8. Supplementary Material.

8.1. Notation. For notational simplicity, we shall set p, = p, po., =
po. Since we are dealing with linear combinations of 31,..., 3, which are
invariant under rearrangement of the summands, without loss of generality
we shall suppose that I, = {j : 1 < j < p, Bjn # 0} = {1,...,po}.
Let Z+ = {0,1,...}. Let K,K(-) € (0,00) denote generic constants not
depending on their arguments (if any), but not on n. Also, in the proofs
below, let ng > 1 denotes a generic (large) integer. For a = (aq,...,q,) €
7% let o) = g+ -+ ap, al = a;! -+ a,! and let D denote the differential
operator

olel
Ozt -+ Oy

on R”, where r > 1 is an integer. Let
P ws
Vo(u) = W'Cru—20'Wo+ X, > [B)0] <‘5jm + \/ﬁ’ - |ﬁj7ny> , u€eR?
j=1

where W, = n~1/2 o Xle;. Partition W,, as W, = (W%l),,W?(f)/)/7
where Wg) is pg x 1. Also, set W1(10) = W, p9 = p, pM = py and
p(Q) = p — pg. Note that

(8.1) Bn = argmin V,(u).

ucRp

Let b, = DY O st - A2, T, = n ' 300 €9(¢9)" and
/
) ¢t

where 550) = D%I)Cfll,nxgl)v 771(0) D7(’L )Cfﬁnn@ and n = (é-i,la s 7£’i,p0)
with )\
Sij = nl/2 *Tij - sgn(Bn) V| Bjnl| OO 1 <5 < po.

Next note that by Conditions (C.2), (C.3) and (C.6),

1/2 1/2
bl < IDVCTLN - IlCT 21 15 -
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Let r; = min{r > 1: ||b,|"t' = o(n~'/?)}. Define the Lebesgue density of
the Edgeworth expansion (EE) for T, by

Yn(x) = ¢ (x, O'ZTn) 1+ i b X <X; 02Tn>

=1

ZE ( 2Tn) , x€RY

\|3

where éﬁf’) (@)=n"1Y", (£§0)> a, ¢(x, T) denotes the density of the N (0, Y)
distribution on R? and where y(x; Y) is defined by the identity

Xa (3% 1)¢ (3 T) = (=D)%¢ (x; 1),

o € ZY% . Next define the density of the EE for R, by

ﬁn(x):¢<x,'fn) 1+Z {Z b,)*Xa(x Tn)}

kl'\a|k

+ { Z Z [ﬁ (a+7) 57(10)<a)§7(10) (7)} Xoc—l—'y(X; Tn)

Vn
la[=1 |v[=2

—3Z£n XaXT)} , x € RY
|oe|=1

8.2. Awuziliary Results.

LEMMA 8.1.  Under conditions (C.2) and (C.4)
(i) P (W] > KVpologn) = O (po - n=(272).
(i) P (mew > K@) =0 (pV - n==212) for 1 =0,1,2
(iii) P (Iv/n(B, ~ Bl > KvIogn) =0 (p-n==2/2).
PrOOF OF LEMMA 8.1. First consider (i) and (ii) with = 1. By condi-

tions (C.2), (C.3) and the moderate deviation inequality (cf. Bhattacharya
and Ranga Rao (1986)):

P (W > K/pologn) + P (W], > Ky/logn)
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Po
=P g |Wj7n\2 > poK2logn | + P ( max |Wj,| > K\/logn>
= 1<j<po

(82) < zip (|Wj,n| > K\/@) 0 (po : n*“*?)/?) .
j=1

Part (ii), [ = 0,2 follows similarly.
Next note that by condition (C.2) and by Holder’s inequality, (2.1) of
Section 2 holds for r = 2. Further,

\/E(Bj,n - Bj,n) = (Cﬁl)]Wn

p n n
— ZC%Z [n—l/Q Z%lei] — 172 ziim% for 1 <j <p.
=1

i=1 i=1

Hence by arguments similar to (8.2),
P (max{\\/ﬁ (Bj,n - Bj,n) |:1<y gp} > K\/logn)
n
=P (max{]nlﬂzfi,jei 1<y Sp} > K\/logn>

-0 <p : n—(r—2)/z> 1;21
O

The key step in the proofs of Theorems 3.1, 3.2, 4.1, 4.2 and 4.3 is an EE
for the ALASSO estimator and its studentized version which is stated and
proved here.

