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ABSTRACT. In this paper, we study inferential aspects of low-rank matrix linear mod-
els under nuclear-norm regularization. While existing literature largely focuses on es-
timation error bounds and non-asymptotic guarantees, the asymptotic distributional the-
ory of nuclear-norm penalized estimators remains underdeveloped even in classical fixed-
dimension settings. We establish consistency and derive the asymptotic distribution of the
nuclear-norm penalized estimator when the number of predictors and responses are fixed
and the sample size diverges. The limiting law is shown to be non-standard, arising as
the minimizer of a random convex objective involving Gaussian matrix perturbations and
singular-vector projections, which complicates direct inference. To enable valid inference,
we develop a Perturbation Bootstrap procedure tailored to the nuclear-norm penalized es-
timator. A key obstacle is the lack of rank-selection consistency of the estimator, which
invalidates naive bootstrap approximations. We overcome this by introducing a thresh-
olded version of the estimator that achieves strong rank-selection consistency without prior
knowledge of the true rank. Centering the bootstrap pivot at this thresholded estimator,
we prove that the conditional bootstrap distribution consistently approximates the uncon-
ditional asymptotic law of the estimator. We also characterize the limiting behavior of
the estimator’s singular values and show that a suitably centered Perturbation Bootstrap
consistently reproduces these limits for inference. The proposed method provides a theo-
retically justified approach for constructing confidence regions and hypothesis tests for the
coefficient matrix in low-rank multivariate regression models.

1. INTRODUCTION

Consider the multivariate linear regression model:

Y = XA+ E,(1.1)

where Y ∈ Rn×T is the response matrix with j-th column denoting n independent ob-
servations on j-th response variable. X ∈ Rn×p is the non-random design matrix and
A ∈ Rp×T is the unknown parameter matrix. the randomness in the model is governed by
the n × T error matrix E. Clearly, n, p and T respectively denote the number of obser-
vations, the number of predictors and the number of responses. Throughout the paper, we
consider p and T to be fixed and n can grow to ∞. Multivariate linear regression model
(1.1) is widely used when several related responses are observed for the same set of pre-
dictors. In econometrics, such models are employed to jointly analyze multiple economic
indicators while accounting for correlation across responses, as studied in the framework
of seemingly unrelated regressions by Zellner (1962). In environmental and climate sci-
ences, they are used to relate meteorological covariates to multiple climate variables such
as temperature, precipitation, and wind speed (cf. Wilks (2019)). In machine learning
and applied statistics, these models form the foundation of multi-output and multi-task re-
gression, where related prediction problems are solved jointly by Breiman and Friedman
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(1997). Similar approaches arise in biomedical and chemometrics applications, where cor-
related biological or chemical responses are modeled simultaneously to improve prediction
and interpretation (cf. Reinsel and Velu (1998)). Development of the statistical inference
methodologies for the model (1.1) under varied generalizations is an active field of re-
search, although the foundational work has long been done by considering the model (1.1)
an extension of the usual multiple linear regression model. Mardia et al. (1979), Muirhead
(1982), and Anderson (2003) developed distributional theory, likelihood-based inference
techniques, and hypothesis testing procedures under multivariate normal assumption of the
errors. In particular, Muirhead (1982) provided comprehensive results on estimation and
testing for the parameter matrix A, while Mardia et al. (1979) discussed multivariate re-
gression, principal component analysis, and canonical correlations. Later works such as
Johnson and Wichern (2007) and Rencher and Christensen (2012) extended classical mul-
tivariate analysis by developing unified estimation and hypothesis testing procedures for
generalized MANOVA and growth curve models, particularly in longitudinal and repeated-
measures settings with complex covariance structures.

Let us start with the special case of T = 1 in the model (1.1), i.e., we are in the multiple
linear regression setup. Now when the number of covariates p is considerably large, then
it is natural to expect that many of these covariates are actually irrelevant. Such a setting
can be identified by imposing sparsity in the multiple linear regression model. The most
well-known method of imposing sparsity in (1.1) with T = 1 and to identify the relevant
covariates is the Lasso, introduced by Tibshirani (1996). However, when T > 1 then the
relevance of a particular covariate depends on the joint structure of the response variables,
since a covaraite may have no effect on one response variable while remain influential for
another response variable. Therefore, entry-wise sparsity of the coefficient matrix A does
not adequately capture predictor irrelevance in the multi-response framework. Instead,
one may assume that A has some low rank structure. For example, if rank(A) = r with
r ≪ min(p, T ), then there exist matrices U ∈ Rp×r and V ∈ RT×r such that A = UV ⊤.
Under this factorization, the multivariate regression model (1.1) reduces to

Y = XUV ⊤ + E = X∗V ⊤ + E = (X∗V ⊤
1 , X

∗V ⊤
2 ) + E,(1.2)

where X∗ = XU and V = (V ⊤
1 , V

⊤
2 )⊤ with V1 ∈ Rr×r. When r < p, then (1.2) indi-

cates that X∗ ∈ Rn×p can be thought of as the latent design matrix. In other words, only
r (< p) many linear combinations of the the original covariates are sufficient to explain T
many response variables. On the other hand, when r < T , then (1.2) essentially implies
that it is enough to analyze only r (< T ) many response variables because on an average
the remaining (T − r) ones are actually linear combination of those r many response vari-
ables. Thus, the low rank structure of the parameter matrixA can effectively identify linear
dependence among the covariates as well as among the response variables in model (1.1).
Hence, it is very natural to assume a low rank structure in (1.1) when either the number of
covariates (p) or the number of responses (T ) is large. Early investigations into low-rank
multivariate regression were carried out by Izenman (1975) and Davies and Tso (1982),
who studied least-squares estimators under explicit rank constraints on the coefficient ma-
trix (known as reduced rank estimator) and established their inferential properties. The
same was further developed by Reinsel and Velu (1998),Bach (2008), Giraud (2011) and
Giraud (2021) who studied oracle inequalities and prediction guarantees for reduced-rank
estimators. Across these works, the rank is either assumed to be known a priori or selected
via model selection or penalization schemes, depending on the specific formulation (cf.
Bach (2008); Giraud (2021)).
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Least square with rank constraint is a non-convex problem leading to non-uniqueness
of the reduced rank estimator and its theoretical analysis generally requires the knowledge
of the low rank structure of the model (1.1). The convex relaxation of the rank constraint
is the nuclear norm penalty. Therefore, a practical alternative to the reduced rank estimator
is the nuclear norm penalized (hereafter referred to as NNP) estimator which is defined as

Ãn = arg min
B∈Rp×T

{
∥Y −XB∥2F + λn∥σ(B)∥1

}
= arg min

B∈Rp×T

{ n∑
i=1

∥Yi −XiB∥22 + λn∥σ(B)∥1
}
,(1.3)

where Yi ∈ R1×T and Xi ∈ R1×p denote the i-th rows of Y and X , respectively. λn
(> 0) is the penalty parameter. Thus, Ãn is the minimizer of the NNP least squared
criterion function. Some preliminary theoretical results on the NNP estimator Ãn and on
its implementation are due to Goldberg et al. (2010), Bunea et al. (2011), Chen and Huang
(2012),Chen et al. (2013); among others. Particularly, Bunea et al. (2011) establish oracle
inequalities and optimal rates for reduced-rank and NNP estimators in high-dimensional
multivariate regression. Chen et al. (2013) develop adaptive nuclear norm methods, while
Chen and Huang (2012) study convex relaxations with statistical guarantees for low-rank
estimation. These works focus on estimation and prediction bounds under rank-regularized
or convex formulations, often under more structured design assumptions than the general
regression setting considered here. However, relatively less is known on the distributional
properties of Ãn and its different smooth and non-smooth functions (e.g. entries, different
types of norms, minimum of the absolute row or column sums of Ãn etc.) even when
both p and T are fixed. In this paper, we try to fill this gap by establishing the asymptotic
distribution of Ãn when the parameter matrix A has low rank structure with no knowledge
of its true rank.

We first establish consistency properties of Ãn under suitable regularity conditions and
characterize the role of the penalty sequence λn (cf. Theorem 3.1). In particular, we
demonstrate that when n−1λn → λ0 > 0, the estimator Ãn converges in probability to the
minimizer of a penalized population risk function, thereby introducing an asymptotic bias
induced by the nuclear-norm regularization. However, when n−1λn → 0, the penalization
term becomes asymptotically negligible, and Ãn coincides with the least squares estimator,
resulting in consistency for A but without enforcing a low-rank structure. Subsequently in
Theorem 3.2, we derive the asymptotic distribution of the scaled estimator

√
n(Ãn − A)

and show that its limiting distribution is characterized as the minimizer of a random con-
vex objective function involving Gaussian matrix perturbations and singular-vector projec-
tions of A. The resulting limit law is inherently non-standard and typically involves both
continuous and discrete components, which prevents direct derivation of marginal limit-
ing distributions for individual entries of Ãn. These structural complications highlight
the limitations of classical inference and motivate the development of resampling-based
procedures. In particular, bootstrap methods are explored to approximate the sampling dis-
tribution of the estimator and facilitate valid statistical inference in the low-rank penalized
multivariate regression setting.

Bootstrap methods for matrix-valued and multivariate regression models have been
studied as practical tools for inference and uncertainty quantification. In structured ma-
trix settings, Milan & Whittaker (1995) explored parametric bootstrap approaches based on
singular value decomposition frameworks. Subsequently, Portier & Delyon (2014) develop
a weighted bootstrap testing procedure for rank determination in least-squares constrained
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estimation and establish its consistency under suitable singular value separation condi-
tions. Josse & Wager (2016) then study bootstrap methods in low-rank matrix denoising,
focusing on stabilizing singular value estimates under noise. In multivariate regression
settings, Eck (2018) develop residual and paired bootstrap procedures for inference on
the coefficient matrix, with methodological roots in classical regression bootstrap ideas of
Freedman (1981). More recently, Saegusa et al. (2022) construct parametric bootstrap con-
fidence intervals in multivariate Fay–Herriot models. However, these approaches do not
address bootstrap validity for non-smooth penalized estimators in low-rank matrix linear
regression models from a fully inferential perspective.

In this paper, we will devise the Perturbation Bootstrap (PB) estimator Ǎ∗
n for NNP

estimator. See section 4 for the definition. We first address the incompetency of the PB
pivotal quantity

√
n(Ǎ∗

n − Ãn) centered at original Ãn to approximate the original pivotal
quantity. The discussion reveals a fundamental obstacle in bootstrap approximation for
NNP estimators. The NNP estimator Ãn is not rank-selection consistent (hereafter referred
to as RSC) by default. That is the singular values of Ãn corresponding to σj = 0 for all
j > r∗(= rank(A)), may be positive or 0 with positive probability, erring to capture
the true rank. To circumvent this issue, we introduce a thresholded version Ã

(thr)
n of

the nuclear–norm estimator that enforces rank identification at an appropriate rate. In
Proposition 4.1, we establish that this thresholded estimator is RSC almost surely, that is,

rank
(
Ã(thr)

n

)
= r∗ eventually almost surely.

Building on this stabilization, we propose a modified PB pivotal quantity
√
n(Ã

∗(mod)
n −

Ã
(thr)
n ) centered at the thresholded estimator with Ǎ∗

n = Ã
∗(mod)
n (see section 4). Finally

in Theorem 4.1, we prove that the conditional distribution of the modified PB pivot con-
verges almost surely to the same fixed limit law that is governed by

√
n(Ãn − A). From

an inferential standpoint, this result provides a rigorous justification for bootstrap-based
confidence regions and hypothesis tests for the unknown parameter matrix A or its derived
functionals in low-rank multivariate models. Importantly, the procedure does not require
prior knowledge of the true rank. Additionally we establish the asymptotic distribution and
its respective Bootstrap validity of properly centered and scaled singular values of A (cf.
Theorem 3.3 and Corollary 4.1).

The rest of the paper is organized as follows. Section 2 introduces the notations and
regularity conditions required for main results. Section 3 establishes consistency proper-
ties and asymptotic distribution of the NNP estimator. The PB estimator in this context is
defined in section 4 and rank consistency of the thresholded estimator is addressed. This
section also studies the asymptotic validity of the PB procedure. Section 5 contains exten-
sive simulation study on finite sample results. Proofs of all the requisite lemmas and main
results have been attributed to section 5.

2. NOTATIONS AND REGULARITY CONDITIONS

In this section we first provide requisite notations for our main results. Let {Xn}n≥1

be a sequence of random matrices in Rp×T and let X be a Rp×T –valued random matrix.
We write vec(A) ∈ RpT for the usual column-stacking vectorization of a matrix A. When
we say variance of a matrix A, we mean variance of vec(A). We use the matrix and
its vectorization interchangeably. For a random matrix W ∈ Rp×T , we will denote the
matrix-normal representation as,

W ∼ MN p×T

(
0p×T , U = σ2C, V = IT

)
,
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Also by definition, vec(MN (M,U, V )) is equivalent in distribution toNpT (vec(M), V ⊗
U). Here ⊗ denote the usual Kronecker’s product between two matrices. E∗(·) denote the
conditional expectation given the noise matrixE or its entries (εij). Define the linear term,
gram matrix and residuals as:

Wn =
1√
n
X⊤E, Cn =

1

n
X⊤X, Ẽ = Y −XÃn.

Now we are ready to list the assumptions.
(C.1) Let En×T = (εi,j) and assume that {εi,j : i ≥ 1, j ≥ 1} are i.i.d. with mean 0,

variance σ2 and E(|ε1,1|3) <∞.
(C.2) 1

n

∑n
i=1 ∥Xi∥3 = O(1).

(C.3) There exists a positive definite matrix C ∈ Rp×p such that 1
nX

⊤X −→ C.

(C.4) A admits the SVD representation: A =
∑r∗

j=1 uj σj(A) (vj)
⊤, where uj and vj

are the left and right singular vectors associated with the ordered singular values
σ1(A) > σ2(A) > .... > σr∗(A) > 0 and σj(A) = 0 for all j > r∗.

We now briefly discuss the above regularity conditions. Conditions (C.1) and (C.2)
together are required to control stochastic fluctuation terms of the form n−1/2X⊤E and
related empirical quantities arising in multivariate regression. Those controls are in turn
required for asymptotic normality and bootstrap validity. Similar regularity conditions are
standard in the literature on high-dimensional penalized M-estimation and low-rank matrix
recovery; see, for example, Negahban and Wainwright (2011), Bunea et al. (2011), Rohde
and Tsybakov (2011), and Koltchinskii et al. (2011). However, one can drop the identical
distributed structure of the enries of E consider the following condition instead:
(C.1)′: The random error vectors {Ei}ni=1 are independent with E(Ei) = 0,Cov(Ei) =
Σ̄i, such that 1

n

∑n
i=1 E∥Ei∥ 3 = O(1) and 1

n

∑n
i=1 Σ̄i −→ Σ̄, for some positive definite

matrix Σ.
Condition (C.3) ensures stability of the quadratic approximation to the objective function
and is essential for applying the argmin continuous mapping theorem and deriving as-
ymptotic distributions. This condition is a natural one and is considered almost always in
the asymptotic analysis of Lasso regression; see for example Knight and Fu (2000) and
Chatterjee and Lahiri (2011). Assumption (C.4) formalizes the low-rank structure under-
lying the nuclear norm penalization framework. The singular value decomposition plays a
central role in the analysis of trace-norm regularized estimators; see Negahban and Wain-
wright (2011), Koltchinskii et al. (2011), and Candès and Recht (2012). These structural
decompositions are fundamental in establishing oracle inequalities, consistency, rank re-
covery, and perturbation expansions for low-rank estimators. The strict ordering of the
nonzero singular values in (C.4) implies that the positive singular values are simple which
ensures identifiability of the singular vectors together required for smooth perturbation
expansions of singular values and singular subspaces. Without spectral separation, the sin-
gular vectors are not uniquely identifiable and hence perturbation expansions may fail; see
for example Davis and Kahan (1970), Stewart (1990), and Mardia et al. (1979). These per-
turbation expansions are crucial for obtaining explicit form of the asymptotic distribution
of any functional of Ãn, in particular of the singular values of Ãn, based on Hadamard
directional differentiability (see for example section B). We denote σj(A) as σj from now.

3. MAIN RESULTS ON ASYMPTOTIC DISTRIBUTION OF Ãn

We explore the asymptotic properties of the NNP estimator Ãn. First, we show that Ãn

is consistent. We summarize the result in the next theorem.
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Theorem 3.1. Assume that the conditions (C.1)–(C.3) hold and n−1λn → λ0 ∈ [0,∞).
Then Ãn defined in (1.3) satisfies

Ãn
P−→ arg min

B∈Rp×T
Z(B), Z(B) := tr

(
(B −A)⊤C(B −A)

)
+ λ0 ∥σ(B)∥1.

The proof of Theorem 3.1 is presented in section C.1. Theorem 3.1 tells us that if λn
grows slower than n then Ãn is consistent for A. On the other hand, if λ0 > 0, i.e., if λn
does not grow slower than n, then the NNP estimator Ãn is an inconsistent estimator of
A, because of the presence of the additional term λ0 ∥σ(B)∥1. Moreover, consistency of
the coefficient matrix immediately implies consistency of its singular values. Indeed, since
singular values are continuous functions of the matrix entries, the continuous mapping
theorem yields

σj(Ãn)
P−→ σj , j = 1, . . . ,min(p, T ), provided λn = o(n).

Therefore, when the penalty parameter grows slower than n, the NNP estimator consis-
tently recovers not only the coefficient matrix but also its underlying singular value struc-
ture. Importantly, Theorem 3.1 is an extension of Theorem 1 of Knight and Fu (2000),
where the consistency of the Lasso estimator was explored. The next theorem finds out the
asymptotic distribution of Ãn.

Theorem 3.2. Suppose the assumptions (C.1)–(C.4) hold true. Assume that n−1/2λn →
λ0 ∈ [0,∞), as n → ∞. Then we have

√
n (Ãn − A)

d−→ argminU∈Rp×T H(U),
where,

H(U) = −2 tr(U⊤W ) + tr(U⊤CU) + λ0

r∗∑
j=1

(
uj

⊤U vj

)
+ λ0

∥∥∥∥∥σ(U⊤
0 UV0

)∥∥∥∥∥
1

,

(3.1)

with U0, V0 being respectively the left and right singular vector blocks spanning the null
space of A and W = [W1, . . . ,WT ] is a p× T random matrix with Wj

iid∼ Np(0, σ
2C).

