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ABSTRACT. In this paper, we study inferential aspects of low-rank matrix linear mod-
els under nuclear-norm regularization. While existing literature largely focuses on es-
timation error bounds and non-asymptotic guarantees, the asymptotic distributional the-
ory of nuclear-norm penalized estimators remains underdeveloped even in classical fixed-
dimension settings. We establish consistency and derive the asymptotic distribution of the
nuclear-norm penalized estimator when the number of predictors and responses are fixed
and the sample size diverges. The limiting law is shown to be non-standard, arising as
the minimizer of a random convex objective involving Gaussian matrix perturbations and
singular-vector projections, which complicates direct inference. To enable valid inference,
we develop a Perturbation Bootstrap procedure tailored to the nuclear-norm penalized es-
timator. A key obstacle is the lack of rank-selection consistency of the estimator, which
invalidates naive bootstrap approximations. We overcome this by introducing a thresh-
olded version of the estimator that achieves strong rank-selection consistency without prior
knowledge of the true rank. Centering the bootstrap pivot at this thresholded estimator,
we prove that the conditional bootstrap distribution consistently approximates the uncon-
ditional asymptotic law of the estimator. We also characterize the limiting behavior of
the estimator’s singular values and show that a suitably centered Perturbation Bootstrap
consistently reproduces these limits for inference. The proposed method provides a theo-
retically justified approach for constructing confidence regions and hypothesis tests for the
coefficient matrix in low-rank multivariate regression models.

1. INTRODUCTION

Consider the multivariate linear regression model:
(1.1) Y =XA+E,

where Y € R™*7 is the response matrix with j-th column denoting n independent ob-
servations on j-th response variable. X € R™*? is the non-random design matrix and
A € RP*T is the unknown parameter matrix. the randomness in the model is governed by
the n x T error matrix E. Clearly, n, p and T respectively denote the number of obser-
vations, the number of predictors and the number of responses. Throughout the paper, we
consider p and 7T to be fixed and n can grow to co. Multivariate linear regression model
is widely used when several related responses are observed for the same set of pre-
dictors. In econometrics, such models are employed to jointly analyze multiple economic
indicators while accounting for correlation across responses, as studied in the framework
of seemingly unrelated regressions by [Zellner| (1962). In environmental and climate sci-
ences, they are used to relate meteorological covariates to multiple climate variables such
as temperature, precipitation, and wind speed (cf. |Wilks| (2019)). In machine learning
and applied statistics, these models form the foundation of multi-output and multi-task re-
gression, where related prediction problems are solved jointly by Breiman and Friedman
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(1997). Similar approaches arise in biomedical and chemometrics applications, where cor-
related biological or chemical responses are modeled simultaneously to improve prediction
and interpretation (cf. |[Reinsel and Velu|(1998))). Development of the statistical inference
methodologies for the model (I.I) under varied generalizations is an active field of re-
search, although the foundational work has long been done by considering the model
an extension of the usual multiple linear regression model. Mardia et al.| (1979)), Muirhead
(1982), and [Anderson| (2003) developed distributional theory, likelihood-based inference
techniques, and hypothesis testing procedures under multivariate normal assumption of the
errors. In particular, Muirhead| (1982)) provided comprehensive results on estimation and
testing for the parameter matrix A, while Mardia et al.| (1979) discussed multivariate re-
gression, principal component analysis, and canonical correlations. Later works such as
Johnson and Wichern|(2007) and Rencher and Christensen|(2012)) extended classical mul-
tivariate analysis by developing unified estimation and hypothesis testing procedures for
generalized MANOVA and growth curve models, particularly in longitudinal and repeated-
measures settings with complex covariance structures.

Let us start with the special case of 7' = 1 in the model , i.e., we are in the multiple
linear regression setup. Now when the number of covariates p is considerably large, then
it is natural to expect that many of these covariates are actually irrelevant. Such a setting
can be identified by imposing sparsity in the multiple linear regression model. The most
well-known method of imposing sparsity in (I.I) with 7' = 1 and to identify the relevant
covariates is the Lasso, introduced by [Tibshirani (1996). However, when 7" > 1 then the
relevance of a particular covariate depends on the joint structure of the response variables,
since a covaraite may have no effect on one response variable while remain influential for
another response variable. Therefore, entry-wise sparsity of the coefficient matrix A does
not adequately capture predictor irrelevance in the multi-response framework. Instead,
one may assume that A has some low rank structure. For example, if rank(A) = r with
r < min(p, T), then there exist matrices U € RP*" and V € RT*" suchthat A=UV .
Under this factorization, the multivariate regression model reduces to

(1.2) Y=XUV'+E=XV +E=(X*V],X*V,' )+ E,

where X* = XU and V = (V,",V,")T with V; € R"". When 7 < p, then indi-
cates that X* € R"™*P can be thought of as the latent design matrix. In other words, only
7 (< p) many linear combinations of the the original covariates are sufficient to explain 7'
many response variables. On the other hand, when r < T, then essentially implies
that it is enough to analyze only r (< 7") many response variables because on an average
the remaining (7" — r) ones are actually linear combination of those r many response vari-
ables. Thus, the low rank structure of the parameter matrix A can effectively identify linear
dependence among the covariates as well as among the response variables in model (I.T).
Hence, it is very natural to assume a low rank structure in (I.T) when either the number of
covariates (p) or the number of responses (7') is large. Early investigations into low-rank
multivariate regression were carried out by |[zenman! (1975) and |Davies and Tso| (1982),
who studied least-squares estimators under explicit rank constraints on the coefficient ma-
trix (known as reduced rank estimator) and established their inferential properties. The
same was further developed by Reinsel and Velu| (1998)/Bach| (2008), |Giraud, (2011)) and
Giraud, (2021) who studied oracle inequalities and prediction guarantees for reduced-rank
estimators. Across these works, the rank is either assumed to be known a priori or selected
via model selection or penalization schemes, depending on the specific formulation (cf.
Bach| (2008)); |Giraud| (2021)).
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Least square with rank constraint is a non-convex problem leading to non-uniqueness
of the reduced rank estimator and its theoretical analysis generally requires the knowledge
of the low rank structure of the model (I.I). The convex relaxation of the rank constraint
is the nuclear norm penalty. Therefore, a practical alternative to the reduced rank estimator
is the nuclear norm penalized (hereafter referred to as NNP) estimator which is defined as

A, =arg min {1V = XBI} + Aallo(B)]1 |

BERPXT
13 - ' { Y, — X,B|2 + \,|lo(B }
(13 g in, {3 1B+ Aullo (Bl

where Y; € R™7 and X; € R'*? denote the i-th rows of Y and X, respectively. A,
(> 0) is the penalty parameter. Thus, A,, is the minimizer of the NNP least squared
criterion function. Some preliminary theoretical results on the NNP estimator A,, and on
its implementation are due to|Goldberg et al.|(2010), Bunea et al.|(2011)),|Chen and Huang
(2012).Chen et al.|(2013)); among others. Particularly, Bunea et al.[(2011) establish oracle
inequalities and optimal rates for reduced-rank and NNP estimators in high-dimensional
multivariate regression. (Chen et al.| (2013)) develop adaptive nuclear norm methods, while
Chen and Huang| (2012) study convex relaxations with statistical guarantees for low-rank
estimation. These works focus on estimation and prediction bounds under rank-regularized
or convex formulations, often under more structured design assumptions than the general
regression setting considered here. However, relatively less is known on the distributional
properties of A,, and its different smooth and non-smooth functions (e. g. entries, different
types of norms, minimum of the absolute row or column sums of A,, etc.) even when
both p and T are fixed. In this paper, we try to fill this gap by establishing the asymptotic
distribution of A,, when the parameter matrix A has low rank structure with no knowledge
of its true rank.

We first establish consistency properties of A,, under suitable regularity conditions and
characterize the role of the penalty sequence \,, (cf. Theorem [3.1I). In particular, we
demonstrate that when n ="'\, — Ao > 0, the estimator A,, converges in probability to the
minimizer of a penalized population risk function, thereby introducing an asymptotic bias
induced by the nuclear-norm regularization. However, when n=I\, — 0, the penalization
term becomes asymptotically negligible, and A,, coincides with the least squares estimator,
resulting in consistency for A but without enforcing a low-rank structure. Subsequently in
Theorem we derive the asymptotic distribution of the scaled estimator \/ﬁ(fln —A)
and show that its limiting distribution is characterized as the minimizer of a random con-
vex objective function involving Gaussian matrix perturbations and singular-vector projec-
tions of A. The resulting limit law is inherently non-standard and typically involves both
continuous and discrete components, which prevents direct derivation of marginal limit-
ing distributions for individual entries of A,,. These structural complications highlight
the limitations of classical inference and motivate the development of resampling-based
procedures. In particular, bootstrap methods are explored to approximate the sampling dis-
tribution of the estimator and facilitate valid statistical inference in the low-rank penalized
multivariate regression setting.

Bootstrap methods for matrix-valued and multivariate regression models have been
studied as practical tools for inference and uncertainty quantification. In structured ma-
trix settings, Milan & Whittaker|(19935)) explored parametric bootstrap approaches based on
singular value decomposition frameworks. Subsequently, |Portier & Delyon|(2014) develop
a weighted bootstrap testing procedure for rank determination in least-squares constrained
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estimation and establish its consistency under suitable singular value separation condi-
tions. Josse & Wager| (2016) then study bootstrap methods in low-rank matrix denoising,
focusing on stabilizing singular value estimates under noise. In multivariate regression
settings, [Eck| (2018)) develop residual and paired bootstrap procedures for inference on
the coefficient matrix, with methodological roots in classical regression bootstrap ideas of
Freedman| (1981). More recently, Saegusa et al.| (2022) construct parametric bootstrap con-
fidence intervals in multivariate Fay—Herriot models. However, these approaches do not
address bootstrap validity for non-smooth penalized estimators in low-rank matrix linear
regression models from a fully inferential perspective.

In this paper, we will devise the Perturbation Bootstrap (PB) estimator /1;2 for NNP
estimator. See section [4| for the definition. We first address the incompetency of the PB
pivotal quantity \/n(A* — fln) centered at original A, to approximate the original pivotal
quantity. The discussion reveals a fundamental obstacle in bootstrap approximation for
NNP estimators. The NNP estimator A,, is not rank-selection consistent (hereafter referred
to as RSC) by default. That is the singular values of A, corresponding to o; = 0 for all
j > r*(= rank(A)), may be positive or 0 with positive probability, erring to capture
the true rank. To circumvent this issue, we introduce a thresholded version 2153 hr) of
the nuclear—norm estimator that enforces rank identification at an appropriate rate. In
Proposition@], we establish that this thresholded estimator is RSC almost surely, that is,

rank (Aﬁ}‘")) =" eventually almost surely.

Building on this stabilization, we propose a modified PB pivotal quantity \/ﬁ(flfb(mogl) —
A" centered at the thresholded estimator with A* = A%(™? (see section 4). Finally
in Theorem we prove that the conditional distribution of the modified PB pivot con-
verges almost surely to the same fixed limit law that is governed by \/ﬁ(/ln — A). From
an inferential standpoint, this result provides a rigorous justification for bootstrap-based
confidence regions and hypothesis tests for the unknown parameter matrix A or its derived
functionals in low-rank multivariate models. Importantly, the procedure does not require
prior knowledge of the true rank. Additionally we establish the asymptotic distribution and
its respective Bootstrap validity of properly centered and scaled singular values of A (cf.
Theorem [3.3]and Corollary [4.T).

The rest of the paper is organized as follows. Section [2| introduces the notations and
regularity conditions required for main results. Section [3] establishes consistency proper-
ties and asymptotic distribution of the NNP estimator. The PB estimator in this context is
defined in section ] and rank consistency of the thresholded estimator is addressed. This
section also studies the asymptotic validity of the PB procedure. Section [5|contains exten-
sive simulation study on finite sample results. Proofs of all the requisite lemmas and main
results have been attributed to section[3

2. NOTATIONS AND REGULARITY CONDITIONS

In this section we first provide requisite notations for our main results. Let {X,, },>1
be a sequence of random matrices in R?*” and let X be a R?*7—valued random matrix.
We write vec(A) € RPT for the usual column-stacking vectorization of a matrix A. When
we say variance of a matrix A, we mean variance of vec(A). We use the matrix and
its vectorization interchangeably. For a random matrix W & RP*T we will denote the
matrix-normal representation as,

W ~ MN 7 (0pur, U =0?C, V = Ir),
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Also by definition, vec(MN (M, U, V')) is equivalent in distribution to Ny (vec(M), V&
U). Here ® denote the usual Kronecker’s product between two matrices. E,.(-) denote the
conditional expectation given the noise matrix F or its entries (¢;;). Define the linear term,
gram matrix and residuals as:

W, = 1 XTE, C, = lXTX, E=Y — XA,.
vn n
Now we are ready to list the assumptions.
(C.1) Let Epx1 = (€4,;) and assume that {; ; : ¢ > 1, j > 1} are i.i.d. with mean 0,
variance o2 and E(|e1 1[%) < oo.
(C€2) 7 3 I1X:]* = o).
(C.3) There exists a positive definite matrix C € RP*? such that =X TX — C.
(C.4) A admits the SVD representation: A = Z;:l u;jo;(A) (v;)", where u; and v,
are the left and right singular vectors associated with the ordered singular values
01(A) > 02(A) > ... > 0« (A) > 0and 0,;(A) = 0 for all j > r*.

We now briefly discuss the above regularity conditions. Conditions (C.1) and (C.2)
together are required to control stochastic fluctuation terms of the form n~'/2X T E and
related empirical quantities arising in multivariate regression. Those controls are in turn
required for asymptotic normality and bootstrap validity. Similar regularity conditions are
standard in the literature on high-dimensional penalized M-estimation and low-rank matrix
recovery; see, for example, Negahban and Wainwright| (2011), (Bunea et al.| (201 1), Rohde
and Tsybakov|(2011)), and Koltchinskii et al.|(2011). However, one can drop the identical
distributed structure of the enries of E consider the following condition instead:

(C.1)": The random error vectors { E;}?_; are independent with E(E;) = 0, Cov(E;) =
Y, suchthat L " E|E;||* =0(1)and 1 Y7 | ¥, — X, for some positive definite
matrix .