THEOREM 8.2.  (a) Suppose that conditions (C.1) - (C.6) hold with
r =4. Then,

sup |P (T, € B) — /Bi/)n(x) dx| =o0 (n_1/2> .

BeC,

(b) If conditions (C.1) - (C.6) hold with r = 6, then

gtelgq |P (R, € B) - /B7rn(x) dx| =o (n_1/2> .
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PROOF OF THEOREM 8.2. Write u € R? as u’ = (u(l)/ u(z),) where

u® is a py x 1 vector. Similarly, let W/ = (W%l)/, W7(12)/>. Note that by
condition (C.1) on the set

A ={IVAB, = Byl < Klogn} 0 {|WLV]| < K/pologn}

n {||w£3>||oo <K 1ogn},

for n large,

Vn(u)Z(l—(S)[ ()C11nu()+u()022nu( )}—2uW + = An Z [

Vi 1Bjal”
= | Jn\
RTINS ITE RPN ¢ (1) \@nl
> (1 =) [[a"V| i, — 2V [|W2]] - Z
+ Z |jl< 2|Wj,n\>
Jj=po+1 \/ﬁ ‘53”‘
> ju®] {(1 = 8)[u D i1 — K+/pologn}
—2Z!ﬂm - (1+K( )\/W)
7=1
p
(83)  + K- D gl A0V (logn) — (logn)'/?] > 0
Jj=po+1

for all u € RP with

Po
[u|| > M, = K(6,7) max {nﬂ{n(po logn)1/27z \5;‘,”\1—7}.
j=1

Next, note that for any u = (u), u®) and py + 1 < j < p, the absolute
value of the jth component of u(l)/Clgm is bounded above by

Po Po 1/2 7 po 1/2
Z |UlCl,j,n‘ < (Z u%) (Z Cl%j,n) < ||u(1)”[tr(cll7n)]l/2 ;éQn
=1 I=1

=1
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Since by (C.2), max{c;jn : 1 < j < p} = O(1), it follows that on the set A; ,,
and for n > ng (for some ng > 1), the following inequalities hold uniformly

over {u € R”: [uM|| < M, u® # 0}:

Vp(u) =V, (u(l), 0)

||

p

_ @) 4 (2 @) _ 0n@' @ 4
=u"’/ Crpyu” +u” Copu 2uY W+ — =
\/ﬁj%;_l |Bj,n|w

p
A '
> uj| |~ = 2[Wjn| — | (V) Ci2n .\]
j=pzo+1 ’ [\/ﬁlﬁjmly ’ < >3
p
>K() Yl [/\nn(%lw(logn)’”/? ~ (logn)"/2 — an(l)/z}
Jj=po+1

(8.4) >0.

Since V;,(0) = 0, from (8.3) and (8.4), it follows that the minimum of V,,(u)
can not be attained at any u satisfying either ‘|[u(®|| > M,’ or ‘|uV|| < M,,,
u® = 0’. Thus,

argmin V,(u) € B,, = {u eR?: |[uV|| < M,, u® = 0}’
uckp

whenever (8.3) and (8.4) hold. This, in turn, implies that on the set A, ,, for
n = no,

Vn (,[Ain - Bn> = argmin V,(u) = argmin V, (u(l), O)
uckp [uM || <My,

(8.5) — (US)',O’)/,

where U = €7, (WS) 2,50 /2) and 8 = (Gim .. 5p0m)

with §;, = sgn(ﬁjvn)\ﬁjm\_v, 1 < j < pg. For the last equality, one needs
to use condition (C.5) and verify that, on the set A ,, for n > ng (without
loss of generality),

-1 >‘TL —1 > —2v Mn
’C’ll,nSnH < K(v) “Mhin Z |Bj.nl < .