The proof of Theorem 3.2 is presented in section C.2. Theorem 3.2 provides a weak
limit for the matrix-valued pivotal quantity

√
n(Ãn − A). This theorem is an extension

of Theorem 2 of Knight and Fu (2000). Clearly, the limiting distribution is not tractable
and hence an alternative like Bootstrap needs to be explored. However, we establish the
asymptotic distribution of the singular values of Ãn before moving to explore Bootstrap.
Given Theorem 3.2, it is natural to use some form of delta method in order to derive
the asymptotic distribution of singular values of Ãn. The appropriate tool for applying
the delta method is the notion of Hadamard differentiability of the smooth function. The
theory of functional delta method based on Hadamard differentiability is well-developed
and one can consult Shapiro (1991), Dümbgen (1993), chapter 3.1 of Van der Vaart and
Wellner (1996), Fang & Santos (2019) among others. We now present the result on the
asymptotic distribution of the singular values of Ãn.

Theorem 3.3. Suppose the assumptions (C.1)–(C.4) hold true. Assume that n−1/2λn →
λ0 ∈ [0,∞), as n → ∞. Let σ1(Ãn) ≥ σ2(Ãn) ≥ . . . ≥ σm(Ãn) be singular values of
Ãn where m = min{p, T} and U∗ = argminU∈Rp×T H(U) be the limit in Theorem 3.2.
Also assume that U0, V0 are respectively the left and right singular vector blocks spanning
the null spaces of A. Then
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(a) for each j = 1, . . . , r∗, (where r∗ = rank(A)) we have
√
n
(
σj(Ãn)− σj

) d−→ (uj)
⊤U∗vj .

(b) for each j = r∗ + 1, . . . ,m,
√
nσj(Ãn)

d−→ σj−r∗
(
U⊤
0 U

∗V0
)
,

where σ1(U⊤
0 U

∗V0) ≥ σ2(U
⊤
0 U

∗V0) ≥ . . . ≥ σm−r∗(U
⊤
0 U

∗V0) are (m − r∗)
singular values of (U⊤

0 U
∗V0).

The proof of Theorem 3.3 is presented in section C.3. One can note the difference be-
tween the limits in part (a) and (b). This is because the positive singular values {σ1 . . . , σr∗}
of A are all simple whereas the singular value 0 has multiplicity (m − r∗). To establish
part (a) of the above theorem, we show that for j = 1, . . . , r∗, σj(·) admits a first order
perturbation bound as follows: for any perturbation S ∈ Rp×T ,

(3.2) σj(A+ S) = σj + (uj)
⊤S vj +O(∥S∥2);

based on the section 4 of Stewart (1990). Here (uj ,vj) is the singular vector pair cor-
responding to σj . The above expansion implies that the map A 7→ σj(A) is Hadamard
differentiable at A with derivative H 7→ (uj)

⊤Hvj . Consequently, the functional delta
method transfers the matrix limit in Theorem 3.2 to the first r∗ many singular values of Ãn.
Now in case of part (b), i.e., when the true singular value is 0 with multiplicity (m − r∗),
then the corresponding singular vectors are not unique because of possible multiplicity
being > 1. Instead there is an entire singular subspace spanned by blocks U0, V0. This
makes the map A 7→ σj(A) not Hadamard differentiable atA. Hence a linear expansion of
the form (3.2) does not exist. Although the map is Hadamard directionally differentiable
(cf. Definition 2 and Lemma B.4). Therefore, the perturbation must be analyzed inside the
whole singular subspace which involves the singular values of the projected perturbation
matrix (cf. Lemma A.15). Subsequently, we obtain the asymptotic result of part (b).

Remark 3.1. Our motivation behind considering the nuclear normed penalized estimator
is that the parameter matrixA in multivariate regression model (1.1) may be rank deficient.
Therefore, a natural question is whether the NNP estimator Ãn effectively identifies the
rank asymptotically, i.e., whether rank(Ãn) equals to r∗ (= rank(A)) in probability or

almost surely, as n→ ∞. Indeed, under the setup of Theorem 3.1 with λ0 = 0, Ãn
P−→ A.

This again implies that σj(Ãn)
P−→ σj for every j = 1, . . . ,m due to Weyl’s inequality (cf.

Corollary 7.3.5 of Horn and Johnson (2013)). This essentially shows that rank(Ãn) = r∗

in probability, as n→ ∞, i.e. the estimator Ãn is RSC. Same conclusion can be drawn also
from Theorem 3.3 when n−1/2λn converges to some non-negative real number. However,
notice that we can at most conclude from part (b) of 3.3 that σj(Ãn) = Op(n

−1/2), for
any j > r∗. This does not guarantee that rank(Ãn) = r∗ almost surely, as n → ∞. This
has serious consequences in the Bootstrap approximation, as discussed in the next section.

4. BOOTSTRAP APPROXIMATION

In this section, we develop a Bootstrap approximation of the distribution of
√
n(Ãn−A)

to bypass the intractability of its asymptotic distribution which we observed in Theo-
rem 3.2. We consider the Perturbation Bootstrap method (hereafter referred to as PB).
The Bootstrapped estimator in PB is obtained by introducing a set of random variables
which are independent of the data generating process. Let that set of random variables
be {G∗

1, . . . , G
∗
n} where G∗

i ’s are i.i.d. non-negative and non-degenerate random variables
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with E(G∗
1) = µG∗ , Var(G∗

1) = µ2
G∗ , E(G∗3

1 ) < ∞. Now suppose that we would
like to center our Bootstrapped estimator around Ǎn. Then we define the pseudo response
matrix as Z∗ of order n× T where the i-th row of Z∗ is defined as

Z∗
i = XiǍn +

(
G∗

i

µG∗
− 1

)(
Yi −XiǍn

)
.

Here Xi ∈ R1×p and Yi ∈ R1×T denote the i-th rows of X and Y , respectively. Based
on these pseudo observations, the PB version of the NNP estimator at penalty λ∗n > 0 is
defined as

Ǎ∗
n = arg min

B∈Rp×T

{
∥Z∗ −XB∥2F + λ∗n∥σ(B)∥1

}
.(4.1)

If Ǎn is the original NNP estimator Ãn or the usual least square estimator, then Bootstrap
may fail. To get an idea on why, note that

√
n(Ǎ∗

n − Ãn) = argminV ∈Rp×T

[
− 2 tr

(
V ⊤W̄ ∗

n,G

)
+ tr

(
V ⊤CnV

)
+
λ∗n√
n

(
∥σ(Ãn + n−1/2V )∥1 − ∥σ(Ãn)∥1

n−1/2

)]
,

where Cn = n−1X⊤X , W̄ ∗
n,G = 1√

n
X⊤D̄G∗Ẽ, Ẽ = Y − XÃn and the matrix of

multipliers D̄G∗ = diag
(

G∗
1

µG∗ − 1, . . . ,
G∗

n

µG∗ − 1
)

. If argminU∈Rp×T H̃∗(U) is the dis-

tributional limit of
√
n(Ã∗

n − Ãn) conditional on the data, then H̃∗(U) must match with
the form of H(U) (see Theorem 3.2) for the validity of Bootstrap. For that it is required
to have (m − r∗) many singular values of Ãn to be exactly 0 with probability 1, for the
validity of Bootstrap. However, from Theorem 3.3, we can only conclude that for any
j ∈ {r∗ + 1, . . . ,m},

σj(Ãn) = Op(n
−1/2),

which does not guarantee that P (σj(Ãn) = 0) = 1 for any j ∈ {r∗ + 1, . . . ,m}. It
may happen that some of those singular values remain strictly positive or negative, even
for large n, implying that ‘rank(Ãn) = r∗ with probability 1’ is not guaranteed. A similar
phenomenon is true while defining PB method for Lasso in GLM (see Choudhury and Das
(2026)). To circumvent the issue, we bring the idea of thresholding similar to Choudhury
and Das (2026) and consider a suitable thresholded version of Ãn as Ǎn, as defined in the
next paragraph. We show in Proposition 4.1 that the thresholded estimator is RSC almost
surely. Thus, we can conclude that the notion of RSC in almost sure sense is an extension
of the notion of variable selection consistency (or VSC) when we move from Lasso in (1.1)
with T = 1 to the NNP estimator in (1.1) with general T > 1. Note that ‘Ǎn is RSC in
almost sure sense’ is equivalent to

‘P (σj(Ǎn) > 0 infinitely often) = 0, for any j such that σj = 0’.

Keeping this in mind, for left and right singular vector pair (ũ(n)
j , ṽ

(n)
j ) of Ãn correspond-

ing to σj(Ãn), we may define the thresholded version of Ãn as

(4.2) Ã(thr)
n :=

m∑
j=1

[
σj(Ãn)1{σj(Ãn) > an}

]
ũ
(n)
j (ṽ

(n)
j )⊤,
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i.e., Ã(thr)
n is obtained from Ãn by singular value thresholding based on a deterministic

sequence {an}n≥1. The sequence {an}n≥1 satisfies

(4.3) an +
n−1/2 log n

an
→ 0.

A typical choice of the sequence is {n−1/3}n≥1 which is also what we use in the simula-
tions presented in the section 5. The reason behind the general choice of {an}n≥1 of (4.2)
is the order of fluctuations for σj(Ãn) around true σj in almost sure sense. Lemma A.8
and Weyl’s inequality together imply that |σj(Ãn) − σj | = o(n−1/2 log n) almost surely,
for any j. Thus for j = 1, . . . , r∗, i.e., when σj is positive then we need an → 0 to keep
σj(Ãn) unaffected. On the contrary, when σj = 0 for all j > r∗, one needs an to grow
faster than the order n−1/2 log n such that the thresholding forces σj(Ãn) to be exactly
0 eventually. Clearly, the choice of the thresholding is analogous to what we use to find
a VSC estimator from the the Lasso estimator (see Chatterjee and Lahiri (2011); Choud-
hury and Das (2026)). It is important to point out that the singular value thresholding has
huge importance in the matrix completion problems. A seminal paper in that area is the
paper by Chatterjee (2015) where a mechanism of matrix completion is proposed based on
thresholding the singular values. In the next proposition, we establish that Ã(thr)

n is RSC
in almost sure sense.

Proposition 4.1. Suppose that all the regularity conditions of Theorem 3.3 are true. Con-
sider the estimator Ã(thr)

n defined in (4.2). Then,

P
(
rank

(
Ã(thr)

n

)
̸= r∗, infinitely often

)
= 0.

Proof of Proposition 4.1 is provided in section C.4. Proposition 4.1 together with part
(a) of Theorem 3.3 essentially establish that the non-zero singular values of Ã(thr)

n are
close to that of Ãn and (m− r∗) many singular values of Ã(thr)

n are essentially 0 for large
enough n. This is exactly what we need for the term Ǎn in defining the Bootstrap pivotal
quantity. We establish in the next theorem that the distribution of

√
n
(
Ã

∗(mod)
n − Ã

(thr)
n

)
conditional on the data can be used to approximate the distribution of

√
n
(
Ãn−A

)
, where

from now on we denote Ǎ∗
n by Ã∗(mod)

n whenever Ǎn = Ã
(thr)
n . Let F̂ (thr)

n denote the

conditional distribution of
√
n
(
Ã

∗(mod)
n − Ã

(thr)
n

)
given the response Y and d∗−→ denote

the distribution convergence in the Bootstrap regime.

Theorem 4.1. Suppose the assumptions (C.1)–(C.4) hold true. Assume that n−1/2λ∗n →
λ0, as n→ ∞, i.e., the limit of n−1/2λ∗n is same as n−1/2λn. Then we have

P
(
F̂ (thr)
n (·) d∗−−→ arg min

U∈Rp×T
H(U)

)
= 1,

where H(·) is as defined in Theorem 3.2.

The proof is provided in section C.5. Theorem 4.1 together with Theorem 3.2 imply
that the distribution of original pivot

√
n
(
Ãn − A

)
and the conditional distribution of

√
n
(
Ã

∗(mod)
n − Ã

(thr)
n

)
are close for sufficiently large n. Thus, our PB method can be

used to draw inference for the parameter A. For example, for any α ∈ (0, 1), if cn,1−α

denotes the (1− α) conditional quantile of ∥
√
n
(
Ã

∗(mod)
n − Ã

(thr)
n

)
∥ given the data, then

the PB percentile confidence region{
A :

√
n ∥Ãn −A∥ ≤ cn,1−α

}
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achieve nominal coverage of (1− α) asymptotically. Additionally, PB can be used even if
we do not have any prior knowledge of the rank of the true parameterA. This is because the
thresholded estimator Ã(thr)

n is capable of identifying the true rank in almost sure sense.
thresholding ensures almost sure stabilization of the model dimension. As an application
of Theorem 4.1, we can establish the validity of PB in approximating the distribution of
the singular values of Ãn. We present the result a the following corollary.

Corollary 4.1 (Bootstrap
√
n−consistency of singular values). Consider the setup of The-

orem 3.2. Then we have

(a) for each j = 1, . . . , r∗,

P
(√

n
(
σj(Ã

∗(mod)
n )− σj(Ã

(thr)
n )

) d∗

−→ (uj)
⊤U∗vj

)
= 1.

(b) for j = r∗ + 1, . . . ,m,

P
(√

nσj(Ã
∗(mod)
n )

d∗

−→ σj−r∗
(
U⊤
0 U

∗V0
) )

= 1.

This result admits two complementary interpretations. First, conditionally, the singular
values of Ã∗(mod)

n reproduce the same asymptotic distribution as those of the NNP esti-
mator Ãn. Second the Bootstrap singular values are consistent for the singular values of
Ã

(thr)
n . This is coherent since the thresholding ensures that the two targets Ãn and Ã(thr)

n

are asymptotically equivalent in the sense that they asymptotically have the same singular
value decomposition. To prove the corollary 4.1, we work on the event where the thresh-
olded estimator Ã(thr)

n is RSC almost surely for all sufficiently large n. On this event,
Ã

(thr)
n has the same SVD block structure as A, precisely, it has rank r∗, a positive spectral

gap σr∗ > 0 for the singular values and the same singular subspaces U0, V0. Conditionally
on the data, Ã∗(mod)

n is a n−1/2-perturbation of a sequence with stable singular structure.
Hence, the first-order SVD perturbation expansion (cf. Stewart (1990)) and Hadamard
differentiability of singular values apply conditionally, yielding the stated limits.

5. SIMULATION STUDY

In this section, we study the finite-sample performance of the NNP estimator and the
proposed Perturbation Bootstrap approximation in the multivariate regression model (1.1)
based on empirical coverage probabilities. To be precise through these simulation settings,
we verify our proposed PB method by finding empirical coverages of 90% one-sided and
two-sided confidence intervals for functionals of A. In particular, we observe confidence
intervals for:

(i) first component A1,1 and last component Ap,T of the parameter matrix,
(ii) max1≤j≤T

∑p
i=1 |Ai,j | and min1≤j≤T

∑p
i=1 |Ai,j |

(iii) max1≤j≤T ∥A·,j∥2 and min1≤j≤T ∥A·,j∥2
(iv) largest and smallest non-zero singular values (σ1 and σr∗ ) of A,
(v) last zero singular value σmin(p,T ) of A.

The functional delta method applies to all these real-valued functionals of the matrix argu-
ment. All the maps are Hadamard directionally differentiable functions (cf. Lemma B.1,
B.2, B.3 ). Therefore we are allowed to utilize generalized functional delta method corre-
sponding to these maps and their Bootstap counterparts (cf. remark B.1). Throughout we
used the Bootstrap percentile method. We try to capture finite sample performance under
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the following set-up:

(p, T, r∗) ∈
{
(20, 10, 2); (40, 15, 4); (60, 20, 6)

}
,

over varying sample sizes n ∈ {100, 300, 500, 800}. We generate the true coefficient
matrix A once and keep it fixed across all Monte Carlo replications and sample sizes, for a
fixed set-up (p, T, r∗). More precisely, the true parameter matrixA is constructed in a fixed
low-rank form as follows. We first generate random Gaussian matrices of dimensions p×r∗
and T × r∗, and orthonormalize them via QR decomposition to obtain left singular matrix
Ur∗ ∈ Rp×r∗ and right singular matrix Vr∗ ∈ RT×r∗ . A fixed diagonal matrix Dr∗ =
diag(5, 3) for r∗ = 2, Dr∗ = diag(5, 3, 2, 1) for r∗ = 4 and Dr∗ = diag(9, 6, 5, 3, 2, 1)
for r∗ = 6, are then specified to control the signal strength along each latent component.
The true parameter matrix is defined as: A = Ur∗Dr∗V

⊤
r∗ . This construction is similar

to Bunea et al. (2011); Chen et al. (2013). To recall this matrix for remaining simulation
set-ups over n, we utilize saveRDS in R. The design matrix X ∈ Rn×p is generated once
from a multivariate normal distribution with mean zero and a structured covariance matrix
and kept fixed for remaining simulation set-ups. Specifically, Xi ∼ Np(0,Σ), i =

1, . . . , n, where the covariance matrix Σ is defined as: Σjk = 0.3|j−k|, 1 ≤ j, k ≤ p.
We consider generating 500 Monte-Carlo (MC) replicates to iterate the entire data and
PB quantities for valid inference. Now for each MC replicates, the error matrix En×T is
generated such that its each entry is iid N (0, 1). Hence the response matrix Y is generated
as per definition (1.1). For the thresholding, we consider an = n−1/3.
On finding the NNP estimator: In our simulation, A is explicitly constructed to be low-
rank. Hence, this penalty is correctly aligned with the true data-generating mechanism.
We write the objective function of (1.3) as a composite function:

f(A) = ∥Y −XA∥2F , g(A) = λn∥σ(A)∥1,

The function f(A) is a quadratic form. So its gradient ∇f(A) = 2X⊤(XA−Y ). is linear.
Hence ∇f is Lipschitz continuous with constant: L = 2∥X⊤X∥2 = 2∥X∥22. Hence f is
smooth with Lipschitz gradient, g is convex but non-differentiable. Thus the problem fits
the standard composite optimization (FISTA) framework of Beck and Teboulle (2009).
From Beck and Teboulle (2009), we recall the definition of proximal operator at x with
step size t:

proxt(g)(x) = argmin
u

{
g(u) +

1

2t
∥u− x∥2

}
.(5.1)

Applying FISTA on matrix valued map with constant step size tk = 1
L , we get:

Ak+1 = proxtk= 1
L
(g)

(
Zk − 1

L
∇f(Zk)

)
.

