝0} +
max{|(𝑪21,𝑛) 𝑗 ·𝑪−1

11,𝑛 𝑥
(1)
𝑖 | : 1 ≤ 𝑖 ≤ 𝑛,1 ≤ 𝑗 ≤ (𝑝 − 𝑝0)} + 1 ≤ 𝐾̃ for some constant

𝐾̃ .
(ii) 𝑪11,𝑛 is non-singular and max{𝑐 𝑗 , 𝑗11,𝑛 : 1 ≤ 𝑗 ≤ 𝑝0} ≤ 𝐾𝑟 , where 𝑐 𝑗 , 𝑗11,𝑛 is the ( 𝑗 , 𝑗)th

element of 𝑪−1
11,𝑛.

(A.3) (i) sup{𝒙′ 𝑫̌ (1)
𝑛 𝑫̌

(1)′
𝑛 𝒙 : 𝒙 ∈ ℛ𝑞 , ∥𝒙∥ = 1} < 𝛿−1

1 .
(ii) 𝑛−1 ∑︁𝑛

𝑖=1 ∥𝑫̌
(1)
𝑛 𝒙̌ (1)

𝑖 𝒙̌ (1)′
𝑖 𝑫̌

(1)′
𝑛 ∥𝑟 ≤ 𝐾𝑟 .

(iii) inf{𝒙′𝑺𝑛𝒙 : 𝒙 ∈ ℛ𝑞+1, ∥𝒙∥ = 1} > 𝛿1.

(A.4) min{|𝛽 𝑗 ,𝑛 | : 𝑗 ∈ 𝒜𝑛} >
(︂𝐾𝑟𝛿

−1
1

2

)︂ (︂𝜆𝑛
𝑛

)︂
𝑝0

(A.5) (i) 𝔼|𝜖1 |2𝑟 <∞. 𝔼𝜖1 = 0.
(ii) (𝜖1, 𝜖

2
1 ) satisfies Cramer’s condition:
lim sup∥ (𝑡1 ,𝑡2 ) ∥→∞ 𝔼(𝑒𝑥𝑝(𝑖(𝑡1𝜖1 + 𝑡2𝜖2

1 ))) < 1.
(A.6) (i) 𝔼∗(𝐺∗

1)
2𝑟 <∞. 𝕍(𝐺∗

1) = 𝜎
2
𝐺∗ = 𝜇2

𝐺∗ , 𝔼∗(𝐺∗
1 − 𝜇𝐺∗ )3 = 𝜇3

𝐺∗ . (Only for PB)
(ii) 𝐺∗

𝑖 and 𝜖𝑖 are independent for all 1 ≤ 𝑖 ≤ 𝑛. (Only for PB)
(iii) ((𝐺∗

1 − 𝜇𝐺∗ ), (𝐺∗
1 − 𝜇𝐺∗ )2) satisfies Cramer’s condition:

lim sup∥ (𝑡1 ,𝑡2 ) ∥→∞ 𝔼∗(𝑒𝑥𝑝(𝑖(𝑡1 (𝐺∗
1 − 𝜇𝐺∗ ) + 𝑡2(𝐺∗

1 − 𝜇𝐺∗ )2))) < 1. (Only for
PB)
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(A.7) (i)
𝜆𝑛√︁
𝑛 log𝑛

≥ 𝑟𝑒2𝑟𝐾1/2
𝑟

1 − 𝜂 where 𝜂 is defined in assumption (A.1).

(i)′
𝜆𝑛

𝑛1/2+𝛿 ≥ 2𝜅(𝛾, 𝑟)
1 − 𝜂 for some 𝛿 ∈ (0,1/2).

(ii)
(︂𝜆𝑛
𝑛

)︂
𝑝0 ≤ 𝛿1 (log𝑛)−1.

If the condition (i)′ is considered instead of (i) in (A.2) or in (A.7) then we will write them as (A.2)′ or
(A.7)′, respectively. Now we comment on the assumptions. Assumption (A.1) is the strong irrepresentable
condition [cf. Zhao and Yu (2006)] that is required to achieve strong sign consistency as well as variable
selection consistency (VSC) of the LASSO. Clearly this condition holds if max{∥(𝑪21,𝑛) 𝑗 ·𝑪−1

11,𝑛∥ :
1 ≤ 𝑗 ≤ 𝑝0} ≤ 1 − 𝜂. Assumption (A.2) describes a set of regularity conditions on the design vectors.
(A.2)(i) (or (i)′) and (ii) are needed to obtain moment bounds on weighted sums like

[︁∑︁𝑛
𝑖=1 𝒙𝑖𝜖𝑖

]︁
,[︁

𝑪−1
11,𝑛

∑︁𝑛
𝑖=1 𝒙

(1)
𝑖 𝜖𝑖

]︁
,
[︁ (︁
𝑪21,𝑛) 𝑗 ·𝑪−1

11,𝑛
∑︁𝑛

𝑖=1 𝒙
(1)
𝑖 𝜖𝑖

]︁
, etc. Also, for a general value of 𝑟 , (A.2)(i), (ii) are

much weaker than conditioning on 𝐿𝑟 -norms of the design vectors. Here the value of 𝑟 is determined
by the order of the relevant Edgeworth expansion and will be specified in the statements of individual
theorems. Assumptions (A.3)(i) and (iii) are conditions on the largest and the smallest eigen values
of the respective matrices. These are necessary to obtain bounds needed in the studentized setup as
well as to obtain certain Edgeworth expansions. (A.3)(ii) is specially used for moment bounds in the
proofs. This is comparable to the condition (A.2)(i), but involves 𝑫𝑛 as well. Assumption (A.4) is the
beta-min condition. It is required to separate the relevant covariates from the non-relevant ones in the
high dimensional regression model. More precisely, this condition along with (A.1) is ensuring the true
support recovery (i.e., the VSC) property of the LASSO.

Assumption (A.5)(i) is a moment condition on the error variables needed for valid Edgeworth
expansions. Assumption (A.5)(ii) is Cramer’s condition on the errors, which is very common in the
literature of Edgeworth expansions; it is satisfied when the distribution of (𝜖1, 𝜖

2
1 ) has a non-degenerate

component which is absolutely continuous with respect to the Lebesgue measure [cf. Bhattacharya and
Ghosh (1978)]. Assumptions (A.6)(i) and (iii) are the analogous conditions on the perturbing random
quantities to get a valid Edgeworth expansion in case of the PB only. Assumption (A.6)(ii) is natural,
since the 𝜖𝑖 are present already in the data generating process, whereas 𝐺∗

𝑖 are introduced by the user.
One immediate choice of the distribution of 𝐺∗ is the Beta(1/2,3/2), which is used in our simulations,
presented in Section 8. Other choices of the distribution of 𝐺∗ can be found in Das, Gregory and Lahiri
(2019). Finally, Assumption (A.7) specifies conditions on the penalty parameter and on the number
of relevant covariates 𝑝0. Assumption (A.7)(i) will be used to obtain polynomial growth rate of the
dimension 𝑝 whereas (A.7)(i)′ will be used for proving the results when 𝑝 grows at an exponential
Weibull rate with 𝑛. The constants appearing in these bounds on 𝜆𝑛 are due to the applications of
Lemma 1 and Lemma 2 (See Das, Chatterjee and Lahiri (2026)) respectively. Assumption (A.7)(ii) is
ensuring that the minimum value of the true value of the parameter corresponding to relevant covariates
in Assumption (A.4) can be very close to 0. Note that (A.7) implies that 𝑝0 can grow at most at the rate
𝑜
(︁
𝑛1/2 (log𝑛)−3/2)︁ . In a linear model with 𝑝0 > 𝑛, the unknown parameter is non-identifiable even in

the absence of error terms. The identifiability ensures that there is a ‘true’ 𝜷 behind the data generating
process. In our paper, the aim is to construct inferential procedures for the ‘true’ 𝜷 based on Lasso.
Moreover, a Lasso solution generally contains at most {𝑛, 𝑝} non-zero components, as is established by
Tibshirani (2013) under some mild conditions. Therefore, 𝑛 > 𝑝0 is natural to assume while building
an inferential procedure in Lasso. However, we need the stronger condition (A.7) to accommodate
studentization.
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4. Rates of normal and Bootstrap approximations before
studentization

In this section, we explore the quality of normal and Bootstrap approximations to the distribution
of 𝜷̂𝑛 in the “percentile CI case”, i.e., without studentization. More precisely, here we are interested
in approximating the distribution of 𝑻𝑛 =

√
𝑛𝑫𝑛 ( 𝜷̂𝑛 − 𝜷) where 𝑫𝑛 is a 𝑞 × 𝑝 matrix with 𝑞 being

fixed. Define the RB version of 𝑻𝑛 as 𝑻∗
𝑛 =

√
𝑛𝑫𝑛 ( 𝜷̂

∗
𝑛 − 𝜷̌𝑛) and the PB version of 𝑻𝑛 as 𝑻∗∗

𝑛 =√
𝑛𝑫𝑛 ( 𝜷̂

∗∗
𝑛 − 𝜷̌𝑛), where, recall that, 𝜷̌𝑛 is the post-LASSO OLS estimator. To explore the quality of

normal approximation we analyze the quantityΔ𝑛 = sup𝑩∈𝒞𝑞 |ℙ(𝑻𝑛 ∈ 𝑩)−Φ(𝑩;𝜎2𝚺𝑛) | where𝒞𝑞 is the
collection of Borel convex subsets of ℛ𝑞 . On the other hand, for investigating the quality of Bootstrap
approximations, define Δ∗

𝑛 = sup𝑩∈𝒞𝑞
⃓⃓
ℙ
∗(𝑻∗

𝑛 ∈ 𝑩) − ℙ(𝑻𝑛 ∈ 𝑩)
⃓⃓

and Δ∗∗
𝑛 = sup𝑩∈𝒞𝑞

⃓⃓
ℙ
∗(𝑻∗∗

𝑛 ∈ 𝑩) −
ℙ(𝑻𝑛 ∈ 𝑩)

⃓⃓
, respectively for the RB and the PB. Now we state the first result of this section.

Theorem 1. Suppose that the conditions (A.1), (A.2)(i), (A.3)(ii), (A.3)(iii), (A.4), (A.5)(i) and (A.7)
hold with 𝑟 = 3/2. Also consider the matrix 𝑫𝑛 such that max 𝑗

⃓⃓ (︁
𝚺−1/2
𝑛

)︁
𝑗 ·
[︁
𝑫 (1)

𝑛 𝑪−1
11,𝑛 𝒄 (1)𝑛

]︁ ⃓⃓
> 𝜅 for

some 𝜅 > 0, where 𝚺𝑛 = 𝑫 (1)
𝑛 𝑪−1

11,𝑛𝑫
(1)′
𝑛 and

(︁
𝚺−1/2
𝑛

)︁
𝑗 · is the 𝑗 th row of 𝚺−1/2

𝑛 . Then we have

Δ𝑛 → 1, as 𝑛→∞.

Theorem 1 clearly shows that unlike ALASSO (cf. Zou (2006), Chatterjee and Lahiri (2013)), one
cannot use the oracle based normal approximation for the purpose of inference for the LASSO. The
reason is the bias of the LASSO estimator is much larger than that present in the ALASSO. To appreciate
why, recall that the LASSO estimator 𝜷̂𝑛 is defined as

𝜷̂𝑛 = arg min
𝒕

[︄
𝑛∑︂
𝑖=1

(𝑦𝑖 − 𝒙′𝑖 𝒕)
2 + 𝜆𝑛

𝑝∑︂
𝑗=1

(|𝑡 𝑗 |)
]︄
.

Now, writing 𝒖̂𝑛 =
√
𝑛
(︁
𝜷̂𝑛 − 𝜷𝑛

)︁
, we have

𝒖̂𝑛 = arg min
𝒗

[︄
𝒗′𝑪𝑛𝒗 − 2𝒗′𝑾𝑛 + 𝜆𝑛

𝑝∑︂
𝑗=1

(︂⃓⃓
𝛽 𝑗 ,𝑛 +

𝑣 𝑗√
𝑛

⃓⃓
−
⃓⃓
𝛽 𝑗 ,𝑛

⃓⃓)︂ ]︄

= arg min
𝒗

𝒁𝑛 (𝒗), (say). (4.1)

where 𝑪𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝒙𝑖𝒙

′
𝑖 and 𝑾𝑛 = 𝑛−1/2 ∑︁𝑛

𝑖=1 𝒙𝑖𝜖𝑖 . Note that 𝒁𝑛 (𝒗) is convex in 𝒗. Hence, the
necessary and sufficient KKT condition corresponding to (4.1) is given by

2𝑪𝑛𝒗 − 2𝑾𝑛 +
𝜆𝑛√
𝑛
𝒍𝑛 = 0 (4.2)

for some 𝑙 𝑗 ,𝑛 ∈ [−1,1] for all 𝑗 ∈ {1, . . . , 𝑝}, where 𝒍𝑛 = (𝑙1,𝑛, . . . , 𝑙𝑝,𝑛)′. Again note that 𝒜𝑛 = { 𝑗 :
𝛽 𝑗 ,𝑛 ≠ 0} = {1, . . . , 𝑝0} and 𝑪11,𝑛 is assumed to be non-singular (cf. assumption (A.2)(ii)) where 𝑪11,𝑛
is the upper left 𝑝0 × 𝑝0 submatrix of 𝑪𝑛. Therefore, using Lemma 2 of Tibshirani (2013), it can be
shown from (4.2) that on a set with probability close to 1, 𝑻𝑛 has the form (see the proof of Theorem 1
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in Section 9):

𝑻𝑛 = 𝑫 (1)
𝑛 𝑪−1

11,𝑛

[︂
𝑛−1/2

𝑛∑︂
𝑖=1

𝒙 (1)
𝑖 𝜖𝑖 −

𝜆𝑛

2
√
𝑛
𝒄 (1)𝑛

]︂
(4.3)

where 𝒄 (1)𝑛 is a 𝑝0 ×1 vector with 𝑗 th component 𝑐 𝑗 ,𝑛 = 𝑠𝑔𝑛(𝛽 𝑗 ,𝑛). We point out that the bias term in𝑻𝑛

becomes very large when the LASSO has the VSC property, resulting in a large error of approximation
by the oracle normal distribution.