Condition (C.3) ensures stability of the quadratic approximation to the objective function
and is essential for applying the argmin continuous mapping theorem and deriving as-
ymptotic distributions. This condition is a natural one and is considered almost always in
the asymptotic analysis of Lasso regression; see for example Knight and Ful (2000) and
Chatterjee and Lahiri| (2011)). Assumption (C.4) formalizes the low-rank structure under-
lying the nuclear norm penalization framework. The singular value decomposition plays a
central role in the analysis of trace-norm regularized estimators; see Negahban and Wain-
wright| (2011), |[Koltchinskii et al.| (2011}, and |Candes and Recht| (2012). These structural
decompositions are fundamental in establishing oracle inequalities, consistency, rank re-
covery, and perturbation expansions for low-rank estimators. The strict ordering of the
nonzero singular values in (C.4) implies that the positive singular values are simple which
ensures identifiability of the singular vectors together required for smooth perturbation
expansions of singular values and singular subspaces. Without spectral separation, the sin-
gular vectors are not uniquely identifiable and hence perturbation expansions may fail; see
for example |Davis and Kahan|(1970), Stewart| (1990)), and [Mardia et al.|(1979). These per-
turbation expansions are crucial for obtaining explicit form of the asymptotic distribution
of any functional of A,,, in particular of the singular values of A,,, based on Hadamard
directional differentiability (see for example section[B). We denote o (A) as o; from now.

3. MAIN RESULTS ON ASYMPTOTIC DISTRIBUTION OF An

We explore the asymptotic properties of the NNP estimator A,,. First, we show that A,,
is consistent. We summarize the result in the next theorem.
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Theorgm 3.1. Assume that the conditions (C.1)~(C.3) hold and n=*\,, — \g € [0, ).
Then A,, defined in satisfies

A, Lyarg min_Z(B),  Z(B):=tr((B—A)TC(B - A)) + Xo|lo(B)|.
BERPXT

The proof of Theorem [3.1]is presented in section Theorem [3.] tells us that if \,,
grows slower than n then A,, is consistent for A. On the other hand, if A\g > 0, i.e., if A,
does not grow slower than n, then the NNP estimator fln is an inconsistent estimator of
A, because of the presence of the additional term Ag ||o(B)]|1. Moreover, consistency of
the coefficient matrix immediately implies consistency of its singular values. Indeed, since
singular values are continuous functions of the matrix entries, the continuous mapping
theorem yields

Jj(jln) L oj, j=1,...,min(p,T), provided \,, = o(n).
Therefore, when the penalty parameter grows slower than n, the NNP estimator consis-
tently recovers not only the coefficient matrix but also its underlying singular value struc-
ture. Importantly, Theorem @] is an extension of Theorem 1 of |[Knight and Fu| (2000),
where the consistency of the Lasso estimator was explored. The next theorem finds out the
asymptotic distribution of A,.

Theorem 3.2. Suppose the assumptions (C.1)—(C.4) hold true. Assume that n=1/2), -
Ao € [0,00), as n — co. Then we have \/n (A, — A) 4, arg mingegexr H(U),
where,

3.1)

i

HU)=-20(U'W) + t2(UTCU) + Xo Y (u; Uw;) + Ao
Jj=1 1

o (UOT UVO)

with Uy, Vi being respectively the left and right singular vector blocks spanning the null
space of Aand W = [Wh, ..., Wy is ap x T random matrix with W “ N,(0,0%0).

The proof of Theorem [3.2]is presented in section [C.2] Theorem [3.2] provides a weak
limit for the matrix-valued pivotal quantity \/ﬁ(/in — A). This theorem is an extension
of Theorem 2 of | Knight and Ful (2000). Clearly, the limiting distribution is not tractable
and hence an alternative like Bootstrap needs to be explored. However, we establish the
asymptotic distribution of the singular values of A,, before moving to explore Bootstrap.
Given Theorem [3.2] it is natural to use some form of delta method in order to derive
the asymptotic distribution of singular values of A,. The appropriate tool for applying
the delta method is the notion of Hadamard differentiability of the smooth function. The
theory of functional delta method based on Hadamard differentiability is well-developed
and one can consult [Shapiro| (1991)), Diimbgen| (1993), chapter 3.1 of |[Van der Vaart and
Wellner| (1996), [Fang & Santos| (2019) among others. We now present the result on the
asymptotic distribution of the singular values of A,.

Theorem 3.3. Suppose the assumptions (C.1)—(C.4) hold true. Assume that n='/?X,, —
Ao € [0,00), as n — oo. Let 01(Ay) > 09(An) > ... > om(Ay) be singular values of
A, where m = min{p, T} and U* = arg miny cgexr H(U) be the limit in Theorem
Also assume that Uy, Vi are respectively the left and right singular vector blocks spanning

the null spaces of A. Then
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(a) foreachj =1,...,1r*, (where r* = rank(A)) we have

Vi(oj(An) = aj) S (uy) U ;.
(b) foreachj =r*+1,...,m,
VoA, S o (UTU V),
where o1(Uy U*Vy) > ao(Ug U*Vy) > ... > o (Ug U*Vp) are (m — 1*)
singular values of (Uy U*Vj).

The proof of Theorem 3.3]is presented in section [C.3] One can note the difference be-
tween the limits in part (a) and (b). This is because the positive singular values {o7 ..., 0.+ }
of A are all simple whereas the singular value 0 has multiplicity (m — r*). To establish
part (a) of the above theorem, we show that for j = 1,...,7*, ¢;(-) admits a first order
perturbation bound as follows: for any perturbation S € RP*T,

(3.2) oi(A+5)=0;+ (u;) " Sv; + O(|S|);

based on the section 4 of [Stewart| (1990). Here (u;,v;) is the singular vector pair cor-
responding to o;. The above expansion implies that the map A — o¢;(A) is Hadamard
differentiable at A with derivative H ~ (u;)" Hv;. Consequently, the functional delta
method transfers the matrix limit in Theorem 3.2|to the first * many singular values of A,.
Now in case of part (b), i.e., when the true singular value is 0 with multiplicity (m — r*),
then the corresponding singular vectors are not unique because of possible multiplicity
being > 1. Instead there is an entire singular subspace spanned by blocks Uy, V. This
makes the map A — o;(A) not Hadamard differentiable at A. Hence a linear expansion of
the form does not exist. Although the map is Hadamard directionally differentiable
(cf. Definition2]and Lemma [B.4). Therefore, the perturbation must be analyzed inside the
whole singular subspace which involves the singular values of the projected perturbation
matrix (cf. Lemma[A.T3)). Subsequently, we obtain the asymptotic result of part (b).

Remark 3.1. Our motivation behind considering the nuclear normed penalized estimator
is that the parameter matrix A in multivariate regression model may be rank deficient.
Therefore, a natural question is whether the NNP estimator A, effectively identifies the

rank asymptotically, i.e., whether rank(A,,) equals to r* (= rank(A)) in probability or
almost surely, as n — oo. Indeed, under the setup of Theoremwith Mo =0, A4, A
This again implies that o (fln) £, oj forevery j =1,...,m due to Weyl’s inequality (cf.

Corollary 7.3.5 of\[Horn and Johnson|(2013))). This essentially shows that rank(fln) =r*
in probability, as n — oo, i.e. the estimator A,, is RSC. Same conclusion can be drawn also
from Theorem when n= 2\, converges to some non-negative real number. However,
notice that we can at most conclude from part (b) of that o;(A,) = O,(n=/?), for
any j > r*. This does not guarantee that rank(fln) = r* almost surely, as n — oco. This
has serious consequences in the Bootstrap approximation, as discussed in the next section.

4. BOOTSTRAP APPROXIMATION

In this section, we develop a Bootstrap approximation of the distribution of v/n (fln —A)
to bypass the intractability of its asymptotic distribution which we observed in Theo-
rem We consider the Perturbation Bootstrap method (hereafter referred to as PB).
The Bootstrapped estimator in PB is obtained by introducing a set of random variables
which are independent of the data generating process. Let that set of random variables
be {G7,...,G}} where G’s are i.i.d. non-negative and non-degenerate random variables
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with E(G}) = pg-, Var(G}) = pé., E(G}®) < oo. Now suppose that we would
like to center our Bootstrapped estimator around A,,. Then we define the pseudo response
matrix as Z* of order n x T where the i-th row of Z* is defined as

Gi
| el

ZF = XA, + ( — 1) (Y; — X;A,).

Here X; € R™? and Y; € R'*7 denote the i-th rows of X and Y, respectively. Based
on these pseudo observations, the PB version of the NNP estimator at penalty A}, > 0 is
defined as

4.1 A* = i Z* — XB||% + X' |lo(B )
(@.1) n=arg min {] 1% + Al (B)]l1 }

If A,, is the original NNP estimator A,, or the usual least square estimator, then Bootstrap
may fail. To get an idea on why, note that

Vn(A; — A,) = argminy, cgoxr [ —2tr(V'W na)+ tr(VTC,V)

L (nmn + 7 2V)]s — ||a<An>||1> ] |

\/ﬁ n—1/2

where C,, = n X" X, W;G = ﬁXTDG*EN, E =Y — XA, and the matrix of
G G . = . .
| o - L i 1). If argmanerxT H*(U) is the dis-
tributional limit of v/n(A¥ — A,,) conditional on the data, then H*(U) must match with
the form of H(U) (see Theorem for the validity of Bootstrap. For that it is required
to have (m — r*) many singular values of A,, to be exactly 0 with probability 1, for the
validity of Bootstrap. However, from Theorem we can only conclude that for any
jefr +1,...,m},

multipliers D+ = diag(

0i(An) = Op(n1/?),

which does not guarantee that P(0;(A,) = 0) = 1 forany j € {r* +1,...,m}. It
may happen that some of those singular values remain strictly positive or negative, even
for large n, implying that ‘rank(/ln) = r* with probability 1’ is not guaranteed. A similar
phenomenon is true while defining PB method for Lasso in GLM (see |Choudhury and Das
(2026)). To circumvent the issue, we bring the idea of thresholding similar to |Choudhury
and Das| (2026)) and consider a suitable thresholded version of fln as An, as defined in the
next paragraph. We show in Proposition [4.1| that the thresholded estimator is RSC almost
surely. Thus, we can conclude that the notion of RSC in almost sure sense is an extension
of the notion of variable selection consistency (or VSC) when we move from Lasso in @
with 7' = 1 to the NNP estimator in (1.1)) with general T > 1. Note that ‘A,, is RSC in

almost sure sense’ is equivalent to

‘P(0j(A,) > 0 infinitely often) = 0, for any j such that o; = 0’.

Keeping this in mind, for left and right singular vector pair (ﬁg") , f;](n)) of A, correspond-

ing to o (A,,), we may define the thresholded version of A,, as
(4.2) A= 37 [0 (An) oy (An) > an}] a0 @),

j=1
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ie., AS 1) is obtained from A, by singular value thresholding based on a deterministic
sequence {an }n>1. The sequence {a, }n>1 satisfies
n~12logn

4.3) an +
an

A typical choice of the sequence is {nil/ 3},>1 which is also what we use in the simula-
tions presented in the section The reason behind the general choice of {ay, },,>1 of (4.2)
is the order of fluctuations for aj(fln) around true o in almost sure sense. Lemma
and Weyl’s inequality together imply that |;(A,,) — o;| = o(n~'/?log n) almost surely,
for any j. Thus for j = 1,...,r", i.e., when o is positive then we need a,, — 0 to keep
Uj(An) unaffected. On the contrary, when o; = 0 for all j > r*, one needs a,, to grow
faster than the order n~'/2logn such that the thresholding forces o;(A,,) to be exactly
0 eventually. Clearly, the choice of the thresholding is analogous to what we use to find
a VSC estimator from the the Lasso estimator (see |Chatterjee and Lahiri| (2011); |Choud-
hury and Das|(2026)). It is important to point out that the singular value thresholding has
huge importance in the matrix completion problems. A seminal paper in that area is the
paper by (Chatterjee| (2015) where a mechanism of matrix completion is proposed based on
thresholding the singular values. In the next proposition, we establish that AS i) is RSC

in almost sure sense.

Proposition 4.1. Suppose that all the regularity conditions of Theorem[3.3]are true. Con-
sider the estimator A\™ defined in . Then,

P( rank(%ﬁfbr)) #£r*, infinitely 0ften> =0.

Proof of Proposition is provided in section Proposition together with part
(a) of Theorem essentially establish that the non-zero singular values of fl,(f hr
close to that of A,, and (m — r*) many singular values of AS ") are essentially O for large
enough n. This is exactly what we need for the term A,, in defining the Bootstrap pivotal
quantity. We establish in the next theorem that the distribution of \/ﬁ(/m(m‘)d) — Aﬁf hr))
conditional on the data can be used to approximate the distribution of \/n (fln — A) , where

from now on we denote A;‘; by fl,*l(m()d) whenever fln = Aﬁf hr). Let F,Sthr) denote the

. o p < . d.
conditional distribution of \/n (A;}(m(’d) — Al hr)) given the response Y and —= denote
the distribution convergence in the Bootstrap regime.

) are

Theorem 4.1. Suppose the assumptions (C.1)—(C.4) hold true. Assume that n=/ I\E—
Ao, As m — 00, i.e., the limit ofn_l/Q/\;‘L is same as n~Y/2\,,. Then we have
P(ﬁ'(thr) X d_*> . H(U ) _ 1,
wC) arg min H(U)
where H(-) is as defined in Theorem|3.2)

The proof is provided in section [C.5] Theorem [.1] together with Theorem [3.2] imply
that the distribution of original pivot \/n (An — A) and the conditional distribution of

NG (Az(m(’d) — AL hr)) are close for sufficiently large n. Thus, our PB method can be
used to draw inference for the parameter A. For example, for any o € (0,1), if ¢, 10

denotes the (1 — a) conditional quantile of || /7 (AZ(mOd) — Al hr)) || given the data, then
the PB percentile confidence region

{4+ Valldy - Al < enioa}



10 MAYUKH CHOUDHURY, DEBRAJ DAS, AND ARINDAM CHATTERIJEE

achieve nominal coverage of (1 — «) asymptotically. Additionally, PB can be used even if
we do not have any prior knowledge of the rank of the true parameter A. This is because the
thresholded estimator ASf ) s capable of identifying the true rank in almost sure sense.
thresholding ensures almost sure stabilization of the model dimension. As an application
of Theorem we can establish the validity of PB in approximating the distribution of

the singular values of A,,. We present the result a the following corollary.

Corollary 4.1 (Bootstrap v/n—consistency of singular values). Consider the setup of The-
orem[3.2] Then we have

(a) foreachj =1,... 7%
P (v (o5 (A;000) = o3 (A1)) L5 (uy)TU ;) = 1.

(b) forj=r*+1,...,m,

P(\/ﬁ o (Axmed)y Ly oo (U U*VO)) —1.