Define: Wk := Zk − 1
L∇f(Zk). Now following the definition (5.1) we can write,

Ak+1 = argmin
A

{
λn∥σ(A)∥1 +

L

2
∥A−Wk∥2F

}
= argmin

A

{
λn
L

∥σ(A)∥1 +
1

2
∥A−Wk∥2F

}
Let the singular value decomposition of Wk be Wk = U diag(σi)V

⊤. By Theorem 2.1 of
Cai et al. (2010),

Ak+1 = U diag
(
(σi(Wk)− λn/L)+

)
V ⊤.(5.2)



12 MAYUKH CHOUDHURY, DEBRAJ DAS, AND ARINDAM CHATTERJEE

Finally, acceleration is introduced via:

tk+1 =
1 +

√
1 + 4t2k
2

, Zk+1 = Ak+1 +
tk − 1

tk+1
(Ak+1 −Ak).(5.3)

Following Beck and Teboulle (2009), the algorithm is initialized as: A0 ∈ Rp×T , Z1 =
A0, t1 = 1. Under Lipschitz continuity of ∇f , the FISTA iterates satisfy (cf. Theorem
3.1 of Beck and Teboulle (2009)) F (Ak) − F (A) = O

(
1
k2

)
, and convergence is guar-

anteed asymptotically. In our simulation practice, the iterations are terminated when the
relative change between successive iterates is sufficiently small:

∥Ak+1 −Ak∥F
∥Ak∥F + ε

< tol,

or when a maximum number of iterations kmax is reached. The parameters tolerance tol
and maximum number of iterations kmax control termination of the iterative optimization
procedure. This criterion measures the relative change between successive iterates. The use
of a relative (rather than absolute) criterion ensures scale invariance, making the stopping
rule robust across different magnitudes of Ak. The chosen stopping criterion is motivated
by the fixed-point characterization of proximal gradient methods: A = proxτ (g)

(
A −

τ∇f(A)
)
.Near the optimum, successive iterates satisfyAk+1 ≈ Ak, so the norm ∥Ak+1−

Ak∥F becomes small. This fixed-point characterization of proximal gradient methods is
standard in convex optimization; see, e.g., Nesterov (2004); Beck and Teboulle (2009);
Beck (2017). In our simulation purpose, we have considered ε = 10−8, tol = 10−7

and kmax to be 150 for appropriate numerical accuracy. Now we summarize the entire
optimization step in the algorithm 1.

Algorithm 1 FISTA for finding NNP estimator

1: Input: Data (X,Y ), penalty λn, Lipschitz constant L = 2∥X∥22, ε, tolerance tol,
maximum iterations kmax

2: Initialization: A0 ∈ Rp×T , Z1 = A0, t1 = 1
3: for k = 1, 2, . . . , kmax do
4: Gradient computation: ∇f(Zk) = 2X⊤(XZk − Y )
5: Gradient step: Wk = Zk − 1

L∇f(Zk)

6: Singular Value Decomposition: Wk = U diag(σi(Wk))V
⊤

7: Proximal step (SVT): Ak = U diag
(
(σi(Wk)− λn/L)+

)
V ⊤

8: Momentum update:

tk+1 =
1 +

√
1 + 4t2k
2

, Zk+1 = Ak +
tk − 1

tk+1
(Ak −Ak−1)

9: Stopping rule:
∥Ak −Ak−1∥F
∥Ak−1∥F + ε

< tol (terminate if satisfied)

10: end for
11: Output: Ãn = Ak

Selection of the Regularization Parameter: The performance of the NNP estimator Ãn

critically depends on the choice of the tuning parameter λn. In practice, choice of such
λn is usually made data-driven for various types of regularization problems. Among the
existing methods, cross-validation is the most popular. We employK-fold cross-validation
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to estimate the prediction error associated with each λ. Specifically, define the cross-
validated prediction error for NNP at penalty λ as,

CV(λ) =
1

K

K∑
k=1

1

|Ik|
∑
i∈Ik

∥∥∥Yi −XiÃn,−k(λ)
∥∥∥2
2︸ ︷︷ ︸

:=CVk(λ)

,(5.4)

where we define; Ãn,−k(λ) = ArgminA∈Rp×T

{∑
i/∈Ik

∥∥∥Yi−XiA
∥∥∥2
2
+λ∥σ(A)∥1

}
, and

consider [Ik : k ∈ {1, ..,K}] to be a partition of the set {1, .., n}. Now for the purpose of
simulation, we consider a sequence of candidate values {λm}Mm=1 defined on a logarithmic
scale: λm ∈

[
0.001λmax, 2λmax

]
, where λmax = ∥X⊤Y ∥2. This choice is motivated

by the fact that λmax is the smallest value for which the trivial solution A = 0 is optimal
(see Friedman et al. (2010)). The logarithmic spacing ensures adequate exploration of both
strong and weak regularization regimes. For each λm, the estimator Ãn(λm) is computed
using the FISTA algorithm. Let λ̂min denote the minimizer of the cross-validation error:
λ̂min = argminλm

CV(λm). Define SE(λm) = sd
(
{CVk(λm)}Kk=1

)
, which is the stan-

dard deviation among K many training CV errors. Cross-validation provides an estimate
of prediction risk, while the one-standard-error rule selects the simplest model whose esti-
mated risk is within one standard error of the minimum, thereby favoring more regularized
(lower-rank) solutions with comparable predictive performance (cf. Hastie et al. (2015)).
Then the selected tuning parameter is given in our set-up as:

λopt = max
{
λm : CV(λm) ≤ CV(λ̂min) + SE(λ̂min)

}
.(5.5)

This rule is justified by the fact that differences within one standard error are not statisti-
cally significant. Choosing the largest among them favors a more regularized and parsi-
monious model, which is particularly important in nuclear norm penalization to avoid rank
overestimation. The NNP estimator used in the simulation is therefore: Ãn = Ãn(λopt).
The entire procedure is implemented in R through the functions nnp lambda seq, cv nnp
and nnp solver path. The use of warm starts and FISTA ensures computational ef-
ficiency even when solving the problem repeatedly across folds and Monte Carlo replica-
tions.
Bootstrap percentile intervals: Let T : Rp×T → R be any scalar functional of the
underlying matrices we have considered so far. For B many PB replicates, we define,

∆∗
b =

√
n
(
T (Ã

∗(mod)
n,b )− T (Ã(thr)

n )
)
, b = 1, . . . , B.

For given level of significance α, we denote the α-th quantile for the PB distribution of
{∆∗

b}Bb=1 by qα. Therefore 100(1 − α)% two-sided confidence interval for T (A) is given
by: [

T (Ãn)−
q1−α/2√

n
, T (Ãn)−

qα/2√
n

]
.

Similarly we can define left and right sided confidence intervals. Tables 1–3 summarize
the empirical coverages and average widths of the Bootstrap confidence intervals for nine
representative functionals of the target matrix A under the three considered combinations
of dimension and rank, (p, T, r∗). Several clear patterns emerge and remain consistent
across all settings. For the smallest sample size (n = 100), the empirical coverages are
generally slightly below the nominal 90% level, reflecting the finite-sample difficulty of
accurately approximating the sampling distribution of the estimators. Nevertheless, the
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coverages remain above 0.80 for all functionals, indicating that the proposed procedure
already provides a reasonable degree of uncertainty quantification even in relatively small
samples.

TABLE 1. Empirical coverages for nominal 90% two-sided and right
sided confidence intervals under (p, T, r∗) = (20, 10, 2) along with av-
erage widths inside parentheses.

Functional Coverage Sample size n
100 300 500 800

A1,1 TS 0.826 (1.368) 0.868 (0.942) 0.886 (0.821) 0.902 (0.752)
RS 0.832 0.862 0.878 0.896

Ap,T TS 0.848 (1.125) 0.870 (0.894) 0.892 (0.715) 0.910 (0.623)
RS 0.820 0.856 0.874 0.898

max1≤j≤T

∑p
i=1 |Aij | TS 0.838 (1.129) 0.866 (0.816) 0.882 (0.705) 0.904 (0.613)

RS 0.840 0.872 0.890 0.908
min1≤j≤T

∑p
i=1 |Aij | TS 0.846 (1.301) 0.878 (0.984) 0.886 (0.821) 0.898 (0.721)

RS 0.836 0.860 0.880 0.894
max1≤j≤T ∥A·,j∥2 TS 0.820 (1.102) 0.858 (0.897) 0.884 (0.703) 0.896 (0.653)

RS 0.834 0.862 0.882 0.890
min1≤j≤T ∥A·,j∥2 TS 0.852 (1.121) 0.874 (0.853) 0.892 (0.725) 0.912 (0.636)

RS 0.844 0.870 0.888 0.900
σ1 TS 0.830 (1.421) 0.866 (1.012) 0.882 (0.893) 0.894 (0.678)

RS 0.846 0.878 0.892 0.908
σr∗ TS 0.822 (1.120) 0.860 (0.893) 0.886 (0.652) 0.892 (0.503)

RS 0.840 0.874 0.890 0.906
σmin(p,T ) TS 0.850 (0.931) 0.870 (0.802) 0.896 (0.671) 0.910 (0.515)

RS 0.852 0.876 0.888 0.898
Notes: TS = two-sided percentile interval; RS = right-sided percentile interval.

TABLE 2. Empirical coverages for nominal 90% two-sided and right
sided confidence intervals under (p, T, r∗) = (40, 15, 4) along with av-
erage widths inside parentheses.

Functional Coverage Sample size n
100 300 500 800

A1,1 TS 0.812 (1.412) 0.854 (1.006) 0.878 (0.842) 0.904 (0.736)
RS 0.826 0.858 0.884 0.902

Ap,T TS 0.836 (1.198) 0.868 (0.922) 0.888 (0.768) 0.912 (0.642)
RS 0.824 0.860 0.882 0.904

max1≤j≤T

∑p
i=1 |Aij | TS 0.828 (1.186) 0.862 (0.874) 0.884 (0.732) 0.906 (0.618)

RS 0.838 0.870 0.890 0.910
min1≤j≤T

∑p
i=1 |Aij | TS 0.842 (1.334) 0.876 (1.012) 0.890 (0.836) 0.908 (0.704)

RS 0.830 0.866 0.886 0.900
max1≤j≤T ∥A·,j∥2 TS 0.818 (1.154) 0.856 (0.918) 0.882 (0.744) 0.898 (0.662)

RS 0.832 0.864 0.886 0.896
min1≤j≤T ∥A·,j∥2 TS 0.848 (1.172) 0.872 (0.892) 0.894 (0.752) 0.914 (0.644)

RS 0.840 0.874 0.892 0.904
σ1 TS 0.824 (1.468) 0.860 (1.058) 0.886 (0.918) 0.902 (0.704)

RS 0.844 0.880 0.894 0.910
σr∗ TS 0.816 (1.162) 0.858 (0.916) 0.882 (0.688) 0.896 (0.522)

RS 0.836 0.870 0.888 0.906
σmin(p,T ) TS 0.854 (0.968) 0.874 (0.828) 0.898 (0.694) 0.912 (0.532)

RS 0.850 0.878 0.892 0.900
Notes: TS = two-sided percentile interval; RS = right-sided percentile interval.

As the sample size increases, the empirical coverages move steadily closer to the tar-
get level of 0.90, demonstrating the improved accuracy of the bootstrap approximation in
larger samples. This convergence toward the nominal level is observed uniformly across
the different matrix dimensions, signal ranks, and functional classes. At the same time,
the average widths of the confidence intervals decrease monotonically with n, reflecting
the increasing precision of the estimators as more data become available. Importantly, this
reduction in interval width does not come at the expense of coverage accuracy, as the em-
pirical coverages remain close to the desired level for moderate and large sample sizes.
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Another notable feature is the stability of the results across the nine functionals consid-
ered. Whether the functional depends on individual matrix entries, singular values, or more
global characteristics of the matrix, the PB intervals exhibit similar coverage behavior and
comparable rates of width reduction.

TABLE 3. Empirical coverages for nominal 90% two-sided and right
sided confidence intervals under (p, T, r∗) = (60, 20, 6) along with av-
erage widths inside parentheses.

Functional Coverage Sample size n
100 300 500 800

A1,1 TS 0.836 (1.287) 0.872 (0.963) 0.888 (0.811) 0.902 (0.702)
RS 0.842 0.876 0.892 0.906

Ap,T TS 0.820 (1.244) 0.862 (0.934) 0.880 (0.776) 0.892 (0.658)
RS 0.834 0.862 0.884 0.904

max1≤j≤T

∑p
i=1 |Aij | TS 0.848 (1.206) 0.878 (0.884) 0.888 (0.731) 0.902 (0.622)

RS 0.850 0.870 0.886 0.896
min1≤j≤T

∑p
i=1 |Aij | TS 0.826 (1.352) 0.868 (1.021) 0.884 (0.858) 0.904 (0.726)

RS 0.836 0.872 0.890 0.908
max1≤j≤T ∥A·,j∥2 TS 0.832 (1.178) 0.868 (0.946) 0.880 (0.768) 0.894 (0.671)

RS 0.844 0.878 0.892 0.900
min1≤j≤T ∥A·,j∥2 TS 0.854 (1.196) 0.872 (0.902) 0.890 (0.744) 0.906 (0.638)

RS 0.848 0.870 0.884 0.896
σ1 TS 0.838 (1.396) 0.874 (1.034) 0.892 (0.902) 0.910 (0.718)

RS 0.848 0.864 0.890 0.904
σr∗ TS 0.824 (1.138) 0.862 (0.902) 0.880 (0.692) 0.898 (0.548)

RS 0.838 0.872 0.888 0.904
σmin(p,T ) TS 0.852 (0.986) 0.876 (0.846) 0.894 (0.708) 0.906 (0.564)

RS 0.844 0.870 0.886 0.898
Notes: TS = two-sided percentile interval; RS = right-sided percentile interval.

The overall pattern is also largely unaffected by changes in the ambient dimension or
the underlying rank structure. Taken together, these findings provide strong empirical ev-
idence that the proposed PB method delivers reliable confidence intervals with accurate
coverage and increasing efficiency as the sample size grows, thereby supporting the theo-
retical validity of the procedure.

APPENDIX

In this section, we address Hadamard differentiability of matrix functionals, provide
proofs of requisite lemmas and main results.

APPENDIX A. REQUISITE LEMMAS

Lemma A.1 (Convexity of the nuclear norm). The function

A 7→ ∥σ(A)∥1 = ∥A∥∗, is convex on Rp×T .

Proof of Lemma A.1 The nuclear norm admits the variational representation (cf. Watson
(1992))

∥A∥∗ = sup
∥B∥≤1

⟨A,B⟩ = sup
∥B∥≤1

tr(A⊤B),

where ∥ · ∥op denotes the operator norm. Let A1, A2 ∈ Rp×T and t ∈ [0, 1]. Then

∥tA1 + (1− t)A2∥∗ = sup
∥B∥≤1

⟨tA1 + (1− t)A2, B⟩

≤ t sup
∥B∥≤1

⟨A1, B⟩+ (1− t) sup
∥B∥≤1

⟨A2, B⟩

= t∥A1∥∗ + (1− t)∥A2∥∗.

Hence ∥ · ∥∗ is convex, and since ∥σ(A)∥1 = ∥A∥∗, the result follows. ■
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Lemma A.2 (Hoffman–Wielandt Inequality). Let X,Y ∈ Rp×T and let σ1(X) ≥ · · · ≥
σm(X) and σ1(Y ) ≥ · · · ≥ σm(Y ) denote their ordered singular values, where m =
min{p, T}. Then

m∑
j=1

(
σj(X)− σj(Y )

)2 ≤ ∥X − Y ∥2F .

Proof of Lemma A.2 This lemma is proved as Corollary 7.3.5 in Horn and Johnson
(2013). ■

Lemma A.3 (Convergence of matrix functionals). Assume rank(Am×n) = r and {Bk :
k ≥ 1} is a sequence of n× n matrices such that Bk → B as k → ∞. Then

tr(ABk) → tr(AB).

Proof of Lemma A.3: Let the singular value decomposition of A be A = UΣV ⊤,
where Σ is a diagonal matrix with positive singular values, and U and V have orthonormal
columns. Then

|tr(ABk −AB)| = |tr(UΣV ⊤(Bk −B))| = |tr(ΣV ⊤(Bk −B)U)| = |tr(ΣQk)|,

where we define Qk := V ⊤(Bk −B)U. Now,

|tr(ΣQk)| =

∣∣∣∣∣∑
i

σi(Qk)ii

∣∣∣∣∣ ≤∑
i

|σi| |(Qk)ii| ≤
(
max

i
|(Qk)ii|

)∑
i

σi.

Clearly, |(Qk)ii| ≤ ∥Qk∥2, where ∥ · ∥2 denotes the spectral norm. Therefore,

|tr(ΣQk)| ≤ ∥Qk∥2
∑
i

σi.

Since Bk → B implies ∥Bk −B∥2 → 0, we have

∥Qk∥2 = ∥V ⊤(Bk −B)U∥2 ≤ ∥V ⊤∥2 ∥Bk −B∥2 ∥U∥2 = ∥Bk −B∥2 → 0.

Thus, |tr(ABk)− tr(AB)| → 0, which completes the proof. ■

Lemma A.4 (From pointwise to uniform). Let C ⊂ Rp×T be an open convex set, and let
{fn}n≥1 be a sequence of convex functions fn : C → R. Assume that for a dense subset
C0 ⊂ C, the pointwise limit f(A) := limn→∞ fn(A) exists for every A ∈ C0. Then the
following conclusions hold:

(i) The sequence {fn}n≥1 converges pointwise on all of C; that is, for every A ∈ C,
the limit

f(A) := lim
n→∞

fn(A)

exists (as a finite real number).
(ii) The limit function f : C → R is convex.