An
NG 2v/n

Hence, using (8.5) we obtain

j=1

7, - DY — DPC, [wih - Aes - 2] g,
K n n bl
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(86) = Tl,n + Ql,nv (SaY)a
where sg) = (S1m,--- ,spo,n)/, Sin =sgn(Bjn)|Bjn|" " and
ngl) = (Ll,m s LPO,H)/

with

Ljn = V1(Bjn = Bin) -7 - $jnlBim| ™"

1 7. _ ,
=7 > [96” - sgn(Bin)|Binl " e, 1< < po.
i=1

Here, the remainder term @, ,,, obtained by Taylor’s expansion, admits the
bound

1/2
An ~ 2
1Quall < K()ZZIDVCTL, ng, 1B, — Bl
1/2
An logn _ _
(8.7) < K(V)% 1117/12“ Z 1Bjnl™ 20r+1) =o0 (n 1/2> )

on the set A; j,, for all n > ng. This follows by using Condition (C.6) and
the following inequality:

2
IDVCL I =sw {IDP T x| :||xu=1}

q
:SUP{Z (dj Clln Hxl = 1}

=1

—1/2_ 2
lln 'SuP {HCH,T/Z x[| x| = 1}

~1/2,2
Ciind; ] [folryd

/ —1/2,2
<q-swp {y'DLCH (DD)y :y e RY, y| = 1} - [C1/2)
T2 ~—1/2
(8.8) —q-|[DOCTL, (WY e

By (8.6) and (8.7) and Theorem 2.3 of Bhattacharya and Ranga Rao (1986),
we have

sup |P(T,, € B) — P(T1,, € B)| =0 <n*1/2) ,
BeC
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and hence, it is enough to derive an EE for 77 ;. Recall that,

550) = Dgtl)cll n El)a ,'750) = Dgll)cl_ll,néza

and Sz = (gi,la s >§i,po)/7 1<i< n, where

b
b)
1Bjm" !

The stochastic part of T’y ;, can now be expressed as

Z( + ) )Ei,

which is a vector of weighted sums of iid zero mean random variables. Also,

by (C.2),

A . .
§ij= — Wn 'xi,ngn(Bj,n) 1 <J < po.

1/2 1/2
(89)  ICL2AI < (CrL) < Kpo, and O = nl, < K.

1n =

By using conditions (C.2) - (C.6),(8.8) and the above inequality, it can be
shown that

(8.10)
Y IO < IDes, [ *Zn zH] [ v+1>]rzo<1>,
i=1
and
lim inf inf{ 12} 0)+m } :x € RY, HxH—l}
= lim inf inf{xD( 1CH (DD)x x| =1, x € RT} +0
(8.11) >4

Next, for n > 1, t € R? and 1 > 0, define the set

An(tm) = {z d<t<n (¢ +6%]) > ?72},

and let |A,(t,n)| denote its size. Note that by (8.11), without loss of gener-
ality (w.l.g), we may suppose that for all n > ny,

. e (0 O S0
mf{n ;r(si ) x| ||xu—1} .
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Then, for any t € R? with ||t|| =1,
f  — 2
DN A GRE
i=1

2
< max{\s?) + m“”u =1, n} A (6 m)] + [n = |An(t, )] 7

n 2/r
(Z 1”1 (Z Hnﬁ(”u’") [An(t, )]
[
n

+ [ = [An(t, ) Jn*
l

K (r)n®"|A(t,m)| +n -,

for n large. Thus, for 0 < 1 < V/§/2, for all n > ng (w.l.g.),
812 (el Z 0 |5 o] KO0 0 2 KOt

uniformly in all t € R? with ||t]| = 1.
Next define the Lebesgue density of the EE for T'y,, by

wl,n(x)
N % 042_3 (n_l ; (61(0) + ngo))a> D™\ ¢ (X : UQYU“H) ,

o /!
with x € RY, where u3 = Ee3, T, = n71 Y1, (57(;0) —|—?71 )(5(0 +775 )) ;
0? = Ee2. For a Borel subset B of R, set

\Ill,n(B):/ijl,n(X)dx

Then, using (8.10), (8.11), conditions (C.2) - (C.6) and standard argu-
ments (cf. the proof of Theorem 20.5 and Theorem 20.6 of Bhattacharya
and Ranga Rao (1986)), one can show that

(8.13) sup |P(Ta, € B) — ¥ ,(B)| =0 (n_l/Q) :
BeC

provided, there exists dg € (0,1) such that for all 0 < 7 < do,

(8.14) ZEH( D)1 (1 (67 + 0 el > nvin) = o(1)
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and

(8.15) max / ‘DaEeLtlT37"| dt =o (n71/2> ,
lal<a+1 Jyy/n<|t]|<n

where T3, =n~ /23" | (X;, — EX;,), with
Xin = (€ + 01 (116 +nllleil < Vi) .
First consider (8.14). Note that
maX{HE +n2 :1<i<n} <K@r) n'

Hence, the left side of (8.14) is bounded above by

n SN + 0 Bl 1 (1€ + 0l e | > nvn)
=1

oy : Vi
< (n o1+ > Blart (jal > 057
=o0(1).