This result admits two complementary interpretations. First, conditionally, the singular
values of A;;(mc’d) reproduce the same asymptotic distribution as those of the NNP esti-

mator A,,. Second the Bootstrap singular values are consistent for the singular values of
Aﬁf hr). This is coherent since the thresholding ensures that the two targets fln and Aﬁf hr)
are asymptotically equivalent in the sense that they asymptotically have the same singular
value decomposition. To prove the corollary we work on the event where the thresh-

olded estimator AS hr)

fL(f ") has the same SVD block structure as A, precisely, it has rank r*, a positive spectral
gap o~ > 0 for the singular values and the same singular subspaces Uy, Vj. Conditionally
on the data, A;™°Y is a n~1/2-perturbation of a sequence with stable singular structure.
Hence, the first-order SVD perturbation expansion (cf. Stewart (1990)) and Hadamard

differentiability of singular values apply conditionally, yielding the stated limits.

is RSC almost surely for all sufficiently large n. On this event,

5. SIMULATION STUDY

In this section, we study the finite-sample performance of the NNP estimator and the
proposed Perturbation Bootstrap approximation in the multivariate regression model (I.1))
based on empirical coverage probabilities. To be precise through these simulation settings,
we verify our proposed PB method by finding empirical coverages of 90% one-sided and
two-sided confidence intervals for functionals of A. In particular, we observe confidence
intervals for:

(i) first component A; ; and last component A, r of the parameter matrix,
(ii) maxi<jcr 327y [Aij| and miny<j<r 337 [Ay
(i) maxi<j<r [|A. ;]2 and miny << [[A. ]2
(iv) largest and smallest non-zero singular values (o7 and ..« ) of A,
(v) last zero singular value 0y, (p, ) Of A.

The functional delta method applies to all these real-valued functionals of the matrix argu-
ment. All the maps are Hadamard directionally differentiable functions (cf. Lemma [B.1]
). Therefore we are allowed to utilize generalized functional delta method corre-
sponding to these maps and their Bootstap counterparts (cf. remark [B.I). Throughout we
used the Bootstrap percentile method. We try to capture finite sample performance under
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the following set-up:
(p, T, 1) € {(20, 10,2); (40,15, 4); (6072076)}7

over varying sample sizes n € {100, 300, 500, 800}. We generate the true coefficient
matrix A once and keep it fixed across all Monte Carlo replications and sample sizes, for a
fixed set-up (p, T, r*). More precisely, the true parameter matrix A is constructed in a fixed
low-rank form as follows. We first generate random Gaussian matrices of dimensions px7*
and T x r*, and orthonormalize them via QR decomposition to obtain left singular matrix
U,- € RP*"" and right singular matrix V,. € RT*"". A fixed diagonal matrix D,. =
diag(5, 3) for r* = 2, D,» = diag(5, 3,2, 1) for r* = 4 and D,» = diag(9,6,5,3,2,1)
for r* = 6, are then specified to control the signal strength along each latent component.
The true parameter matrix is defined as: A = UT*DT*VTI. This construction is similar
to/Bunea et al.| (2011); |Chen et al.|(2013). To recall this matrix for remaining simulation
set-ups over n, we utilize saveRDS in R. The design matrix X € R™*? is generated once
from a multivariate normal distribution with mean zero and a structured covariance matrix
and kept fixed for remaining simulation set-ups. Specifically, X; ~ N,(0,X), @ =
1,...,n, where the covariance matrix ¥ is defined as: X, = 0.3V-k 1 < 4.k < p.
We consider generating 500 Monte-Carlo (MC) replicates to iterate the entire data and
PB quantities for valid inference. Now for each MC replicates, the error matrix EnXT jg
generated such that its each entry is iid ' (0, 1). Hence the response matrix Y is generated
as per definition (1.1). For the thresholding, we consider a,, = n~'/3.

On finding the NNP estimator: In our simulation, A is explicitly constructed to be low-
rank. Hence, this penalty is correctly aligned with the true data-generating mechanism.
We write the objective function of (I.3) as a composite function:

FA) =Y = XAlE,  g(A) = Aallo(A)]1,

The function f(A) is a quadratic form. So its gradient Vf(A4) = 2X " (XA—Y). is linear.
Hence Vf is Lipschitz continuous with constant: L = 2||X T X||o = 2|/ X||3. Hence f is
smooth with Lipschitz gradient, g is convex but non-differentiable. Thus the problem fits
the standard composite optimization (FISTA) framework of Beck and Teboulle| (2009).
From Beck and Teboulle| (2009), we recall the definition of proximal operator at  with
step size t:

. 1
(5.1 prox,(g)(x) = arg min {g(u) + 2—t||u - ;13”2} .
Applying FISTA on matrix valued map with constant step size ¢tj = %, we get:
1
A =vios, - 0) (2~ 19720 )

Define: Wy, := Z;, — %V f(Z). Now following the definition |i we can write,

. L 9 . [ 1 5
Apr1 = argmin § Anflo(A)ll + 5 A = Wil o = argmin § —=llo(A)ll + 514 = Wiz

Let the singular value decomposition of W}, be Wy, = U diag(c;) V' T. By Theorem 2.1 of
Cai et al.| (2010),

(5.2) A1 = Udiag((o:(Wi) = A/L)4) V.
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Finally, acceleration is introduced via:
tp — 1

1+ /11482
2 Tyt

Following Beck and Teboulle| (2009), the algorithm is initialized as: Ag € RPXT, 1=
Ao, t1 = 1. Under Lipschitz continuity of V f, the FISTA iterates satisfy (cf. Theorem
3.1 of [Beck and Teboulle (2009)) F(Ay) — F(A) = O (%), and convergence is guar-
anteed asymptotically. In our simulation practice, the iterations are terminated when the
relative change between successive iterates is sufficiently small:

Ak = Aklle
[ AkllF + €

or when a maximum number of iterations k. is reached. The parameters tolerance tol
and maximum number of iterations k., control termination of the iterative optimization
procedure. This criterion measures the relative change between successive iterates. The use
of a relative (rather than absolute) criterion ensures scale invariance, making the stopping
rule robust across different magnitudes of Ay. The chosen stopping criterion is motivated
by the fixed-point characterization of proximal gradient methods: A = prox,(g) (A —
7V f(A)). Near the optimum, successive iterates satisfy Ay 1 ~ Ay, so the norm || A1 —
Ap|lr becomes small. This fixed-point characterization of proximal gradient methods is
standard in convex optimization; see, e.g., Nesterov| (2004); Beck and Teboulle| (2009);
Beck| (2017). In our simulation purpose, we have considered ¢ = 1078, tol = 10~7
and k4, to be 150 for appropriate numerical accuracy. Now we summarize the entire
optimization step in the algorithm [T}

(5.3) tpt1 = v L1 = Agg1 + (Apg1 — Ag).

< tol,

Algorithm 1 FISTA for finding NNP estimator

1: Input: Data (X,Y), penalty \,, Lipschitz constant L = 2||X||3, €, tolerance tol,
maximum iterations K.

2: Initialization: A ¢ R?*T, Z, = Ay, t; =1

3: fork=1,2,..., kpnax do

4 Gradient computation: Vf(Z;) =2X"(XZ, - Y)

5; Gradient step: Wj, = Z;, — +V f(Zy)

6: Singular Value Decomposition: W, = U diag(o;(W)) VT

7: Proximal step (SVT): A;, = U diag((o;(Wg) — Ap/L)1) VT

8 Momentum update:

14 /14 4t2 -1
% tk (A — Ap_1)

v L1 = A+
Tht1

lht1 =

9: Stopping rule:
A — Ap_
M < tol (terminate if satisfied)
|Ak-1llF +¢

10: end for ~
11: Output: A,, = A

Selection of the Regularization Parameter: The performance of the NNP estimator A,,
critically depends on the choice of the tuning parameter \,,. In practice, choice of such
Ap is usually made data-driven for various types of regularization problems. Among the
existing methods, cross-validation is the most popular. We employ K -fold cross-validation
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to estimate the prediction error associated with each A. Specifically, define the cross-
validated prediction error for NNP at penalty A as,

K
1 1 . 2
4 N==3 =3 ‘YiinAn_ )\‘,

- 2
where we define; A, _(\) = Argmin ycgpxr { il Yi—XZ-AHz—&—AHO'(A)Hl}7 and
consider [Ij, : k € {1,.., K'}] to be a partition of the set {1,..,n}. Now for the purpose of

simulation, we consider a sequence of candidate values {\,,, }*/_, defined on a logarithmic
scale: \,, € [0.001 Amax, 2 )\max}, where Apax = || X "Y|2. This choice is motivated

by the fact that A,y is the smallest value for which the trivial solution A = 0 is optimal
(see|Friedman et al.|(2010)). The logarithmic spacing ensures adequate exploration of both
strong and weak regularization regimes. For each \,,, the estimator A, (Am) is computed
using the FISTA algorithm. Let Xmin denote the minimizer of the cross-validation error:
Amin = argminy, CV(A,,). Define SE(\,,,) = sd({CV,(Am)} ), which is the stan-
dard deviation among K many training CV errors. Cross-validation provides an estimate
of prediction risk, while the one-standard-error rule selects the simplest model whose esti-
mated risk is within one standard error of the minimum, thereby favoring more regularized
(lower-rank) solutions with comparable predictive performance (cf. Hastie et al.|(2015)).
Then the selected tuning parameter is given in our set-up as:

(5.5) Aopt = Max {)\m CV(Am) < CV(nin) + SE(Xmin)} .

This rule is justified by the fact that differences within one standard error are not statisti-
cally significant. Choosing the largest among them favors a more regularized and parsi-
monious model, which is particularly important in nuclear norm penalization to avoid rank
overestimation. The NNP estimator used in the simulation is therefore: fln = /In(/\opt).
The entire procedure is implemented in R through the functions nnp_lambda_seq, cv_nnp
and nnp_solver_path. The use of warm starts and FISTA ensures computational ef-
ficiency even when solving the problem repeatedly across folds and Monte Carlo replica-
tions.

Bootstrap percentile intervals: Let 7 : RP*7 — R be any scalar functional of the
underlying matrices we have considered so far. For B many PB replicates, we define,

Af = \/77<T(Afl€?°d)) - T(Agf’”))), b=1,...,B.

For given level of significance o, we denote the a-th quantile for the PB distribution of
{A;}E_| by q,. Therefore 100(1 — o)% two-sided confidence interval for T'(A) is given
by:

Pt q1—a/2 Pt qo/2
T, - 22, 74, - 2]
Similarly we can define left and right sided confidence intervals. Tables [[H3] summarize
the empirical coverages and average widths of the Bootstrap confidence intervals for nine
representative functionals of the target matrix A under the three considered combinations
of dimension and rank, (p,T,r*). Several clear patterns emerge and remain consistent
across all settings. For the smallest sample size (n = 100), the empirical coverages are
generally slightly below the nominal 90% level, reflecting the finite-sample difficulty of
accurately approximating the sampling distribution of the estimators. Nevertheless, the
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coverages remain above 0.80 for all functionals, indicating that the proposed procedure
already provides a reasonable degree of uncertainty quantification even in relatively small
samples.

TABLE 1. Empirical coverages for nominal 90% two-sided and right
sided confidence intervals under (p, T, 7*) = (20, 10, 2) along with av-
erage widths inside parentheses.

Functional Coverage Sample size n

100 300 500 800

Apl TS 0.826 (1.368) 0.868 (0.942) 0.886 (0.821) 0.902 (0.752)
RS 0.832 0.862 0.878 0.896

Ap,T TS 0.848 (1.125) 0.870 (0.894) 0.892(0.715) 0.910 (0.623)
RS 0.820 0.856 0.874 0.898

maxi<j<r Y i |Aij| TS 0.838 (1.129) 0.866 (0.816) 0.882(0.705) 0.904 (0.613)
RS 0.840 0.872 0.890 0.908

miny<j<7 Y 5, |Aiz| TS 0.846 (1.301) 0.878 (0.984) 0.886 (0.821) 0.898 (0.721)
RS 0.836 0.860 0.880 0.894

maxi<j<7 [|A. jll2 TS 0.820 (1.102) 0.858 (0.897) 0.884 (0.703) 0.896 (0.653)
RS 0.834 0.862 0.882 0.890

miny<j<7 [|A. 2 TS 0.852 (1.121) 0.874 (0.853) 0.892(0.725) 0.912 (0.636)
o RS 0.844 0.870 0.888 0.900

o1 TS 0.830 (1.421) 0.866 (1.012) 0.882(0.893) 0.894 (0.678)
RS 0.846 0.878 0.892 0.908

[ TS 0.822 (1.120) 0.860 (0.893) 0.886 (0.652) 0.892 (0.503)
RS 0.840 0.874 0.890 0.906

Cmin(p,T) TS 0.850 (0.931) 0.870 (0.802) 0.896 (0.671) 0.910 (0.515)
RS 0.852 0.876 0.888 0.898

Notes: TS = two-sided percentile interval; RS = right-sided percentile interval.

TABLE 2. Empirical coverages for nominal 90% two-sided and right
sided confidence intervals under (p, T, 7*) = (40, 15, 4) along with av-
erage widths inside parentheses.

Functional Coverage Sample size n.

100 300 500 800

A TS 0.812 (1.412) 0.854 (1.006) 0.878 (0.842) 0.904 (0.736)
RS 0.826 0.858 0.884 0.902

Ap,T TS 0.836 (1.198) 0.868 (0.922) 0.888 (0.768) 0.912 (0.642)
RS 0.824 0.860 0.882 0.904

maxy<j<r > i |Aij| TS 0.828 (1.186) 0.862 (0.874) 0.884 (0.732) 0.906 (0.618)
RS 0.838 0.870 0.890 0.910

miny<j<7 5, |[Aij| TS 0.842 (1.334) 0.876 (1.012) 0.890 (0.836) 0.908 (0.704)
RS 0.830 0.866 0.886 0.900

maxi<j<7 ||A. ;2 TS 0.818 (1.154) 0.856 (0.918) 0.882 (0.744) 0.898 (0.662)
T RS 0.832 0.864 0.886 0.896

miny<j<7 [|A. 2 TS 0.848 (1.172) 0.872(0.892) 0.894 (0.752) 0.914 (0.644)
o RS 0.840 0.874 0.892 0.904

o1 TS 0.824 (1.468) 0.860 (1.058) 0.886 (0.918) 0.902 (0.704)
RS 0.844 0.880 0.894 0.910

o TS 0.816 (1.162) 0.858 (0.916) 0.882 (0.688) 0.896 (0.522)
RS 0.836 0.870 0.888 0.906

Omin(p,T) TS 0.854 (0.968) 0.874 (0.828) 0.898 (0.694) 0.912 (0.532)
RS 0.850 0.878 0.892 0.900

Notes: TS = two-sided percentile interval; RS = right-sided percentile interval.

As the sample size increases, the empirical coverages move steadily closer to the tar-
get level of 0.90, demonstrating the improved accuracy of the bootstrap approximation in
larger samples. This convergence toward the nominal level is observed uniformly across
the different matrix dimensions, signal ranks, and functional classes. At the same time,
the average widths of the confidence intervals decrease monotonically with n, reflecting
the increasing precision of the estimators as more data become available. Importantly, this
reduction in interval width does not come at the expense of coverage accuracy, as the em-
pirical coverages remain close to the desired level for moderate and large sample sizes.
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Another notable feature is the stability of the results across the nine functionals consid-
ered. Whether the functional depends on individual matrix entries, singular values, or more
global characteristics of the matrix, the PB intervals exhibit similar coverage behavior and

comparable rates of width reduction.