(iii) The convergence is uniform on every compact subset K ⊂ C, i.e.

sup
A∈K

|fn(A)− f(A)| −→ 0, as n→ ∞.

Proof of Lemma A.4 The proof follows from Theorem 10.8 of Rockafellar (1997). ■

Lemma A.5 (Strong consistency of minimizers of convex maps). Let C ⊂ Rp×T be an
open convex set and fn : C → R, n ≥ 1, is a sequence of random convex maps, and Bn

is a minimizer of fn. Also assume fn(A) −→ f(A) almost surely (or in probability) for all
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A ∈ Rp×T , where f is a random convex map. Assume f has a unique minimizer at B
almost surely. Then

P( lim
n→∞

∥Bn −B∥F = 0) = 1 (or ∥Bn −B∥F
P−→ 0 as n→ ∞).

Proof of Lemma A.5 We only prove the result for almost sure case. The probability
convergence can be concluded in similar fashion. Fix any δ > 0 and define

∆n(δ) = sup
∥A−B∥F≤δ

|fn(A)− f(A)|, h(δ) = inf
∥A−B∥F=δ

f(A)− f(B).

Consider any A = B + cU , where ∥U∥F = 1 and c > δ. So A lies outside a δ-ball
centered at B. Now consider the following point (exactly at distance δ from B) on the line
joining A and B:(

1− δ

c

)
B +

δ

c
A =

(
1− δ

c

)
B +

δ

c
(B + cU) = B + δU.

By convexity of fn,

fn(B + δU) = fn

((
1− δ

c

)
B +

δ

c
A

)
≤
(
1− δ

c

)
fn(B) +

δ

c
fn(A),

which implies

fn(B + δU)− fn(B) ≤ δ

c

(
fn(A)− fn(B)

)
.

Write rn(A) = fn(A)− f(A). Then the above becomes

f(B + δU)− f(B) +
(
rn(B + δU)− rn(B)

)
≤ δ

c

(
f(A)− f(B) + rn(A)− rn(B)

)
.

Consider the left-hand side. By definition of h(δ),

h(δ) ≤ f(B + δU)− f(B).

Also, rn(B) ≤ sup∥A−B∥F≤δ |rn(A)| = ∆n(δ), |rn(B + δU)| ≤ ∆n(δ). Thus

rn(B)− rn(B + δU) ≤ 2∆n(δ), ⇒ −2∆n(δ) ≤ rn(B + δU)− rn(B).

Combining with the earlier lower bound,

h(δ)− 2∆n(δ) ≤ δ

c

(
fn(A)− fn(B)

)
, for any A with ∥A−B∥F > δ.

Hence we have the implication of events:{
0 < h(δ)− 2∆n(δ)

}
⊆ {fn(A) > fn(B)}, ∀ A outside a δ-ball around B,

However, fn(Bn) ≤ fn(B), since Bn is a minimizer of fn. Thus,

lim sup
n→∞

{∥Bn−B∥F > δ} ⊆ lim sup
n→∞

{h(δ)−2∆n(δ) ≤ 0} = lim sup
n→∞

{
∆n(δ) ≥

h(δ)

2

}
.

Therefore to prove our claim, it’s enough to prove that,

P

[
lim sup
n→∞

{
∆n(δ) ≥

h(δ)

2

}]
= 0.

Since C is open and B ∈ C, there exists r > 0 such that the closure of the r-Frobenius
ball, BF (B, r) ⊂ C. Therefore, for any 0 < δ ≤ r,

{A ∈ C : ∥A−B∥F ≤ δ} = BF (B, δ),
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which is closed and bounded and hence is compact by the Heine–Borel theorem. Now
since f is the almost sure limit of {fn}n≥1, from Lemma A.4 we get,

P[ lim
n→∞

∆n(δ) = 0] = 1.

Therefore for any ε > 0, it’s true that,

P[lim inf
n→∞

{∆n(δ) < ε}] = 1.

Because f is finite and convex on C, it is continuous. Hence the function g(·) := f(·) −
f(B) is continuous. Consider the Frobenius sphere

Sδ = {A : ∥A−B∥F = δ}.

Since g is continuous and Sδ is compact, g attains its minimum on Sδ . Hence there exists
Aδ ∈ Sδ such that h(δ) = g(Aδ). But Aδ ̸= B since Sδ does not contain B. Due to B
being the unique minimizer of f , we have g(Aδ) > 0 or equivalently h(δ) > 0, almost
surely. This completes the proof. ■

Lemma A.6 (Concentration of Wn). Let Wn = n−1/2X⊤E ∈ Rp×T . Assume (C.1)-
(C.3) hold true . Then, for every 1 ≤ k ≤ p and 1 ≤ j ≤ T ,

∥Wn∥F = o(logn) almost surely.

Proof of Lemma A.6 Fix a coordinate pair (k, j) and define the scalar sequence

Zi := xi,kεi,j , i ≥ 1.

Since εi,j are i.i.d. with finite variance σ2. Now at this point we can directly follow the
proof steps of Lemma 4.1 of Chatterjee and Lahiri (2010) to conclude that,

n−1/2
n∑

i=1

xi,kεi,j = o(logn) almost surely

This proves the coordinate-wise concentration for each pair (k, j). This implies that, there
exists Ωk,j with P(Ωk,j) = 1 such that for every ω ∈ Ωk,j ,

[Wn]k,j(ω) = o(log n).

Let Ω0 =
⋂p

k=1

⋂T
j=1 Ωk,j (a finite intersection), so P(Ω0) = 1. For ω ∈ Ω0, we have

maxk,j |[Wn]k,j(ω)| = o(log n). Finally

∥Wn∥F =
(∑

k,j

[Wn]
2
k,j

)1/2
≤
√
pT max

k,j
|[Wn]k,j | = o(logn) almost surely

which completes the proof. ■

Lemma A.7 (Directional Derivative of the Nuclear Norm). LetA,R ∈ Rm×n withm ≥ n
and rank(A) = r < n. Suppose that A admits the singular value decomposition A =
U1Σ1V

⊤
1 , where Σ1 ∈ Rr×r contains the positive singular values of A. Complete U1 and

V1 to orthogonal matrices U =
(
U1 U0

)
, V =

(
V1 V0

)
, so that A = U

(
Σ1 0
0 0

)
V ⊤.

Then the directional derivative of the nuclear norm exists and satisfies

lim
γ↓0

∥A+ γR∥∗ − ∥A∥∗
γ

= tr(U⊤
1 RV1) +

∥∥U⊤
0 RV0

∥∥
∗.
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Equivalently,

lim
γ↓0

∥A+ γR∥∗ − ∥A∥∗
γ

=

r∑
i=1

u⊤
i R vi +

∥∥U⊤
0 RV0

∥∥
∗,

where {ui,vi}ri=1 are the singular vector pairs associated with the positive singular values
of A.

Proof of Lemma A.7 The result follows from Theorem 1 of Watson (1992). Indeed,
Watson’s characterization of the subdifferential of the nuclear norm gives (see example 2):

∂∥A∥∗ =
{
U1V

⊤
1 + U0TV

⊤
0 : ∥T∥op ≤ 1

}
.(A.1)

By a standard result from convex analysis (see, e.g., Theorem 23.4 of Rockafellar (1997)
for characterization of directional derivatives of convex functions),

f ′(A;R) = sup
G∈∂f(A)

⟨G,R⟩,

whenever f is convex. Applying this identity to the convex function f(A) = ∥A∥∗ and
using the Frobenius inner product ⟨G,R⟩ = tr(G⊤R) yields

lim
γ↓0

∥A+ γR∥∗ − ∥A∥∗
γ

= sup
G∈∂∥A∥∗

tr(G⊤R).

Now using (A.1), this equals

sup
G∈∂∥A∥∗

tr(G⊤R) = sup
∥T∥op≤1

tr
(
(U1V

⊤
1 + U0TV

⊤
0 )⊤R

)
= sup

∥T∥op≤1

[
tr(V1U

⊤
1 R) + tr(V0T

⊤U⊤
0 R)

]
= sup

∥T∥op≤1

[
tr(U⊤

1 RV1) + tr(T⊤U⊤
0 RV0)

]
,

where the last equality follows from the cyclic property of the trace. Since the first term
does not depend on T , it may be taken outside the supremum, yielding

sup
G∈∂∥A∥∗

tr(G⊤R) = tr(U⊤
1 RV1) + sup

∥T∥op≤1

tr
(
T⊤U⊤

0 RV0
)
.

Using the duality relation between the spectral and nuclear norms, sup∥T∥op≤1 tr(T
⊤M) =

∥M∥∗, with M = U⊤
0 RV0, yields the stated formula. Now since

U1 = (u1, . . . ,ur), V1 = (v1, . . . ,vr),

the (i, j) entry ofU⊤
1 RV1 is (U⊤

1 RV1)ij = u⊤
i R vj . Therefore, tr(U⊤

1 RV1) =
∑r

i=1 u
⊤
i R vi.

The proof is complete. ■

Lemma A.8 (Concentration of Ãn). Suppose (C.1)-(C.5) hold true. Then we have,

∥Ãn −A∥F = o
(
n−1/2 log n

)
almost surely.
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Proof of Lemma A.8 Set the local parameter U := (log n)−1n1/2 (Ãn − A), Ãn =
A+ n−1/2(log n) U, and write the rescaled objective for U :

Hn(U) = (log n)−2

[
∥Y −X(A+ n−1/2(log n) U)∥2F − ∥Y −XA∥2F

]

+ (log n)−2

[
λn

(
∥A+ n−1/2(log n) U∥∗ − ∥A∥∗

)]
.(A.2)

A direct expansion of the quadratic part gives

Hn(U) = − 2

log n
tr(U⊤Wn) + tr

(
U⊤CnU

)
+

λn
(log n)2

(
∥A+ n−1/2(log n)U∥∗ − ∥A∥∗

)
.

(A.3)

Due to Lemma A.6 and for fixed U we have, 1
logn tr(U⊤Wn) ≤ 1

logn∥U∥F ∥Wn∥F =

o(1) almost surely. Next for the penalty term Pn(U):

Pn(U) = (logn)−1 λn
n1/2

∥σ(A+ n−1/2(log n)U)∥1 − ∥σ(A)∥1
n−1/2 log n

Now due to assumption (C.4) and Lemma A.7 we have,

λn√
n

(
∥σ(A+ n−1/2(log n)U)∥1 − ∥σ(A)∥1

n−1/2 log n

)
−→ λ0

[
r∗∑
j=1

u⊤
j U vj +

∥∥U⊤
0 U V0

∥∥
∗

]
,

where uj ,vj are the singular vectors corresponding to positive singular values of A. It
remains to show this limiting quantity is O(1). Since uj ∈ Rp and vj ∈ RT are orthonor-
mal vectors, they satisfy ∥uj∥ = ∥vj∥ = 1. Hence, by the definition of operator norm,
|u⊤

j Uvj | ≤ ∥U∥op. Summing over j = 1, . . . , r∗ yields∣∣∣∣∣∣
r∗∑
j=1

u⊤
j Uvj

∣∣∣∣∣∣ ≤ r∗∥U∥op = O(1),

since r∗ is fixed and U is a fixed matrix. We use the standard inequality for the Frobenius
norm:

∥ABC∥F ≤ ∥A∥op ∥B∥op ∥C∥F .
Applying this, we obtain ∥U⊤

0 UV0∥F ≤ ∥U⊤
0 ∥op ∥U∥op ∥V0∥F . Since U0 and V0 have

orthonormal columns,

∥U⊤
0 ∥op = 1, ∥V0∥op = 1, ∥V0∥F =

√
T − r∗.

As p, T, r∗ are fixed, ∥V0∥F = O(1). Therefore, ∥U⊤
0 UV0∥F = O(∥U∥op) = O(1).

Using ∥M∥∗ ≤
√

rank(M) ∥M∥F and the fact that the rank is bounded by a constant
depending only on p, T, r∗, we conclude ∥U⊤

0 UV0∥∗ = O(1). Since, λ0 is finite, hence
combining both bounds,

λ0

[
r∗∑
j=1

u⊤
j Uvj + ∥U⊤

0 UV0∥∗

]
= O(1).

Therefore,

(log n)−1n1/2 (Ãn −A) = argminU∈Rp×T

[
tr(U⊤CnU) +Rn(U)

]
,(A.4)
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where Rn(U) = o(1) almost surely. Now in the notation of Lemma A.5, let fn(U) :=
tr(U⊤CnU) and f(U) := tr(U⊤CU). Clearly these are convex maps and fn(U) → f(U)
point wise as n→ ∞ due to Lemma A.3. Also since C is positive definite, we must have,

argminU∈Rp×T f(U) = 0p×T ,

which is unique almost surely. Therefore the proof is complete due to Lemma A.5. ■

Lemma A.9 (Concentration for the thresholded estimator). Let Ã(thr)
n be the thresholded

estimator defined in (4.2). Then∥∥Ã(thr)
n −A

∥∥
F
= o
(
n−1/2 log n

)
almost surely.

Proof of Lemma A.9 Write Ã(thr)
n −A = (Ãn−A)+(Ã

(thr)
n − Ãn) = En+Rn, where

En := Ãn −A, Rn := Ã(thr)
n − Ãn.

Let σ̃(n)
j := σj(Ãn), Jn := {j : σ̃(n)

j ≤ an}. Then Rn = −
∑

j∈Jn
σ̃
(n)
j ũ

(n)
j (ṽ

(n)
j )⊤.

For j = 1, . . . ,m, define Mj := ũ
(n)
j (ṽ

(n)
j )⊤. Then Rn = −

∑
j∈Jn

σ̃
(n)
j Mj . We first

show that the matrices {Mj}mj=1 are orthonormal with respect to the Frobenius inner prod-
uct. Indeed, for any j, k,

⟨Mj ,Mk⟩F = tr
(
ṽ
(n)
j (ũ

(n)
j )⊤ũ

(n)
k (ṽ

(n)
k )⊤

)
=
(
(ũ

(n)
j )⊤ũ

(n)
k

)
tr
(
ṽ
(n)
j (ṽ

(n)
k )⊤

)
= δjk,

since the left and right singular vectors form orthonormal systems. Consequently,

∥Rn∥2F =

〈∑
j∈Jn

σ̃
(n)
j Mj ,

∑
k∈Jn

σ̃
(n)
k Mk

〉
F

=
∑

j,k∈Jn

σ̃
(n)
j σ̃

(n)
k ⟨Mj ,Mk⟩F =

∑
j∈Jn

(
σ̃
(n)
j

)2
.

Hence ∥Rn∥F ≤
√
m maxj∈Jn

σ̃
(n)
j . By Lemma A.8,

∥En∥F = o
(
n−1/2 logn

)
almost surely,

and therefore ∥En∥2 ≤ ∥En∥F = o(1) almost surely. Fix an outcome in the almost-sure
event Ω0 on which ∥En∥2 = o(1). Choose ω from this set. Since σr∗(A) > 0, there exists
N1(ω) such that an <

σr∗ (A)
2 for all n ≥ N1(ω). Moreover, there exists N2(ω) such that

∥En∥2 < σr∗ (A)
2 for all n ≥ N2(ω). For n ≥ max{N1(ω), N2(ω)}, Weyl’s inequality

yields, for every j ≤ r∗,

σ̃
(n)
j = σj(Ãn) ≥ σj(A)− ∥En∥2 ≥ σr∗(A)− ∥En∥2 >

σr∗(A)

2
> an.

Therefore, Jn ⊆ {r∗ + 1, . . . ,m} eventually. Now let j ∈ Jn. Since j > r∗, σj(A) = 0,
and another application of Weyl’s inequality gives

σ̃
(n)
j = σj(Ãn) ≤ |σj(Ãn)− σj(A)| ≤ ∥En∥2 ≤ ∥En∥F .

Consequently, maxj∈Jn
σ̃
(n)
j ≤ ∥En∥F eventually. Combining this with previous argu-

ment, ∥Rn∥F ≤
√
m ∥En∥F eventually. Finally, by the triangle inequality,

∥Ã(thr)
n −A∥F ≤ ∥En∥F + ∥Rn∥F ≤ (1 +

√
m) ∥En∥F eventually.

Hence by Lemma A.8, ∥Ã(thr)
n −A∥F = o

(
n−1/2 log n

)
almost surely. Therefore the proof

is complete. ■
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Lemma A.10 (Closeness between variances). Under the assumptions (C.1)-(C.3) we have,∥∥∥S̃∗
n,G − IT ⊗ σ2C

∥∥∥
F
= o(1) almost surely,

Recall that, S̃∗
n,G = diag(S̃∗

n,G,1, . . . , S̃
∗
n,G,T ) =

∑T
t=1 Ψtt ⊗ S̃∗

n,G,t, where, S̃∗
n,G,t =

Var∗(W̄
∗
n,G,t) =

1
n

∑n
i=1 Ẽ

(thr)2
it X⊤

i Xi, with Ẽ(thr)
it denote the (i, t)-th entry of Ẽ(thr) =

Y −XÃ
(thr)
n and Ψtt denote the T × T matrix with a 1 in position (t, t) and 0 elsewhere.

Proof of Lemma A.10 Note that∥∥∥S̃∗
n,G − IT ⊗ σ2C

∥∥∥2
F
=

T∑
t=1

∥∥S̃∗
n,G,t − σ2C

∥∥2
F
.

Since T is fixed, it suffices to show,
∥∥S̃∗

n,G,t − σ2C
∥∥
F

= o(1) almost surely for all t =
1, . . . , T . Now writing,

∥∥S̃∗
n,G,t − σ2C

∥∥
F

≤
∥∥S̃∗

n,G,t − σ2Cn

∥∥
F
+ σ2

∥∥Cn − C
∥∥
F

The
second term is o(1) due to assumption (C.3). Now that the first term is o(1) almost surely,
follows from Lemma A.1, A.9 of Choudhury and Das (2026) and Lemma A.8. Hence the
proof is complete. ■

Lemma A.11 (Convergence of leading term to Gaussian). Under the assumptions (C.1)-
(C.3), we have

Wn
d−→ W in Rp×T ,

where W = [W1, ....,WT ] and Wj ∼ Np(0p×1, σ
2C) independently for all j = 1, ..., T.