Next we consider quality of the Bootstrap approximations over the same class of sets, as measured
by Δ∗

𝑛 and Δ∗∗
𝑛 . We summarize the Bootstrap approximation results for 𝑻𝑛 in the next theorem.

Theorem 2. Suppose that Assumptions (A.1), (A.2)(i), (A.3)(ii), (A.3) (iii), (A.4), (A.5)(i) and (A.7)
hold with 𝑟 = 3. Then we have

Δ∗
𝑛 =𝑂 𝑝 (𝑛−1/2).

If, in addition, the Assumption (A.6)(i) holds with 𝑟 = 3, then

Δ∗∗
𝑛 =𝑂 𝑝 (𝑛−1/2).

Theorem 2 is actually remarkable in contrast with Theorem 1. Theorem 2 implies that both the
RB and PB approximations can actually achieve the classical Berry-Esseen rate although the normal
approximation fails. In particular, one can use the RB and the PB to construct Bootstrap percentile
CIs (cf. Hall (1992)) for linear functions of 𝜷. In the next section we show that suitable studentization
improves the rate of both RB and PB to 𝑜𝑝 (𝑛−1/2), making both the Bootstrap methods second order
correct (SOC).

5. Studentization and second order correctness of the Bootstrap
We have seen in the previous section that the oracle normal approximation is of no use in approximating
the distribution of the LASSO estimator. However one can use either the RB or the PB approximation to
the distribution of 𝑻𝑛 =

√
𝑛𝑫𝑛 ( 𝜷̂𝑛 − 𝜷𝑛) to make inferences with accuracy 𝑂 𝑝 (𝑛−1/2). In this section,

we explore the possibility of obtaining second order correctness (also abbreviated as SOC) of the
Bootstrap by introducing studentization. Recall from (4.3) that

𝑻𝑛 = 𝑛
−1/2

𝑛∑︂
𝑖=1

𝑫 (1)
𝑛 𝑪−1

11,𝑛𝒙
(1)
𝑖 𝜖𝑖 −

𝜆𝑛

2
√
𝑛
𝑫 (1)

𝑛 𝑪−1
11,𝑛𝒄

(1)
𝑛

where, as before, 𝒄 (1)𝑛 is the 𝑝0 × 1 vector with its 𝑗 th component being 𝑠𝑔𝑛(𝛽 𝑗 ,𝑛). Here, the bias
present 𝑻𝑛 is 𝒃𝑛 = −2−1𝑛−1/2𝜆𝑛

√
𝑛𝑫 (1)

𝑛 𝑪−1
11,𝑛𝒄

(1)
𝑛 . Since 𝜆𝑛/

√
𝑛 diverges to ∞ faster than

√︁
log𝑛 (cf.

Assumption (A.7)), the bias term 𝒃𝑛 is too large to improve the error rate from𝑂 𝑝 (𝑛−1/2) to 𝑜𝑝 (𝑛−1/2)
even with studentization. A way out is to first correct𝑻𝑛 for bias and then perform proper studentization.

Recall that 𝒜𝑛 = { 𝑗 : 𝛽 𝑗 ,𝑛 ≠ 0} = {1, . . . , 𝑝0} and 𝜷̌𝑛 is the Post-LASSO OLS estimator. With
𝒜̂𝑛 = { 𝑗 : 𝛽 𝑗 ,𝑛 ≠ 0}, define 𝑝0,𝑛 = |𝒜̂𝑛 |. Again, for notational simplicity and without loss of generality,
we suppose that 𝒜̂𝑛 = {1, . . . , 𝑝0,𝑛}. We then partition the matrix 𝑪𝑛 = 𝑛−1 ∑︁𝑛

𝑖=1 𝒙𝑖𝒙
′
𝑖 as

𝑪𝑛 =

[︃
𝑪̂11,𝑛 𝑪̂12,𝑛
𝑪̂21,𝑛 𝑪̂22,𝑛

]︃
,
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where 𝑪̂11,𝑛 is of dimension 𝑝0,𝑛 × 𝑝0,𝑛. Similarly, we define 𝑫̂
(1)
𝑛 as the matrix containing the first

𝑝0,𝑛 columns of 𝑫𝑛 and we define 𝒙̂ (1)
𝑖 as the vector containing the first 𝑝0,𝑛 entries of 𝒙𝑖 . Similarly,

define 𝒜∗
𝑛 = { 𝑗 : 𝛽∗𝑗 ,𝑛 ≠ 0} for RB and 𝒜∗∗

𝑛 = { 𝑗 : 𝛽∗∗𝑗 ,𝑛 ≠ 0} for PB. Then, an estimator of the bias

term 𝒃𝑛 is given by 𝒃̇𝑛 = −2−1𝑛−1/2𝜆𝑛
√
𝑛𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝒄̂

(1)
𝑛 , where 𝒄̂ (1)𝑛 is a 𝑝0 × 1 vector with 𝑗 th

component 𝑠𝑔𝑛(𝛽 𝑗 ,𝑛). Hence the bias corrected version of 𝑻𝑛 is given by
(︁
𝑻𝑛 − 𝒃̇𝑛

)︁
. For 𝑛 > 𝛿−1

1 it
can be shown that

(︁
𝑻𝑛 − 𝒃̇𝑛

)︁
= 𝑛−1/2 ∑︁𝑛

𝑖=1 𝑫
(1)
𝑛 𝑪−1

11,𝑛𝒙
(1)
𝑖 𝜖𝑖 = 𝑛−1/2 ∑︁𝑛

𝑖=1 𝝃
(1)
𝑖 𝜖𝑖 (say) and hence, the

asymptotic variance of
[︁
𝜎−1 (︁𝑻𝑛 − 𝒃̇𝑛

)︁ ]︁
is given by 𝚺𝑛 = 𝑛−1 ∑︁𝑛

𝑖=1 𝝃
(1)
𝑖 𝝃 (1)′

𝑖 . An estimator of 𝚺𝑛 is
𝚺̂𝑛 = 𝑛−1 ∑︁𝑛

𝑖=1 𝝃̂
(1)
𝑖 𝝃̂

(1)′
𝑖 with 𝝃̂

(1)
𝑖 = 𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝒙̂

(1)
𝑖 . On the other hand, estimators of the error variance

𝜎2 are given by 𝜎̌2
𝑛 =

∑︁𝑛
𝑖=1 𝜖

2
𝑖 and 𝜎̂2

𝑛 =
∑︁𝑛

𝑖=1(𝜖𝑖 − 𝜖𝑛)
2 where 𝜖𝑖 = 𝑦𝑖 − 𝒙′𝑖 𝜷̌𝑛, 𝑖 ∈ {1, . . . , 𝑛}. Here 𝜷̌𝑛

is the post-LASSO estimator of 𝜷𝑛 and 𝜖𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝜖𝑖 . Therefore, the bias corrected studentized

versions of 𝑻𝑛 can be defined as

𝑹̆𝑛 = 𝜎̂
−1
𝑛 (𝑻𝑛 − 𝒃̇𝑛) and 𝑹̃𝑛 = 𝜎̌

−1
𝑛 Σ̂−1/2

𝑛 (𝑻𝑛 − 𝒃̇𝑛).

We point out that the pivots we are going to use for the RB and PB approximations are different, and are
given by 𝑹̆𝑛 and 𝑹̃𝑛, respectively, for the two methods. The main reason behind different studentizations
for the RB and the PB is to ensure a close match of the variances in the original and in the Bootstrap
scenarios which requires special care in the case of the PB, with 𝑹̃𝑛 being more suitable for PB weight
choices.

Next we are going to define the respective Bootstrapped versions of 𝑹̆𝑛 and 𝑹̃𝑛. Using the Bootstrap
KKT conditions, it can be shown that, with Bootstrap probability close to 1,

{ 𝑗 : 𝛽∗𝑗 ,𝑛 ≠ 0} = { 𝑗 : 𝛽∗∗𝑗 ,𝑛 ≠ 0} =𝒜𝑛

and the RB and the PB versions of the LASSO estimator are respectively 𝜷̂
∗
𝑛 =

(︂
𝜷̂
∗(1)′
𝑛 ,0′

)︂ ′
and

𝜷̂
∗∗
𝑛 =

(︂
𝜷̂
∗∗(1)′
𝑛 ,0′

)︂ ′
for all 𝑛 > 𝛿−1

1 , where

𝜷̂
∗(1)
𝑛 = 𝑪−1

11,𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

𝒙 (1)
𝑖 𝑦∗𝑖 −

𝜆𝑛
2𝑛

𝒄̂ (1)𝑛

]︂
and 𝜷̂

∗∗(1)
𝑛 = 𝑪−1

11,𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

𝒙 (1)
𝑖 𝑧𝑖 −

𝜆𝑛
2𝑛

𝒄̂ (1)𝑛

]︂
. (5.1)

with 𝒄̂ (1)𝑛 is as defined before and {𝑦∗1, . . . , 𝑦
∗
𝑛} and {𝑧1, . . . , 𝑧𝑛} are as defined in Section 2. Hence the

bias corrected Bootstrapped estimators are defined as 𝜷̇∗𝑛 = 𝜷̂
∗
𝑛 +

(︁ (︁
2−1𝑛−1𝜆𝑛 𝒄̂

(1)′𝑪̂
−1
11,𝑛

)︁
,0′

)︁ ′ for the RB
and 𝜷̇

∗∗
𝑛 = 𝜷̂

∗∗
𝑛 +

(︁ (︁
2−1𝑛−1𝜆𝑛 𝒄̂

(1)′𝑪̂
−1
11,𝑛

)︁
,0′

)︁ ′ for the PB. Similarly, the bias corrected Bootstrap versions
of𝑻𝑛 are

(︁
𝑻∗
𝑛− 𝒃̇𝑛

)︁
and

(︁
𝑻∗∗
𝑛 − 𝒃̇𝑛

)︁
where 𝒃̇𝑛 is as defined earlier in this section. Using the bias corrected

Bootstrapped estimators, define the RB estimator of the error variance as 𝜎∗2
𝑛 = 𝑛−1 ∑︁𝑛

𝑖=1(𝑦
∗
𝑖 − 𝒙′𝑖 𝜷̇

∗
𝑛)2

and the PB estimator of the error variance as 𝜎∗∗2
𝑛 = 𝜇−2

𝐺∗𝑛
−1 ∑︁𝑛

𝑖=1 (𝑦𝑖 − 𝒙′𝑖 𝜷̇
∗∗
𝑛 )2 (𝐺∗

𝑖 − 𝜇𝐺∗ )2. Then
define the RB version of 𝑹̆𝑛 and the PB version of 𝑹̃𝑛 respectively as

𝑹̆
∗
𝑛 = 𝜎

∗−1
𝑛 (𝑻∗

𝑛 − 𝒃̇𝑛) and 𝑹̃
∗
𝑛 = 𝜎

∗∗−1
𝑛 𝜎̌𝑛Σ̃

−1/2
𝑛 (𝑻∗∗

𝑛 − 𝒃̇𝑛),

where 𝚺̃𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝝃̂

(1)
𝑖 𝝃̂

(1)′
𝑖 𝜖2

𝑖 . Now we are going to present the SOC results separately for two cases
based on the growth rate of 𝑝 with the sample size 𝑛. First we consider the case when 𝑝 can grow
polynomially in 𝑛 and then we move to the situation when 𝑝 can grow exponentially.
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Before moving to second order correct results of RB and PB, let us analyse the effect of bias correction
for improving the related concentration. Note that under the regularity conditions,

√
𝑛( 𝜷̂𝑛 − 𝜷𝑛) is of

the form
(︁ (︁
𝑪−1

11,𝑛
[︁
𝑾 (1)

𝑛 − 𝜆𝑛

2
√
𝑛
𝒄 (1)𝑛

]︁ )︁ ′
,0′

)︁ ′ where as
√
𝑛( 𝜷̌𝑛 − 𝜷𝑛) is of the form

(︁ (︁
𝑪−1

11,𝑛𝑾
(1)
𝑛

)︁ ′
,0′

)︁ ′,
each with probability 1− 𝑜(𝑛−1/2). See for example the proof of Lemma 4 in Das, Chatterjee and Lahiri
(2026). Hence with probability 1 − 𝑜(𝑛−1/2), we have

∥ 𝜷̂𝑛 − 𝜷𝑛∥2 ≥ 𝑐
𝜆𝑛√
𝑛

√
𝑝0𝜂

−1
11,𝑛,

and ∥ 𝜷̌𝑛 − 𝜷𝑛∥2 ≤ 𝐶
√︁
𝑝0 log𝑛 for some constants 𝑐,𝐶 > 0. 𝜂11,𝑛 is the largest eigen value of 𝐶11,𝑛.