TABLE 3. Empirical coverages for nominal 90% two-sided and right
sided confidence intervals under (p, T, 7*) = (60,20, 6) along with av-

erage widths inside parentheses.

Functional Coverage Sample size n
100 300 500 800
A TS 0.836 (1.287) 0.872(0.963) 0.888 (0.811) 0.902 (0.702)
RS 0.842 0.876 0.892 0.906
ApT TS 0.820 (1.244) 0.862 (0.934) 0.880 (0.776) 0.892 (0.658)
RS 0.834 0.862 0.884 0.904
maxi<j<T Y b |Aij| TS 0.848 (1.206) 0.878 (0.884) 0.888 (0.731) 0.902 (0.622)
RS 0.850 0.870 0.886 0.896
miny<;j<7 > 5, |Aiz| TS 0.826 (1.352) 0.868 (1.021) 0.884 (0.858) 0.904 (0.726)
RS 0.836 0.872 0.890 0.908
maxi< <7 |4 ;2 TS 0.832 (1.178)  0.868 (0.946) 0.880 (0.768) 0.894 (0.671)
RS 0.844 0.878 0.892 0.900
miny << [|A4. ;]2 TS 0.854 (1.196) 0.872 (0.902) 0.890 (0.744) 0.906 (0.638)
RS 0.848 0.870 0.884 0.896
o1 TS 0.838 (1.396) 0.874 (1.034) 0.892(0.902) 0.910 (0.718)
RS 0.848 0.864 0.890 0.904
O TS 0.824 (1.138) 0.862 (0.902) 0.880 (0.692) 0.898 (0.548)
RS 0.838 0.872 0.888 0.904
O min(p,T) TS 0.852 (0.986) 0.876 (0.846) 0.894 (0.708) 0.906 (0.564)
RS 0.844 0.870 0.886 0.898

Notes: TS = two-sided percentile interval; RS = right-sided percentile interval.

The overall pattern is also largely unaffected by changes in the ambient dimension or
the underlying rank structure. Taken together, these findings provide strong empirical ev-
idence that the proposed PB method delivers reliable confidence intervals with accurate
coverage and increasing efficiency as the sample size grows, thereby supporting the theo-

retical validity of the procedure.

In this section, we address Hadamard differentiability of matrix functionals, provide

APPENDIX

proofs of requisite lemmas and main results.

APPENDIX A. REQUISITE LEMMAS

Lemma A.1 (Convexity of the nuclear norm). The function

A= oA =

Proof of Lemma[A.T| The nuclear norm admits the variational representation (cf. [Watson

(1992))

Al

is convex on RP*T.

All, = sup (A, B) = sup tr(A'B),
|

I BlI<1

where || - ||op denotes the operator norm. Let A1, A> € RP*T and t € [0, 1]. Then

1Bl<1

[tAy + (1 — ) As, = sup (tA; + (1 —t)As, B)
B|<1

St sup <AlvB>+(1_t) sup <A2aB>

Bl|<1

IBll<1

=t Al + (1 = )] Azl

Hence || - || is convex, and since ||o(A)|1 = || 4]

«, the result follows.
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Lemma A.2 (Hoffman—Wielandt Inequality). Let X,Y € RP*T and let 01 (X) > ---
om(X) and 01(Y) > -+ > 0, (Y) denote their ordered singular values, where m
min{p, T'}. Then

v

3 (05(X) —0;(V))* < [IX — Y2

Jj=1

Proof of Lemma This lemma is proved as Corollary 7.3.5 in [Horn and Johnson
(2013). |

m

Lemma A.3 (Convergence of matrix functionals). Assume rank(A™*"™) = r and {By, :
k > 1} is a sequence of n x n matrices such that By, — B as k — oo. Then

tr(ABg) — tr(AB).

Proof of Lemma Let the singular value decomposition of A be A = ULV T,
where ¥ is a diagonal matrix with positive singular values, and U and V have orthonormal
columns. Then

[tr(ABy, — AB)| = |tr(USV T (By — B))| = [tr(ZV T (By, — B)U)| = |tr(2Q4)/,
where we define Q) := V' (B — B)U. Now,

> 0 Qu)i| <D ol 1(@n)iil < (m?X |(Qk)ii|) > o
Clearly, |(Qr)ii| < ||Qx||2, where || - || denotes the spectral norm. Therefore,

tr(SQk)| < 1Qkll2 Y o

[tr(XQ%)| =

Since By, — B implies || By, — Bl|2 — 0, we have
I1Qkllz = VT (Br = B)Ull2 < V" ||z | B = Bll2 [IUl2 = || B, — Bl|2 — 0.
Thus, [tr(ABy) — tr(AB)| — 0, which completes the proof. |
Lemma A.4 (From pointwise to uniform). Let C C RP*" be an open convex set, and let
{fn}n>1 be a sequence of convex functions f, : C — R. Assume that for a dense subset

Co C C, the pointwise limit f(A) := lim,, oo frn(A) exists for every A € Cy. Then the
following conclusions hold:

(i) The sequence { f,}n>1 converges pointwise on all of C; that is, for every A € C,
the limit

f(A) 1= Tim_ f,(4)

exists (as a finite real number).
(ii) The limit function f : C'— R is convex.
(iii) The convergence is uniform on every compact subset K C C, i.e.

sup |fn(A) — f(4)] — 0, asmn — oo.
AeK

Proof of Lemma[&f] The proof follows from Theorem 10.8 of Rockafellar| (1997). W

Lemma A.5 (Strong consistency of minimizers of convex maps). Let C C RP*T be an
open convex set and f, : C — R, n > 1, is a sequence of random convex maps, and B,,
is a minimizer of f,. Also assume f,(A) — f(A) almost surely (or in probability) for all
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A € RP*T, where f is a random convex map. Assume f has a unique minimizer at B
almost surely. Then

P(lim ||B, — B|lp=0)=1 (or | B, — Bllp 2> 0asn — o).
n—oo

Proof of Lemma [A.3] We only prove the result for almost sure case. The probability
convergence can be concluded in similar fashion. Fix any § > 0 and define

Bald) = swp ()= S HG) = inf S - (B

Consider any A = B + cU, where |U||r = 1 and ¢ > 4. So A lies outside a §-ball
centered at B. Now consider the following point (exactly at distance ¢ from B) on the line
joining A and B:

(1—5>B + éA: (1—5>B+5(B+CU):B+(5U.
c c c c
By convexity of f,,
é ) ) )
fn(B + 6U) = fn((l - C) B + CA) S (1 - C) fn(B) + Efn(A)a
which implies
0

Write r,,(A) = f,(A) — f(A). Then the above becomes

f(B+06U) = f(B)+ (ro(B+6U) — r,(B)) p
Consider the left-hand side. By definition of h(J),
h(d) < f(B+U) — f(B).
Also, r,(B) < SUP||A—B| <5 |rn(A)| = AR(0), |rn(B+0U)| < A,(6). Thus
rn(B) —rn(B+6U) <2A,(8), = —2A,(0) <r,(B+U)—r,(B).

Combining with the earlier lower bound,

IN

)
h(6) —2A,(0) < =(fn(A) = fu(B)), forany Awith |A— B|r >é.
c
Hence we have the implication of events:
{0 < h(6) —2A,(8)} € {fu(A) > fn(B)}, V Aoutside a d-ball around B,
However, f,,(By) < fn(B), since By, is a minimizer of f,,. Thus,
h(d
limsup{||B,—B|r > 6} C limsup{h(6)—2A,(5) < 0} = limsup {An(é) > Q}
n—o0 n—o0 n—o00 2
Therefore to prove our claim, it’s enough to prove that,

P | lim sup {An(é) > h(;)}] =0.

n—oo

Since C' is open and B € C, there exists > 0 such that the closure of the r-Frobenius
ball, Bp(B,r) C C. Therefore, forany 0 < 6 <,

{AeC:||A-B|r <6} =Br(B,0),
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which is closed and bounded and hence is compact by the Heine—Borel theorem. Now
since f is the almost sure limit of { f,, },>1, from Lemmawe get,
P[lim A,(d)=0]=1.
n— 00
Therefore for any € > 0, it’s true that,
P[liminf{A, () < e}] = 1.
n—oo
Because f is finite and convex on C, it is continuous. Hence the function g(-) := f(:) —
f(B) is continuous. Consider the Frobenius sphere
Ss ={A:||A— B|r =90}

Since g is continuous and S is compact, ¢ attains its minimum on Ss. Hence there exists
As € S5 such that h(6) = g(As). But As # B since S5 does not contain B. Due to B
being the unique minimizer of f, we have g(As) > 0 or equivalently h(J) > 0, almost
surely. This completes the proof. ]

Lemma A.6 (Concentration of W,,). Let W,, = n='/2XTE € R?*T. Assume (C.1)-
(C.3) hold true . Then, forevery1l <k <pand1 < j <T,

W, r = o(logn) almost surely.
Proof of LemmaFix a coordinate pair (k, 7) and define the scalar sequence
Zi = Tq,kEd,5, 1 Z 1.
Since ¢; ; are i.i.d. with finite variance o>. Now at this point we can directly follow the
proof steps of Lemma 4.1 of |Chatterjee and Lahiri|(2010) to conclude that,
n
n=1/? Z x; ki ; = o(logn) almost surely
i=1

This proves the coordinate-wise concentration for each pair (k, j). This implies that, there
exists Q ; with P(§, ;) = 1 such that for every w € Q, ;,

W]k, j(w) = o(logn).

Let Q) = (h—; ﬂle i, ; (a finite intersection), so P(£2y) = 1. For w € €, we have
(Whlk,j(w)] = o(log n). Finally

maxy, ;

1/2
W llr = ( g [Wn}%J) <+pT max |[Whlk,;| = o(log n) almost surely
, J
k.j

which completes the proof. |
Lemma A.7 (Directional Derivative of the Nuclear Norm). Let A, R € R™*"™ withm > n

and rank(A) = r < n. Suppose that A admits the singular value decomposition A =
U131 V", where ¥ € R™™" contains the positive singular values of A. Complete U, and

Vi to orthogonal matrices U = (U1 Uo), V = (V1 Vo), sothat A =U (2(:)1 8) VT,

Then the directional derivative of the nuclear norm exists and satisfies
A Rl —||A
AR~ A
740 Y

(U RV1) +||Uy RVo|,-
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Equivalently,

1o 1A+ 9RIL — JA]L

_ T . T
g 2 = Sl R U]

where {u;, v; }T_, are the singular vector pairs associated with the positive singular values
of A.

Proof of Lemma The result follows from Theorem 1 of Watson| (1992). Indeed,
Watson’s characterization of the subdifferential of the nuclear norm gives (see example 2):

(A1) AllAlL, = {O T + UV T <1}

By a standard result from convex analysis (see, e.g., Theorem 23.4 of Rockafellar (1997)
for characterization of directional derivatives of convex functions),

f'(A;R) = sup (G,R),
Geaf(A)

whenever f is convex. Applying this identity to the convex function f(A) = ||A]|« and
using the Frobenius inner product (G, R) = tr(G T R) yields

A R« — || A]|«
740 Y Gedl|l Al

Now using (A.T), this equals

sup tr(G'R) = sup tr((UlVlT—l-UoTVoT)TR)
GedllA|l. 1TNlop<1

— sup [tr(lelTR)Hr(%TTUJR)}
ITlop<1

= sup [tr(UlTRm)Hr(TTUJR%)},
LS

where the last equality follows from the cyclic property of the trace. Since the first term
does not depend on T, it may be taken outside the supremum, yielding

sup tr(G'R) =tr(U/ RVi)+ sup tr(TTUOTR Vo).
GeO|All« I1T]lop<1

Using the duality relation between the spectral and nuclear norms, supr, <1 tr(TTM) =
| M]|., with M = Uy R Vj, yields the stated formula. Now since

UlZ(U]_,...,ur), ‘/1:(”17"'71]7“)’

the (i, 7) entry of Uy RV; is (U RV4);; = u, Rv;. Therefore, tr(U] RVy) = >i_, u Rv;.
The proof is complete. ]

Lemma A.8 (Concentration of fln). Suppose (C.1)-(C.5) hold true. Then we have,

||An —Alr = 0(71_1/2 log n) almost surely.
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Proof of Lemma Set the local parameter U := (logn)~'n'/2 (4, — A), A, =
A+ n~12(logn) U, and write the rescaled objective for U:

H,(U) = (logn)~* | Y — X(A+n""?(logn) U)|7 — Y — XA|%

(A2) + (logn) 2

Xa (14402 (10g ) UL, — ||A].)

A direct expansion of the quadratic part gives

(A.3)
2 A
H,(U) = — tr(UTW,) +t(U ' C, " _(|A+n"Y20 = lAl).
(U) =~ oo 10T W) + 00T C U)+(logn)2(|| + 1”2 (log)U L. — |4]..)
Due to Lemmaand for fixed U we have, Lo tr(UTW,) < = ||U]|p|[Wallr =

o(1) almost surely. Next for the penalty term P, (U):

1 A llo(A+n"'2(logn)U)|1 — [lo(4)]x
nl/2 n=1/2logn

By (U) = (logn)~
Now due to assumption (C.4) and Lemma[A7| we have,

An <||J(A+n1/2(logn)U)||1 - ||0’(A)||1> N )\Ol

)

-
T T
u; Uv; + ||Uy UV
* S wus+ o,
where u;, v; are the singular vectors corresponding to positive singular values of A. It
remains to show this limiting quantity is O(1). Since u; € R? and v; € R are orthonor-
mal vectors, they satisfy ||u;|| = |lv;|| = 1. Hence, by the definition of operator norm,

\u;—Uvj| < ||Ullop- Summing over j = 1,...,r* yields

.
T *
> u) U <7 |[U]lop = O(1),
j=1
since r* is fixed and U is a fixed matrix. We use the standard inequality for the Frobenius
norm:

IABC||r < [|Allop | Bllop |C]| -
Applying this, we obtain ||[U; UVo|lr < [|Ug llop |1U]lop [|[Vol| - Since Uy and Vo have
orthonormal columns,
10 llop = 1, [Vollop = 1, [Vollr = VT —r*.

As p,T,r* are fixed, |Vo|[r = O(1). Therefore, U, UVyllr = O(|U]lop) = O(1).
Using ||M||. < «/rank(M) ||M | r and the fact that the rank is bounded by a constant
depending only on p, T, r*, we conclude |UJ UV;|l« = O(1). Since, A is finite, hence
combining both bounds,

Ao | Y wfUv;+ Uy UVl | = O(1).