Equivalently we will say vec (Wn)
d−→ vec (W ) ∈ RpT with vec (W ) ∼ NpT (0pT×1, IT⊗

σ2C). Alternatively we can conclude the matrix-normal representation as,

W ∼ MN p×T

(
0p×T , U = σ2C, V = IT

)
.

Proof of Lemma A.11 Write the columns of the E matrix as z1, . . . , zT (each of them
is an n-dimensional vector), with zj = (ε1,j , . . . , εn,j)

⊤. Then,

X⊤E =
(
X⊤z1 · · · X⊤zT

)
p×T

, and X⊤zj =

n∑
i=1

xi εi,j ,

for all j = 1, . . . , T , where xi ∈ Rp denotes the i-th row of X . Fix an index j. Then
following the exact proof steps of Lemma A.11 of Choudhury and Das (2026), we can
conclude that Wn,j = 1√

n
X⊤zj

d−→ Wj ∼ Np(0, σ
2C). The columns of W are also

independent which follows from the independence of the columns of E. Therefore it’s
safe to conclude that,

vec (Wn)
d−→ vec (W ) ∼ NpT (0pT×1, IT ⊗ σ2C).

The proof is complete. ■

Lemma A.12 (Convergence of PB-leading term to Gaussian). Suppose L(·) denote the
law of the underlying random quantity and E denote the sigma algebra generated by {εit :
1 ≤ i ≤ n, 1 ≤ t ≤ T}. Then under assumptions (C.1)-(C.3) we have,

L(W̄ ∗
n,G | E) d∗−→ MN p×T

(
0p×T , U = σ2C, V = IT

)
almost surely

Equivalently, L
(

vec(W̄ ∗
n,G) | E

)
d∗−→ NpT×1

(
0pT×1, IT ⊗ σ2C

)
almost surely

Here, d∗ denote convergence in distribution conditioned on the {εit : 1 ≤ i ≤ n, 1 ≤
t ≤ T}.
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Proof of Lemma A.12 The idea of the proof is similar to Lemma A.11 with application
of Lemma A.1, A.11 of Choudhury and Das (2026), Lemma A.6, A.8 and A.10. Hence we
skip the details. ■

Lemma A.13. Suppose that {Un(·)}n≥1 and U∞(·) are convex stochastic processes on
Rp such that U∞(·) has almost surely unique minimum ξ∞. Also assume that
(a) every finite dimensional distribution of Un(·) converges to that of U∞(·), that is, for

any natural number k and for any {t1, .., tk} ⊂ Rp, we have (Un(t1), ...Un(tk))
d−→

(U∞(t1), ...U∞(tk)).
(b) {Un(·)}n≥1 is equicontinuous on compact sets, in probability, i.e., for every ϵ, η,M >
0, there exists a δ > 0 such that

lim sup
n→∞

P

(
sup

{∥r−s∥<δ,max{∥r∥,∥s∥}<M}

∣∣Un(r)−Un(s)
∣∣ > η

)
< ϵ.

Then we have Argmint Un(t)
d−→ ξ∞.

Proof of lemma A.13. This result is proved as Lemma A.14 of Choudhury and Das
(2026). ■

Lemma A.14 (Generalized Wedin’s sinΘ theorem). Let A, Â ∈ Rp×q have singular
values σ1 ≥ · · · ≥ σmin(p,q), σ̂1 ≥ · · · ≥ σ̂min(p,q) respectively. Fix integers 1 ≤ r ≤
s ≤ rank(A) and assume that min

(
σ2
r−1 − σ2

r , σ
2
s − σ2

s+1

)
> 0, where σ2

0 := ∞ and
σ2
rank(A)+1 := −∞. Let d := s− r + 1, and let

V = (vr, vr+1, . . . , vs) ∈ Rq×d, V̂ = (v̂r, v̂r+1, . . . , v̂s) ∈ Rq×d

have orthonormal columns satisfying

Avj = σjuj , Â v̂j = σ̂j ûj , j = r, r + 1, . . . , s.

Then

∥ sinΘ(V̂ , V )∥F ≤
2
(
2σ1 + ∥Â−A∥op

)
min
(
d1/2∥Â−A∥op, ∥Â−A∥F

)
min
(
σ2
r−1 − σ2

r , σ
2
s − σ2

s+1

) .

Proof of Lemma A.14 This result is proved as Theorem 4 in Yu et al. (2015). ■

Corollary A.1 (Corollary from Lemma A.14). Let A ∈ Rp×T have rank r∗ and distinct
nonzero singular values σ1 > σ2 > · · · > σr∗ > 0. Let A = UΣV ⊤ and Ãn = ŨnΣ̃nṼ

⊤
n

be the SVD of the perturbed matrix Ãn = A+En. Write (uj ,vj) and (ũ
(n)
j , ṽ

(n)
j ) for the

corresponding left/right singular vectors. Set r = s = j with d = s− r + 1 = 1 and

δj := min
(
σ2
j−1 − σ2

j , σ
2
j − σ2

j+1

)
, σ0 := ∞, σr∗+1 := 0.

Then, for each 1 ≤ j ≤ r∗, Lemma A.14 implies the per–vector bound
(A.5)

sin θ
(
ũ
(n)
j ,uj

)
≤ 2(2σ1 + ∥En∥op) ∥En∥op

δj
and sin θ

(
ṽ
(n)
j ,vj

)
≤ 2(2σ1 + ∥En∥op) ∥En∥op

δj
.

Suppose in addition that the spectral gaps satisfy δ := min1≤j≤r∗ δj > 0. Since, σ1 is
fixed and due to Lemma A.8, ∥En∥F = o(n−1/2 log n) almost surely, therefore for large
enough n and for all 1 ≤ j ≤ r∗ we have the modified uniform bound as,

(A.6) sin θ
(
ũ
(n)
j ,uj

)
≤ 5σ1∥En∥op

δ
and sin θ

(
ṽ
(n)
j ,vj

)
≤ 5σ1∥En∥op

δ
.
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Lemma A.15 (Small singular values determined by the bottom block). Let

M =

(
B C

D E

)
, B ∈ Rr×r, E ∈ R(m−r)×(m−r).

Assume B is invertible and σmin(B) → ∞. Assume that ∥C∥, ∥D∥, ∥E∥ are uniformly
bounded. Then for k = 1, . . . ,m− r,

σr+k(M) = σk(E) + o(1).

Proof of Lemma A.15 Define L :=

(
I 0

DB−1 I

)
, M̃ :=

(
B C
0 E −DB−1C

)
.

Thus, LM̃ =

(
B C
D E

)
= M. Denote S = E − DB−1C. For any matrices A,X it’s

known that,

σi(AX) ≤ ∥A∥σi(X), σi(AX) ≥ σmin(A)σi(X).

Applying this with A = L, X = M̃ , we obtain σi(M) ≤ ∥L∥σi(M̃), σi(M) ≥
σmin(L)σi(M̃). Define

K :=

(
0 0

DB−1 0

)
, so that L = I +K.

Then it’s easy to observe that, ∥L∥ ≤ ∥I∥ + ∥K∥ = 1 + ∥K∥ ≤ 1 + ∥D∥
σmin(B) and

σmin(L) ≥ 1− ∥K∥ ≥ 1− ∥D∥
σmin(B) . This will finally give us that,(

1− ∥D∥
σmin(B)

)
σi(M̃) ≤ σi(M) ≤

(
1 +

∥D∥
σmin(B)

)
σi(M̃).(A.7)

Singular values satisfy σi(M̃)2 = λi(M̃
⊤M̃), where λi(·) denote i-th largest eigen value

of that underlined matrix. Again we will have M̃⊤M̃ = H + J, where,

H :=

(
B⊤B 0
0 S⊤S

)
, J :=

(
0 B⊤C

C⊤B C⊤C

)
.

The eigenvalues of H are {σi(B)2}ri=1 ∪ {σj(S)2}m−r
j=1 . Now since σmin(B) → ∞, we

have a spectral separation: λr(H) = σmin(B)2 → ∞, λr+1(H) = σ1(S)
2. Using the

operator norm bound,

σ1(S) = ∥S∥ = ∥E −DB−1C∥ ≤ ∥E∥+ ∥DB−1C∥ ≤ ∥E∥+ ∥C∥ ∥D∥
σmin(B)

= O(1).

This will give us that, λr(H) ≫ λr+1(H) eventually. Note that B is invertible matrix.

Define, T :=

(
I 0

−C⊤B(B⊤B)−1 I

)
which is invertible. Then it’s simple to verify that,

M̃⊤M̃ = T−1H(T−1)⊤. Write

T = I +K, K =

(
0 0

−C⊤B(B⊤B)−1 0

)
.

A direct computation shows that K2 = 0, hence

(I +K)(I −K) = I and (I −K)(I +K) = I =⇒ T−1 = (I +K)−1 = I −K.
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Therefore, ∥T−1∥ ≤ 1 + ∥K∥ = 1 + ∥C⊤(B−1)⊤∥ ≤ 1 + ∥C∥
σmin(B) . Thus we will have,

σmin(T
−1) = σmin(I −K) ≥ 1− ∥C∥

σmin(B) . Using the Rayleigh–Ritz characterization for
every i,

[σmin(T
−1)]2 λi(H) ≤ λi(M̃

⊤M̃) ≤ ∥T−1∥2 λi(H).

This will in turn imply that,(
1− ∥C∥

σmin(B)

)2

λi(H) ≤ λi(M̃
⊤M̃) ≤

(
1 +

∥C∥
σmin(B)

)2

λi(H).

Expanding the squares,(
1− ∥C∥

σmin(B)

)2

= 1−2
∥C∥

σmin(B)
+

∥C∥2

σmin(B)2
,

(
1 +

∥C∥
σmin(B)

)2

= 1+2
∥C∥

σmin(B)
+

∥C∥2

σmin(B)2
.

Since ∥C∥ is bounded and σmin(B) → ∞, the quadratic term is of smaller order. Hence(
1− ∥C∥

σmin(B)

)2

= 1 +O

(
∥C∥

σmin(B)

)
,

(
1 +

∥C∥
σmin(B)

)2

= 1 +O

(
∥C∥

σmin(B)

)
.

Therefore,

λi(M̃
⊤M̃) = λi(H)

(
1 +O

(
∥C∥

σmin(B)

))
.

Since, for k = 1, . . . ,m − r, we have established that λr+k(H) = σk(S)
2 = O(1), we

hence write;

λr+k(M̃
⊤M̃) = σr+k(M̃)2 = σk(S)

2

(
1 +O

(
∥C∥

σmin(B)

))
.

Taking square roots and using for small enough ε that,
√
1 + ε = 1 + O(ε), we finally

have;

σr+k(M̃) = σk(S) +O

(
∥C∥

σmin(B)

)
.

Substituting S = E −DB−1C we get, ∥S − E∥ ≤ ∥D∥ ∥B−1∥ ∥C∥ = ∥C∥ ∥D∥
σmin(B) . Thus,

by Weyl’s inequality, σk(S) = σk(E) +O
(

∥C∥ ∥D∥
σmin(B)

)
and hence

σr+k(M̃) = σk(E) +O

(
∥C∥[1 + ∥D∥]
σmin(B)

)
.

Using this and equation (A.7) we finally write,

σr+k(M) = σk(E)+O

(
∥D∥

σmin(B)
σk(E)

)
+O

(
∥C∥ [1 + ∥D∥]
σmin(B)

)
+O

(
∥C∥ [1 + ∥D∥]∥D∥

σmin(B)2

)
.

Since σk(E) ≤ σ1(E) = ∥E∥ = O(1), ∥D∥, ∥C∥ = O(1) and σmin(B) → ∞, this will
imply for all k = 1, ...,m− r that,

σr+k(M) = σk(E) + o(1).

Therefore the proof is complete. ■
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APPENDIX B. HADAMARD DIFFERENTIABILITY AND RELATED LEMMAS

Definition 1 (Hadamard differentiability, Van der Vaart and Wellner (1996)). A map Φ :
D 7→ E is said to be Hadamard differentiable at θ if there is a continuous linear map
Φ′(θ) : D 7→ E such that,

Φ(θ + tnhn)− Φ(θ)

tn
→ Φ′(θ;h),

for every sequence of real numbers tn → 0 and every sequence hn → h as n→ ∞.

Definition 2 (Hadamard directional differentiability, Fang & Santos (2019)). Let D and E
be Banach spaces and let Φ : DΦ ⊆ D → E. The map Φ is said to be Hadamard direc-
tionally differentiable at θ ∈ DΦ tangentially to a set D0 ⊆ D if there exists a continuous
map Φ′(θ) : D0 → E such that∥∥∥∥Φ(θ + tnhn)− Φ(θ)

tn
− Φ′(θ;h)

∥∥∥∥
E

−→ 0,

for every sequence {hn} ⊂ D and {tn} ⊂ R+ satisfying tn ↓ 0, hn → h ∈ D0, and
θ+ tnhn ∈ DΦ for all n. Here ∥ · ∥E denote the appropriate norm of the underlying metric
space E.

Remark B.1. Hadamard differentiability requires the existence of a continuous linear
derivative Φ′

θ, and allows perturbations approaching zero from both signs. Hadamard
directional differentiability relaxes this requirement in two ways: (i) the derivative Φ′

θ

need not be linear, and (ii) convergence is restricted to one-sided sequences tn ↓ 0 and
tangential directions hn → h.

Consequently, every Hadamard differentiable map is Hadamard directionally differen-
tiable, but the converse fails in general. Many functionals arising in modern statistics,
such as maxima, minima, norms, and spectral operators, are not classically differentiable
but admit well-defined directional derivatives. This weaker notion is therefore essential
for non-smooth functionals. As shown in Fang & Santos (2019), Hadamard directional
differentiability is sufficient to establish a generalized functional delta method and valid
bootstrap procedures for such non-smooth maps.

Now consider D = Rp×T , E = R or Rm as needed and θ = A∗. We will consider
Hn → H in appropriate norm of the underlying space. We now provide the following
results.

Lemma B.1 (Hadamard differentiability of entry functionals). Define

Φ1(A) = A1,1, Φ2(A) = Ap,T .

Then Φ1 and Φ2 are Hadamard differentiable at every A∗ ∈ Rp×T with derivatives

Φ′
1(A

∗;H) = H1,1, Φ′
2(A

∗;H) = Hp,T .

Proof of Lemma B.1: We prove the result for Φ1(A) = A1,1. The proof for Φ2 is
identical. Let tn → 0 be any real sequence and let Hn → H in Rp×T in Frobenius norm.
Consider

Φ1(A+ tnHn)− Φ1(A)

tn
=

(A1,1 + tnHn,1,1)−A1,1

tn
= Hn,1,1.

Since Hn → H , we have Hn,1,1 → H1,1. Hence Φ1(A
∗+tnHn)−Φ1(A

∗)
tn

−→ H1,1. Thus

Φ′
1(A

∗;H) = H1,1.
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The map H 7→ H1,1 is linear. Now if Hn → H , then

|Φ′
1(A

∗;Hn)− Φ′
1(A

∗;H)| = |Hn,1,1 −H1,1| → 0.

Hence the derivative map is continuous. Therefore, by Definition 1, Φ1 is Hadamard dif-
ferentiable at A∗. The same argument with indices (p, T ) proves the result for Φ2. ■

Lemma B.2 (Directional differentiability of columnwise ℓ1-sum max/min functionals).
Define

Φ3(A) = max
1≤j≤T

p∑
i=1

|Aij |, Φ4(A) = min
1≤j≤T

p∑
i=1

|Aij |.

For a fixed A∗ ∈ Rp×T , let

Sj(A) =

p∑
i=1

|Aij |, Jmax = {j : Sj(A
∗) = Φ3(A

∗)}, Jmin = {j : Sj(A
∗) = Φ4(A

∗)}.

Then Φ3 and Φ4 are Hadamard directionally differentiable at A∗ with derivatives

Φ′
3(A

∗;H) = max
j∈Jmax

Dj(H), Φ′
4(A

∗;H) = min
j∈Jmin

Dj(H),

where for each column j: Dj(H) =
∑

i:A∗
ij ̸=0 sgn(A

∗
ij)Hij +

∑
i:A∗

ij=0 |Hij |. If,
additionally, every entry in the maximizing (respectively minimizing) column is nonzero
and Jmax (or Jmin) is a singleton set, then Φ3 (or Φ4) is fully Hadamard differentiable.

Proof of Lemma B.2: We prove the result for Φ3. The proof for Φ4 is analogous. Fix
sequences tn ↓ 0 and Hn → H . For each entry (i, j), the absolute value satisfies

|A∗
ij + tnHn,ij | = |A∗

ij |+ tn ψij(Hn,ij) + o(tn),

where

ψij(h) =

sgn(A∗
ij)h, A∗

ij ̸= 0,

|h|, A∗
ij = 0.

Summing over i gives for each column j,

Sj(A
∗ + tnHn) = Sj(A

∗) + tnDj(Hn) + o(tn).

Since Hn → H , we have Dj(Hn) → Dj(H) by continuity. Now consider Φ3. By
definition,

Φ3(A
∗ + tnHn) = max

1≤j≤T
Sj(A

∗ + tnHn).

Substituting the expansion,

Φ3(A
∗ + tnHn) = max

1≤j≤T

{
Sj(A

∗) + tnDj(Hn) + o(tn)
}
.

For every j /∈ Jmax we have the strict inequality Sj(A
∗) < Φ3(A

∗). Since the number of
columns T is finite, we may define

δj := Φ3(A
∗)− max

j /∈Jmax

Sj(A
∗) > 0, δ := min

j /∈Jmax

δj .