Next consider (8.15). For any 0 < |a| < ¢, {DaEebt/T?””‘ on the left side of
(8.15) can be bounded above by a sum of nl®-terms, of the form

K(an ™ max (B X — EX ;|1 j € T} - [] [BeXon/V7),
jelg

where J,, C {1,...,n}, is of size |a|, and where JS = {1,...,n} \ J,. Note
that by the Cramer’s condition, there exists a 6 € (0,1) such that

supq [ [Eet ™ n/VP] i nv/n < It < n
jeig

< sup H }Eexp (Lt’Xj,n)‘ < |t < vn
JEAn(t/IIt|lm)

< sup H [}Eexp <Lt’ [51(0) + ,71(0)] el>} +P (’61\ > K(;)ﬁ;l/”)]
JEA(t/It]I,m)
i < JJt]] < v/n}
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< pK(ry.d)mi=2/r

—_— )

for all n > ng, (w.l.g.). Hence, (8.15) follows. This proves (8.13).
Part (a) of Theorem 8.2 now follows by noting that {B+b : B € C;} = (,
for any b € R? and that

P(T, € B) = P(T1, € B) +0 (n_1/2>

= P(T2, € B+b,)+o (n*l/Q)

= [ axcro (n2)
B+by,

= / Y (x) dx + o (nilﬂ) , uniformly in B € C,.
B

Next consider Part (b). It is easy to check that

n ~ 2
(8.16) 62 =nt Z & —& + [i; (Bn - ,Bn)} .
i=1
Also, from Theorem 8.2(a), it follows that

(8.17) P (||Bn - B, > Ky/n™! logn) =o0 (n_1/2> :

Now using conditions (C.2) - (C.6) , (8.16) and (8.17), one can show that

R,=5,'T,=T, [1 b (33—02)} + Qs

o 203

ST L LS (e -n) s a,

o 203 | n <

(818) = Rl,n + QS,na (SaY)7

where

P (HanH > Kn_l(logn)3/2) =o0 (n_1/2> , j=2,3.

Next, using Conditions (C.1)’-(C.6)" and retracing the proof of Part (a), one
can show that

/
sup ‘P( _1/2Z<( —1—77Z )lei, e?—o*Q) EB) —/wl,n(x) dx’
B

BeCyta

=o (n_1/2) ,
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where

Tin(x) = |1— 1 Z Eno)(a)E|61|o‘(e% - 02)37|Q|D°‘ o) (x : E%O)) ,

6yvn || <3
with x € R?+! and E,(QO)(O) = 1. Let Ry,, = Ry, — 2=. It can be shown that
the formal cumulants of t' Ry, are given by
k1 (VRyy) =E (t'Ryp) = _Lom Z taé(o)(a) +o (n‘l/Q)
’ ’ vno 203 o "
o=

k2 (¢ Ray) = Var (t'Ry,) = t'Tht + o (n’l/z)
K3 (t/Rgm) = E(thgm)S — 3E(t/R27n)2 -E (t/Rgm) + 2(E (thgm))g

n Y el @ -3 Y e (el ()

lee|=3 lee|=1 |~|=2
+o0 <n71/2> .

Next, using the transformation technique of Bhattacharya and Ghosh (1978),
one can show that

sup |P(R, € B) — / Tn(x) dx| =0 (n_1/2> .
BeC, B

This proves part (b) of Theorem 8.2. O
8.3. Proof of the main results.