Jj=1

Therefore,

(A.4) (log n)*lnl/2 (fln — A) = argming cgpxr [tr(UTC’nU) + R, (U)|,
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where R,,(U) = o(1) almost surely. Now in the notation of Lemma let f,(U) :=

tr(UTC,U) and f(U) := tr(U T CU). Clearly these are convex maps and f,,(U) — f(U)

point wise as n — oo due to Lemma@ Also since C'is positive definite, we must have,
argming cgpxr f(U) = Opxr,

which is unique almost surely. Therefore the proof is complete due to Lemma[A-3] |

Lemma A.9 (Concentration for the thresholded estimator). Let [153 ") be the thresholded
estimator defined in @.2). Then

||A£Lthr) _ AHF — 0(n71/2 1og n) almost surely.

Proof of LemmaWrite A A = (A, — A)+ (A — A,) = E, +R,,, where
E,:=A, — A, R, := AS‘“) —A,.

Let5\" = 0;(An), Jn:={j:6" <an}. Then R, = - Y, 6\ a{" (@")7.
For j = 1,...,m, define M; := 4\ (8\")T. Then R, = — Y, 5" M;. We first
show that the matrices { M} | are orthonormal with respect to the Frobenius inner prod-
uct. Indeed, for any j, k,

(M, My)p = tr (’7g(n) (@) ay” (’5;(:))T) = (@) ai) tr(’ﬁg(‘n)(ﬁ;(gn))T> = 0k,

since the left and right singular vectors form orthonormal systems. Consequently,

| Rallfe = < > M Y 51(§n)Mk> = 3 dMaV My Miyr = Y (557)”.
F

JE€ETn keTn JkE€ETn JE€ETn
, ~(n)
Hence || R, | < v/m maxjeg, 6; . By LemmalA.8|

|Enllr = on""/?1logn) almost surely,

and therefore ||E,||2 < ||EnllF = o(1) almost surely. Fix an outcome in the almost-sure

event {2 on which || Ey,||2 = o(1). Choose w from this set. Since o, (A) > 0, there exists
o,q%(A)

Ni(w) such that a,, < Z=5=* forall n > N;(w). Moreover, there exists No(w) such that

1En]2 < U'”*T(m foralln > Ny(w). For n > max{N;(w), N2(w)}, Weyl’s inequality
yields, for every j < r*,

~(n e Op* A
5 = 03(A,) > 05(A) — [Enlla > 07 (A) — Bl > 2

> Qp.

Therefore, 7, C {r* +1,...,m} eventually. Now let j € 7,. Since j > r*, 0,;(A) =0,
and another application of Weyl’s inequality gives

5" = 0;(An) < 105(An) = 05(A)] < | Eull2 < |1 Enllr.

Consequently, max;e 7, &§") < ||Ey||F eventually. Combining this with previous argu-
ment, | R, ||r < +/m | Ey,| r eventually. Finally, by the triangle inequality,
IAS™) = Allp < | Ballr + [ Rallr < (1+Vm) | Enllr eventually.

Hence by Lemma A — Al p = o(n~1/?log n) almost surely. Therefore the proof
is complete. ]



22 MAYUKH CHOUDHURY, DEBRAJ DAS, AND ARINDAM CHATTERIJEE

Lemma A.10 (Closeness between variances). Under the assumptions (C.1)-(C.3) we have,

HS’Z,G —Ir ® U2C’HF =o(1) almost surely,

O T O O _ T Qo Qi _
Recall that, Sn,G = diag( MNCRIREEE n,G,T) =>4 ® Sn,G,t’ where, Sn,G,t =

Var, (W) . ,)=+>0, B2 X T X with B denote the (i, t)-th entry of E(th7) =

n

Y — XAthT) and Wy denote the T x T matrix with a 1 in position (t,t) and 0 elsewhere.
Proof of Lemma[A.J0| Note that

Since T is fixed, it suffices to show,

. 2 T o
Si0=tr90C, = Y1816 - Ol

Si i — 02C||, = o(1) almost surely for all t =
1,...,T. Now writing, IS';,G)t — 0'2O||F < HS’;Gt — 0'2Cn||F + O'QHOn — C'HF The
second term is o(1) due to assumption (C.3). Now that the first term is o(1) almost surely,
follows from Lemma A.1, A.9 of (Choudhury and Das| (2026) and Lemma Hence the
proof is complete. u

Lemma A.11 (Convergence of leading term to Gaussian). Under the assumptions (C.1)-
(C.3), we have

W, LW in RP¥T,
where W = [W1, ..., Wr] and W; ~ N,(0,x1,0%C) independently forall j = 1,...,T.
Equivalently we will say vec (W) L vee (W) € RPT withvec (W) ~ Npr(0prxi1, IT®
a2C). Alternatively we can conclude the matrix-normal representation as,

W ~ MNpur(0pxr, U =0°C, V = Ig).

Proof of Lemma Write the columns of the E' matrix as zj, ..., zr (each of them
is an n-dimensional vector), with z; = (£1,5,...,&,,;) ' . Then,

XTE = (XTzl XTZT)

n
PXT and X zjfg T; € 5,
i=1

forall j = 1,...,7T, where ; € RP denotes the i-th row of X. Fix an index j. Then
following the exact proof steps of Lemma A.11 of |(Choudhury and Das| (2026), we can

conclude that W, ; = %XTZJ' 4 W, ~ N,(0,02C). The columns of W are also

independent which follows from the independence of the columns of E. Therefore it’s
safe to conclude that,

vec (W,,) 4y vec (W) ~ Npr(0prx1, It ® 020).
The proof is complete. ]

Lemma A.12 (Convergence of PB-leading term to Gaussian). Suppose L(-) denote the
law of the underlying random quantity and £ denote the sigma algebra generated by {e;; :
1<i<n, 1<t<T}. Then under assumptions (C.1)-(C.3) we have,

'C(W:,G | €) Ly MprT(Opr, U=02C,V = IT) almost surely

Equivalently, L:(vec( A ;:G) | 5) LN Npyrxi (OpTxl, Ir ® 020) almost surely

Here, d. denote convergence in distribution conditioned on the {e;; : 1 < i <mn, 1<
t<T}
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Proof of Lemma[A:12] The idea of the proof is similar to Lemma[A.T1| with application
of Lemma A.1, A.11 of[Choudhury and Das|(2026), Lemma[A.6] [A-8]and[A.T0} Hence we
skip the details. ]

Lemma A.13. Suppose that {U,,(-)}n>1 and U (+) are convex stochastic processes on
R? such that Uy (-) has almost surely unique minimum £,. Also assume that

(a) every finite dimensional distribution of U, (-) converges to that of U (+), that is, for
any natural number k and for any {ti, ...t} C RP, we have (U, (t1),...Up (1)) 4

(Uso(t1), ... Uso(tr)).
(b) {U,,(*) }n>1 is equicontinuous on compact sets, in probability, i.e., for every €,1, M >
0, there exists a > 0 such that

n=roo {llr=sl|<é,max{||=||sl[} <M}

lim supP( sup |Un(r) — Un(s)| > n) <e.

Then we have Argmin, U, (t) 4, Eoo-

Proof of lemma [A7T3] This result is proved as Lemma A.14 of [Choudhury and Das
(2026). |

Lemma A.14 (Generalized Wedin’s sin© theorem). Let A, A € RP*Y have singular

values o1 > -+ > Opmin(p,q)> 01 = *** = Omin(p,q) respectively. Fix integers 1 < r <

s < rank(A) and assume that rnin(a?,_1 — o2 o2 — O'g+1) > 0, where 03 := oo and

Ufank(A)H = —o0. Letd := s —r+1, and let
V = (0p, Vg1, ..., 05) € RI¥Y, V = (b, 0p41,...,05) € RI¥Y
have orthonormal columns satisfying
Avj = ojuy, A@j:&jﬁj, j=rr+1,...,s.
Then
2(201 + | A = Allop) min(d/?]|A — Aoy, |4 — Allr)
min(o?_; — o2, 02 —02,,)

Proof of Lemma[AT4] This result is proved as Theorem 4 in[Yu et al.| (2013). [ ]

Corollary A.1 (Corollary from Lemma . Let A € RP*T have rank r* and distinct
nonzero singular values o1 > o9 > -+ > 0.« > 0. Let A = ULV and An = Uninf/”T
be the SVD of the perturbed matrix A,, = A+ E,,. Write (uj,v;) and (ﬁ§"), ﬁ;n))for the
corresponding left/right singular vectors. Setr = s = jwithd =s —r+1=1and

Isin®V, V)|l <

s (2 2 2 2 o o
05 = mln(ajd — 05, 05 — UjJrl), 0p := 00, Op41 :=0.

Then, for each 1 < j < r*, LemmalA.I4|implies the per—vector bound
(A.5)
Sinﬁ('&(.n),uj) < 2(201 + ”EnHOp) ”En”op 2(207 + ”EnHOp) ”En”Op.
’ 0j 0;
Suppose in addition that the spectral gaps satisfy § := min;<;<,~ 0; > 0. Since, o is
fixed and due to Lemma @ |Enllr = o(n='/?logn) almost surely, therefore for large
enough n and for all 1 < j < r* we have the modified uniform bound as,

501 (| Enllop 501 (| Enllop
) 0 '

and sinﬁ(f)j(."),vj) <

(A.6) sing(al",u;) < and sin (v, v;) <
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Lemma A.15 (Small singular values determined by the bottom block). Let

B C
M = , Be ]:-{r><7‘7 E € R(m—r)x(m—r).
D FE

Assume B is invertible and o (B) — oo. Assume that ||C||, | D||, || E|| are uniformly
bounded. Thenfork =1,... ., m—r,

O’T_;_k(M) = Jk(E) + 0(1)

I 0 —~ B C
Proof of Lemma [A.15| Define L := (DBl I> , M = (0 B DBlC’> .
Thus, LM —= (IB; g) = M. Denote S = E — DB~!'C. For any matrices A, X it’s

known that,

0i(AX) < [|A[loi(X),  0i(AX) = omin(A) 04(X).
Applying this with A = L, X = M, we obtain o;(M) < ||L||o:(M), o;(M) >
Omin(L) 0;(M). Define

0 0
K = (DBl 0), sothat L =1+ K.

Then it’s easy to observe that, ||L|| < ||| + [|K|| = 1+ |K|| < 1+ -2l and

Omin(B)
Tmin(L) > 1= K[| > 1 — L2l This will finally give us that,
1D 3 1Dl i
A7 1— 2L ) oy (M) < oy(M) < (14— ) oy(M).
an (1= A el < s < (14100 o

Singular values satisfy Ui(]f\z )2 = )\Z(M TM ), where \;(+) denote i-th largest eigen value
of that underlined matrix. Again we will have M " M = H + .J, where,

BB 0 0 B'C
H'_( 0 STS>’ = (CTB CTC>'

The eigenvalues of H are {0;(B)*}i_; U {0;(5)*}]2,". Now since omin(B) — oo, we
have a spectral separation: \,.(H) = owin(B)? — 00, A\y1(H) = 01(S)?. Using the
operator norm bound,
)= ISl = |E - DB-'C| < | Bl + [DB-'¢| < |B] + LPL _ 54
o1(S) = IS =1E - < 1E] +1] <1l ||+0-(B)_ (1).

This will give us that, A,.(H) > \,41(H) eventually. Note that B is invertible matrix.

1 0 L . s .
Define, T := (_ CTB(BTB)~! I) which is invertible. Then it’s simple to verify that,
MTM =T~ H(T~')T. Write
0 0
T=It+K K= <—CTB(BTB)—1 0) :

A direct computation shows that K2 = 0, hence

I+K)(I-K)=Tand(I -K)I+K)=1 = T'=(I+K)'=I-K.
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Therefore, |77 < 1+ K| = 1+ [CT(B™)T|| < 1+ L Thus we will have,
Omin(T™Y) = omin(I — K) > 1 — et Using the Rayleigh—-Ritz characterization for

. Umin(B)
every 1,
[omin (TP N(H) < N(MTM) < 771> Xi(H).
This will in turn imply that,

1€l

(10_1115*("13))2&(}1) < MMTM) < (1+Umin(B)>2/\i(H).

Expanding the squares,

el \? ICll Icl? el \? 1€l [l
1l——F—] =1-2 1 =1+2 .
( Umin(B> O-min(B)+Umin(B)2’ * Umin(B) * Umin(B)+0min(B)2

Since ||C|| is bounded and opy;, (B) — o0, the quadratic term is of smaller order. Hence
[y €| ICl_\? €|
l—-——— ) =140 ———= 14+ —— ) =140 —— |-
( Jmin(B) + Jmin(B) , + Umin(B) + Umin(B)

Therefore,
X(MTM) = )\ (H) (1 +O<am”f(”m>> '

Since, for k = 1,...,m — r, we have established that A\, (H) = 0(59)? = O(1), we
hence write;

Arik(MTM) = 0,4 1, (M)? = 0,(S)? (1 +0 <omC(”B))> .

Taking square roots and using for small enough ¢ that, v/1+¢ = 1+ O(e), we finally
have;

Jr+k(M) = ox(S) + O<UH|1|:(|B)> .

Substituting S = E — DB~'C we get, ||S — E|| < ||D|[[|B~Y| [|C]| = LELZL. Thus,

by Weyl’s inequality, o (S) = or(F) + O (%) and hence

orin(M) = o (E) + O (W) '

Using this and equation (A7) we finally write,
D Cl 1 D C|1 D|||||1D
orso) = (y+0( 2L 1) o 1L 1D o ICN L+ IDIDNY

Umin(B) Umin(B) Umil’l(B)z
Since 0% (E) < 0y ( )= ||E|| = O), |D|, IC|| = O(1) and 0 in(B) — oo, this will
imply for all k = m — r that,

O'T+k(M) = CTk(E) + 0(1)

Therefore the proof is complete. ]
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APPENDIX B. HADAMARD DIFFERENTIABILITY AND RELATED LEMMAS

Definition 1 (Hadamard differentiability, [Van der Vaart and Wellner| (1996)). A map @ :
D — E is said to be Hadamard differentiable at 0 if there is a continuous linear map
®'(0) : D — E such that,
D(0 + tphy,) — 2(0)
128
for every sequence of real numbers t,, — 0 and every sequence h,, — h asn — oc.

— @'(6; h),

Definition 2 (Hadamard directional differentiability, Fang & Santos|(2019)). Let D and E
be Banach spaces and let ® : Dy C D — E. The map ® is said to be Hadamard direc-
tionally differentiable at 0 € Dg tangentially to a set Dy C D if there exists a continuous
map ®'(0) : Dy — E such that

(0 + ty,hy,) — P(0) Y

tn “

for every sequence {h,} C D and {t,} C Ry satisfying t, | 0, h,, — h € Dy, and
0+t,h, € Dg foralln. Here || - ||g denote the appropriate norm of the underlying metric
space E.

Remark B.1. Hadamard differentiability requires the existence of a continuous linear
derivative ®y, and allows perturbations approaching zero from both signs. Hadamard
directional differentiability relaxes this requirement in two ways: (i) the derivative ),
need not be linear, and (ii) convergence is restricted to one-sided sequences t,, | 0 and
tangential directions h,, — h.