Fix j /∈ Jmax and k ∈ Jmax. Then using the earlier expansion we can write;

Sk(A
∗ + tnHn) = Φ3(A

∗) + tnDk(Hn) + o(tn),

Sj(A
∗ + tnHn) = Sj(A

∗) + tnDj(Hn) + o(tn).
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Subtracting,

Sk(A
∗ + tnHn)− Sj(A

∗ + tnHn) = Φ3(A
∗)− Sj(A

∗)︸ ︷︷ ︸
≥δ

+tn
(
Dk(Hn)−Dj(Hn)

)
+ o(tn).

(B.1)

Recall Dj(Hn) =
∑

i:A∗
ij ̸=0 sgn(A

∗
ij)Hn,ij +

∑
i:A∗

ij=0 |Hn,ij |. This will imply that,

|Dj(Hn)| ≤
p∑

i=1

|Hn,ij | ≤
√
p ∥Hn,·j∥2 ≤ √

p ∥Hn∥F .

Since Hn → H , the sequence {∥Hn∥F } is bounded. Hence for large enough n,

tn |Dk(Hn)−Dj(Hn)| ≤ 2
√
p∥Hn∥F tn −→ 0.

Therefore from (B.1) for large enough n we have,

Sk(A
∗ + tnHn) > Sj(A

∗ + tnHn) + δ/2.

Hence the maximum is attained over Jmax:

Φ3(A
∗ + tnHn) = Φ3(A

∗) + tn max
j∈Jmax

Dj(Hn) + o(tn).

Dividing by tn and letting n→ ∞ yields

Φ3(A
∗ + tnHn)− Φ3(A

∗)

tn
−→ max

j∈Jmax

Dj(H),

which is the Hadamard directional derivative and continuous map in H . The proof for Φ4

is identical with min in place of max. ■
Two key identities used in the proof. Let J be a finite index set.
(I) Pulling out constants from a maximum. For any constant c ∈ R and any collection
{xj}j∈J , maxj∈J(c+ xj) = c+maxj∈J xj .

Proof. Since c does not depend on j, for any j1, j2 ∈ J , c + xj1 ≥ c + xj2 ⇐⇒
xj1 ≥ xj2 . Thus the maximizer of c+xj coincides with that of xj , hence maxj∈J(c+xj) =
c+maxj∈J xj . ■
(II) Stability of the maximum under o(tn) perturbations.

Let tn ↓ 0, J be finite, and assume rj,n = o(tn) uniformly in j ∈ J . Then

max
j∈J

(
tnDj(Hn) + rj,n

)
= tn max

j∈J
Dj(Hn) + o(tn).

Proof. Write rj,n = tnϵj,n where ϵj,n → 0 uniformly in j. Then

tnDj(Hn) + rj,n = tn
(
Dj(Hn) + ϵj,n

)
,

so maxj∈J

(
tnDj(Hn)+rj,n

)
= tn maxj∈J

(
Dj(Hn)+ϵj,n

)
. LetMn := maxj∈J Dj(Hn).

Then
Dj(Hn) + ϵj,n ≤Mn +max

k∈J
|ϵk,n|,

implying maxj∈J

(
Dj(Hn)+ϵj,n

)
≤Mn+maxk∈J |ϵk,n|. Let jn ∈ argmaxj∈J Dj(Hn).

Then

max
j∈J

(
Dj(Hn) + ϵj,n

)
≥ Djn(Hn) + εjn,n =Mn + ϵjn,n ≥Mn −max

k∈J
|ϵk,n|.

Thus,
∣∣maxj∈J

(
Dj(Hn) + ϵj,n

)
−Mn

∣∣ ≤ maxk∈J |ϵk,n| → 0, so

max
j∈J

(
Dj(Hn) + ϵj,n

)
= max

j∈J
Dj(Hn) + o(1).
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Multiplying by tn yields maxj∈J

(
tnDj(Hn) + rj,n

)
= tn maxj∈J Dj(Hn) + o(tn).

■

Lemma B.3 (Directional differentiability of ℓ2-norm max/min functionals). Define

Φ5(A) = max
1≤j≤T

∥A·j∥2, Φ6(A) = min
1≤j≤T

∥A·j∥2.

For a fixed A∗ ∈ Rp×T , let

Rj(A) = ∥A·j∥2, Jmax = {j : Rj(A
∗) = Φ5(A

∗)}, Jmin = {j : Rj(A
∗) = Φ6(A

∗)}.
Then Φ5 and Φ6 are Hadamard directionally differentiable at A∗ with derivatives

Φ′
5(A

∗;H) = max
j∈Jmax

Ej(H), Φ′
6(A

∗;H) = min
j∈Jmin

Ej(H),

where for each column j,

Ej(H) =


⟨A∗

·j , H·j⟩
∥A∗

·j∥2
, if A∗

·j ̸= 0,

∥H·j∥2, if A∗
·j = 0.

If, additionally, every entry in the maximizing (respectively minimizing) column is nonzero
and Jmax (or Jmin) is a singleton set, then Φ5 (or Φ6) is fully Hadamard differentiable.

Proof of Lemma B.3: We prove the result for Φ5. The proof for Φ6 is analogous with
max replaced by min. Fix a column j and define Rj(A) = ∥A·j∥2. Consider sequences
tn ↓ 0 and Hn → H in Frobenius norm. We study Rj(A

∗ + tnHn).
Case 1: A∗

·j ̸= 0. Write a = A∗
·j and hn = Hn,·j . Then

∥a+ tnhn∥22 = ∥a∥22 + 2tn⟨a, hn⟩+ t2n∥hn∥22︸ ︷︷ ︸
:=u(tn)

.

Note that, u(tn) = O(tn) and t2n∥hn∥22 = o(tn) for large enough n. Now taking square
roots and using a Taylor expansion of x 7→

√
x at x = ∥a∥22 gives

∥a+ tnhn∥2 = ∥a∥2 +
1

2∥a∥2

[
2tn⟨a, hn⟩+ t2n∥hn∥22

]
+ o(u(tn))

= ∥a∥2 + tn
⟨a, hn⟩
∥a∥2

+ o(tn).(B.2)

Since hn → h, we obtain

Rj(A
∗ + tnHn) = Rj(A

∗) + tn
⟨A∗

·j , H·j⟩
∥A∗

·j∥2
+ o(tn).

Case 2: A∗
·j = 0. Then we have,

Rj(A
∗ + tnHn) = ∥tnHn,·j∥2 = tn∥Hn,·j∥2 = tn∥H·j∥2 + o(tn).

Thus for every j,

Rj(A
∗ + tnHn) = Rj(A

∗) + tnEj(H) + o(tn),

with Ej(H) defined in the statement. Let Jmax = {j : Rj(A
∗) = Φ5(A

∗)}. For any
k /∈ Jmax, there exists δ > 0 such that Rk(A

∗) ≤ Φ5(A
∗)− δ. Hence

Rk(A
∗ + tnHn) = Rk(A

∗) + tnEk(H) + o(tn)

≤ Φ5(A
∗)− δ + tnEk(H) + o(tn).
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Since tn → 0, for sufficiently large n this is strictly smaller than Φ5(A
∗)+tnEj(H)+o(tn)

for any j ∈ Jmax. Thus, for large n, the maximum is attained over Jmax. Therefore,

Φ5(A
∗ + tnHn) = max

j∈Jmax

Rj(A
∗ + tnHn)

= Φ5(A
∗) + tn max

j∈Jmax

Ej(H) + o(tn).

Dividing by tn and letting n→ ∞ yields

Φ5(A
∗ + tnHn)− Φ5(A

∗)

tn
−→ max

j∈Jmax

Ej(H).

Each map H 7→ Ej(H) is continuous on Rp×T . The maximum of finitely many continu-
ous functions is continuous. Hence the directional derivative is continuous in H .

Lemma B.4 (Directional differentiability of the singular value map). Let m = min(p, T ),
and define

Φ : Rp×T → Rm, Φ(A) = (σ1(A), . . . , σm(A))⊤,

where σ1(A) > · · · > σr∗(A) > 0, and σj(A) = 0, j = r∗ + 1, . . . ,m. Let

U0 ∈ Rp×(p−r∗), V0 ∈ RT×(T−r∗)

denote the left and right null singular subspaces. Then Φ is Hadamard directionally dif-
ferentiable at A∗ with derivative

Φ′
A∗(H) =



(u∗1)
⊤Hv∗1
...

(u∗r∗)
⊤Hv∗r∗

σ1(U
⊤
0 HV0)
...

σm−r∗(U
⊤
0 HV0)


.

Proof of Lemma B.4: Fix sequences tn ↓ 0 and Hn → H in Rp×T . Define An =
A+ tnHn. We show that

Φ(A∗ + tnHn)− Φ(A∗)

tn
→ Φ′

A∗(H).

By definition,

Φ(An)− Φ(A∗) =



σ1(An)− σ1(A
∗)

...
σr∗(An)− σr∗(A

∗)
σr∗+1(An)

...
σm(An)


.

Since σ1(A∗), . . . , σr∗(A
∗) are simple singular values, Stewart’s perturbation expan-

sion (cf. Stewart (1990)) yields

σj(A
∗ + tnHn) = σj(A

∗) + tn(u
∗
j )

⊤Hnv
∗
j +O(tn∥Hn∥2), j = 1, . . . , r∗.

Since Hn → H as n→ ∞ and tn ↓ 0,we get,

σj(A
∗ + tnHn)− σj(A

∗)

tn
→ (u∗j )

⊤Hv∗j , j = 1, . . . , r∗.
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Now consider the remaining singular values jointly. Since

σr∗+1(A
∗) = · · · = σm(A∗) = 0,

the zero singular values form one repeated block. Perturbation theory for clustered singular
values implies that(

σr∗+1(A
∗ + tnHn), . . . , σm(A∗ + tnHn)

)
= tn σ(U

⊤
0 HnV0) + o(tn),

where σ(B) = (σ1(B), . . . , σm−r∗(B)) denotes the ordered singular value vector of B
(see Lemma A.15).

Therefore,

1

tn

σr∗+1(A
∗ + tnHn)
...

σm(A∗ + tnHn)

 = σ(U⊤
0 HnV0) + o(1).

Since Hn → H and using continuity of singular values,

σ(U⊤
0 HnV0) → σ(U⊤

0 HV0).

Combining all coordinates jointly,

Φ(A∗ + tnHn)− Φ(A∗)

tn
→



(u∗1)
⊤Hv∗1
...

(u∗r∗)
⊤Hv∗r∗

σ1(U
⊤
0 HV0)
...

σm−r∗(U
⊤
0 HV0)


:= Φ′

A∗(H).

Hence, Φ′
A∗(H) is the Hadamard directional derivative. Finally, the mapH 7→ Φ′

A∗(H)
is continuous because matrix multiplication and singular values are continuous mappings.
Therefore Φ is Hadamard directionally differentiable at A∗. ■

Lemma B.5 (Existence of First Order Perturbation for singular vectors). Let A ∈ Rp×T

and fix j such that its singular value σj := σj(A) > 0 is simple for all j = 1, .., r∗ and
σj = 0 for all j > r∗. Let uj ∈ Rp and vj ∈ RT be corresponding left and right unit
singular vectors satisfying

Avj = σjuj , A⊤uj = σjvj .

Let An = A + tnHn with tn ↓ 0 and Hn → H . Suppose (u
(n)
j ,v

(n)
j , σ

(n)
j ) denote the

j-th singular triplet of An, chosen with a consistent sign normalization. Then there exist
vectors u̇j ∈ Rp, v̇j ∈ RT such that

u
(n)
j = u∗

j + tnu̇j + o(tn), v
(n)
j = v∗

j + tnv̇j + o(tn).(B.3)

Proof: We proceed directly from the defining singular vector equations. For each n,

Anv
(n)
j = σ

(n)
j u

(n)
j , A⊤

nu
(n)
j = σ

(n)
j v

(n)
j .

Subtract the population relations and divide by tn:

A∗v
(n)
j − v∗

j

tn
+Hnv

(n)
j = σ∗

j

u
(n)
j − u∗

j

tn
+
σ
(n)
j − σ∗

j

tn
u
(n)
j ,

(A∗)⊤
u
(n)
j − u∗

j

tn
+H⊤

n u
(n)
j = σ∗

j

v
(n)
j − v∗

j

tn
+
σ
(n)
j − σ∗

j

tn
v
(n)
j .(B.4)
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Towards contradiction, we assume that the representation (B.3) does not hold for the se-
quence {(u(n)

j ,v
(n)
j , σ

(n)
j )}n≥1. More precisely,

∆un :=
u
(n)
j − u∗

j

tn
→ u̇j , ∆vn :=

v
(n)
j − v∗

j

tn
→ v̇j , ∆σn :=

σ
(n)
j − σ∗

j

tn
→ σ̇j ,

doesn’t hold as tn ↓ 0. Therefore, there exist at least two subsequences nks for s = 1, 2
with two different pair of triplets (u̇j1, v̇j1, σ̇j1) and (u̇j2, v̇j2, σ̇j2), such that,

∆unks
→ u̇js, ∆vnks

→ v̇js, ∆σnks
→ σ̇js for all s = 1, 2.(B.5)

Now following (B.4), passing to the limit along nks
and using u

(nks )
j → u∗

j , v(nks )
j → v∗

j ,
and Hnks

→ H , we obtain

A∗v̇js − σ∗
j u̇js = σ̇js u

∗
j −Hv∗

j ,

(A∗)⊤u̇js − σ∗
j v̇js = σ̇js v

∗
j −H⊤u∗

j .(B.6)

From (u
(nks )
j )⊤u

(nks )
j = 1 and substituting u

(nks )
j = u∗

j+tnks
∆unks

gives (u∗
j )

⊤∆unks
=

−
tnks

2 ∥∆unks
∥2. Since ∆unks

is bounded and tnks
↓ 0 this will imply for some C > 0,∣∣(u∗

j )
⊤∆unks

∣∣ ≤ tnks

2
C2 → 0.

Along the subsequence ∆unks
→ u̇js, continuity of the inner product implies

(u∗
j )

⊤∆unks
→ (u∗

j )
⊤u̇js.

Combining the two limits gives (u∗
j )

⊤u̇js = 0 Similar argument will give us that (v∗
j )

⊤v̇js =
0 for all s = 1, 2. So any subsequential limit will be orthogonal to u̇js and v̇js respectively.
Define

δu := u̇j1 − u̇j2, δv := v̇j1 − v̇j2, δσ := σ̇j1 − σ̇j2.

Subtracting the limit equations (B.6) yields

A∗δv − σ∗
j δu = δσu∗

j , (A∗)⊤δu− σ∗
j δv = δσ v∗

j ,

with (u∗
j )

⊤δu = 0, (v∗
j )

⊤δv = 0. Multiplying the first equation by (u∗
j )

⊤ and using
(u∗

j )
⊤A∗ = σ∗

j (v
∗
j )

⊤ gives, δσ = σ∗
j (v

∗
j )

⊤δv. Similarly, multiplying the second equation
by (v∗

j )
⊤ yields δσ = σ∗

j (u
∗
j )

⊤δu = 0. Hence δσ = 0. Therefore,

A∗δv = σ∗
j δu, (A

∗)⊤δu = σ∗
j δv.

Thus (δu, δv) is a singular vector pair of A∗ associated with σ∗
j . Since σ∗

j is simple, its
singular subspace is one-dimensional, spanned by (u∗

j ,v
∗
j ). Together with the orthogonal-

ity conditions, this implies δu = 0, δv = 0. Hence all subsequential limits must coincide.
This will imply that,

uj(A
∗ + tnHn)− u∗

j

tn
→ u̇,

vj(A
∗ + tnHn)− v∗

j

tn
→ v̇.

Rewriting the convergence of difference quotients gives

u
(n)
j = u∗

j + tnu̇j + o(tn), v
(n)
j = v∗

j + tnv̇j + o(tn).

The proof is complete. ■
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Lemma B.6 (First-order perturbation expansion for singular vectors). Let

A = UΣV ⊤ =
[
U1 U0

] [Σ1 0
0 0

] [
V1 V0

]⊤
,

where Σ1 = diag(σ1, . . . , σr∗), with σ1 > · · · > σr∗ > 0. SupposeAn = A+tnHn, tn ↓
0, Hn → H. For each j = 1, . . . , r∗, let ũ(n)j , ṽ

(n)
j denote the left and right singular

vectors corresponding to σj(An). Define,

sj,n =

1, ũ
(n)⊤
j uj ≥ 0,

−1, ũ
(n)⊤
j uj < 0.

and define the aligned singular vectors: u
(n)
j = sj,nũ

(n)
j , v

(n)
j = sj,nṽ

(n)
j . Assume

∥An −A∥op = O(tn). Then for every j = 1, . . . , r∗,

u
(n)
j = u∗

j + tn Γ
(u)
j (Hn) + o(tn), v

(n)
j = v∗

j + tn Γ
(v)
j (Hn) + o(tn),

where

Γ
(u)
j (H) =

r∗∑
k ̸=j

σ∗
j (u

∗
k)

⊤Hv∗j + σ∗
k(u

∗
j )

⊤Hv∗k
(σ∗

j )
2 − (σ∗

k)
2

u∗k +

p∑
k=r∗+1

(u∗k)
⊤Hv∗j
σ∗
j

u∗k,

Γ
(v)
j (H) =

r∗∑
k ̸=j

σ∗
k(u

∗
k)

⊤Hv∗j + σ∗
j (u

∗
j )

⊤Hv∗k
(σ∗

j )
2 − (σ∗

k)
2

v∗k +

T∑
k=r∗+1

(u∗j )
⊤Hv∗k
σ∗
j

v∗k.

Therefore, the maps A 7→ uj(A) and A 7→ vj(A) are Hadamard directionally differ-
entiable at A∗ for all j = 1, .., r∗. In fact, the maps are Hadamard differentiable since
corrsponding singular values are simple.

Proof: Fix j ∈ {1, . . . , r∗}. Let (ũ(n)
j , ṽ

(n)
j , σ

(n)
j := σj(An)) denote the singular

vectors and singular value triplet corresponding to the j-th singular component of An.
Recall the random sign sj,n and the aligned singular vectors u

(n)
j ,v

(n)
j . We have the

singular vector relations:

Anv
(n)
j = σ

(n)
j u

(n)
j , A⊤

nu
(n)
j = σ

(n)
j v

(n)
j .