Clearly if the minimum eigen value of𝐶11,𝑛 is bounded away from 0, then due to the regularity condition
(A.7), we have

ℙ
(︁
∥ 𝜷̂𝑛 − 𝜷𝑛∥2 ≫ ∥ 𝜷̌𝑛 − 𝜷𝑛∥2

)︁
= 1 − 𝑜(𝑛−1/2),

where for two sequences {𝑎𝑛}𝑛≥1 and {𝑏𝑛}𝑛≥1, 𝑎𝑛 ≫ 𝑏𝑛 denotes that 𝑏𝑛/𝑎𝑛 → 0 as 𝑛→∞. Similar
conclusion can be drawn in Bootstrap setting as well. This justifies the bias correction that we considered
in defining the aforementioned pivotal quantities.

5.1. 𝒑 grows polynomially

Theorem 3. Suppose that Assumptions (A.1)-(A.5) and (A.7) hold with some integer 𝑟 ≥ 4 and that
𝑝 = 𝑜

(︁
𝑛(𝑟−3)/2 (log𝑛)𝑟/2)︁ . Then we have

sup
𝑩∈𝒞𝑞

⃓⃓
ℙ
∗( 𝑹̆∗

𝑛 ∈ 𝑩) − ℙ( 𝑹̆𝑛 ∈ 𝑩)
⃓⃓
= 𝑜𝑝 (𝑛−1/2).

If, in addition, (A.6) holds (with the same value of 𝑟), then the following is also true:

sup
𝑩∈𝒞𝑞

⃓⃓
ℙ
∗( 𝑹̃∗

𝑛 ∈ 𝑩) − ℙ( 𝑹̃𝑛 ∈ 𝑩)
⃓⃓
= 𝑜𝑝 (𝑛−1/2).

Theorem 3 states that both RB and PB approximations are SOC for the LASSO, even when 𝑝 grows
polynomially with 𝑛, depending on the existence of certain absolute moments of the error variable.
To see why, let us consider derivation of second order Edgeworth expansions for the unbootstrapped
statistics; Edgeworth expansions for both RB and PB versions have a similar behavior. It follows from
the KKT condition corresponding to the LASSO optimization problem (1.2) and the condition (A.7)(i)
that we must have

ℙ

(︂
max

1≤ 𝑗≤𝑝
|𝑊 𝑗 ,𝑛 | > 𝐾𝑟

√︁
log𝑛

)︂
+ ℙ

(︂
max

1≤ 𝑗≤𝑝
|𝑊̆ 𝑗 ,𝑛 | > 𝐾𝑟

√︁
log𝑛

)︂
= 𝑜(𝑛−1/2), (5.2)

where 𝑊 𝑗 ,𝑛 = 𝑛−1/2 ∑︁𝑛
𝑖=1 𝜖𝑖𝑥𝑖, 𝑗 and 𝑊̆ 𝑗 ,𝑛 = 𝑛−1/2 ∑︁𝑛

𝑖=1
(︁
𝑪21

)︁
𝑗 ·𝑪

−1
11 𝒙

(1)
𝑖 𝜖𝑖 . In view of Lemma 1 of Das,

Chatterjee and Lahiri (2026), the following bound is needed to conclude (5.2):

𝑝.
(︂

max
1≤ 𝑗≤𝑝

[︁ 𝑛∑︂
𝑖=1

|𝑥𝑖, 𝑗 |2𝑟
]︁
+ max

1≤ 𝑗≤𝑝

[︁ 𝑛∑︂
𝑖=1

⃓⃓
(𝑪21

)︁
𝑗 ·𝑪

−1
11 𝒙

(1)
𝑖

⃓⃓2𝑟 ]︁ )︂ (︂
𝔼|𝜖1 |𝑟

)︂2
= 𝑜

(︂
𝑛(𝑟−1)/2(log𝑛)𝑟/2

)︂
.

Under Assumption (A.2) (i), this necessarily requires 𝑝 = 𝑜
(︁
𝑛(𝑟−3)/2(log𝑛)𝑟/2)︁ when 𝔼|𝜖1 |𝑟 <∞, for

some integer 𝑟 ≥ 4.
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5.2. 𝒑 grows exponentially

To achieve exponential growth of 𝑝 with 𝑛, existence of absolute moments of 𝜖1 of a given order is not
enough. Here, we need to have some control over the moment generating function (MGF) of the errors.
We are going to discuss the scenario when the errors are sub-Weibull. The error 𝜖 is sub-Weibull of
order 𝛾 > 0 if

∥𝜖 ∥𝑔𝛾 <∞ where 𝑔𝛾 (𝑥) = 𝑒𝑥
𝛾 − 1, (5.3)

where ∥ · ∥𝑔, the 𝑔-Orlicz norm, is as defined in the Section 3. Another equivalent definition of 𝜖 being
Sub-Weibull of order 𝛾 > 0 is given by

ℙ
(︁
|𝜖 | ≥ 𝑡

)︁
≤ 2 exp

(︂
− (𝑡/𝑐)𝛾

)︂
for all 𝑡 > 0, (5.4)

for some constant 𝑐 > 0. It can be shown that 𝑐 = ∥𝜖 ∥𝑔𝛾 . Sub-Weibull distributions generalizes sub-
Gaussian and sub-Exponential distributions (which correspond to 𝛾 = 2 or 1 in (5.3), respectively). For
different results on sub-Weibull distributions, see Kuchibhotla and Chakrabortty (2022) and Vladimirova
et al. (2020). Before moving to state the results, we want to point out that the random variables
{𝜖∗1 , . . . , 𝜖

∗
𝑛} used to define the RB version of the LASSO estimator are always conditionally bounded

iid random variables and hence iid sub-Gaussian, i.e. ∥𝜖∗1 ∥𝑔2 < ∞, irrespective of the nature of the
distribution of 𝜖 . On the other hand, for the PB, besides Assumption (A.5) one also needs some control
over the MGF of

[︁
𝐺∗ − 𝜇𝐺∗

]︁
to achieve exponential growth of 𝑝. Hence the problem of finding optimal

exponential growth rate of 𝑝 needs to be handled differently for RB and PB, prompting us to state the
results for the RB and the PB separately.

For the sub-Weibull growth rate of 𝑝, first we explore SOC of the RB. To that end, define 𝑟𝛾 = 6
whenever 𝛾 ∈ (0,1] ∪ [2,∞) and define 𝑟𝛾 = max{6,1/(𝛾 − 1)} whenever 𝛾 ∈ (1,2). Additionally
define

𝛾𝑛 =

⎧⎪⎪⎨⎪⎪⎩
𝑛𝛾𝛿 if 0 < 𝛾 < 2

𝑛2𝛿

(log𝑛)2/𝛾 if 𝛾 ≥ 2,

where 𝛿 is as in Assumption (A.7)′. Then, we have the following result.

Theorem 4. Suppose that ∥𝜖 ∥𝑔𝛾 <∞ for some 𝛾 > 0. Let (A.1), (A.2)′ and (A.3)-(A.5) and (A.7)′ hold
with some integer 𝑟 ≥ 𝑟𝛾 . Then for 𝑝 = 𝑜

(︁
𝑛−1/2 exp(𝛾𝑛)

)︁
the conclusions of Theorem 3 hold.

Clearly, SOC of the RB holds for the studentized LASSO estimator even when the dimension 𝑝 grows
exponentially. For example when 𝛾 = 1, i.e. when the errors are sub-Exponential, then 𝑝 can grow like
exp(𝑛𝜃 ) for any 0 ≤ 𝜃 < 𝛿. If the errors are sub-Gaussian then 𝑝 can grow like exp(𝑛𝜃 ) for any 0 ≤ 𝜃 < 2𝛿.
The term exp

(︁
𝑛𝛾𝛿

)︁
in the growth rate of 𝑝 is due to the application of Lemma 2 of Das, Chatterjee and

Lahiri (2026) in the unbootstrapped case for 𝛾 < 2. On the other hand, when 𝛾 ≥ 2, an extra (log𝑛)2/𝛾

term appears from handling the quantity max{|𝜖𝑖1 − 𝜖𝑖2 | : 1 ≤ 𝑖1, 𝑖2 ≤ 𝑛}, the conditional sample range
of 𝜖∗𝑖 ’s, using the bound in (5.4). This max term is appearing due to the exponential concentration of∑︁𝑛

𝑖=1 𝑥𝑖, 𝑗𝜖
∗
𝑖 ( 𝑗 ∈ {1, . . . , 𝑝}) and

∑︁𝑛
𝑖=1 (𝑪21,𝑛) 𝑗 ·𝑪−1

11,𝑛𝒙
(1)
𝑖 𝜖∗𝑖 ( 𝑗 ∈ {(𝑝0 + 1), . . . , 𝑝}) upon an application

of Hoeffding’s inequality. As mentioned earlier, {𝜖∗1 , . . . , 𝜖
∗
𝑛} are always conditionally bounded iid

random variables and hence Hoeffding’s inequality can be applied to handle the Bootstrap version.
Next we explore the exponential growth rate of 𝑝 for SOC of the PB. We shall assume that (𝐺∗ −

𝜇𝐺∗ ) to be sub-Gaussian, i.e. sub-Weibull of order 2. One such choice of the distribution of 𝐺∗
1 is

𝐵𝑒𝑡𝑎(1/2,3/2).
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Theorem 5. Suppose that ∥𝜖 ∥𝑔𝛾 <∞ for some 𝛾 > 0 and ∥𝐺∗ − 𝜇𝐺∗ ∥𝑔2 <∞. Let (A.1), (A.2), (A.3)-
(A.6) and (A.7)′ hold with an integer 𝑟 ≥ 6. Define 𝛾̃ = min{𝛾,2}. Then for 𝑝 = 𝑜

(︁
𝑛−1/2 exp

(︁
𝑛𝛾̃ 𝛿

)︁ )︁
the

conclusions of Theorem 3 hold.

On thing that we want to point out is that the assumption ∥𝐺∗ − 𝜇𝐺∗ ∥𝑔2 < ∞ can be relaxed to
∥𝐺∗ − 𝜇𝐺∗ ∥𝑔𝛾 <∞ in Theorem 5 as well as in all the subsequent theorems on PB. The choice of the
distribution of 𝐺∗ is in our hand and we know that 𝐵𝑒𝑡𝑎(1/2,3/2) satisfies (A.6) and is also sub-
Gaussian (i.e. ∥𝐺∗ − 𝜇𝐺∗ ∥𝑔2 <∞). Theorem 5 implies that exponential growth of 𝑝 is achievable using
the PB as well whenever the error distribution and 𝐺∗ are sub-Weibull, in addition to Assumptions
(A.5) and (A.6). Note that for 𝛾 < 2, the rate of growth of 𝑝 are exactly same for the RB and the PB.
The difference in the rates appear when 𝛾 ≥ 2. Here, Lemma 2 of Das, Chatterjee and Lahiri (2026) is
applied to handle both the original and Bootstrap cases, unlike the situation with the RB.

Remark 5.1. Theorem 3, 4 and 5 show that both the RB and PB approximations are SOC for approx-
imating the distribution of the studentized LASSO estimator in high dimensions. Depending on the
existence of absolute moments or the MGF of the distribution of errors, the rate of growth of 𝑝 can be
respectively made polynomial or exponential. Whenever 𝜖 is sub-Weibull of order 𝛾, log 𝑝 can grow like
𝑛𝜃 for any 0 ≤ 𝜃 < [𝛿 ∗min{𝛾,2}] where 𝜆𝑛/

√
𝑛 grows at least as fast as 𝑛𝛿 (cf. assumption (A.6)′). Note

that the growth of log 𝑝 cannot be improved from 𝑛2𝛿 even if 𝛾 > 2, i.e. even if the tail of 𝜖 is thinner
than that of Normal distribution. We again point out that the SOC of the Bootstrap is very surprising
and also very useful for statistical inference, in view of the failure of the normal approximation (cf.
Theorem 1).