Consequently, every Hadamard differentiable map is Hadamard directionally differen-
tiable, but the converse fails in general. Many functionals arising in modern statistics,
such as maxima, minima, norms, and spectral operators, are not classically differentiable
but admit well-defined directional derivatives. This weaker notion is therefore essential
for non-smooth functionals. As shown in|Fang & Santos| (2019), Hadamard directional
differentiability is sufficient to establish a generalized functional delta method and valid
bootstrap procedures for such non-smooth maps.

Now consider D = RP*T E = R or R™ as needed and § = A*. We will consider
H, — H in appropriate norm of the underlying space. We now provide the following
results.

Lemma B.1 (Hadamard differentiability of entry functionals). Define
Pi(A) = A11,  P2(A)=Apr.
Then &1 and ®5 are Hadamard differentiable at every A* € RP *T \with derivatives
O (A*;H) = Hy 1, PL(A*;H) = Hpr.

Proof of Lemma We prove the result for ®;(A) = A;j ;. The proof for @ is
identical. Let ¢, — 0 be any real sequence and let H,, — H in R?** in Frobenius norm.
Consider

(I)l(A + thn) — (I)l(A) o (A171 + thn,l,l) - Al,l o
= =Hpi1.
tn tn ”

P1(A"+tn Hn)—P1(A")
tn

Since H,, — H, we have H,, 11 — Hy 1. Hence

(I)/l(A*,H) = H171.

— H171. Thus
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The map H > H, 1 is linear. Now if H,, — H, then
|‘I)/1 (A*§ Hn) - (I)ll(A*; H)‘ = |Hn71,1 - H171| — 0.
Hence the derivative map is continuous. Therefore, by Definition m ®, is Hadamard dif-

ferentiable at A*. The same argument with indices (p, T') proves the result for ®,. |

Lemma B.2 (Directional differentiability of columnwise ¢;-sum max/min functionals).
Define

®3(A) = max Z|A”| ®4(A) = min Z|AU|

1<G<T 4 1<G<T 4

For a fixed A* € RPXT | [et
p
= JAijl, Tinax = {j + S;(A") = @3(A")}, Tmin = {J + Sj(A7) = By(A")}.

Then ®3 and ®4 are Hadamard directionally differentiable at A* with derivatives
PL(A*;H) = max D;(H), Py (A*;H)= min D;(H),

JE€Tmax JE€Tmin
where for each column j: Dj(H) = 37, 4« sos8n(A;) Hij + D25 a0 —o | Hijl- If
ij - 3
additionally, every entry in the maximizing (respectively minimizing) column is nonzero
and Jmaz (0F Tmin) is a singleton set, then ®3 (or ®4) is fully Hadamard differentiable.

Proof of Lemma We prove the result for ®3. The proof for ®, is analogous. Fix
sequences t,, . 0 and H,, — H. For each entry (%, j), the absolute value satisfies
|A + tnHyij| = ‘A |+t Yij(Hnij) + o(tn),
where
sgn(Af) h, Aj; #0,
Yij(h) =
|h|7 A;k] =0
Summing over ¢ gives for each column 7,
Si(A* +toHy) = Sj(A") + taDj(Hy) + o(tn).

Since H,, — H, we have D;(H,) — D;(H) by continuity. Now consider ®3. By
definition,

O3(A* +t, H, )7121]a<x Sj(A* +t,Hy).

Substituting the expansion,

34" + 1, H,) = max {sj(A*) +t,D;(H,) + o(tn)}.

For every j ¢ Jmax We have the strict inequality S;(A*) < ®3(A*). Since the number of
columns 7' is finite, we may define

0j = ®3(A*) — max S;(A*) >0, d:= min J,.
J 3( ) 7¢\7max ( ) 7¢jmax

Fix j ¢ Jmax and k € Jax. Then using the earlier expansion we can write;
Sg(A* +t,Hy,) = @3(A*) + t,Di(Hy) + o(tn),
Si(A* +t,Hy,) = S;(A") + t,D;(H,) + otn).
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Subtracting,
(B.1)
Sp(A* + t,Hy) — S; (A" + tyHy) = ®3(A*) — S;(A*) +tn (Di(Hyn) — Dj(Hy)) + o(ty).
—_————
>5

Recall D;(Hy) = 325 4+ 20880(A7;) Hnij + 22, ax —o [Hn,ij]- This will imply that,

b
D (Ha)| <Y [Huisl < VP Hagll2 < VP Hallr.

i=1
Since H,, — H, the sequence {||H,,||r} is bounded. Hence for large enough n,
b | D(Hy) = Dy(H,)| < 23/l Hallp t —> 0.
Therefore from for large enough n we have,
Sp(A* +t,Hy) > Sj(A* + t,Hy) + /2.
Hence the maximum is attained over Jax:

(A" +t,Hy) = Da(A%) +t, max Dy(H,) +oft).
7€ I max

Dividing by ¢,, and letting n — oo yields

Ba(A* + 1, H,) — s A*
3(A” + ) 3(4") — max D;(H),
tn JE€ETmax

which is the Hadamard directional derivative and continuous map in H. The proof for ¢4
is identical with min in place of max. ]
Two key identities used in the proof. Let J be a finite index set.

(I) Pulling out constants from a maximum. For any constant ¢ € R and any collection
{z;}jes, maxjc(c+ xj) = ¢+ maxjey x;.

Proof. Since c does not depend on j, for any ji,j52 € J,c+z;, > c+x;, <
xj, > x;,. Thus the maximizer of ¢+ coincides with that of z-j, hence max;c s (c+z;) =
¢+ maxjejT;. |
(IT) Stability of the maximum under o(¢,,) perturbations.

Let t,, | 0, J be finite, and assume ; ,, = o(t,,) uniformly in j € J. Then

I;'leaf (tnDj (Hn) + Tj,n) =ty I?Ga}( Dj (Hn) + O(tn)-

Proof. Write ; ,, = ty€;, Where €; , — 0 uniformly in j. Then
tnDJ(Hn) + Tj,n = tn (_D](Hn) + ej,n)v

SO max;c. (tnDj (Hn)—i—rjm) =1, max ey (Dj(Hn)+ej7n).Let M,, := max;c; D;(H,).
Then

D; Hn jsn < Mn nls

i (Hn) + €jn < Mn + max |eg,n]

implying maxc; (D;(Hp)4€jn) < My+maxpe s |exn|. Let j, € argmax;cy D;(Hy).
Then

rjxlea}( (Dj(Hn) + Ej,n) > Djn(Hn) +€jn = My +€j,n > My, — Il?g;( |6kn|

Thus,

max; e (Dj(Hn) + €j7n) — Mn’ < maxgey |€xn| — 0, s0

D;(H,) + €j,n) = max D;(Hy) + o(1).
masx (D; (Hn) + €jn) = max D;(Hn) +o(1)
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Multiplying by ¢,, yields max;e s (tn,Dj (H,) + ij) = t,max,ecy D;(Hy) + o(t,).
[ |
Lemma B.3 (Directional differentiability of /5-norm max/min functionals). Define

®5(A) = pax [A;ll2,  P6(A) = Bin [ A2
For a fixed A* € RP*T, [et
Ri(A) = [[Ajllz, Tmax ={j:+ Bj(A") = @5(A")}, Tmin = {j + R;(A") = (A7)}
Then @5 and ©g are Hadamard directionally differentiable at A* with derivatives
OL(A*: H) = E.(H O (A*: H)= min E;(H
5( ’ ) jgl}iﬁx J( )a 6( ’ ) jg};j}m J( )7

where for each column j,

A H.

(5 Hy) o 9, if A% # 0,
Ey(H) =< 1A%l

1 H |2 if AL =0.

If, additionally, every entry in the maximizing (respectively minimizing) column is nonzero
and Jmaz (0 Tmin) is a singleton set, then ®s (or ®g) is fully Hadamard differentiable.

Proof of Lemma [B3} We prove the result for ®5. The proof for ®¢ is analogous with
max replaced by min. Fix a column j and define R;(A) = ||A.;||2. Consider sequences
tn L 0and H, — H in Frobenius norm. We study R;(A* + t, H,,).

Case 1: AY; # 0. Write a = A, and hy, = Hp, ;. Then

Ha + tnhn”% = HCLH% + 2t (a, hn> + tithH%

=u(ty)

Note that, u(t,) = O(t,) and t2||h,||3 = o(t,) for large enough n. Now taking square
roots and using a Taylor expansion of z + /7 at z = ||a||3 gives

1
Ja tuhnlle = lalla + 2t a, ) + £ 3] + ou(t0))

a, hy

(B.2) = |la|l2 + tn < ) + o(ty).
l[all2

Since h,, — h, we obtain

Rj(A" +toHy) = Rj(A") +t ————— +o(tn).
[ A%1]2

Case 2: Af“j = 0. Then we have,
Rj(A* + thn) = ||thnwj||2 = tn”Hn,'jHQ = thH~j”2 + O(tn)-
Thus for every 7,
Rj(A" +tnHy) = Rj(A") + to Ej(H) + o(tn),

with E;(H) defined in the statement. Let Jnax = {j : R;(A*) = ®5(A*)}. For any
k & Jmax. there exists § > 0 such that Ry (A*) < ®5(A*) — J. Hence

Rk(A* + thn) = Rk(A*) + tnEk(H) + O(tn)
< P5(A*) =6+t Ex(H) + oftn).
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Since t,, — 0, for sufficiently large n this is strictly smaller than ®5(A*)+¢, E;(H)+o(t,,)
for any j € Jnax. Thus, for large n, the maximum is attained over Jyax. Therefore,
O5(A* +t,H,) = max R;(A" +t,H,)

JE€Imax

= ®5(A") +t, max E;(H) + o(ty,).

JETmax
Dividing by ¢,, and letting n — oo yields

O5(A* +t,H,) — P5(A*
s(A” + ) 5(47) — max FE;(H).
tn JE Tmax

Each map H — E;(H) is continuous on RP*7'. The maximum of finitely many continu-
ous functions is continuous. Hence the directional derivative is continuous in H.

Lemma B.4 (Directional differentiability of the singular value map). Let m = min(p,T),
and define
®:RPT 5 R™, B(A) = (01(A),...,om(ANT,
where o1(A) > -+ > 0,+(A) > 0,and 0;(A) =0, j =r*+1,...,m. Let
Uy € Rpx(pfr*)’ Vo € RTX(Tfr*)

denote the left and right null singular subspaces. Then ® is Hadamard directionally dif-
ferentiable at A* with derivative

(uf) " Hot

(ur) T Ho?.

r*

/ _
Pa-(H) = 5 (0T HV)

Om—r* (U(;FHVO)

Proof of Lemma ' Fix sequences t,, | 0 and H, — H in RP*XT. Define A, =
A +t, H,,. We show that

B(A* + t, H,) — B(A*)

; — ®'\. (H).

By definition,
Ul(An) — 01 (A*)
* O (An) — Op= (A*)
D(A,) —P(AY) =
(An) — ®(AY) ore i1 (An)
om(4n)

Since o1(A*),..., 0.+ (A*) are simple singular values, Stewart’s perturbation expan-

sion (cf. |Stewart| (1990)) yields
o;j(A* +t,H,) =0cj(A") + tn(u;)Tan;‘ + O(tn || Hal?), j=1,...,7%

Since H,, - H asn — oo and t,, | 0,we get,
oj(A* +t,Hy) —0;(A*)

; —>(uj)THv;, j=1...r"
n
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Now consider the remaining singular values jointly. Since
0'7"*+1(A*) == O'm(A*) =0,

the zero singular values form one repeated block. Perturbation theory for clustered singular
values implies that

(ore i1 (A" +tpHp), ..., om (A" + t,Hy)) = t, 0(Uy HoVo) + o(ty),

where o(B) = (01(B),...,0m—r(B)) denotes the ordered singular value vector of B
(see Lemma[AT3).
Therefore,

o y1(A* +t, Hy)
- : = o(Uy H,Vp) + o(1).
"\ opn(A* +t,H,)
Since H,, — H and using continuity of singular values,
o(Uy H, Vo) — a(Uy HVG).

Combining all coordinates jointly,

(uf) T Hoj
B(A* + b, Hy) — B(A%) (uz )T Hor ,
" r =&, . (H).
ty ” Ul(U(;rHVO) ( )

Om—r* (UJH%)

Hence, ®,. (H) is the Hadamard directional derivative. Finally, the map H — ®';.. (H)
is continuous because matrix multiplication and singular values are continuous mappings.
Therefore ® is Hadamard directionally differentiable at A*. |

Lemma B.5 (Existence of First Order Perturbation for singular vectors). Let A € RP*T
and fix j such that its singular value o; = o;(A) > 0 is simple forall j = 1,..,r* and
o; = 0forall j > r*. Letu; € R? and vj € R7” be corresponding left and right unit
singular vectors satisfying

. Tt — 5.2y
Av; = ojuy, Al u; = ojv;.

Let A, = A+ t,H, witht, | 0and H,, — H. Suppose (u§»n),vj(-n), 0’§n)) denote the
j-th singular triplet of A,,, chosen with a consistent sign normalization. Then there exist

vectors u; € RP, v; € RT such that

(B.3) ul™ =k 4ty +o(ty), v =0+ 05 + olty).
Proof: We proceed directly from the defining singular vector equations. For each n,
An’l)](»n) _ U§n)u§7z)’ A;Lrugn) _ U](‘n)v;‘n)-

Subtract the population relations and divide by ¢,,:

(n) * (n) * (n) *
v, — v} " LU —ur oo =0,
A*d J+an]():0.j J iy 3 Jug )7
tn tn [2%
T T T _ Y% Y% 9 79 ()



32 MAYUKH CHOUDHURY, DEBRAJ DAS, AND ARINDAM CHATTERIJEE

Towards contradiction, we assume that the representation (B.3)) does not hold for the se-
quence {(ug-n)7 v]("), 0§n))}n21- More precisely,

u;n) — uj* ) 'uj(-n) — 'vj* ) (n) * )
Auy, = —= =y, Av, = — v, Aoy, = —— 20y,
doesn’t hold as ¢,, | 0. Therefore, there exist at least two subsequences ny, for s = 1,2

with two different pair of triplets (2,1, Vj1,0;1) and (22, ¥;2, 0 j2), such that,
(B.5) Ay, — Ujs, Avp, — Vjs, Aoy, — 65 forall s=1,2.