Since σ∗
j is simple and strictly positive, standard singular-vector perturbation theory to-

gether with Wedin-type sinΘ bounds (see proof of Theorem 4.1) implies

∥u(n)
j − u∗

j∥2 = O(∥An −A∗∥op), ∥v(n)
j − v∗

j ∥2 = O(∥An −A∗∥op).

Because ∥An −A∗∥op = O(tn), we apply Lemma B.5 to obtain that,

u
(n)
j = u∗

j + tnu̇j + o(tn), v
(n)
j = v∗

j + tnv̇j + o(tn), σ
(n)
j = σ∗

j + tnσ̇j + o(tn).

Now substituting An = A∗ + tnHn into Anv
(n)
j = σ

(n)
j u

(n)
j , gives

(A∗ + tnHn)(v
∗
j + tnv̇j + o(tn)) = (σ∗

j + tnσ̇j + o(tn))(u
∗
j + tnu̇j + o(tn)).

Using the identity A∗v∗
j = σ∗

ju
∗
j , dividing both side by tn and collecting first-order terms

,
Hnv

∗
j +A∗v̇j = σ̇j u

∗
j + σ∗

j u̇j + o(1).

Passing to the limit using Hn → H , we get Hv∗
j + A∗v̇j = σ̇j u

∗
j + σ∗

j u̇j . Similarly,

substituting into A⊤
nu

(n)
j = σ

(n)
j v

(n)
j , yields H⊤u∗

j + A∗⊤u̇j = σ̇j v
∗
j + σ∗

j v̇j . Next



34 MAYUKH CHOUDHURY, DEBRAJ DAS, AND ARINDAM CHATTERJEE

we use the normalization constraints ∥u(n)
j ∥2 = 1, ∥v(n)

j ∥2 = 1 and using the same
arguments of Lemma B.5, we obtain

(u∗
j )

⊤u̇j = 0, (v∗
j )

⊤v̇j = 0.

Since {u∗
k}

p
k=1 and {v∗

k}Tk=1 form orthonormal bases, the orthogonality relations imply

u̇j =
∑
k ̸=j

αkju
∗
k, v̇j =

∑
k ̸=j

βkjv
∗
k.

Project the first perturbation equation onto u∗
k, for k ̸= j:

(u∗
k)

⊤Hv∗
j + (u∗

k)
⊤A∗v̇j = σ∗

jαkj .

Since A∗v∗
k = σ∗

ku
∗
k, we obtain (u∗

k)
⊤A∗v̇j = σ∗

kβkj . Hence

(u∗
k)

⊤Hv∗
j + σ∗

kβkj = σ∗
jαkj .

Similarly, projecting the second perturbation equation onto v∗
k we get,

(u∗
j )

⊤Hv∗
k + σ∗

kαkj = σ∗
jβkj .

Therefore we have,

σ∗
jαkj − σ∗

kβkj = (u∗
k)

⊤Hv∗
j ,

− σ∗
kαkj + σ∗

jβkj = (u∗
j )

⊤Hv∗
k.

Solving these resulting linear system yields

αkj =
σ∗
j (u

∗
k)

⊤Hv∗
j + σ∗

k(u
∗
j )

⊤Hv∗
k

(σ∗
j )

2 − (σ∗
k)

2
, βkj =

σ∗
k(u

∗
k)

⊤Hv∗
j + σ∗

j (u
∗
j )

⊤Hv∗
k

(σ∗
j )

2 − (σ∗
k)

2
.

For k > r∗, we have σ∗
k = 0. Hence

αkj =
(u∗

k)
⊤Hv∗

j

σ∗
j

, βkj =
(u∗

j )
⊤Hv∗

k

σ∗
j

.

Substituting these coefficients into the basis expansions for u̇j and v̇j gives

u̇j = Γ
(u)
j (H), v̇j = Γ

(v)
j (H).

Therefore,

u
(n)
j = u∗

j + tnΓ
(u)
j (Hn) + o(tn), v

(n)
j = v∗

j + tnΓ
(v)
j (Hn) + o(tn).

SinceH 7−→ a⊤Hb is a bounded linear functional on (Rp×T , ∥·∥F ) for every fixed vectors
a ∈ Rp and b ∈ RT , and the coefficients appearing in the definitions of Γ(u)

j and Γ
(v)
j are

fixed finite constants (under the assumption that the nonzero singular values are distinct),
it follows that both

Γ
(u)
j : Rp×T → Rp, Γ

(v)
j : Rp×T → RT

are continuous linear maps. This completes the proof. ■

Remark B.2. Singular vectors are only identifiable up to a simultaneous sign change: if
(uj , vj) is a singular vector pair corresponding to a singular value σj , then (−uj ,−vj)
is also a valid singular vector pair. Consequently, the raw singular vectors ũ(n)j and ṽ(n)j

need not converge even when An → A∗, since numerical or analytical constructions may
flip their signs arbitrarily with n. The random sign sj,n is therefore introduced to align the
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orientations of the estimated singular vectors with the population singular vectors. This
guarantees

u
(n)⊤
j u∗j ≥ 0, v

(n)⊤
j v∗j ≥ 0,

and makes the perturbation expansions well-defined. Without this alignment, first-order
expansions of singular vectors are not meaningful because the sequence of singular vectors
may oscillate between two opposite directions.

APPENDIX C. PROOF OF MAIN RESULTS

C.1. Proof of Theorem 3.1. Define the map Zn(B) = 1
n ∥Y −XB∥2F + λn

n ∥σ(B)∥1.
It is clear that Ãn is the minimizer of Zn(·).

Convexity. The map B 7→ Zn(B) is convex. Indeed, write g1 : [0,∞) → [0,∞) as
g1(x) = x2, and write g2(B) = ∥Y −XB∥F . Then g1 is convex and non-decreasing on
[0,∞), and g2 is a norm and therefore convex. Hence the composition g1 ◦ g2 is convex
(see Section 3.2.4 of Boyd and Vandenberghe (2004)). Moreover,it’s easy to verify that
B 7→ ∥σ(B)∥1 is a norm and therefore convex. Hence Zn is a sum of convex maps
(multiplied by nonnegative constants), and is therefore convex.

Pointwise convergence of Zn(B). We write

1

n
∥Y −XB∥2F

= tr

(
(B −A)⊤

X⊤X

n
(B −A)

)
− 2 tr

(
(B −A)⊤

X⊤E

n

)
+ tr

(
E⊤E

n

)
.(C.1)

Assumption (C.3) and Lemma A.3 imply that, for every fixed matrix B,

tr

(
(B −A)⊤

X⊤X

n
(B −A)

)
P−→ tr

(
(B −A)⊤C(B −A)

)
,

and Lemma A.11 will imply that

tr

(
(B −A)⊤

X⊤E

n

)
P−→ 0.

Also, by the WLLN, tr
(

E⊤E
n

)
P−→ Tσ2. Using n−1λn → λ0, we obtain for each fixed

B,

Zn(B)
P−→ Z(B) + Tσ2.

Limit objective is strictly convex. Assumption (C.3) implies that

B 7→ tr
(
(B −A)⊤C(B −A)

)
is strictly convex, since C is positive definite. Note that B 7→ λ0∥σ(B)∥1 is convex due
to Lemma A.1. Hence B 7→ Z(B) is strictly convex and since argminB∈Rp×T [Z(B) +
Tσ2] = argminB∈Rp×T Z(B), therefore the limiting minimizer is unique. We now apply
Lemma A.5, which guarantees convergence of the minimizers of Zn to the minimizer of
Z, under convexity and pointwise convergence on a dense set. Therefore,

Ãn
P−→ argmin

B
Z(B).

The proof is complete. ■
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C.2. Proof of Theorem 3.2. Recall that,
√
n (Ãn−A) = argminU∈Rp×T Hn(U),where,

Hn(U) = −2 tr(U⊤Wn) + tr(U⊤CnU) +
λn√
n

(
∥σ(A+ n−1/2U)∥1 − ∥σ(A)∥1

n−1/2

)
.

(C.2)

As seen above from the expression ofH(U) in (3.1), the minimizer ofH(U) will be unique
since U 7→

(
2 tr(U⊤W ) + tr(U⊤CU)

)
will be strictly convex due to assumption (C.3).

The third term of H(U) is linear in U and the last term of H(U) is convex. It must be

noted that U 7→

∥∥∥∥∥σ(U⊤
0 UV0

)∥∥∥∥∥
1

may not be a linear map in U . Again due to Lemma

A.11, we have that Wn
d−→ W in Rp×T , where W is defined there. As a result, using the

continuous mapping theorem and Slutsky’s theorem it follows that

−2 tr
(
U⊤Wn

)
+ tr

(
U⊤CnU

) d−→ −2 tr(U⊤W ) + tr(U⊤CU),

for any fixed matrix U . Using similar arguments, one can show that for any fixed integer
k ≥ 1 and fixed matrices U1, . . . , Uk ∈ Rp×T , the above distributional convergence holds
jointly. Consider the last term of Hn(U), which involves λn. Using Lemma A.7, we can
show that,

λn√
n

(
∥σ(A+ n−1/2U)∥1 − ∥σ(A)∥1

n−1/2

)
−→ λ0

r∗∑
j=1

(
uj

⊤U vj

)
+ λ0

∥∥∥∥∥σ(U⊤
0 UV0

)∥∥∥∥∥
1

,

where (uj , vj) is a left-right singular vector pair of A corresponding to σj . This implies

that Hn(U)
d−→ H(U) for each fixed U , and also for finitely many choices of U1, . . . , Uk,

for any k ≥ 1. In order to complete the proof we need to verify stochastic equicontinuity of
{Hn(U)}n≥1 on compact sets. That is, for every ε, η,M > 0, there exists a δ(ε, η,M) > 0
such that for large enough n,

P

 sup
∥U ′−U∥F<δ

max{∥U ′∥F ,∥U∥F }<M

∣∣Hn(U
′)−Hn(U)

∣∣ > η

 < ε.(C.3)

Now we see that,

Hn(U
′)−Hn(U)

= −2 tr
[
(U ′ −U)⊤Wn

]
+
[
tr
{
(U ′ −U)⊤Cn(U

′ −U)
}
+ 2tr

{
(U ′ −U)⊤CnU

}]

+
λn√
n

(
∥σ(A+ n−1/2U ′)∥1 − ∥σ(A+ n−1/2U)∥1

n−1/2

)(C.4)

Now for any X,Y ∈ Rp×T , applying Lemma A.2 and Cauchy-Schwarz inequality,∣∣∥X∥∗−∥Y ∥∗
∣∣ ≤

∑m
j=1 |σj(X)−σj(Y )| ≤

√
m ∥X−Y ∥F , where m = min{p, T}.

Now set X = A+ n−1/2U ′ and Y = A+ n−1/2U . Then∣∣∣∣∣∥∥∥σ(A+ n−1/2U ′
)∥∥∥

1
−
∥∥∥σ(A+ n−1/2U

)∥∥∥
1

∣∣∣∣∣ ≤ n−1/2
√
m ∥U ′ −U∥F .(C.5)
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Now denote γ1 as the largest eigen value of the matrix C. Then due to assumption (C.3)
and basic operator norm bound, we have;∣∣∣∣∣tr{(U ′ −U)⊤Cn(U

′ −U)
}∣∣∣∣∣ ≤ 2γ1∥U ′ −U∥2F ,(C.6) ∣∣∣∣∣tr{(U ′ −U)⊤CnU

}∣∣∣∣∣ ≤ 2γ1∥U ′ −U∥F ∥U∥F(C.7)

Lastly,
∣∣tr[(U ′ − U)⊤Wn

]∣∣ = ∣∣⟨U ′ − U , Wn⟩F
∣∣ ≤ ∥U ′ − U∥F ∥Wn∥F . Now due to

Lemma A.11, for every ε > 0, there exists 0 < B′ := B′(ε) <∞ such that,

P
(
∥Wn∥F > B′(ε)

)
< ε.(C.8)

Hence combining (C.5), (C.6) we write,

sup
∥U ′−U∥F<δ

max{∥U ′∥F ,∥U∥F }<M

∣∣Hn(U
′)−Hn(U)

∣∣ ≤ 2δ∥Wn∥F + 2γ1δ
2 + 2γ1δM + 2λ0δm

1/2

(C.9)

Now considering δ = 1
2 min

{√
η

8γ1
, η
8[Mγ1+λ0

√
m]
, η
4B′(ε)

}
, and from (C.8) we can

conclude that for large enough n, (C.3) is true. Since every matrix valued map can be
equivalently expressed in terms of vectorization operator, we can apply Lemma A.13 for
vec(Up×T ) ∈ RpT and the proof is complete. ■

C.3. Proof of Theorem 3.3. Let S be a perturbation matrix and consider A+ S. If σj is
a simple singular value of A with left and right singular vectors uj and vj , then

(C.10) σj(A+ S) = σj + (uj)
⊤S vj +O(∥S∥2).

Next we verify, Hadamard differentiability of the map ϕj : Rp×T → R, ϕj(A) =
σj(A), at A tangentially to Rp×T with derivative ϕ′j(A)[H] = (uj)

⊤Hvj , in the sense of
definition 1. Let tn → 0 and Hn → H in Rp×T . Define, Sn = tnHn. Substituting this
into (C.10) gives

σj(A+ tnHn)− σj
tn

= (uj)
⊤Hnvj +O(tn∥Hn∥2).

Since Hn → H in the Frobenius norm and tn → 0, the remainder term vanishes and we
obtain

σj(A+ tnHn)− σj
tn

−→ (uj)
⊤Hvj .

It remains to verify that the derivative H 7→ (uj)
⊤Hvj is a continuous linear map on

Rp×T under the Frobenius norm. Linearity is immediate. For continuity, note that

(uj)
⊤Hvj = tr

(
vj(uj)

⊤H
)

=⇒
∣∣(uj)

⊤Hvj

∣∣ ≤ ∥vj(uj)
⊤∥F ∥H∥F ≤ ∥H∥F ,

Since uj and vj are unit vectors, ∥vj(uj)
⊤∥F = 1. Thus the derivative is a bounded linear

functional and hence continuous. This verifies the Hadamard differentiability of ϕj at A.

In our setting, Sn = Ãn − A. Since Theorem 3.2 shows that
√
n(Ãn − A)

d−→ U∗, we
can write Sn = 1√

n

√
n(Ãn − A), tn := n−1/2, Hn :=

√
n(Ãn − A). Substituting Sn
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into (C.10) gives σj(Ãn) = σj +
1√
n
(uj)

⊤[√n(Ãn − A)
]
vj + Op(n

−1). Then we can
apply functional delta method for all 1 ≤ j ≤ r∗ such that we have,

√
n
(
σj(Ãn)− σ∗

j

) d−→ (uj)
⊤U∗vj ,

where U∗ = argminU∈Rp×T H(U) is the limit in Theorem 3.2. Next we will address
asymptotic behavior of singular values corresponding to the zero block. Let the singular
value decomposition of A be written in block form as

A = U ΣV ⊤ =
[
U1 U0

] [Σ1 0
0 0

] [
V1 V0

]⊤
,

where, Σ1 = diag(σ1, . . . , σr∗), U0 ∈ Rp×(p−r∗), V0 ∈ RT×(T−r∗), m = min(p, T ),
σmin(Σ1) = σr∗ > 0. Define the rotated matrix Zn := U⊤ÃnV and ∆n :=

U⊤[n1/2(Ãn −A)]V . Then

n1/2Zn = n1/2U⊤ÃnV = n1/2U⊤AV + n1/2U⊤(Ãn −A)V

= n1/2Σ+∆n =

(
n1/2Σ1 +∆n,11 ∆n,10

∆n,01 ∆n,00

)
︸ ︷︷ ︸

=:Mn (say)

,

with, ∆n,11 ∈ Rr∗×r∗ ,∆n,10 ∈ Rr∗×(T−r∗),∆n,01 ∈ R(p−r∗)×r∗ ,∆n,00 ∈ R(p−r∗)×(T−r∗).

Set Bn := n1/2Σ1 + ∆n,11, Cn := ∆n,10, Dn := ∆n,01, En := ∆n,00. Now due to
Theorem 3.2 and since orthogonal transformations preserve the Frobenius norm, therefore
∥∆n∥F = Op(1). More importantly, ∥∆n,11∥F , ∥∆n,10∥F , ∥∆n,01∥F , ∥∆n,00∥F =

Op(1). Since Bn = n1/2Σ1 +∆n,11, σr∗ = σmin(Σ1) > 0, therefore for large enough n
and for some constant c1 > 0, σmin(Bn) ≥ σmin(n

1/2Σ1)− ∥∆n,11∥ = n1/2σr∗ − c1
p−→

∞. Hence Bn is invertible with probability tending to one. Now applying Lemma A.15 to
Mn, for k = 1, . . . ,m− r∗,

σr∗+k(Mn) = σr∗+k(n
1/2Zn) = n1/2σr∗+k(Zn) = σk(En) + op(1).

Recall that, En = ∆n,00 = U⊤
0 [n1/2(Ãn − A)]V0. From Theorem 3.2, we have En =

U⊤
0

[√
n(Ãn − A)

]
V0

d−→ U⊤
0 U

∗V0. Since singular values are continuous functions of the
underlying matrices, we then have for all k = 1, ...,m− r∗,

σk(En) = σk

(
U⊤
0

[√
n(Ãn −A)

]
V0

)
d−→ σk(U

⊤
0 U

∗V0).

Now orthogonal rotations preserve singular values, so n1/2σj(Ãn) = σj(Mn). Combining
the above results and applying Slutsky’s theorem, for k = 1, . . . ,m− r∗,

√
nσr∗+k(Ãn)

d−→ σk(U
⊤
0 U

∗V0).

Therefore the proof is complete. ■

C.4. Proof of Proposition 4.1. Define the event Ω0 :=
{
∥Ãn −A∥F = o

(
n−1/2 log n

)}
.

Note that P(Ω0) = 1 due to Lemma A.8. Fix ω ∈ Ω0 throughout the argument. All limits
below are therefore deterministic limits along this fixed sample path. By Weyl’s inequality
for singular values,

|σ̃(n)
j (ω)− σj | ≤ ∥Ãn(ω)−A∥op ≤ ∥Ãn(ω)−A∥F .