Remark 5.2. All the results in this section are valid in the almost sure sense provided the Assumptions
hold with a higher value of 𝑟 in each theorem. The only difference in the proof is the application of
Lemma 1 of Das, Chatterjee and Lahiri (2026) with 𝑡 ≥ 5 instead of 𝑡 = 3, as is done in all its applications,
and then applying the Borel-Cantelli Lemma. On the other hand, the error rate of 𝑜𝑝 (𝑛−1/2) can also
be replaced with𝑂 𝑝 (𝑛−1) in each of the results of this section with a slight change in the growth rate of
𝑝. To appreciate why, note that for the improved error-bound, one has to obtain three-term Edgeworth
expansions of the pivots instead of the two-term ones. For example, under the assumptions of Theorem
3 with an integer 𝑟 ≥ 8, one can show that

sup
𝑩∈𝒞𝑞

⃓⃓
ℙ
∗( 𝑹̆∗

𝑛 ∈ 𝑩) − ℙ( 𝑹̆𝑛 ∈ 𝑩)
⃓⃓
+ sup

𝑩∈𝒞𝑞

⃓⃓
ℙ
∗( 𝑹̃∗

𝑛 ∈ 𝑩) − ℙ( 𝑹̃𝑛 ∈ 𝑩)
⃓⃓
=𝑂 𝑝 (𝑛−1),

provided 𝑝 = 𝑜(𝑛(𝑟−4)/2 (log𝑛)𝑟/2).

Remark 5.3. The reason behind using the post-LASSO OLS estimator and the bias corrected Bootstrap
estimators 𝜷̇

∗
𝑛 and 𝜷̇

∗∗
𝑛 for estimating the error variance is to avoid unwarranted contribution from the

bias of the LASSO estimator. Indeed, if we used the LASSO estimator itself for variance estimation
in the unbootstrapped statistic and the corresponding Bootstrap versions instead of their bias corrected
versions, then the non-trivial contribution of bias in the variance estimation will destroy the SOC
property of the Bootstrap approximation under the given regularity conditions. We will continue to use
the pivots of this section in the next section as well.

6. Symmetric Bootstrap confidence intervals
The second order results of the previous section can dictate the accuracy of the one-sided Bootstrap
CIs. However, the second order results are not accurate enough for analyzing accuracy of two-sided
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Bootstrap CIs. For a detailed discussion on this issue, see Chapter 2 of Hall (1992). Among many
variants of two-sided Bootstrap intervals, one of the most promising one is the symmetric Bootstrap
CI, due to its coverage error of order 𝑂 (𝑛−2) in the classical setup; See, for example, Hall (1988) for
theoretical aspects of symmetric CIs based on Efron’s Bootstrap under the smooth function model.

Suppose that 𝐻𝑛 is a pivotal quantity for a parameter of interest 𝜃𝑛 and 𝐻∗
𝑛 is the Bootstrap version of

the original pivot 𝐻𝑛. Define the original quantile ℎ𝑛,𝛼 = inf{𝑥 : ℙ
(︁
|𝐻𝑛 | ≤ 𝑥

)︁
≥ 1−𝛼} and the Bootstrap

quantile ℎ̂𝑛,𝛼 = inf{𝑥 : ℙ∗
(︁
|𝐻∗

𝑛 | ≤ 𝑥
)︁
≥ 1 − 𝛼}, for 𝛼 ∈ (0,1). Without loss of generality, we can simply

define ℎ𝑛,𝛼 and ℎ̂𝑛,𝛼 respectively as solutions of ℙ
(︁
|𝐻𝑛 | ≤ 𝑥

)︁
≈ 1− 𝛼 and ℙ

∗ (︁|𝐻∗
𝑛 | ≤ 𝑥

)︁
≈ 1− 𝛼, due to

Cramer’s conditions [cf. assumption (A.5)(ii) for 𝜖𝑖’s, and (A.6)(iii) on𝐺∗
1’s for the PB and the restricted

Cramer’s condition (cf. Lemma 7 in Das, Chatterjee and Lahiri (2026)) for 𝜖∗𝑖 ’s in case of the RB].
Indeed, Cramer’s condition implies that the heaviest atom of the distribution of the underlying pivot has
mass 𝑂 (𝑒−𝛿6𝑛) for some 𝛿6 > 0 [cf. Theorem 2.3 in Hall (1992)], which is negligible compared to the
desired coverage error 𝑂 (𝑛−2). This is the same reason why there is no difference between openness
and closedness of any interval considered in this paper. By symmetric Bootstrap CI of 𝜃𝑛 based on 𝐻𝑛

and 𝐻∗
𝑛, here we mean the interval 𝐼𝑛, (1−𝛼) with the property that the event {𝜃 ∈ 𝐼𝑛, (1−𝛼) } is same as

the event {|𝐻𝑛 | ≤ ℎ̂𝑛,𝛼}. Clearly, the event {|𝐻𝑛 | ≤ ℎ̂𝑛,𝛼} is an estimated version of the ideal event
{|𝐻𝑛 | ≤ ℎ𝑛,𝛼} which corresponds to the exact symmetric CI. In most situations, 𝐻𝑛 = 𝑎𝑛 (𝜃𝑛 − 𝜃𝑛)
for some estimator 𝜃𝑛 and scaling 𝑎𝑛, resulting 𝐼𝑛, (1−𝛼) to be symmetric around 𝜃𝑛. We denote(︁
𝐻𝑛, ℎ𝑛,𝛼, 𝐼𝑛, (1−𝛼)

)︁
by

(︁
𝐻𝑟
𝑛, ℎ

𝑟
𝑛,𝛼, 𝐼

𝑟
𝑛, (1−𝛼)

)︁
or

(︁
𝐻

𝑝
𝑛 , ℎ

𝑝
𝑛,𝛼, 𝐼

𝑝
𝑛, (1−𝛼)

)︁
when the underlying Bootstrap is

the RB or the PB, respectively.
In this section, we are interested in the coverage accuracy of symmetric Bootstrap CIs for a linear

combination of the components of 𝜷𝑛. Hence, we have 𝜃𝑛 = 𝑫𝑛𝜷𝑛 with 𝑫𝑛 being a 𝑝-dimensional row
vector (i.e., a 𝑞 × 𝑝 matrix 𝑞 = 1) throughout this section. While exploring symmetric CIs based on the
RB, we are going to consider the pair

(︁
𝐻𝑛, 𝐻

∗
𝑛

)︁
to be

(︁
𝑹̆𝑛, 𝑹̆

∗
𝑛) and for the PB,

(︁
𝐻𝑛, 𝐻

∗
𝑛

)︁
is

(︁
𝑹̃𝑛, 𝑹̃

∗
𝑛).

We show that the symmetric Bootstrap CIs based on the pair
(︁
𝑹̆𝑛, 𝑹̆

∗
𝑛) result in two-sided intervals

with coverage error 𝑂 (𝑛−2), whereas the coverage error remains 𝑂 (𝑛−1) for the symmetric CIs based
on

(︁
𝑹̃𝑛, 𝑹̃

∗
𝑛). We introduce some further correction terms in the form of the symmetric CIs based on(︁

𝑹̃𝑛, 𝑹̃
∗
𝑛) and show that the modified symmetric CIs based on the PB achieve an error of the order

𝑂 (𝑛−2) like their RB counterparts.

6.1. Results on symmetric CIs based on the RB

Here we present the results on the higher order accurate symmetric Bootstrap CIs based on the RB. As
compared to two-sided normal CIs, symmetric Bootstrap CIs can produce a two-fold correction even
when 𝑝 grows exponentially with 𝑛. The following result gives conditions for the validity of this result.

Theorem 6. Let 𝛼 ∈ (0,1) and 𝜃𝑛 = 𝑫𝑛𝜷𝑛 where 𝑫𝑛 is a 𝑝-dimensional row vector. The intervals
𝐼𝑟
𝑛, (1−𝛼) are as defined above. Then we have following results depending on the growth rate of 𝑝.

(A) Suppose the conditions (A.1)-(A.5) and (A.7) hold and 𝑝 = 𝑜
(︁
𝑛(𝑟−6)/2 (log𝑛)𝑟/2)︁ with any integer

𝑟 ≥ 7. Then we have

ℙ
(︁
𝜃𝑛 ∈ 𝐼𝑟𝑛, (1−𝛼)

)︁
= 1 − 𝛼 +𝑂 (𝑛−2).

(B) Suppose that ∥𝜖 ∥𝑔𝛾 <∞ for some 𝛾 > 0. Let (A.1), (A.2)′ and (A.3)-(A.5) and (A.7)′ hold with
some integer 𝑟 ≥ max{𝑟𝛾 ,9}. Also assume that 𝑝 = 𝑜

(︁
𝑛−2 exp

(︁
𝛾𝑛

)︁ )︁
, where 𝑟𝛾 and 𝛾𝑛 are as
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defined just before Theorem 4. Then we have

ℙ
(︁
𝜃𝑛 ∈ 𝐼𝑟𝑛, (1−𝛼)

)︁
= 1 − 𝛼 +𝑂 (𝑛−2).

Thus, it follows that the symmetric CIs based on the RB attains 𝑂 (𝑛−2) accuracy even in high
dimensions.

6.2. Results on symmetric CIs based on the PB

Here we consider the performance of the symmetric CIs based on the PB. As mentioned earlier, the
naive symmetrized CIs 𝐼 𝑝

𝑛, (1−𝛼) based on
(︁
𝑹̃𝑛, 𝑹̃

∗
𝑛

)︁
may not achieve the𝑂 (𝑛−2) accuracy level, without

further modification. The modification is needed because the fourth moment of (𝐺∗
1 − 𝜇𝐺∗ )/𝜇𝐺∗ is

always greater than 1, due to the condition (A.6)(i) on 𝐺∗, and this results in a mismatch in the
𝑂 (𝑛−1) terms. Define 𝐼 𝑝

𝑛, (1−𝛼) as the corrected symmetric PB CI such that {𝜃 ∈ 𝐼 𝑝
𝑛, (1−𝛼) } is same as

{|𝐻𝑛 | ≤ ℎ𝑛,𝛼 +𝐶 𝑝
𝑛 (𝑧𝛼)} where Φ(𝑧𝛼) = 1 − 𝛼/2. The correction factor 𝐶 𝑝

𝑛 (·) is given by

𝐶
𝑝
𝑛 (𝑥) = −𝑛−1𝑥

[︂𝜔2
2

+ 𝜔4
24

(𝑥2 − 3)
]︂

(6.1)

where (noting that 𝑞 = 1 and hence, 𝚺̃𝑛 is a scalar)

𝜔2 =

[︃
𝜎̌−4
𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

𝜖4
𝑖

]︂
− 𝜎̌−2

𝑛 𝚺̃
−1
𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

{︁
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛𝒙

(1)
𝑖

}︁2
𝜖4
𝑖

]︂ ]︃ [︃𝔼(𝐺∗
1 − 𝜇𝐺∗ )4

𝜇4
𝐺∗

− 1
]︃
,

𝜔4 =𝚺̃
−2
𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

{︁
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛𝒙

(1)
𝑖

}︁4
𝜖4
𝑖

]︂ [︃𝔼(𝐺∗
1 − 𝜇𝐺∗ )4

𝜇4
𝐺∗

− 1
]︃
.

As an example, when 𝐺∗
1 ∼ 𝐵𝑒𝑡𝑎(1/2,3/2), then 𝔼(𝐺∗

1 − 𝜇𝐺∗ )4/𝜇4
𝐺∗ = 3 and hence

𝜔2 = − 2𝜎̌−2
𝑛 𝚺̃

−1
𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

{︁
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛𝒙

(1)
𝑖

}︁2
𝜖4
𝑖

]︂
+ 𝜎̌−4

𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

𝜖4
𝑖

]︂
and

𝜔4 = 2𝚺̃−2
𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

{︁
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛𝒙

(1)
𝑖

}︁4
𝜖4
𝑖

]︂
.

With the modification described above, we are now ready to formally state the result on𝑂 (𝑛−2) accuracy
of the PB symmetric CIs.

Theorem 7. Let 𝛼 ∈ (0,1) and 𝜃𝑛 = 𝑫𝑛𝜷𝑛 where 𝑫𝑛 is a 𝑝-dimensional row vector. The intervals
𝐼
𝑝
𝑛, (1−𝛼) are as defined above. Then we have following results depending on the growth rate of 𝑝.

(A) Suppose the conditions (A.1)-(A.7) hold and 𝑝 = 𝑜
(︁
𝑛(𝑟−6)/2 (log𝑛)𝑟/2)︁ with any integer 𝑟 ≥ 7.

Then we have

ℙ
(︁
𝜃𝑛 ∈ 𝐼 𝑝𝑛, (1−𝛼)

)︁
= 1 − 𝛼 +𝑂 (𝑛−2).
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(B) Suppose that ∥𝜖 ∥𝑔𝛾 <∞ for some 𝛾 > 0 and ∥𝐺∗ − 𝜇𝐺∗ ∥𝑔2 <∞. Let (A.1)-(A.6) and (A.7)′ hold
with an integer 𝑟 ≥ 9. Let 𝑝 = 𝑜

(︁
𝑛−2 exp

(︁
𝑛𝛾̃ 𝛿

)︁ )︁
where 𝛾̃ = min{𝛾,2}. Then we have

ℙ
(︁
𝜃𝑛 ∈ 𝐼 𝑝𝑛, (1−𝛼)

)︁
= 1 − 𝛼 +𝑂 (𝑛−2).