(nkg)
— u;f, v, = 'u;-‘,

Now following (B.4), passing to the limit along ny, and using ug."’“‘)

and ans — H, we obtain

A*’l.}js — O';’I:tjs = d—js ’UJ; — PI’U;7
(B.6) (A") Ty — 0705 = 65505 — H .
From (u(-n’“s))—ruy““‘g) = 1 and substituting u§»n""5) = wttn, Auy, gives (u)) " Au,, =
-

2= || Auy,||?. Since Auy,_ is bounded and ¢,,, | O this will imply for some C' > 0,

t
T Nhs ~2
|(u;‘) Aup, | < TC — 0.
Along the subsequence Au,, — s, continuity of the inner product implies
T T,
(uf) Aup,, — (u]) s
Combining the two limits gives (w?) ;s = 0 Similar argument will give us that (v}) " 0;,

O forall s = 1, 2. So any subsequential limit will be orthogonal to 1, and ©¥;, respectively.
Define

ou = ’l:l,jl — 1:1,]'2, ov = ’l.le — ’l:)jz, 0o = d—jl — djg.
Subtracting the limit equations yields

A*6v — 0jéu = do uj, (A*) T ou — o;0v = do vy,

with (u;f)Téu =0, (v;f)Tév = 0. Multiplying the first equation by (u;‘)—r and using
(u})TA* = o7 (v})" gives, 6o = o} (v}) " v. Similarly, multiplying the second equation
by (v})" yields do = o7 (u}) " du = 0. Hence o = 0. Therefore,

A*§v = o7du, (A*)"ou = o}dv.

Thus (6u, dv) is a singular vector pair of A* associated with o7. Since o} is simple, its
singular subspace is one-dimensional, spanned by (u7, v;) Together with the orthogonal-
ity conditions, this implies du = 0, Jv = 0. Hence all subsequential limits must coincide.
This will imply that,

wj(A* +t,Hy,) — u} ) v;(A* +t,Hy) — v}

— u, — .
128 128

Rewriting the convergence of difference quotients gives

u§n) - u; +inuy + o(tn), vj(’n) - v; + a0 + oltn).

The proof is complete. ]
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Lemma B.6 (First-order perturbation expansion for singular vectors). Let
¥ 0 T
T 1
A=UxV" =[U; U {0 0] i W,
where 31 = diag(o1,...,0m ), withoy > -+ > o« > 0. Suppose A,, = A+t Hy, t, |
0, H, — H. Foreach j = 1,...,7", let ﬂgn), Oj(-n) denote the left and right singular
vectors corresponding to o;(Ay). Define,

1, 4" u; >0,
Sjn =
’ ~(n)T
-1, u;” wu; <O.
and define the aligned singular vectors: u;n) = sj,n'llgn), v;n) = sjvnﬁ](}"). Assume

|Ay, — Allop = O(ty,). Then for every j = 1,...,7%,
ul =l 4+, TV (H,) +o(ty), o8 = o7 + 1, TV (H,) + o(t),
where

r* T T P *\ T *
(u) . 0, i (ug) HU + o (u _7) Huy (ug) ij "
L (H)_Z (gik)z_( )2 uy + Z o Uk
k#j J k=r*41 J
r* * *\ T * * *\ T T
) - oy (uy) Hv} + 07 (uj) Hup | Hvk o
e i > ! o
k#j J k=r*+1 J
Therefore, the maps A — u;(A) and A — v;(A) are Hadamard directionally differ-
entiable at A* for all j = 1,..,r*. In fact, the maps are Hadamard differentiable since
corrsponding singular values are simple.

Proof: Fix j € {1,...,7*}. Let (ﬁ;n), J("), 7; " .= 0,;(A,)) denote the singular
vectors and singular value triplet corresponding to the j-th singular component of A,,.
Recall the random sign s;, and the aligned singular vectors ug-"), vj(-"). We have the

singular vector relations:
Anv](-") = O'J(»n)'ug"), Azugn) = aén)vj(.n).

Since o} is simple and strictly positive, standard singular-vector perturbation theory to-
gether with Wedin-type sin © bounds (see proof of Theorem [.1]) implies

" = w5 llo = O An = A"lap), 05" = 0] ll2 = O An = A" lop).
Because || A, — A*||op = O(t,), we apply Lemma|[B.5]to obtain that,

u§") = uj + oty + o(tn), v§") = v} +t,0; +o(tn), a](-n

[

Now substituting A,, = A* + ¢, H,, into Anvj(-n) = U§n)u§n), gives
(A" +t,Hp)(v] + a0 + o(tn)) = (0] + tndj + o(tn))(u] + tht; + o(tn))-
Using the identity A*v} = o uj, dividing both side by ¢,, and collecting first-order terms
Hyvi + A% = 65uj + o5 + o(1).
Passing to the limit using H,, — H, we get Hv; + A*0; = &;u} + oju;. Similarly,
substituting into Aluyl) = (”) ( ), yields HTu + A*Ta; = &5v; + 0, Next



34 MAYUKH CHOUDHURY, DEBRAJ DAS, AND ARINDAM CHATTERIJEE

(

we use the normalization constraints ||u;

arguments of Lemma B.5] we obtain

(w))Tu; =0, (v}) ;=0

My = 1, ||'v](»n)\|2 = 1 and using the same

Since {u}}}_, and {v}}{_, form orthonormal bases, the orthogonality relations imply

Y — . * y .= . *
u; = E apjur, U= g Brj V-

k£ k£
Project the first perturbation equation onto uy;, for k # j:
(up) " Ho} + (uj) T A™0; = o o
Since A*v} = oju}, we obtain (u}) " A*v; = o} B),. Hence
(u}:)THU; + 010k = U;ij.
Similarly, projecting the second perturbation equation onto v;, we get,
T
(u}) Hvp, + opon; = 0} B
Therefore we have,
T
U;‘akj — 0Bk = (u) H'v;f7
— o + O’;ﬂkj = (uj)THv}:

Solving these resulting linear system yields

oo )T HY o) H, o) e o ()T Hoj
! (07)? — (0%)? P (07)? — (0%)?
For k > r*, we have o}, = 0. Hence
() Hy} ()T Hy
Qkj = ¥ ) Bk] - *
T 7

Substituting these coefficients into the basis expansions for 2; and v; gives
u; =T\ (H), v; =T (H).
Therefore,

ul =l + 6,0 (Hy) + olty), o™ =of + 6,08 (Hy) + oft,).

Since H — a' Hbis a bounded linear functional on (RP*T||-|| ) for every fixed vectors
a € RP and b € R”, and the coefficients appearing in the definitions of I‘g.u) and I‘g.v) are
fixed finite constants (under the assumption that the nonzero singular values are distinct),
it follows that both

i . jexT 5 Rre, I RT 5 RT
are continuous linear maps. This completes the proof. |

Remark B.2. Singular vectors are only identifiable up to a simultaneous sign change: if
(uj,vy) is a singular vector pair corresponding to a singular value o;, then (—uj, —v;)
is also a valid singular vector pair. Consequently, the raw singular vectors ﬂ;n) and ’Djn

need not converge even when A,, — A*, since numerical or analytical constructions may

fip their signs arbitrarily with n. The random sign s; , is therefore introduced to align the
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orientations of the estimated singular vectors with the population singular vectors. This
guarantees

O (m)T, *
u; o uj >0, CHEIM >0,

and makes the perturbation expansions well-defined. Without this alignment, first-order
expansions of singular vectors are not meaningful because the sequence of singular vectors
may oscillate between two opposite directions.

APPENDIX C. PROOF OF MAIN RESULTS
C.1. ProofofTheoremn Define the map Z,,(B) = * |Y — XBJ||%2 + %" lle(B)|ly.

n

It is clear that A,, is the minimizer of Zn ().

Convexity. The map B — Z,(B) is convex. Indeed, write g; : [0,00) — [0,00) as
g1(x) = 22, and write g2(B) = ||Y — X B||r. Then g; is convex and non-decreasing on
[0,00), and g5 is a norm and therefore convex. Hence the composition g; o g5 is convex
(see Section 3.2.4 of Boyd and Vandenberghe| (2004)). Moreover,it’s easy to verify that
B +— ||lo(B)]]1 is a norm and therefore convex. Hence Z,, is a sum of convex maps
(multiplied by nonnegative constants), and is therefore convex.

Pointwise convergence of Z,,(B). We write
1
— IV — X B[}
| I

XTX
n

(C.1) :tr<(B—A)T (B—A)) - 2tr<(B—A)TX;E> + tr(E:LE>.

Assumption (C.3) and Lemma[A.3]imply that, for every fixed matrix B,
XTX
tr((B Sy — A)> Lo tw((B-A)TCB-A4),
n
and Lemma will imply that

tr((B — A)

XTE
T ) L
n

Also, by the WLLN, tr(¥> Ly T62. Using n= '\, — Ao, we obtain for each fixed
B,
Z.(B) £ Z(B) + To>.

Limit objective is strictly convex. Assumption (C.3) implies that
B tr((B—A)TC(B - A))

is strictly convex, since C is positive definite. Note that B +— Ag||o(B)]|1 is convex due
to LemmalA.1] Hence B — Z(B) is strictly convex and since arg mingcgrox[Z(B) +
To?| = argmingcrexr Z(B), therefore the limiting minimizer is unique. We now apply
Lemma [A.5] which guarantees convergence of the minimizers of Z,, to the minimizer of
Z, under convexity and pointwise convergence on a dense set. Therefore,

A, 5 arg mEign Z(B).

The proof is complete. ]
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C.2. Proof of Theorem[3.2, Recall that, \/n (A, —A) = arg mingcgexr H,(U), where,
(C.2)

A+n1/2 — oA
Hn(U):—Qtr(UTWn)-l-tr(UTCnU)-f—)\n('U( tn ng)/ll o )”1)

vn
As seen above from the expression of H (U) in (3.1)), the minimizer of H (U) will be unique
since U — (2tr(U"W) + tr(U T CU)) will be strictly convex due to assumption (C.3).
The third term of H(U) is linear in U and the last term of H(U) is convex. It must be

noted that U

o’(UOT U VO) may not be a linear map in U. Again due to Lemma

, we have that W, % W inRP *T where W is defined there. As a result, using the
continuous mapping theorem and Slutsky’s theorem it follows that

—2t0(UTW,) + tr(UTCU) & —260(UTW) +tx(UT CU),
for any fixed matrix U. Using similar arguments, one can show that for any fixed integer
k > 1 and fixed matrices Uy, ...,U; € RP*T | the above distributional convergence holds
jointly. Consider the last term of H,,(U), which involves A,,. Using Lemma we can
show that,

Ao (llo(A+n=20)|1 = lo(A)]h C
NG ( n—1/2 — XD (u; Uw)) + Ao

j=1
where (u;, v;) is a left-right singular vector pair of A corresponding to o;. This implies
that H,,(U) 4 H (U) for each fixed U, and also for finitely many choices of Uy, ..., Uy,
for any k£ > 1. In order to complete the proof we need to verify stochastic equicontinuity of
{H,(U)}n>1 on compact sets. That is, for every e, 7, M > 0, there exists a d(e,n, M) > 0
such that for large enough n,

)

1

o (UJUVO)

(C.3) P sup |H.(U") - H,(U)| >n | <e.
U ~U||p <8
max{[[U"|| ¢ [|U | r } <M
Now we see that,
H,(U') — H,(U)
— 2 tr{(U’ - U)TWH} + [tr{(U’ —U)TC,(U — U)} + 2tr{(U’ - U)TC’nUH
(C.4)

Jn n-1/2

Now for any X,Y € RP*T, applying Lemma and Cauchy-Schwarz inequality,
X~ 1Y ] < S0 loy(X) = 0;(Y)] < Vi [ X ~Y |, where m = min{p, T}.
Nowset X = A+n~/2U"and Y = A+ n~'/2U. Then

2o (Lt s 0 oA+ M0

(C.5) < n V2m|U - U|p.

|o(asnr) |, =[lo(a+n o),
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Now denote ; as the largest eigen value of the matrix C. Then due to assumption (C.3)
and basic operator norm bound, we have;

(C.6) w{ (U - U) CU' - U)}| < 29U - U3,
(ek) o{ (U -0 U} < 20| U - Ullp| U
Lastly, [tr[(U' = U)W, || = (U’ — U, Wy)r| < U = U||F [|Wa||r. Now due to
LemmalA.11] for every € > 0, there exists 0 < B’ := B’(g) < oo such that,
(C.8) P(|W,|lr > B'(e)) <e.
Hence combining (C.3)), (C.6) we write,
(C.9
sup |H,(U") — H,(U)| < 25|Wallr + 27102 + 2916M + 2X06m '/
IU'-U|r<s

max{[|[U”||r,|U || r}<M

Now considering 6 = %min {1 /#, S[M'yljr]Am/ﬁ]’ 437(5) }, and from lb we can

conclude that for large enough n, (C3) is true. Since every matrix valued map can be
equivalently expressed in terms of vectorization operator, we can apply Lemma [A.T3] for
vec(UP*T) € RPT and the proof is complete. [ |

C.3. Proof of Theorem[3.3| Let S be a perturbation matrix and consider A + S. If o; is
a simple singular value of A with left and right singular vectors u; and v;, then

(C.10) 0i(A+8) =0;+ (u;) " Sv; +O(]|S]?).
Next we verify, Hadamard differentiability of the map ¢; : RP*T — R, ¢;(A) =
0;(A), at A tangentially to RP*T with derivative ¢/;(A)[H] = (u;) " Hvj, in the sense of
deﬁnition Let t, — 0and H,, — H in R?*T. Define, S,, = t,,H,,. Substituting this
into (C.10) gives
O']'(A +thn) — 0y
tn

Since H,, — H in the Frobenius norm and ¢,, — 0, the remainder term vanishes and we
obtain

= (u;) " Hyv; + O(tn ]| Hal?).

Jj(A + thn) — 0y
tn
It remains to verify that the derivative H ~ (u;)" Hv; is a continuous linear map on
RP*T under the Frobenius norm. Linearity is immediate. For continuity, note that

— (Uj)TH’Uj.

(uj) " Hoj = tr(vj(uy) "H) = |(u;)" Hoj| < [lvj(w)) "|r [H|p < [|H|F,
Since u; and v; are unit vectors, |v;(u;) || = 1. Thus the derivative is a bounded linear

functional and hence continuous. This verifies the Hadamard differentiability of ¢; at A.