LOW RANK MATRIX ESTIMATION AND ASYMPTOTIC THEORY OF BOOTSTRAP 39

Hence, max1≤j≤m |σ̃(n)
j (ω) − σj | = o

(
n−1/2 log n

)
. Since

n−1/2 log n

an
→ 0, it follows

that

max
1≤j≤m

|σ̃(n)
j (ω)− σj | = o(an).(C.11)

Since σ1 > · · · > σr∗ > 0 and an → 0, there exists N1(ω) such that an < σr∗
2

for all n ≥ N1(ω). From (C.11), there exists N2(ω) such that for all n ≥ N2(ω),
max1≤j≤r∗ |σ̃(n)

j (ω) − σj | < σ∗
r∗
2 . Let N12(ω) := max{N1(ω), N2(ω)}. Then for all

n ≥ N12(ω) and 1 ≤ j ≤ r∗, σ̃(n)
j (ω) ≥ σj − σr∗

2 ≥ σr∗
2 > an. Hence, σ̃(n)

j (ω) >

an ∀j ≤ r∗, ∀n ≥ N12(ω). Thus no non-zero singular value of Ãn(ω) is removed
by thresholding for sufficiently large n. On the other hand, For j > r∗, σj = 0. From
(C.11), there exists N3(ω) such that for all n ≥ N3(ω), maxj>r∗ |σ̃(n)

j (ω)| < an

2 . Hence,

for all n ≥ N3(ω) and all j > r∗, σ̃(n)
j (ω) < an. Thus no spurious singular value of

Ãn(ω) exceeds the threshold eventually. Let N(ω) := max{N12(ω), N3(ω)}. Then for
all n ≥ N(ω),

σ̃
(n)
j (ω) > an for j ≤ r∗, and σ̃(n)

j (ω) ≤ an for j > r∗.

Therefore, rank
(
Ã

(thr)
n (ω)

)
= r∗ ∀n ≥ N(ω). Hence for every ω ∈ Ω0,

rank(Ã(thr)
n (ω)) ̸= r∗ only finitely many times.

Since P(Ω0) = 1, we conclude

P
(
rank(Ã(thr)

n ) ̸= r∗ infinitely often
)
= 0.

The proof is complete. ■

C.5. Proof of Theorem 4.1. First we define the set,

B =
{
∥Ãn −A∥F = o

(
n−1/2 log n

)}
∩
{
rank(Ã(thr)

n ) = r∗
}

∩
{
L(W̄ ∗

n,G | E) d∗

−→ MN p×T

(
0p×T , U = σ2C, V = IT

)}
.

Note that P(B) = 1 due to Lemma A.8, A.12 and Proposition 4.1. Therefore it’s
enough to show for every ω ∈ B,

F̂ (thr)
n (ω, ·) d∗−→ F∞(ω, ·).(C.12)

Fix an arbitrary ω ∈ B and suppress the dependence on ω in the notation. Recall that,
√
n (Ã∗(mod)

n − Ã(thr)
n ) = arg min

V ∈Rp×T
Ȟ∗

n(V, ·),

where

Ȟ∗
n(V, ·) =

[
− 2 tr

(
V ⊤W̄ ∗

n,G(ω, ·)
)
+ tr

(
V ⊤CnV

)
+
λn√
n

(
∥σ(Ã(thr)

n + n−1/2V )∥1 − ∥σ(Ã(thr)
n )∥1

n−1/2

)]
(C.13)

For that every ω ∈ B, we will first show that;

L
(
Ȟ∗

n(ω, V, ·) | E
)

d−→ L
(
F∞(ω, V )

)
(C.14)
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and consequently the argmin laws converge. Denote by Ũn = (Ũ1,n, Ũ0,n) and Ṽn =

(Ṽ1,n, Ṽ0,n) the left/right singular vector matrices of Ã(thr)
n with block sizes r∗ andm−r∗

(on the rank-identification event which has probability tending to one).
Step 1: convergence of the smooth part.

Consider the smooth portion of Ȟ∗
n as: Sn(V ) := −2 tr(V ⊤W̄ ∗

n,G)+ tr(V ⊤CnV ). On

the set B we have (pathwise), W̄ ∗
n,G

d∗

−→ W . Concerning the linear term, the bootstrap law
of −2 tr(V ⊤W̄ ∗

n,G) converges (conditionally) to the law of −2 tr(V ⊤W ) by Lemma A.12
on B. Because tr(V ⊤·) is continuous in the matrix argument and Cn → C in Frobenius
norm on B, we have pathwise (for this fixed ω)

Sn(V, ω, ·)
d∗−→ S∞(·) where, S∞(V ) := −2 tr(V ⊤W ) + tr(V ⊤CV )

More precisely, the finite-dimensional distributions of (Sn(V1, ω), . . . , Sn(Vk, ω)) con-
verge to those of (S∞(V1), . . . , S∞(Vk)) for any fixed V1, . . . , Vk.
Step 2: Convergence of the top r∗ singular values of the thresholded estimator.

Recall that, for some fixed ω ∈ B, there exists N(ω) such that, σ̃(thr)
j,n (ω) = σ̃

(n)
j (ω)

for all n ≥ N(ω) whenever 1 ≤ j ≤ r∗. Since σj > 0 and σ̃(n)
j (ω) = σj + o(1) due to

Lemma A.8 on the set B for all j ≤ r∗, consequently these top r∗ singular values survive
thresholding and Ã(thr)

n has exactly r∗ positive singular values for large n (on B).
Step 3: Convergence of the top r∗ singular vectors of the thresholded estimator. Note
that, {ũ(n)

j , ṽ
(n)
j }mj=1 be the left-right singular vector pairs for Ã(thr)

n . Therefore by Corol-
lary A.1 and for all n ≥ N(ω) and on the set B we have,

sin θ
(
ũ
(n)
j ,uj

)
≤ 5σ1∥En∥op

δ
for all j = 1, . . . , r∗ with En = Ã(thr)

n −A.

Let u, ũ ∈ Rd be unit vectors and let θ be the principal angle between them, so that cos θ =
ũ⊤u. Decompose ũ into its projection onto u and its orthogonal residual: ũ = (ũ⊤u)u+
w, w := ũ − (ũ⊤u)u, w ⊥ u. Since both vectors have unit norm, 1 = ∥ũ∥22 =

(ũ⊤u)2 + ∥w∥22. Hence ∥w∥2 =
√

1− (ũ⊤u)2 =
√
1− cos2 θ = sin θ. Because w =

ũ− (ũ⊤u)u, we obtain the identity sin θ(ũ,u) = ∥ũ− (ũ⊤u)u∥2. Since sin θ(ũ,u) =
∥ũ− (ũ⊤u)u∥2, the earlier Wedin type bound implies for any ω ∈ B,∥∥ũ(n)

j − (ũ
(n)⊤
j uj)uj

∥∥
2
= O

(
∥En∥op

)
.

Because both vectors are unit-norm, the scalar inner product satisfies 1 −
(
ũ
(n)⊤
j uj

)2
=

O(∥En∥2op), which implies |ũ(n)⊤
j uj | =

√
1−O(∥En∥2op) =

[
1 − 1

2O(∥En∥2op) +

O(∥En∥4op)
]
. Define,

sj,n =

1, ũ
(n)⊤
j uj ≥ 0,

−1, ũ
(n)⊤
j uj < 0.

so that sj,n ũ
(n)⊤
j uj ≥ 0. Then ∥ũ(n)

j − sj,nuj∥22 = ∥sj,nũ(n)
j − uj∥22. Expanding the

square and using ∥uj∥2 = ∥ũ(n)
j ∥2 = 1 and s2j,n = 1,

∥sj,nũ(n)
j − uj∥22 = 2− 2 sj,nũ

(n)⊤
j uj .
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By the sign choice, sj,n ũ
(n)⊤
j uj =

∣∣ũ(n)⊤
j uj

∣∣. Thus we have, ∥ũ(n)
j − sj,nuj∥22 =

2− 2
∣∣ũ(n)⊤

j uj

∣∣. Using the expansion above on the set B,

∥ũ(n)
j − sj,nuj∥2 = O(∥En∥op).(C.15)

Applying the same argument to Ã⊤
n = A⊤ + E⊤

n gives∥∥ṽ(n)
j − sj,nvj

∥∥
2
= O

(
∥En∥op

)
.(C.16)

Now fix any matrix V ∈ Rp×T . Writing ũ
(n)
j = sj,nuj + ru,n and ṽ

(n)
j = sj,nvj + rv,n

with ru,n, rv,n satisfying (C.15) and (C.16), we obtain

ũ
(n)⊤
j V ṽ

(n)
j = (uj)

⊤V vj + (uj)
⊤V rv,n + r⊤u,nV vj + r⊤u,nV rv,n.

Each error term is bounded by ∥V ∥op times the corresponding vector norms, giving∣∣ũ(n)⊤
j V ṽ

(n)
j − (uj)

⊤V vj

∣∣ ≤ 2∥V ∥op∥En∥op + ∥V ∥op∥En∥2op.
Since due to Lemma A.9, ∥En∥op = o(1) on the set B then for any fixed matrix V , the
right-hand side is o(1) pathwise (for ω ∈ B) for large enough n.
Step 4: Convergence of the lower m− r∗ adjusted singular values. Recall that, for some
fixed ω ∈ B, there exists N(ω) such that, σ̃(thr)

j,n (ω) = 0 for all n ≥ N(ω) whenever

r∗ < j ≤ m. Since σj = 0 and σ̃(n)
j (ω) = O(n−1/2) on the set B for all j > r∗, con-

sequently these lower m − r∗ singular values do not survive thresholding and Ã(thr)
n has

exactly m− r∗ zero singular values for large n (on B).
Step 5: Convergence of the lower m− r∗ associated singular vectors. Recall that,m :=
min(p, T ). Define the signal and null singular-vector blocks by U =

(
U1 U0

)
, V =(

V1 V0
)
, where

U1 =
(
u1, . . . ,ur∗

)
, U0 =

(
ur∗+1, . . . ,up

)
,

and similarly V1 =
(
v1, . . . ,vr∗

)
, V0 =

(
vr∗+1, . . . ,vT

)
. Likewise let Ũn =

(
Ũ1,n Ũ0,n

)
,

Ṽn =
(
Ṽ1,n Ṽ0,n

)
, where Ũ0,n =

(
ũ
(n)
r∗+1, . . . , ũ

(n)
p

)
, and similarly for Ṽ0,n. For the as-

sociated orthogonal projectors define:

P1 = U1U
⊤
1 , P̃1,n = Ũ1,nŨ

⊤
1,n, P0 = U0U

⊤
0 , P̃0,n = Ũ0,nŨ

⊤
0,n.

Since P0 = I − P1, P̃0,n = I − P̃1,n, it follows that ∥P̃0,n − P0∥F = ∥P̃1,n − P1∥F . By
Step 3 on B, for each j = 1, . . . , r∗,

∥P̃1,j,n − P1,j∥2F =
∥∥ũ(n)

j ũ
(n)⊤
j − uj(uj)

⊤∥∥2
F

= tr
[(
ũ
(n)
j ũ

(n)⊤
j − uj(uj)

⊤)⊤(ũ(n)
j ũ

(n)⊤
j − uj(uj)

⊤)]
= tr

(
ũ
(n)
j ũ

(n)⊤
j ũ

(n)
j ũ

(n)⊤
j

)
+ tr

(
uju

⊤
j uju

⊤
j

)
− 2 tr

(
ũ
(n)
j ũ

(n)⊤
j uju

⊤
j

)
= 2[1− (ũ

(n)⊤
j uj)

2] = O(∥En∥2op),(C.17)

using u⊤
j uj = ũ

(n)⊤
j ũ

(n)
j = 1 and tr(AB) = tr(BA). Therefore, ∥P̃1,j,n − P1,j∥F =

O(∥En∥op), where En = Ã
(thr)
n − A. Since P1 =

∑r∗

j=1 P1,j , P̃1,n =
∑r∗

j=1 P̃1,j,n, the
triangle inequality yields

∥P̃1,n − P1∥F =

∥∥∥∥∥∥
r∗∑
j=1

(P̃1,j,n − P1,j)

∥∥∥∥∥∥
F

≤
r∗∑
j=1

∥P̃1,j,n − P1,j∥F = O(∥En∥op).
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Hence on B, we have ∥P̃0,n − P ∗
0 ∥F = O(∥En∥op). Applying the same argument to the

right singular subspaces yields ∥Ṽ0,nṼ ⊤
0,n−V0V ⊤

0 ∥F = O(∥En∥op). Let k := p−r∗. Since
U0 and Ũ0,n both have orthonormal columns, U⊤

0 U0 = Ik, Ũ
⊤
0,nŨ0,n = Ik. Consider the

matrix

Mn := U⊤
0 Ũ0,n with its singular value decomposition Mn = LnΣnK

⊤
n .

Define, Qn := LnK
⊤
n . Then Qn is orthogonal. We claim that ∥Ũ0,n − U0Qn∥2F =

2 tr(Ik − Σn). Indeed,

∥Ũ0,n − U0Qn∥2F = tr
[
(Ũ0,n − U0Qn)

⊤(Ũ0,n − U0Qn)
]

= tr(Ik) + tr(Ik)− 2 tr
(
Q⊤

nU
⊤
0 Ũ0,n

)
= 2k − 2 tr

(
KnL

⊤
nLnΣnK

⊤
n

)
= 2 tr(Ik − Σn).

Now we see that,

∥P0 − P̃0,n∥2F = ∥U0U
⊤
0 − Ũ0,nŨ

⊤
0,n∥2F

= 2k − 2 tr
(
U0U

⊤
0 Ũ0,nŨ

⊤
0,n

)
= 2k − 2 tr

(
MnM

⊤
n

)
= 2

k∑
i=1

(1− σi(Mn)
2).

Since both U0 and Ũ0,n have orthonormal columns, Hence, for any vector x,

∥Mnx∥2 = ∥U⊤
0 Ũ0,nx∥2 ≤ ∥Ũ0,nx∥2 = ∥x∥2.

Therefore ∥Mn∥op ≤ 1. Since every singular value is bounded above by the operator norm,
0 ≤ σi(Mn) ≤ 1. Consequently,

1− σi(Mn) =
1− σi(Mn)

2

1 + σi(Mn)
≤ 1− σi(Mn)

2,

because 1 + σi(Mn) ≥ 1. Therefore we obtain,

tr(Ik − Σn) =

k∑
i=1

[
1− σi(Mn)

]
≤ 1

2
∥P ∗

0 − P̃0,n∥2F .

Therefore ∥Ũ0,n − U0Qn∥2F ≤ ∥P0 − P̃0,n∥2F , and hence

∥Ũ0,n − U0Qn∥F ≤ ∥P0 − P̃0,n∥F = O(∥En∥op).

Exactly the same argument applied to the right singular subspaces yields an orthogonal
matrix Rn such that ∥Ṽ0,n − V0Rn∥F = O(∥En∥op). Therefore we can write, Ũ0,n =

U0Qn + Zn, Ṽ0,n = V0Rn + Jn, such that ∥Zn∥F , ∥Jn∥F = O(∥En∥op). Now fix any
matrix V ∈ Rp×T . Using these arguments,

Ũ⊤
0,nV Ṽ0,n = Q⊤

nU
⊤
0 V V0Rn +Q⊤

nU
⊤
0 V Jn + Z⊤

n V V0Rn + Z⊤
n V Jn︸ ︷︷ ︸

:=∆n (say)

.

To bound ∆n, note that ∥Qn∥op = ∥Rn∥op = ∥U0∥op = ∥V0∥op = 1. Using ∥ABC∥F ≤
∥A∥op∥B∥F ∥C∥op, we have,

∥∆n∥F ≤ ∥V ∥F ∥Jn∥F + ∥V ∥F ∥Zn∥F + ∥V ∥F ∥Zn∥F ∥Jn∥F
= O

[
∥V ∥F ∥En∥op + ∥V ∥F ∥En∥2op

]
.
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The nuclear norm is continuous and invariant under left and right orthogonal transforma-
tions. Denote the nuclear norm of a matrix D as ∥D∥∗ = ∥σ(D)∥1. Therefore for any
∥V ∥F ≤ R using reverse triangle inequality for norms,∣∣∣∥Ũ⊤

0,nV Ṽ0,n∥∗ − ∥(U0)
⊤V V0∥∗

∣∣∣ = ∣∣∣∥Q⊤
n (U0)

⊤V V0Rn +∆n∥∗ − ∥Q⊤
n (U0)

⊤V V0Rn∥∗
∣∣∣

≤ ∥∆n∥∗ ≤
√
m∥∆n∥F = O

[
∥V ∥F ∥En∥op + ∥V ∥F ∥En∥2op

]
= o(1), on the set B.

Thus we obtain that,

(C.18) ∥Ũ⊤
0,nUṼ0,n∥∗ = ∥(U0)

⊤UV0∥∗ + o(1).

Step 6: Matching the original limit. Recall that penalty part from (C.13) and due to step
(2) and (4); apply Lemma A.7 with γ = n−1/2 ↓ 0 to have,

lim
γ↓0

∥σ(Ã(thr)
n + γV )∥1 − ∥σ(Ã(thr)

n )∥1
γ

=

r∗∑
j=1

ũ
(n)⊤
j V ṽ

(n)
j +

∥∥Ũ⊤
0,nV Ṽ0,n

∥∥
∗.(C.19)

We now bound the point wise difference:∣∣∣∣∣
r∗∑
j=1

ũ
(n)⊤
j V ṽ

(n)
j +

∥∥Ũ⊤
0,nV Ṽ0,n

∥∥
∗ −

r∗∑
j=1

(
uj

⊤V vj

)
−
∥∥∥U⊤

0 UV0

∥∥∥
∗

∣∣∣∣∣
= O

[
∥V ∥F ∥En∥op + ∥V ∥F ∥En∥2op

]
= o(1), on the set B.

Combining step 1-6, this completes the proof for (C.14). The argmin convergence follows
similarly as the steps of Theorem 3.2 and Lemma A.13. Therefore the proof is complete.
■
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