7. Extensions to independent and non-identically distributed errors

In this section, we obtain higher accuracy results for the PB when the errors 𝜖1, . . . , 𝜖𝑛 are independent
and non-identically distributed [hereafter referred to as non-IID]. Clearly the case of non-IID errors
includes the situation when the regression errors are heteroscedastic. In many practical situations, the
measurements obtained have different variability due to a number of reasons and hence it is crucial for
an inference procedure to be robust towards the presence of heterosckedasticity. We show that the PB
can approximate the exact distribution of the LASSO estimator 𝜷̂𝑛 up to second order and guarantees
coverage accuracy of order 𝑂 (𝑛−2) for the symmetric CIs, even when the errors are non-IID, provided
we define the pivotal quantities appropriately. On the other hand, the RB is not capable of achieving
SOC in the non-IID case. This can be shown by considering a heteroscedastic simple linear regression
model (with 𝑝 = 1 = 𝑝0) and using the arguments given by Wu (1986) and Liu (1988).

We now state some modified versions of the assumptions needed to handle the non-IID case. Let 𝑾̄𝑛 =[︁
𝑛−1 ∑︁𝑛

𝑖=1
(︁
𝝃 (1)′
𝑖 𝜖𝑖 , 𝝃

(1)′
𝑖 (𝜖2

𝑖 −𝜎
2)
)︁ ′]︁ and𝑼𝑛 = 𝑛−1 ∑︁𝑛

𝑖=1 𝒙
(1)
𝑖 𝒙 (1)′

𝑖 𝔼𝜖2
𝑖 . Recall that 𝝃 (1)

𝑖 = 𝑫 (1)
𝑛 𝑪−1

11,𝑛𝒙
(1)
𝑖

and 𝑫̌
(1)
𝑛 = 𝑫 (1)

𝑛 𝑪−1/2
11,𝑛 . Define 𝑞(𝑞 + 1)/2× 1 vector as 𝝃 (2)

𝑖 = ((𝜉 (1)𝑖,1 )
2, 𝜉 (1)𝑖,1 𝜉

(1)
𝑖,2 , . . . , 𝜉

(1)
𝑖,1 𝜉

(1)
𝑖 𝑝 , (𝜉

(1)
𝑖,2 )

2,
𝜉
(1)
𝑖,2 𝜉

(1)
𝑖3 , . . . , 𝜉

(1)
𝑖,2 𝜉

(1)
𝑖 𝑝 , . . . , (𝜉

(1)
𝑖 𝑝 )2)′. Now consider the following assumptions.

(A.3) (i)′′ 𝑛−1 ∑︁𝑛
𝑖=1 ∥𝑫̌

(1)
𝑛 𝒙̌ (1)

𝑖 𝒙̌ (1)′
𝑖 𝑫̌

(1)′
𝑛 ∥2𝑟 ≤ 𝐾𝑟 .

(A.3) (ii)′′ inf{𝒙′𝑉𝑎𝑟
(︁√
𝑛𝑾̄𝑛

)︁
𝒙 : 𝒙 ∈ ℛ𝑞+1, ∥𝒙∥ = 1} > 𝛿1.

(A.5) (i)′′ 𝔼𝜖𝑖 = 0 for all 𝑖 ∈ {1, . . . , 𝑛} and 𝑛−1 ∑︁𝑛
𝑖=1 𝔼|𝜖𝑖 |

2𝑟 =𝑂 (1).
(A.5) (ii)′′

(︁
𝜖𝑛, 𝜖

2
𝑛

)︁∞
𝑛=1 satisfies Cramer’s condition in a uniform sense i.e. for any positive b,

lim sup
𝑛→∞

sup
∥ (𝑡1 ,𝑡2 ) ∥>𝑏

⃓⃓⃓
𝔼
(︁
exp

(︁
𝑖𝑡1𝜖𝑛 + 𝑖𝑡2𝜖2

𝑛

)︁ )︁ ⃓⃓⃓
< 1.

(A.8) 𝑼𝑛 is non-singular and max{𝑈 𝑗 , 𝑗
𝑛 : 1 ≤ 𝑗 ≤ 𝑝0} ≤ 𝐾𝑟 , where 𝑈 𝑗 , 𝑗

𝑛 is the ( 𝑗 , 𝑗)th element of
𝑼−1

𝑛 .
We will denote the assumptions (A.3), (A.5) respectively by (A.3)′′ and (A.5)′′ when they are defined
with (i)′′, (ii)′′ in place of (i) and (ii) respectively.

7.1. Second order correctness of the PB approximation

Recall the quantities 𝑻𝑛 =
√
𝑛𝑫𝑛 ( 𝜷̂𝑛 − 𝜷𝑛) and its PB version 𝑻∗∗

𝑛 =
√
𝑛𝑫𝑛 ( 𝜷̂

∗∗
𝑛 − 𝜷̌𝑛). Note that when

the regression errors are non-IID, 𝑻𝑛 has asymptotic variance 𝚲𝑛 =
[︁
𝑫 (1)

𝑛 𝑪−1
11,𝑛 𝑼𝑛𝑪

−1
11,𝑛𝑫

(1)
𝑛

]︁
. An

estimator of 𝑼𝑛 is 𝑼̂𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝒙̂

(1)
𝑖 𝒙̂ (1)′

𝑖 𝜖2
𝑖 where 𝜖𝑖 = 𝑦𝑖 − 𝒙′𝑖 𝜷̌𝑛, 𝑖 ∈ {1, . . . , 𝑛}, 𝜷̌𝑛 being the post-

LASSO OLS estimator of 𝜷𝑛 and 𝒙̂ (1)
𝑖 is as defined in Section 5. Also recall the estimator 𝑪̂11,𝑛 of

𝑪11,𝑛 from Section 5. Hence we can define the original studentized pivot as

𝑹̇𝑛 = 𝚺̃
−1/2
𝑛

(︁
𝑻𝑛 − 𝒃̇𝑛

)︁
,
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where 𝚺̃𝑛 =
[︁
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝑼̂𝑛𝑪̂

−1
11,𝑛 𝑫̂

(1)
𝑛

]︁
= 𝑛−1 ∑︁𝑛

𝑖=1 𝝃̂
(1)
𝑖 𝝃̂

(1)′
𝑖 𝜖2

𝑖 and where 𝒃̇𝑛 is an estimator of the bias
term, defined in Section 5. Define the corresponding PB version as

𝑹̇
∗
𝑛 = 𝚺̃

∗∗−1/2
𝑛

(︁
𝑻∗∗
𝑛 − 𝒃̇𝑛

)︁
,

where 𝚺̃
∗∗
𝑛 = 𝜇−2

𝐺∗𝑛
−1 ∑︁𝑛

𝑖=1 𝝃̂
(1)
𝑖 𝝃̂

(1)′
𝑖 (𝑦𝑖 − 𝒙′𝑖 𝜷̇

∗∗
𝑛 )2 (𝐺∗

𝑖 − 𝜇𝐺∗ )2 with 𝜷̇
∗∗
𝑛 being the PB version of the

bias corrected LASSO estimator, defined in Section 5. Note the difference between the pair of pivots
( 𝑹̃𝑛, 𝑹̃

∗
𝑛), defined in Section 5, and ( 𝑹̇𝑛, 𝑹̇

∗
𝑛), defined here. We point out that the pivot-pair ( 𝑹̇𝑛, 𝑹̇

∗
𝑛) is

more general than ( 𝑹̃𝑛, 𝑹̃
∗
𝑛) in the sense that ( 𝑹̇𝑛, 𝑹̇

∗
𝑛) still works when errors are iid. However, unlike

in case of 𝑹̃
∗
𝑛, 𝑹̇∗

𝑛 requires computation of a new matrix at each Bootstrap iteration. This cannot be
avoided since the regression errors may not have same variance in the non-IID case. Now we are ready
to state SOC of the PB in the non-IID case.

Theorem 8. Suppose that the assumptions (A.1), (A.2), (A.3)′′, (A.4), (A.5)′′, (A.6), (A.7) (or (A.7)′
(for part (b) only)) and (A.8) hold.

(a) (𝑝 grows polynomially) Assume that 𝑝 = 𝑜
(︁
𝑛(𝑟−3)/2 (log𝑛)𝑟/2)︁ and 𝑟 is an integer ≥ 6. Then we

have

sup
𝑩∈𝒞𝑞

⃓⃓
ℙ
∗( 𝑹̇∗

𝑛 ∈ 𝑩) − ℙ( 𝑹̇𝑛 ∈ 𝑩)
⃓⃓
= 𝑜𝑝 (𝑛−1/2).

(b) (𝑝 grows exponentially) Assume that ∥𝜖𝑖 ∥𝑔𝛾 < ∞ for all 𝑖 ∈ {1, . . . , 𝑛} for some 𝛾 > 0 and
∥𝐺∗ − 𝜇𝐺∗ ∥𝑔2 <∞. 𝑟 is an integer ≥ 8. Define 𝛾̃ = min{𝛾,2}. Then for 𝑝 = 𝑜

(︁
𝑛−1/2 exp

(︁
𝑛𝛾̃ 𝛿

)︁ )︁
the conclusion of part (a) holds.

Clearly, the PB remains second order correct for high dimensional LASSO even when the errors are
heteroscedastic. This is not in general true for the RB. Similar differences have also been observed in
the literature, as in Liu (1988), Das and Lahiri (2019a,b). Therefore, the PB is a more widely applicable
Bootstrap technique than the RB in high dimensional. linear regression.

7.2. Higher order accuracy of symmetric CIs based on the PB

In this section, we consider the performance of the symmetric CIs based on the PB when the errors
are non-IID. We show that the accuracy of 𝑂 (𝑛−2) hold in the non-IID case as well, as long as
the pivot-pair ( 𝑹̇𝑛, 𝑹̇

∗
𝑛) is considered. However similar to the IID case, the naive CIs based only on(︁

𝑹̇𝑛, 𝑹̇
∗
𝑛

)︁
may not achieve the 𝑂 (𝑛−2) accuracy level, due to the fourth moment of (𝐺∗

1 − 𝜇𝐺∗ )/𝜇𝐺∗

being strictly greater than 1, as noted before. Define 𝐼
𝑝
𝑛, (1−𝛼) as the symmetric PB CI such that

{𝜃 ∈ 𝐼 𝑝
𝑛, (1−𝛼) } is same as {|𝐻 𝑝

𝑛 | ≤ ℎ̇
𝑝
𝑛,𝛼 + 𝐶̇ 𝑝

𝑛 (𝑧𝛼)} where ℎ̇𝑝𝑛,𝛼 is the (1 − 𝛼)th quantile of | 𝑹̇∗
𝑛 |, i.e.

ℎ̇
𝑝
𝑛,𝛼 = inf{𝑥 : ℙ∗

(︁
| 𝑹̇∗

𝑛 | ≤ 𝑥
)︁
≥ 1 − 𝛼}, and Φ(𝑧𝛼) = 1 − 𝛼/2. The correction factor 𝐶̇ 𝑝

𝑛 (·) is now given
by

𝐶̇
𝑝
𝑛 (𝑥) = −𝑛−1𝑥(𝑥2 − 3)𝜔4

24
, (7.1)

where

𝜔4 =𝚺̃
−2
𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

{︁
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝒙̂

(1)
𝑖

}︁4
𝜖4
𝑖

]︂ [︃𝔼(𝐺∗
1 − 𝜇𝐺∗ )4

𝜇4
𝐺∗

− 1
]︃
.
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Note that the form of the correction factor is simpler in the non-IID case than in the IID case. When
𝐺∗

1 ∼ 𝐵𝑒𝑡𝑎(1/2,3/2), then the correction factor becomes

𝐶̇
𝑝
𝑛 (𝑥) = −𝑥(𝑥

2 − 3)
12𝑛

[︂
𝑛−1

𝑛∑︂
𝑖=1

{︁
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝒙̂

(1)
𝑖

}︁4
𝜖4
𝑖

]︂
𝚺̃
−2
𝑛 .

We are now ready to formally state the results for the symmetric PB CIs in the non-IID case.

Theorem 9. Let 𝛼 ∈ (0,1) and 𝜃𝑛 = 𝑫𝑛𝜷𝑛 where 𝑫𝑛 is a 𝑝-dimensional row vector. The intervals
𝐼
𝑝
𝑛, (1−𝛼) are as defined above. Then we have the following results depending on the growth rate of 𝑝.

(A) Suppose that 𝑝 = 𝑜
(︁
𝑛(𝑟−6)/2 (log𝑛)𝑟/2)︁ and the conditions (A.1), (A.2), (A.3)′′, (A.4), (A.5)′′,

(A.6), (A.7) and (A.8) hold with some integer 𝑟 ≥ 7. Then we have

ℙ
(︁
𝜃𝑛 ∈ 𝐼 𝑝𝑛, (1−𝛼)

)︁
= 1 − 𝛼 +𝑂 (𝑛−2).