PROOF OF THEOREM 3.1. Let A,(zl) be a py X pg diagonal matrix with
jth diagonal entry given by sgn(ﬂj,n)|ﬁj7n]_(7+1), 1 < j < po. Note that

Zs - C(Z U ([a H')Clﬁnnsy

>\n’YD(1 lln ( Zx(l) /> [AS)/ : OI]ICﬁlnDS),
n ’

!
— )\MD(”CH” [Ciin: Cran] CH AW 0| ¢, DO
n b
)\ ol _ !
= :L D(l)Cll N [ : ] |:A(1) O/] Clll,nD’gzl)
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(8.19) _ MY pisl AU 'cy, DY

n 11n**n

By Theorem 8.2(a), it follows that

A, = sup ‘P (T, € B) / (x5 0%Y,) dx|
Bec, B

[ bt o)

BeC,
= s /B[¢(x;02'i“n)—¢(x;02'rn)] dx
+ Z bf{/ Xa (x,a Tn> b(x; 02T, dx
|a|=1
“agn 2 & [ xaloxi ¥ )oY, dx

+o (nfl/Q + ||bn\|>

(8:20) = sup [[10(B) + Ion(B) + Tan(B)| + 0 (n™"/2 4 [bal]) , (say).
Bec,

Note that by (8.8), (8.9), (8.19) and conditions (C.2) - (C.6),

T = Tall = 207 Y &0n + 07 3 nn®”

i=1 i=1
27)\ _
< lln lln IZ ||77
27)\
=< Citl’ - IAY)]
e 1.2
+ K(q,7) ( ! ZZ B Q(VH ) : ||D£11)Clll,n||
i=1 j=1 M3,

An (| ~—1/2,2 _
< K@) IO | IA0) + 2 Zw 2oty

n n
(8.21) < K(gy) 22 peto+D),
n

The proof of Theorem 3.1now follows from (8.19)-(8.21).
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PROOF OF THEOREM 3.2. Since tr(T,) > dgn® O+ for some § € (0, 1)
and Ty, is ¢ X ¢, for each n > 1, there exist a j, € {1,...,q} such that
(Tn);; = ona O+ Write C,,, be the collection of all sets of the form
{xeR?:2;, € (—a,a), a € R}. Also, let
fa =0 (Tn);,

Then, I, = 0, for all B € C,, for k = 2,3, and using (8.19) - (8.21), it can
be shown that

An > sup [ha(B)| +0 (n712 + b))

BeCy
2 2
sup{‘/a[ exp( ;%)—Tn_lexp(—;ﬁ)] da:’:aE]R}
+o (n-m + I1ball)
>K]T —Tn|+0< 1/Z—i-||bn||>

(8.22)
> Kby 2 o (072 4 o)
n

and TT2L = 02 ’ (Tn)jna]n

This proves part (b) in the case where

A
\/ﬁ n

Hence, it remains to prove part (b) when this condition fails. Then, there
exists a subsequence {n;} such that

—1 b 1
Ap, - ny rortOD

i .
— 0, as?— oo.
1/2+b ’
+>\nz Z/ K

71/2

For notational simplicity, we shall suppose that this holds for the full se-
quence. Then, it is enough to show that

sup |I2n(B) + I35(B)| < [n*1/2 A, - n71/2+b7} '

BeCq

Since

W =0 (IDYer,sO) .

there exist {au,},>; C {ae€Zl :|al=1} and § € (0,1) such that

bn Qn
lim inf ‘(7)

A
n—oo pby. Ao
Jn

> 4.
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(For example, take a, to be the unit vector corresponding to the co-ordinate
that attains ||by|,.). Next, for any a € Z% with ||a| = 1, let Cy(cx) is the
collection of sets of the form

{x e RY:x* € (a,b), —c0o<a<b<oo}.

Then,

-1
liminf(nbv)\wn_lﬁ) - sup  |Irn(B)

n—ro0 BeCy(an)
> gt o

- sup {! /Bxan(x; UQYn)cj)(x; 02Tn) dx‘ :Be Cq(an)}
> K(6) > 0.