In our setting, S,, = AJL — A. Since Theorem shows that ﬁ([ln —A) 4 U+, we
can write S,, = ﬁ Vn(A, — A), t,:=n"'2 H, :=./n(A, — A). Substituting S,,
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into (C.10) gives 0j(A,) = o; + ﬁ(uj)T [Vn(A, — A)]v; + Op(n~1). Then we can
apply functional delta method for all 1 < j < r* such that we have,

A * d *
\/E(O'J(An) — O'j) — (Uj)TU vj,
where U* = argmingcrpxr H(U) is the limit in Theorem Next we will address
asymptotic behavior of singular values corresponding to the zero block. Let the singular
value decomposition of A be written in block form as

1 0

A=UxV' =[U1 U {0 0

[l

where, ¥; = diag(o1,...,00+), Up € RPX(®=rD), Wy € RTX(T_T*E’ m = min(p, 7).
Omin(X1) = o > 0. Define the rotated matrix Z, := U'A,V and A, :=
UT[n'/2(A, — A)]V. Then

n'/?Z, =n!PUT A,V =n'PUTAV + 02U T (A, — A)V

125 + A A

_ . 1/2 _[(n 1+ Ax1 n,10
=n/*Y+ A, = ,
( An,Ol An,OO)

=:M,, (say)

with, An,ll S R *r R An,lO € RNX(T*T*), An,Ol S R(P—r)xr? R An,OO € R x(T—r")
Set Bn = nl/zEl + Amn,C’n = An,lOyDn = An,OlaEn = An,OO- Now due to
Theorem 3.2]and since orthogonal transformations preserve the Frobenius norm, therefore
[Anllr = Op(1). More importantly, [Api1|F, [|Ano0llrs [Anorllr, [[Anoollr =
O,(1). Since B,, = n'/2%) + Ay 11, 0 = Omin(S1) > 0, therefore for large enough n

and for some constant ¢; > 0, 0min(Bn) > omin(n'/251) — [|[Ap11]| = 220, —c1 &

oo. Hence B, is invertible with probability tending to one. Now applying Lemmal[A.T5|to
M,,fork=1,...,m—r*,

o k(M) = UT*+k(n1/2Zn) = ”1/20T*+k(zn) = op(En) + Op(l)-
Recall that, E,, = A, 00 = Uy [nl/? (fln — A)|Vy. From Theorem we have E,, =

Uy [Vn(A, — A)] Vo 2 U U*Vj. Since singular values are continuous functions of the
underlying matrices, we then have forall k = 1,...,m — r*,
ou(By) = oy (UOT [Vn(A, — A)]vo) L o (Ug U*Vp).

Now orthogonal rotations preserve singular values, so n'/20;(A,,) = o;(M,). Combining
the above results and applying Slutsky’s theorem, for k = 1,...,m — r*,

Vo i(An) S o (US U V).

Therefore the proof is complete. ]

CA4. ProofofProposition Define the event g := {||/~1n — Allp = o(n"'/?logn) }

Note that P(Q) = 1 due to Lemma|A.8] Fix w € Qg throughout the argument. All limits
below are therefore deterministic limits along this fixed sample path. By Weyl’s inequality
for singular values,

155 (W) = 051 < |An (@) — Allop < [|An(w) — Al p.
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—1/21
Hence, maxi<j<m |5§n) (w) —oj] = 0<n_1/2 logn) . Since noTooen 0, it follows
<< @
that
~(n) 0 —
(C.11) ax 6,7 (w) — 0] = o(ay).
Since 01 > --- > o« > 0 and a, — 0, there exists N;(w) such that a,, < 75"

for all n > Nj(w). From (C.11)), there exists Na(w) such that for all n > Ny(w),
Maxy < <r &](-n) (w) — 0| < Z=. Let Nio(w) := max{N;(w), N2(w)}. Then for all

n > Nig(w)and 1 < j < 7%, &j(") (w) > 05 — &5~ > %5~ > ay. Hence, &én)(w) >
an Vj < r*, ¥n > Nig(w). Thus no non-zero singular value of A, (w) is removed

by thresholding for sufficiently large n. On the other hand, For j > r*, o; = 0. From

|| there exists N3(w) such that for all n > N3(w), max;s,« |&§") (w)| < %-. Hence,

for all n > Nj(w) and all j > r*, (™

; (W) < an. Thus no spurious singular value of
Ay (w) exceeds the threshold eventually. Let N(w) := max{Nj2(w), N3(w)}. Then for

alln > N(w),

5§.n)(w) > a, forj <r* and &ﬁ") (w) <a, forj>r".

Therefore, rank ( g(thr) (w)) =7* Vn > N(w). Hence for every w € Q,
rank(A) (w)) # 7*  only finitely many times.
Since P(Qp) = 1, we conclude
P(rank(A{™) # r* infinitely often) = 0.
The proof is complete. |
C.5. Proof of Theorem[d.1] First we define the set,
B= { |A, — Al|r = o(n_1/2 log n) } N {rank(fi,(fhr)) = r*}
N { LOW? 6] E) S MN per(0per, U =02C, V = Ir) }

Note that P(B) = 1 due to Lemma and Proposition Therefore it’s
enough to show for every w € B,

(C.12) F () L5 F(w, ).
Fix an arbitrary w € B and suppress the dependence on w in the notation. Recall that,

Vi (Axmed) _ AUy — are min HX(V, ),
VeRpPXT
where

H\(V,.) = l—ztr(vT Vigw, ) +tr(VIC,V)

(C.13)

\/ﬁ n—1/2

For that every w € B, we will first show that;

(C.14) L:(H;;(w, vV, | 5) 4 E(Foo(w,V))

T(thr _ T(thr
Mn(nom&f L+ 2V) |~ o (AL %)]
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and consequently the argmin laws converge. Denote by U, = (U 1,n Uo,n) and V,, =
(‘N/Ln, VO,n) the left/right singular vector matrices of Aﬁf hr) with block sizes r* and m — r*
(on the rank-identification event which has probability tending to one).

Step 1: convergence of the smooth part.

Consider the smooth portion of H; as: Sy, (V) := —2tx(V W o) +tx(V C,V). On
the set B we have (pathwise), W: c ow Concerning the linear term, the bootstrap law

of —2 tr(VTW* ) converges (conditionally) to the law of —2tr(V " W) by Lemma

on B. Because tr(VT -) is continuous in the matrix argument and C,, — C in Frobemus
norm on B, we have pathwise (for this fixed w)

Sn(Viw,) L5 Soo(r) where, Sao(V) 1= —2t2(VI W) + t2(VT CV)

More precisely, the finite-dimensional distributions of (S, (V1,w),...,Sn(Vk,w)) con-
verge to those of (S (V4),. .., Seo(Vk)) for any fixed Vi, ..., V.
Step 2: Convergence of the top r* singular values of the thresholded estimator.

Recall that, for some fixed w € B, there exists N (w) such that, a(thr) (w) = 5’§n) (w)

for all n > N(w) whenever 1 < j < r*. Since o; > 0 and O'( )( ) =0 +0o(1) dueto
Lemma[A.§|on the set B for all j < r*, consequently these top r* singular values survive

thresholding and AS ") has exactly r* positive singular values for large n (on B).
Step 3: Convergence of the top r* singular vectors of the thresholded estimator. Note

that, {11("), f)§n) * , be the left-right singular vector pairs for A" Therefore by Corol-
lary and for all n > N(w) and on the set B we have,

sinf(al™, u;) < % forall j=1,...,r* with E, = A" _ A
Letu,w € R% be unit vectors and let 6 be the principal angle between them, so that cos § =
4 " . Decompose @ into its projection onto u and its orthogonal residual: @ = (@ " u)u+
w, w := 4 — (@' u)u, w L wu. Since both vectors have unit norm, 1 = ||a|? =
(@"u)? + |lw|3. Hence ||wl]2 = /1 — (@Tu)2 = /1 — cos?d = sin 6. Because w =
@ — (" u)u, we obtain the identity sin 6(w, u) = ||[@ — (@' u)ul|2. Since sin §(u, u) =
|l — (@" u)ul2, the earlier Wedin type bound implies for any w € B,

af" = (@ Tug) w], = O<”E"“"p)'

. . . _ 2
Because both vectors are unit-norm, the scalar inner product satisfies 1 — (ugn) Tuj) =

Ol En2,). which implies (" "w;| = /1= O(|E.IZ,) = |1 = JO(IEI,) +

0(||En||gp)] Define,

1, a4l Tu; >0,
T AL ™ Ty <0
, 3§ j .
so that s; ,, u(") u; > 0. Then ||u(”) — 55 nuj 13 =ls;, nu(") — u;||3. Expanding the
square and using ||u;|2 = ||, (), = 1 and 57, =1,

~ ~ T
Isjntnd™ — ;3 =2 -2 sj7nu§”) u;.
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~(n)T _ |ﬁ(n) T

~ (1) 2 _
By the sign choice, s;, u; U, u;|. Thus we have, a;” — sjnu;llz =

-2 |u§" u;|. Using the expansion above on the set B,
(C.15) 135" — 55.nujll> = O Enllop).
Applying the same argument to AT = AT 4+ E gives

(.16) 160 = 530031, = O(IBnllop )
Now fix any matrix V' € RP*7T, ertlng al™ = SjnUj + 7y, and 0(7)
with 7y, Ty, satisfying (C.15) an , we obtain

a Vel = (uj)TVruj + () Ve, 1 Vo 1) Ve,
Each error term is bounded by ||V||,,, times the Correspondmg vector norms, giving
~(n) T ~(n
a5 "V 5" — () Vs | < 20Vl Ballon + 1V lop | Eall3,

Since due to Lemma[A.9] || E,|lop = o(1) on the set B then for any fixed matrix V/, the
right-hand side is o(1) pathwise (for w € B) for large enough n.
Step 4: Convergence of the lower m — r* adjusted singular values. Recall that, for some

fixed w € B, there exists N(w) such that, N(tm)( ) = 0 for all n > N(w) whenever
r* < j < m. Since o; = 0 and a](- )(w) = O(n~=/2) on the set B for all j > r*, con-

= 8jnVj + Tun

sequently these lower m — r* singular values do not survive thresholding and /L(f ") has
exactly m — r* zero singular values for large n (on B).

Step 5: Convergence of the lower m — r* associated singular vectors. Recall that, m :=
min(p, T). Define the signal and null singular-vector blocks by U = (U1 UO), V =
(V1 Vo), where

U, = (ul, ... ,ur*), Uy = (uMH,...,up),
and similarly V; = (vl, e ,vr*), Vo = (’Ur*+1, e 7'L)T).Likewise let ﬁ" = (ﬁln (NJO,”),
V, = (IN/“L ‘70"”)7 where ij,n = (u i”)H, . ,11](0")), and similarly for ‘70,”. For the as-
sociated orthogonal projectors define:
P =UU,, Pi,=U,U,, Po=UUy, Pon=Uonly,.

Since Py = I — Py, Py, = I — Py, it follows that || Py, — Py||r = ||P1., — Pi||r. By
Step3on B, foreachj =1,...,7%,

1Py — Prjl3 = H*”’ i\ T — () T[],

—tr[( ™ i ('n)T_uj(“j) ) (ﬂgn) 'a§'n) — u;(u;) }

= tr( (n) ~(n)T (n) u§-n)T) —&-tr(uju;ruj u, ) -2 tr( ;n) a7 )
C17) =21 - (u“”uj)ﬂ = O(||E.|1?,),

using w; u; = ugn)T 5 ") = 1 and ti(AB) = tI(BA) Therefore, ||151,j,n — Pijlr =

O(|Enllop), where E,, = AT™ — A. Since P = Zj:1 P, P, = 23;1 Py j p, the
triangle inequality yields

r* *

1Prn = Pille = D (Prjn = Pij)|| <Y IIPrjn— Prjle = O Enllop)-
i=1 =l



42 MAYUKH CHOUDHURY, DEBRAJ DAS, AND ARINDAM CHATTERIJEE

Hence on B, we have ||P0 n— g I F = O(||Evlop)- Applying the same argument to the
right smgular subspaces yields || Vp, nVO W—VoVo' llF = O(| Enllop)- Let k := p—r*. Since

Uy and Uo,n both have orthonormal columns, U0 Uy = I, ﬁoT nﬁO,n = Ij. Consider the
matrix

M, = UJ ﬁ(),n with its singular value decomposition M,, = LnEnK;Lr .
Define, Q,, := L, K, . Then Q, is orthogonal. We claim that ||Uy,, — UyQn|% =
2 tr(Iy — 3,,). Indeed,
1.0 = Uo@Qull} = tr[ (Do — UoQu) T (To.n — Us@)|
= tr(Iy) + tr(Iy) — 2 tr(Q Uy Uo.n)
=2k —2 tr(K,L, L,2,K, ) = 2 tr(I, — £,).
Now we see that,

1Py = Poull% = 10Uy — UonUs %

=9k -2 tr(UOUJﬁMﬁJ") =92k 2 tr(MnMJ) = 2Zk:(1 — 0y (My)?).
=1

Since both Uy and ﬁom have orthonormal columns, Hence, for any vector z,
1Moz|l2 = Uy onallz < |Tonallz = l|z]le.
Therefore | M, ||op < 1. Since every singular value is bounded above by the operator norm,

0 < 0;(M,) < 1. Consequently,

170’1'(Mn)2 2
SO oy (M),
1+ 0;(M,) = 7i(Mn)

because 1 + o;(M,,) > 1. Therefore we obtain,

k
1 -
(=20 =3 [1— o) < 51B5 = Poald-
Therefore ||Up ,, — Up@Qn||% < || Py — P, and hence

100, = UoQnllr < [[Fo — Ponllr = O([Enllop)-
Exactly the same argument applied to the right singular subspaces yields an orthogonal
matrix R,, such that ||V0 n — VoRu||Fr = O(]|Eyllop). Therefore we can write, Uo,n =
UoQr + Z,, Vo,n = VoR,, + Jyu, such that | Z,||F, ||JnllF = O(]|Enllop). Now fix any
matrix V € RP*T ., Using these arguments,
UgsVVon = Qo Uy VVoR, + QUG Vi + ZIVVoR, + Z1V J, .
=A, (say)

To bound A,,, note that ||Qn|lop = [|Rnllop = [|Uollop = [Vollop = 1. Using ||ABC||r <
[Allop | Bl 7 |C][op, we have,

[Anlle < VIIFNTnlle + VIR Zallr + Ve Znl )l Tnll 2
= O[IVIIFl Enllop + VI FIIEIZ,]-
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The nuclear norm is continuous and invariant under left and right orthogonal transforma-
tions. Denote the nuclear norm of a matrix D as ||D||. = ||o(D)]||;. Therefore for any
IVIlF < R using reverse triangle inequality for norms,

TG0V Vo,ull« = [1(T0) TV Vo

= (IR} o) "V VoRw + Aul — Q) (Uo) VVoRall.

< 1Al < Vml|Anllr = O[IVIIF1Enllop + IV [ Enll2,]
= o(1), on the set B.

Thus we obtain that,
(C.18) 1T UVonlls = [1(TU0) TU Vil + o(1).

Step 6: Matching the original limit. Recall that penalty part from (C.13)) and due to step
(2) and (4); apply Lemma|A.7|with v = n=/2 | 0 to have,

o (AS™ + V)|l = [lo(AS™)]
Y

=2 @V e+ [0V Voul .-
j=1

(C.19) lim
740

We now bound the point wise difference:

*

S @V o |00V Voull, =D (u TV ;) - HUOTUVOH*’
j=1

= O[HVHF”EnHOP + HVHF||E7L||c2>p] =o0(1), ontheset B.

Combining step 1-6, this completes the proof for (C.14)). The argmin convergence follows
similarly as the steps of Theorem and Lemma Therefore the proof is complete.
]
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