(B) Suppose that ∥𝜖 ∥𝑔𝛾 <∞ for some 𝛾 > 0 and ∥𝐺∗ − 𝜇𝐺∗ ∥𝑔2 <∞. Let (A.1), (A.2), (A.3)′′, (A.4),
(A.5)′′, (A.6), (A.7)′ and (A.8) hold with some integer 𝑟 ≥ 9. Let 𝑝 = 𝑜

(︁
𝑛−2 exp

(︁
𝑛𝛾̃ 𝛿

)︁ )︁
where

𝛾̃ = min{𝛾,2}. Then we have

ℙ
(︁
𝜃𝑛 ∈ 𝐼 𝑝𝑛, (1−𝛼)

)︁
= 1 − 𝛼 +𝑂 (𝑛−2).

Remark 7.1. As suggested by the referee, we can use duality between hypothesis testing and confidence
interval to carry out tests on 𝜃𝑛. For example to test 𝐻0 : 𝜃𝑛 = 𝜃𝑛0, for some specified parameter value
𝜃𝑛0 ∈ ℛ, one can check if 𝜃𝑛0 lies outside the confidence intervals 𝐼𝑟

𝑛, (1−𝛼) or 𝐼 𝑝
𝑛, (1−𝛼) or 𝐼 𝑝

𝑛, (1−𝛼) , the
level (1−𝛼) symmetric confidence intervals for 𝜃𝑛 developed in this paper, to guarantee that 𝐻0 can be
rejected at asymptotic significance level 𝛼. Moreover, the actual significance level will be atmost𝑂 (𝑛−2)
away from 𝛼, as a consequence of Theorems 6, 7 and 9. One can also perform tests for one-sided null
hypothesis of the form 𝐻0 : 𝜃𝑛 ≤ 𝜃𝑛0 or 𝐻0 : 𝜃𝑛 ≥ 𝜃𝑛0, based on the second order results of Bootstrap
presented in Section 2 in homoscedastic case and based on Theorem 8 in heteroscedastic case. However,
the accuracy in the significance level for such tests will only be 𝑂 (𝑛−1).

8. Simulation results

In this section, we present simulation results for the LASSO estimator. We compare the following
two sided CIs, (i) bias corrected two-sided RB CIs based on the pivotal quantities ( 𝑹̆𝑛, 𝑹̆

∗
𝑛), (ii)

symmetric two-sided RB CIs based on the pivotal quantities (| 𝑹̆𝑛 |, | 𝑹̆
∗
𝑛 |), (iii) bias corrected two-sided

PB CIs based on the pivotal quantities ( 𝑹̃𝑛, 𝑹̃
∗
𝑛), (iv) symmetric two-sided PB CIs based on the pivotal

quantities (| 𝑹̃𝑛 |, | 𝑹̃
∗
𝑛 |) and (v) two-sided CIs based on the oracle normal approximation. For one-sided

CIs, we found lower and upper CIs based on the bias-corrected RB and PB. Empirical coverages of
90% confidence intervals (and their average lengths, in case of two-sided CIs) are computed. The
constructions of the aforementioned pivotal quantities are presented in Section 5 and 6.

In order to obtain the design matrix, initially 𝑛 samples (rows) were generated independently from
a 𝑝 dimensional Gaussian distribution with zero mean and covariance values 𝜎𝑖, 𝑗 = (0.6) |𝑖− 𝑗 | for all
1 ≤ 𝑖, 𝑗 ≤ 𝑝. Once generated, these values were transformed by centering and scaling each column. The
resulting matrix, with centered and scaled columns, is used as the design matrix to generate responses
according to (1.1). This design matrix remains unchanged through all Monte Carlo replications, since it
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is non-stochastic. We consider two choices of (𝑛, 𝑝), viz., (𝑛, 𝑝) = (150,500) and (𝑛, 𝑝) = (300,500).
We fix 𝑝0 = 10 for both these choices. We set 𝛽 𝑗 = 5, for 1 ≤ 𝑗 ≤ 𝑝0, and 𝛽 𝑗 = 0, for 𝑗 > 𝑝0. In the
homoscedastic errors setting, within each Monte Carlo replication, the errors 𝜖1, . . . , 𝜖𝑛 are obtained as
i.i.d. realizations from an underlying error distribution function 𝐹. Two choices of 𝐹 were considered:
𝐹1 = 𝑁 (0,1) and 𝐹2 = (𝜒2

1 − 1)/
√

2, corresponding to a centered and scaled 𝜒2
1 random variable. The

simulation results are based on 500 Monte-Carlo replications and 750 bootstrap iterations within each
Monte-Carlo replication. Due to similarity in the relative performances between 𝐹1 and 𝐹2, the results
for 𝐹 = 𝐹1 are not displayed to save space. However, the github repository (see below) contains results
(and plots for empirical coverages) for both types of error distribution. We have used the glmnet
package in R (cf. Friedman, Hastie and Tibshirani (2010)) to compute LASSO solutions. In response
to a question raised by a reviewer, we wish to point out that the design matrix entries were generated
from a continuous distribution (multivariate normal), hence the LASSO solution will be unique (see
Tibshirani (2013)) and the maximum number of non-zero estimated coefficients will be ≤ min{𝑛, 𝑝}.

In order to study the empirical coverages of the above CIs we use tuning parameters of the form
𝜆𝑛 = 𝑘𝜆CV, where the constant 𝑘 (> 0) is changed, and 𝜆CV is the five-fold cross validation (CV) based
choice of the tuning parameter obtained initially from the observed data-set. The plots shown in Figures
1 (for 𝑛 = 150) and 2 (for 𝑛 = 300) find the empirical coverage (and average lengths) for the above
mentioned collection of CIs (for both two-sided and one-sided cases) for the true non-zero coefficient
𝛽1, at various choices of 𝑘 .

Using a CV based tuning parameter 𝜆𝑛 is not an optimal approach in case of the LASSO estimator,
especially when the primary goal is variable selection, in order to carry out the proposed post selection
inference. However, the CV based approach is most frequently used in practice to choose a tuning
parameter. The plots displayed in Figures 1 and 2 indicate that with a choice of the constant 𝑘 over
a range of values, we can achieve close to nominal coverage using the penalty parameter 𝜆𝑛 = 𝑘𝜆CV.
Finding a data based optimal choice of 𝑘 is beyond the scope of this article and we hope to investigate
this in a future work.

The following additional simulation results are presented in the Supplementary Materials (Das,
Chatterjee and Lahiri (2026)). Results are provided for the case where the target parameter is 𝛽10 (in
case of 𝐹 = 𝐹2). As suggested by a reviewer, we have also included the empirical coverages for PB based
CIs in the heteroscedastic case (when (𝑛, 𝑝) = (300,500)). The details of the heteroscedastic simulation
setup are provided in Das, Chatterjee and Lahiri (2026). Also, in order to illustrate the improvement
achieved by the two-sided symmetric RB and PB based CIs, we have compared the exact numerical
values of the coverages attained by both RB and PB based two-sided and two-sided symmetric CIs
in two different settings. Tables 1 and 2 in Das, Chatterjee and Lahiri (2026) provide this comparison
and clearly show the improvements. Similar improvements were observed for all choices of (𝑛, 𝑝),
error distribution and target parameters. Details are available in Das, Chatterjee and Lahiri (2026).
All simulated data, relevant code and other details related to this simulation study are available at
github.com/chaisid24/lasso-hd-rb-pb-bernoulli-.

It is evident from the plots (see Figures 1 and 2 and additional simulations provided in Das, Chatterjee
and Lahiri (2026)) that 𝑘 > 1 is required for all the CIs to achieve close to nominal coverages which is
expected since 𝜆𝐶𝑉 does not satisfy the assumption (A.7)(i), as implied by the results of Choudhury and
Das (2025). Clearly, a choice of 𝑘 ∈ [1.5,2] ensures that the two-sided RB and PB based CIs attain close
nominal coverage. The symmetric RB and PB based two-sided CIs obtain a slightly better close-to-
nominal coverage compared to the usual two-sided RB and PB based CIs, at all choices of 𝑘 . However,
both RB and PB based two-sided symmetric CIs have larger lengths, compared to the usual RB and PB
based two-sided CIs. This is a well known fact for two-sided symmetric CIs (see Hall (1992)). For the
one-sided CIs, the coverage accuracy is not as tight, partly owing to the slower accuracy level,𝑂 (𝑛−1) in
the one-sided case versus 𝑂 (𝑛−2) in the two-sided case. Further, the coverage patterns in the one-sided

https://github.com/chaisid24/lasso-hd-rb-pb-bernoulli-
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Figure 1. Top left panel shows empirical coverages of two sided 90% confidence intervals (CIs) for target parameter
𝛽1, in the homoscedastic case as the constant 𝑘 increases. These include the oracle based, RB based and PB based
cases. The top right panel shows the average lengths of these two sided CIs. Bottom left panel shows the empirical
coverages of RB and PB based one-sided lower CIs, while the bottom right panel shows the same for one-sided
upper CIs. These plots are for 𝑛 = 150, 𝑝 = 500, 𝐹 = 𝐹2.

case varied depending on whether one considers an upper or a lower one-sided CI. The difference in
the coverage of the one-sided lower and upper CIs is also due to the ‘sign’ of the third-order cumulant.
A similar phenomenon has been reported in the literature; see Chatterjee and Lahiri (2013). There is a
price to pay for very large 𝑘 , both in terms of support recovery, and also, the lengths of the symmetric
Bootstrap CIs tend to become larger as 𝑘 increases. Further, as expected in view of the results of Section
4, the Oracle based CIs perform very poorly at all levels of 𝜆𝑛, with the performance deteriorating with
a larger 𝑘 . For the one sided CIs the best performance happens at different ranges of 𝑘 , in comparison
to the two sided case.
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Figure 2. Top left panel shows empirical coverages of two sided 90% confidence intervals (CIs) for target parameter
𝛽1, in the homoscedastic case as the constant 𝑘 increases. These include the oracle based, RB based and PB based
cases. The top right panel shows the average lengths of these two sided CIs. Bottom left panel shows the empirical
coverages of RB and PB based one-sided lower CIs, while the bottom right panel shows the same for one-sided
upper CIs. These plots are for 𝑛 = 300, 𝑝 = 500, 𝐹 = 𝐹2.

9. Proofs

9.1. Notation

First we introduce some additional notation. We denote by ∥ · ∥ and ∥ · ∥∞, respectively, the
𝐿2 and 𝐿∞ norm. For a non-negative integer-valued vector 𝜶 = (𝛼1, 𝛼2, . . . , 𝛼𝑙)′ and a function
𝑓 = ( 𝑓1, 𝑓2, . . . , 𝑓𝑙) : R𝑙 → R𝑙 , 𝑙 ≥ 1, write |𝜶 | = 𝛼1 + . . . + 𝛼𝑙 , 𝜶! = 𝛼1! . . . 𝛼𝑙!, 𝑓 𝜶 = ( 𝑓 𝛼1

1 ) . . . ( 𝑓 𝛼𝑙
𝑙

),
and 𝐷𝜶 𝑓1 = 𝐷𝛼1

1 . . . 𝐷𝛼𝑙
𝑙
𝑓1, where 𝐷 𝑗 𝑓1 denotes the partial derivative of 𝑓1 with respect to the 𝑗 th

component of the argument, 1 ≤ 𝑗 ≤ 𝑙. For 𝒕 = (𝑡1, . . . 𝑡𝑙)′ ∈ R𝑙 and 𝜶 as above, define 𝑡𝜶 = 𝑡𝛼1
1 . . . 𝑡𝛼𝑙

𝑙
.

Let 𝚽𝑉 denote the multivariate Normal distribution with mean 0 and dispersion matrix 𝑽 having 𝑗 th
row 𝑽 𝑗. and let 𝜙𝑉 denote the density of 𝚽𝑉 . We write 𝚽𝑉 =𝚽 and 𝜙𝑉 = 𝜙 when 𝑽 is the identity
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matrix. Also define the polynomial 𝜒𝜶 (𝒚 : 𝑽) by the identity (−𝐷)𝜶𝜙(𝒚 : 𝑽) = 𝜒𝜶 (𝒚 : 𝑽)𝜙(𝒚 : 𝑽).
We write 𝜒𝜶 (𝒚 : 𝑽) as 𝜒𝜶 (𝒚) when 𝑽 is the identity matrix. For any set 𝐵 ⊆ ℛ 𝑝 and any 𝒃 ∈ ℛ 𝑝 ,
𝐵 + 𝒃 = {𝒂 + 𝒃 : 𝒂 ∈ 𝐵}.