By a similar argument, sup{|I3,(B)| : B € C4(a,)} is bounded below by
a constant multiple of n~'/2. By further restricting attention to suitable
subclasses of Cy(a,) (if necessary), it can be shown that

sup {|Io,n(B) + I3,(B)| : B € Cg} < n~ Y24, - n_l/Q‘HW] :
This completes the Proof of Theorem 3.2. O

LEMMA 8.3.  Suppose that conditions (C.1) - (C.6) holds withr =5 and

5
let n=15°0 HC’I_llJ/fXEI)H = O(1). Then, for any 6 > 0 and K € (0,00),
there exists 6g € (0,1) such that

sup { |@n(t1,t2)| 1 6% < ] + 3 <nf} =1 -85+ 0,(1),

where,
Wn(t1,t2) = Exexp (Ltlef + Ltz(ef)2>, and,

w(tl,tg) =Eexp (Lt161 + Lt2(€1)2), ti,to € R.
ProoF oF LEMMA 8.3. Note that
|@n (t1, t2)|

n
=|n~! Zexp (Ltl(gj — &) + it (€ — /E\n)Q) |
j=1
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n~t iexp (L [tl — 2t {En + (x5 — in)/(,@n - Bn)}:| €5
j=1
- Ltlxz'(:an - Bn) + Lt2632
+ ttg [{X;(Bn - ﬁn)}2 + 2X;(Bn - IBTL) (ETL - Xln(Bn - /Bn)):|> ‘

Next, using a discretization argument as in Babu and Singh (1984) and
Hoeffding (1963)’s inequality (applied to the real and imaginary parts, sep-
arately), one can show (cf. Lahiri (1992)) that

sup {

—w(t1 +t2{u+ (’Uj —@n)},h)}
X exp ( — 1t + g [0]2 + 205 (u — y)] ) ‘
] < Kv/nTogn, max [o;] < e[t < 0¥, Jio] < nK}
<j<n

= Op(l)a

where ¥, = n"1 Y0 v; and e, = Ky/n~tlogn + Kn=45\,pon?". Hence,
it follows that

nt Zn: { exp (L [t1 4+t {u+ (vj — On)}] € + Ltzeg)
=

sup {[@n(t1, t2)] : [t2] < 0, Jto] <n™}
1 n
< sup{nzzl ‘w(tl +to{u+ (vj — 0n)},t2) ‘
j:

logn
ol < B o] < ool el < 0% ba,)

(8.23) +1(43,) + 0p(1),

where

Agn = {ygn| < K+/n1 1ogn} U {\x;(ﬁn —B,)| <en forall1<j< n}

and e, = K+y/n~Tlogn +n /7. X\, - py - n?7.
By moderate deviation inequality, P(|&,| > K+/n~1tlogn) = o(1), and
from the proof of Theorem 3.1,

P (B — )| >

1<j<n
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IN
"

1) ~—1 1y An W
<11£Ja§xn x;' Ciiyp [Wn 2\f >ep | +o(1)

P (|x§-1)/01_117nW£3)‘ > K\/logn> +o(1)

NE

1

DD

<.
I

Ele|"(logn)/? - n=(=2/2 4 o(1)

IN

2
K (r)Ele:|" (log n)™/? - n~"/2. (Zucl‘f{f il ) +0(1)

=o(1).

Therefor, P(AS,) = o(1). Now, from (8.23), it follows that for any given
6 >0,

sup {[@n(t1,t2)] : 6% < 1] +13 < n"}

n
< sup nTh Y Jw(ts + to{u + (v — )} 1) -
j=1
<42 <nf |u < K\/n_llogn,lrgfgcn|vj| < en}
+ 0p(1)
< max{sup{\w<t1,t2>r Jtal > 572},

sup {|w(t1 4 300en, ta)| 1 0% < 12+ 12 < 0, |ts| < 6/2,0 € |1, 1]}}
+ op(1)
< sup {]w(tl,t2)| 242> 52/2} +0p(1)
= (1-060) +o0p(1), (say).
This completes the proof of the lemma. O

PrOOF OF THEOREM 4.1. First we show that an analog of Theorem 3.1
holds for the bootstrapped statistics T, and R;. Let A3, be the union of
the events Aj, (cf. (8.5)), {E.|€l|” < K}, {E.(e})? > 02/2} and

{sup{l@n(ts 12| : 62 < & + 8 < n"} <1-6/2},

for given r > 3, K, and § where dy is as in Lemma (8.3). Also, let W7,
,6'2 denote the bootstrap versions of W,, and 3,,, obtained by replacing
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{y1,...,yn} and B by {y],...,y’} and Bn respectively. Then, restricting
attention to the set As,, (and n > ng), it can be shown that

P, (||W;‘l(1)|| > K+/polog n) =0, (po . n_(r_g)/g) :
(8:24) P. (W39 > K v/iogn) = 0, (50 -n~r7272)
P. (Ivn (B, = B,) Il > K\/logn) =0, (p-n~0=2/2).