Define,𝑾𝑛 = 𝑛−1/2 ∑︁𝑛
𝑖=1 𝒙𝑖𝜖𝑖 , 𝑾̇𝑛 = 𝑛−1/2 ∑︁𝑛

𝑖=1 𝑪
−1
11 𝒙

(1)
𝑖 𝜖𝑖 and 𝑾̆𝑛 = 𝑛−1/2 ∑︁𝑛

𝑖=1 𝑪21𝑪
−1
11 𝒙

(1)
𝑖 𝜖𝑖 . Also

define 𝑾∗
𝑛 = 𝑛−1/2 ∑︁𝑛

𝑖=1 𝒙
∗
𝑖 𝜖

∗
𝑖 , 𝑾̇∗

𝑛 = 𝑛−1/2 ∑︁𝑛
𝑖=1 𝑪

−1
11 𝒙

(1)
𝑖 𝜖∗𝑖 and 𝑾̆

∗
𝑛 = 𝑛−1/2 ∑︁𝑛

𝑖=1 𝑪21𝑪
−1
11 𝒙

(1)
𝑖 𝜖∗𝑖 when

underlying Bootstrap is RB. And when the PB is considered, define 𝑾∗
𝑛 = 𝑛

−1/2 ∑︁𝑛
𝑖=1 𝜖𝑖𝒙𝑖 (𝐺

∗
𝑖 − 𝜇𝐺∗ ),

𝑾̇
∗
𝑛 = 𝑛

−1/2 ∑︁𝑛
𝑖=1 𝑪

−1
11 𝒙

(1)
𝑖 𝜖𝑖 (𝐺∗

𝑖 −𝜇𝐺∗ ) and 𝑾̆∗
𝑛 = 𝑛

−1/2 ∑︁𝑛
𝑖=1 𝑪21𝑪

−1
11 𝒙

(1)
𝑖 𝜖𝑖 (𝐺∗

𝑖 −𝜇𝐺∗ ). Now define the
sets 𝑨𝑛 =

{︁{︁
∥𝑾𝑛∥∞ ≤ 𝑎𝑛

}︁
∩
{︁
∥𝑾̇𝑛∥∞ ≤ 𝑎𝑛

}︁
∩
{︁
∥𝑾̆𝑛∥∞ ≤ 𝑎𝑛

}︁}︁
where 𝑎𝑛 = 𝐾

√︁
log𝑛 or𝐾𝑛𝛿 according

as 𝑝 increases polynomially or exponentially. The constant 𝛿 is as defined in the assumptions in Section
3 and the constant 𝐾 (independent of 𝑛, 𝑝) is specified by the applications of the concentration bounds
stated in Lemmas 1 and 2 of Das, Chatterjee and Lahiri (2026). Define the Bootstrap version of the set
𝑨𝑛 as 𝑨∗

𝑛 =
{︁{︁

∥𝑾∗
𝑛∥∞ ≤ 𝑎𝑛

}︁
∩
{︁
∥𝑾̇∗

𝑛∥∞ ≤ 𝑎𝑛
}︁
∩
{︁
∥𝑾̆∗

𝑛∥∞ ≤ 𝑎𝑛
}︁}︁

where 𝜷̌
∗ is 𝜷̇∗ or 𝜷̇∗∗ according as

the underlying Bootstrap is RB or PB. Arguments similar to the proofs of Lemma 8.1 of Chatterjee and
Lahiri (2013) and Lemma 8.1 of Das, Gregory and Lahiri (2019) imply that ℙ(𝑨𝑛) ≥ 1− 𝑜(𝑛−1/2) and
ℙ
∗(𝑨∗

𝑛) ≥ 1− 𝑜𝑝 (𝑛−1/2), when 𝑝 grows polynomially. When 𝑝 grows exponentially, same conclusions
can be drawn based on Lemma 3 of Das, Chatterjee and Lahiri (2026).

9.2. Proofs of the main results

Here we present proofs of Theorems 1, 2 and 6. Proofs of Theorems 3, 7, 8 and 9 are presented in the
supplementary file Das, Chatterjee and Lahiri (2026) to meet the space requirements. We omit the proofs
of Theorems 4 and 5 entirely since the only difference from the proof of Theorem 3 is that Lemma 2 of
Das, Chatterjee and Lahiri (2026) needs to be used to conclude the desired rates ℙ

(︁
𝑨𝑛

)︁
= 1 − 𝑜(𝑛−2)

and ℙ
∗ (︁𝑨∗

𝑛

)︁
= 1 − 𝑜𝑝 (𝑛−2) instead of Lemma 1 of Das, Chatterjee and Lahiri (2026). Statements and

proofs of a set of preliminary lemmas (numbered Lemma 1 - 8) that are used for proving all the results
are given in Das, Chatterjee and Lahiri (2026).

Proof of Theorem 1. As is shown in the proof of Lemma 4 of Das, Chatterjee and Lahiri (2026), 𝒖̂𝑛 =(︁ (︁
𝒖̂ (1)

3𝑛
)︁ ′
,0′

)︁ ′ where 𝒖̂ (1)
3𝑛 = 𝑪−1

11,𝑛
[︁
𝑾 (1)

𝑛 − 𝜆𝑛

2
√
𝑛
𝒄 (1)𝑛

]︁
is the unique solution of the LASSO minimization

problem. Here 𝒄 (1)𝑛 = (𝑐1𝑛, . . . , 𝑐𝑝0𝑛) and 𝑐 𝑗 ,𝑛 = 𝑠𝑔𝑛(𝛽 𝑗 ,𝑛) on the set 𝑨𝑛. Therefore on the set 𝑨𝑛 we
have

𝑻𝑛 =
√
𝑛𝑫𝑛 ( 𝜷̂𝑛 − 𝜷) = 𝑛−1/2

𝑛∑︂
𝑖=1

𝝃 (1)
𝑖 𝜖𝑖 −

𝜆𝑛

2
√
𝑛
𝑫 (1)

𝑛 𝑪−1
11,𝑛𝒄

(1)
𝑛 = 𝑻3𝑛 + 𝒃𝑛.

Under the conditions (A.3)(ii), (A.3)(iii), (A.5)(i) with 𝑟 = 3/2, Lemma 6 of Das, Chatterjee and Lahiri
(2026) implies that

sup
𝑩∈𝒞𝑞

|ℙ(𝑻3𝑛 ∈ 𝑩) −Φ(𝑩;𝜎2𝚺𝑛) | =𝑂 (𝑛−1/2), (9.1)

where 𝚺𝑛 = 𝑫 (1)
𝑛 𝑪−1

11,𝑛𝑫
(1)
𝑛 . Since we have assumed max

⃓⃓ (︁
𝚺−1/2
𝑛

)︁
𝑗 ·
[︁
𝑫 (1)

𝑛 𝑪−1
11,𝑛𝒄

(1)
𝑛

]︁ ⃓⃓
> 𝜅 for some

𝜅 > 0, without loss of generality we can consider
⃓⃓ (︁
𝚺−1/2
𝑛

)︁
1·
[︁
𝑫 (1)

𝑛 𝑪−1
11,𝑛𝒄

(1)
𝑛

]︁ ⃓⃓
> 𝜅, where

(︁
𝚺−1/2
𝑛

)︁
𝑗 · is
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the 𝑗 th row of 𝚺−1/2
𝑛 and 𝚺𝑛 = 𝑫 (1)

𝑛 𝑪−1
11,𝑛𝑫

(1)
𝑛 . Then consider a set 𝑩𝑛 in ℛ𝑞 as

𝑩𝑛 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(︂
−∞,− 𝜅𝜆𝑛

4
√
𝑛

)︂
× ℛ × · · · × ℛ, if

(︂
𝚺−1/2
𝑛

)︂
1·

[︂
𝑫 (1)

𝑛 𝑪−1
11,𝑛𝒄

(1)
𝑛

]︂
> 𝜅(︂ 𝜅𝜆𝑛

4
√
𝑛
,∞

)︂
× ℛ × · · · × ℛ, if

(︂
𝚺−1/2
𝑛

)︂
1·

[︂
𝑫 (1)

𝑛 𝑪−1
11,𝑛𝒄

(1)
𝑛

]︂
< −𝜅

,

Since 𝑩𝑛 is convex, 𝑩̃𝑛 = 𝚺1/2
𝑛 𝑩𝑛 = {𝒚 ∈ ℛ𝑞 : 𝒚 = 𝚺1/2

𝑛 𝒙 for some 𝒙 ∈ 𝑩𝑛} is also a convex set. There-
fore due to (9.1) and the fact that ℙ(𝑨𝑛) = 1 − 𝑜(𝑛−1/2), we have

Δ𝑛 = sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ(𝑻𝑛 ∈ 𝑩) −Φ(𝑩;𝜎2𝚺𝑛)

⃓⃓⃓
≥

⃓⃓⃓
ℙ(𝑻𝑛 ∈ 𝑩̃𝑛) −Φ(𝑩𝑛;𝜎2𝚺𝑛)

⃓⃓⃓
≥
⃓⃓⃓
ℙ

(︂
{𝑻𝑛 ∈ 𝑩̃𝑛} ∩ 𝑨𝑛

)︂
−Φ(𝑩̃𝑛;𝜎2𝚺𝑛)

⃓⃓⃓
− ℙ(𝑨𝑐

𝑛) ≥
⃓⃓⃓
ℙ

(︂
𝑻3𝑛 + 𝒃𝑛 ∈ 𝑩̃𝑛

)︂
−Φ(𝑩̃𝑛;𝜎2𝚺𝑛)

⃓⃓⃓
− 2ℙ(𝑨𝑐

𝑛)

≥
⃓⃓⃓
Φ(𝑩𝑛 − 𝚺−1/2

𝑛 𝒃𝑛;𝜎2𝑰𝑞) −Φ(𝑩𝑛;𝜎2𝑰𝑞)
⃓⃓⃓
− 𝑜(𝑛−1/2).

Again note that
⃓⃓ (︁
𝚺−1/2
𝑛

)︁
1·𝒃𝑛

⃓⃓
≥ 𝜅𝜆𝑛

2
√
𝑛
≥ 𝜅𝜂−1𝐾3/2

√︁
log𝑛, due to condition (A.7)(ii). Therefore we have

⃓⃓⃓
Φ(𝑩𝑛 − 𝚺−1/2

𝑛 𝒃𝑛;𝜎2𝑰𝑞) −Φ(𝑩𝑛;𝜎2𝑰𝑞)
⃓⃓⃓
→ 1 as 𝑛→∞.

Therefore Theorem 1 follows. See the Das, Chatterjee and Lahiri (2026) for the details of the arguments.

Proof of Theorem 2. It can be shown that on the set 𝑨∗
𝑛,

𝑻∗
𝑛 =

√
𝑛𝑫𝑛 ( 𝜷̂

∗
𝑛 − 𝜷̌𝑛) = 𝑛−1/2

𝑛∑︂
𝑖=1

𝝃̂
(1)
𝑖 𝜖∗𝑖 −

𝜆𝑛

2
√
𝑛
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝒄̂

(1)
𝑛 ≡ 𝑻∗

3𝑛 + 𝒃̇𝑛 and

𝑻∗∗
𝑛 =

√
𝑛𝑫̂𝑛 ( 𝜷̂

∗∗
𝑛 − 𝜷̌𝑛) = 𝑛−1/2

𝑛∑︂
𝑖=1

𝝃̂
(1)
𝑖 𝜖𝑖 (𝐺∗

𝑖 − 𝜇𝐺∗ )𝜇−1
𝐺∗ −

𝜆𝑛

2
√
𝑛
𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝒄̂

(1)
𝑛 ≡ 𝑻∗∗

3𝑛 + 𝒃̇𝑛,

where 𝝃̂
(1)
𝑖 = 𝑫̂

(1)
𝑛 𝑪̂

−1
11,𝑛 𝒙̂

(1)
𝑖 , 𝑖 ∈ {1, . . . , 𝑛} and 𝒄̂ (1)𝑛 = (𝑐1𝑛, . . . , 𝑐𝑝0𝑛) with 𝑐 𝑗 ,𝑛 = 𝑠𝑔𝑛(𝛽 𝑗 ,𝑛). Note

that on the set 𝑨3𝑛 with ℙ(𝑨𝑛) = 1 − 𝑜(𝑛−1/2), 𝑐 𝑗 ,𝑛 = 𝑐 𝑗 ,𝑛 for all 𝑗 ∈ {1, . . . , 𝑝0} and hence 𝒃̇𝑛 = 𝒃𝑛.
Therefore for any 𝑘 > 0 and sufficiently large 𝑛,

ℙ

[︃
Δ∗
𝑛 = sup

𝑩∈𝒞𝑞
|ℙ∗(𝑻∗

𝑛 ∈ 𝑩) − ℙ(𝑻𝑛 ∈ 𝑩) | > 𝑘 · 𝑛−1/2
]︃

≤ ℙ

[︃
sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗
(︂
{𝑻∗

𝑛 ∈ 𝑩} ∩ 𝑨∗
𝑛

)︂
− ℙ

(︂
{𝑻𝑛 ∈ 𝑩} ∩ 𝑨𝑛

)︂ ⃓⃓⃓
+ ℙ∗(𝑨∗𝑐

𝑛 ) + ℙ(𝑨𝑐
𝑛) > 𝑘 · 𝑛−1/2

]︃

≤ ℙ

[︃
sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗
(︂
{𝑻∗

𝑛 ∈ 𝑩}
)︂
− ℙ

(︂
{𝑻𝑛 ∈ 𝑩}

)︂ ⃓⃓⃓
+ 2ℙ∗(𝑨∗𝑐

𝑛 ) + 2ℙ(𝑨𝑐
𝑛) > 𝑘 · 𝑛−1/2

]︃

≤ ℙ

[︃
sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗
(︂
𝑻∗

3𝑛 + 𝒃̇𝑛 ∈ 𝑩
)︂
− ℙ

(︂
𝑻3𝑛 + 𝒃𝑛 ∈ 𝑩

)︂ ⃓⃓⃓
+ 2ℙ∗(𝑨∗𝑐

𝑛 ) > (𝑘/2) · 𝑛−1/2
]︃
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≤ ℙ

[︃{︂
sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗
(︂
𝑻∗

3𝑛 + 𝒃𝑛 ∈ 𝑩
)︂
− ℙ

(︂
𝑻3𝑛 + 𝒃𝑛 ∈ 𝑩

)︂ ⃓⃓⃓
> (𝑘/4) · 𝑛−1/2

}︂]︃
+ 𝑜(𝑛−1/2)

= ℙ

[︃{︂
sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗
(︂
𝑻∗

3𝑛 ∈ 𝑩
)︂
− ℙ

(︂
𝑻3𝑛 ∈ 𝑩

)︂ ⃓⃓⃓
> (𝑘/4) · 𝑛−1/2

}︂]︃
+ 𝑜(𝑛−1/2).

Fourth inequality follows from the fact that ℙ∗
(︂
𝑨∗𝑐
𝑛

)︂
= 𝑜(𝑛−1/2) on the set 𝑨3𝑛. Therefore, to prove the

result corresponding to RB of Theorem 2, it is enough to show that

sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗
(︂
𝑻∗

3𝑛 ∈ 𝑩
)︂
− ℙ

(︂
𝑻3𝑛 ∈ 𝑩

)︂ ⃓⃓⃓
=𝑂 𝑝 (𝑛−1/2).

Similar arguments will also ensure that the following is enough to establish the result corresponding to
PB:

sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗
(︂
𝑻∗∗

3𝑛 ∈ 𝑩
)︂
− ℙ

(︂
𝑻3𝑛 ∈ 𝑩

)︂ ⃓⃓⃓
=𝑂 𝑝 (𝑛−1/2).

Again due to Lemma 6 of Das, Chatterjee and Lahiri (2026) we have

sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
(︁
𝑻3𝑛 ∈ 𝑩

)︁
−Φ

(︁
𝑩;𝜎2𝚺𝑛

)︁ ⃓⃓⃓
=𝑂

(︁
𝑛−1/2)︁ , (9.2)

sup
𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗ (︁𝑻∗

3𝑛 ∈ 𝑩
)︁
−Φ

(︁
𝑩; 𝜎̂2

𝑛𝚺𝑛
)︁ ⃓⃓⃓
=𝑂 𝑝

(︁
𝑛−1/2)︁ and sup

𝑩∈𝒞𝑞

⃓⃓⃓
ℙ
∗ (︁𝑻∗∗

3𝑛 ∈ 𝑩
)︁
−Φ

(︁
𝑩; 𝚺̃𝑛

)︁ ⃓⃓⃓
=𝑂 𝑝

(︁
𝑛−1/2)︁ ,

where 𝚺𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝝃

(1)
𝑖 𝝃 (1)′

𝑖 = 𝑫 (1)
𝑛 𝑪−1

11,𝑛𝑫
(1)
𝑛 , 𝜎̂2

𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1(𝜖𝑖 − 𝜖𝑛)

2 and 𝚺̃𝑛 = 𝑛−1 ∑︁𝑛
𝑖=1 𝝃

(1)
𝑖

𝝃 (1)′
𝑖 𝜖2

𝑖 . Clearly we are done from (9.2) by noting that |𝜎̂2
𝑛 − 𝜎2 | = 𝑂 𝑝 (𝑛−1/2) and ∥𝚺̃𝑛 − 𝜎2𝚺𝑛∥ =

𝑂 𝑝 (𝑛−1/2) (cf. Lemma 5 of Das, Chatterjee and Lahiri (2026)).

Proof of Theorem 6. We will only describe the proof when 𝑝 grows polynomially, since the only
difference between polynomial and exponential growth cases is the application of Lemma 1 or Lemma
2 (or Weibull concentration inequality), presented in Das, Chatterjee and Lahiri (2026), to conclude the
desired rates ℙ

(︁
𝑨𝑛

)︁
= 1 − 𝑜(𝑛−2) and ℙ

∗ (︁𝑨∗
𝑛

)︁
= 1 − 𝑜𝑝 (𝑛−2). As soon as we have these bounds, there

is no role of the original dimension 𝑝. All the analysis will be in the reduced dimension 𝑝0 which has
same growth rate irrespective of whether 𝑝 grows polynomially or exponentially. Note that for the RB,
the pivotal pair is

(︁
𝑹̆𝑛, 𝑹̆

∗
𝑛

)︁
. As in the proof of Theorem 3, for sufficiently large 𝑛 we have,

𝑹̆𝑛 = 𝜎̂
−1
𝑛 𝑛−1/2

𝑛∑︂
𝑖=1

𝑫 (1)
𝑛 𝐶−1

11,𝑛𝒙
(1)
𝑖 𝜖𝑖 and 𝑹̆

∗
𝑛 = 𝜎

∗−1
𝑛 𝑛−1/2

𝑛∑︂
𝑖=1

𝑫 (1)
𝑛 𝐶−1

11,𝑛𝒙
(1)
𝑖 𝜖∗𝑖 ,

respectively on the sets 𝑨𝑛 and 𝑨∗
𝑛. Since ℙ

(︁
𝑨𝑛

)︁
= 1 − 𝑜(𝑛−2) and ℙ

∗ (︁𝑨∗
𝑛

)︁
= 1 − 𝑜𝑝 (𝑛−2) and the

desired error rate is 𝑂 (𝑛−2), without loss of generality we can assume that 𝑨0𝑛 and 𝑨∗
0𝑛 both have

probability equal to 1. Again note that Cramer’s condition holds for (𝜖1, 𝜖
2
1 )

′ (cf. assumption (A.4)(ii))
and conditional Cramer’s condition holds for (𝑟∗1, 𝑟

∗2
1 ) (cf. Lemma 7 of Das, Chatterjee and Lahiri

(2026)). Therefore the set up for RB fits with the regression set up considered in Hall (1988). Hence
the arguments through (3.4) to (3.7) of Hall (1988) (with error 𝑜(𝑛−2) instead of 𝑂 (𝑛−5/2)) can be
followed to prove Theorem 6. Without loss of generality assume that the asymptotic variances of the
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pivots 𝑹̆𝑛 and 𝑹̆
∗
𝑛 are all equal to 1. This will not allow us to lose generality since asymptotic variances

of 𝑹̆𝑛 and 𝑹̆
∗
𝑛 are actually bounded below due to the condition (A.2)(iii). To that end, by Edgeworth

expansion theory we have

ℙ
(︁
𝑹̆𝑛 ≤ 𝑥

)︁
= Φ(𝑥) + 𝑛−1/2𝑞𝑟1 (𝑥)𝜙(𝑥) + 𝑛

−1𝑞𝑟2 (𝑥)𝜙(𝑥) + 𝑛
−3/2𝑞𝑟3 (𝑥)𝜙(𝑥) +𝑂 (𝑛−2)

uniformly in 𝑥. Here 𝑞𝑟𝑖 is even or odd polynomial if 𝑖 is odd or even. Also the coefficients of 𝑞𝑟𝑖 depends
on the moments of (𝜖1, 𝜖

2
1 ) of order 𝑖 + 2 or less, 𝑖 = 1,2,3. Therefore,

ℙ
(︁
| 𝑹̆𝑛 | ≤ 𝑥

)︁
= 2Φ(𝑥) − 1 + 2𝑛−1𝑞𝑟2 (𝑥)𝜙(𝑥) +𝑂 (𝑛−2)

uniformly in 𝑥. IfΦ(𝑧𝛼) = 1−𝛼/2, then inverting the above expression we have ℎ𝑟𝑛,𝛼 = 𝑧𝛼−𝑛−1𝑞𝑟2 (𝑧𝛼) +
𝑂 (𝑛−2). We can find the Edgeworth expansion with error𝑂 𝑝 (𝑛−2) for 𝑹̆∗

𝑛 by using Lemma 4 and Lemma
7 (cf. Das, Chatterjee and Lahiri (2026)) which will similarly imply ℎ̂𝑟𝑛,𝛼 = 𝑧𝛼 − 𝑛−1𝑞𝑟2 (𝑧𝛼) +𝑂 𝑝 (𝑛−2)
for some odd polynomial 𝑞𝑟2 (·). Hence ℎ̂𝑟𝑛,𝛼 = ℎ𝑟𝑛,𝛼 −𝑛−3/2𝑉𝑟

𝑛,𝛼 +𝑂 𝑝 (𝑛−2) where𝑉𝑟
𝑛,𝛼 =

√
𝑛
{︁
𝑞𝑟2 (𝑧𝛼) −

𝑞𝑟2 (𝑧𝛼)
}︁
. Therefore upon application of delta method for Edgeworth expansions [cf. Section 2.7 of Hall

(1992)], we have

ℙ
(︁
𝜃𝑛 ∈ 𝐼𝑟𝑛, (1−𝛼)

)︁
= ℙ

(︂
𝑹̆𝑛 + 𝑛−3/2𝑉𝑟

𝑛,𝛼 ≤ ℎ𝑟𝑛,𝛼
)︂
− ℙ

(︂
𝑹̆𝑛 − 𝑛−3/2𝑉𝑟

𝑛,𝛼 ≤ −ℎ𝑟𝑛,𝛼
)︂
+𝑂 (𝑛−2). (9.3)

Now following the arguments similar to Hall (1988), it can be established that

ℙ

(︂
𝑹̆𝑛 + 𝑛−3/2𝑉𝑟

𝑛,𝛼 ≤ 𝑥
)︂
= ℙ

(︂
𝑹̆𝑛 ≤ 𝑥

)︂
+ 𝑛−3/2𝑠𝑟1 (𝑥) +𝑂 (𝑛−2)

ℙ

(︂
𝑹̆𝑛 − 𝑛−3/2𝑉𝑟

𝑛,𝛼 ≤ 𝑥
)︂
= ℙ

(︂
𝑹̆𝑛 ≤ 𝑥

)︂
− 𝑛−3/2𝑠𝑟1 (𝑥) +𝑂 (𝑛−2),

both uniformly in 𝑥, since the quantity 𝑉𝑟
𝑛,𝛼 is properly centered and scaled. Here 𝑠𝑟1 (·) is an odd

polynomial. Hence, for any 𝛼 ∈ (0,1) we have⃓⃓⃓
ℙ
(︁
𝜃𝑛 ∈ 𝐼𝑟𝑛, (1−𝛼)

)︁
− (1 − 𝛼)

⃓⃓⃓
=

⃓⃓⃓
ℙ
(︁
| 𝑹̆𝑛 | ≤ ℎ̂𝑟𝑛,𝛼

)︁
− ℙ

(︁
| 𝑹̆𝑛 | ≤ ℎ𝑟𝑛,𝛼

)︁ ⃓⃓⃓
=
⃓⃓⃓ [︂
ℙ

(︂
𝑹̆𝑛 + 𝑛−3/2𝑉𝑟

𝑛,𝛼 ≤ ℎ𝑟𝑛,𝛼
)︂
− ℙ

(︂
𝑹̆𝑛 − 𝑛−3/2𝑉𝑟

𝑛,𝛼 ≤ −ℎ𝑟𝑛,𝛼
)︂]︂

− ℙ

(︂
| 𝑹̆𝑛 | ≤ ℎ𝑟𝑛,𝛼

)︂ ⃓⃓⃓
+𝑂 (𝑛−2)

=
⃓⃓⃓ [︂
ℙ

(︂
𝑹̆𝑛 ≤ ℎ𝑟𝑛,𝛼

)︂
+ 𝑛−3/2𝑠𝑟1

(︁
ℎ𝑟𝑛,𝛼

)︁ ]︂
−
[︂
ℙ

(︂
𝑹̆𝑛 ≤ −ℎ𝑟𝑛,𝛼

)︂
− 𝑛−3/2𝑠𝑟1

(︁
− ℎ𝑟𝑛,𝛼

)︁ ]︂
− ℙ

(︂
| 𝑹̆𝑛 | ≤ ℎ𝑟𝑛,𝛼

)︂ ⃓⃓⃓
+𝑂 (𝑛−2) = 𝑂 (𝑛−2).

Therefore we are done.
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