Now, retracing the steps in the proof of Theorem 8.2, one can show that on

the set Az :
=o0 (n_1/2) ;

o0

P, (T € B) — /B Un(x) dx

sup
BeC

(8.25) e
sup |P.(R) € B) — / Tn(Xx) dx| =0 (n_1/2> ,
BeC, B

where @n and 7, are obtained from ¢, and m, respectively, by replacing
(U2a M3, b{n) by (87217 :a?),na b;z)a where

87% = Var*(q)v ﬁ3,n = E*<€>{ - E*E’{)3’ Bn = ngl)cl_ll,n/s\szl)a

and the jth element of 84 is given by sgn(ﬁjm))\n‘n—l/l|§j7n]77, 1<j<npo.

For part (a), we have, for n > ny,

P <sup |P.(T}, € B)—P(T, € B)| > Kn—1/2>
BeC,

<P ({ sup |0, (B) — U, (B)| > Kn—l/z} N As,n> +P(A5,)
BeC,

<P (/ |6(x;5°T,) — ¢(x;02T) | dx > Kn—1/2> +P(A5,)

<P (y&g ~ 02> Kn—1/2) +o(1),

which can be made arbitrarily small by choosing K € (0, 00) large. Hence,
part (a) follows. Similarly, for part (b), for any n > 0 and any n > no,

P <sup |P.(R, € B)-P(R,€B)|>n- n1/2>
BeCy

P ({ sup | [ o) 7)) ] 2 - n1/2} a Ag,n> +PA,)

BeC,
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< P30 [by b w0 Pl — sl =m0V | P(A5,)
la|=1

— 0, asn — oo.
This proves part (b). O

PRrROOF OF THEOREM 4.3. By (8.5), on the set Ay, and for n > ng,

I, =1, and
n — &n
_ I pwe-1 wo _ A pwe-t s An p) o1 gt @
= n C1aWn = n 11 nSn + — L C1nSn 5

1)
Jn

is given by S;m = sgn(gj,n)|§j7n|_7, 1 < j < pg. Note that,
P (/|Q;,]l #0)
1 = C
<P ({sl" #5001} nan,) +Pag,)
<P ({sgn(gj,n) # sgn(fjn), for some 1 < j < py } N An) + P( in)
=0+ P(A],), for n > no,
=o0 (nil) .

Also, on the set Ay, for n > ny,

52 = _IZ<61 x! ( By ﬂﬁf)))z— [gn—(x;”)'(ﬁi”—ﬁ%”)r

122 on~ 12w (D) (ﬁ _5)

=1

(B - ) o (B - ) - [~ () (3 - )]

= I4,n + I5,n + IG,n7 (Say)'

where, Q3?n = 2o . DS)CIII’” <SIL(1) —5%”) , and the jth element of SIL
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Note that I, = 02—|—Op(n_1/2) and that I5 ,, and Ig 5, are quadratic functions
of ¢;’s and both are of the order Op(nfl). Hence, by Taylor’s expansion, one
can write

o 1 o
R,=DVc, w [01 53O0t 5|+ Qua

= Rl,n + Q4,n7 (SaY)7

where P <|]Q47n|| > Kn~3/%(log n)2) =o0(n"!). As a consequence, EE’s for

R, and Rl,n coincide upto order n~!. As in the proof of Theorem 8.2(b), an
EE for Rl,n with error of the order o(n~!) can be derived by first deriving
an EE for the joint distribution of

(DVer, W) vt - ).

and then using the transformation technique of Bhattacharya and Ghosh
(1978). The only difference here from the proof of Theorem 8.2(b) is that
here one needs to account for the effects of the quadratic forms I5,, and
Isp, as in Gotze (1987) and Lahiri (1994). The density of the resulting EE
for R, obtained by computing the first four approximate cumulants (which
involves routine but long and messy algebra, and which we omit to save
space), can be shown to be of the form:

7T17n(X) = d)(X : Tﬂ) |:]' + n_1/2p17n(x; 027 M3) + n_IPQ,n(X§ 02> M3, #4) 5

where p14 = Eef and p1 ,(-) and po,,(-) are polynomials of degree 3 and 6,
respectively, with coefficients that are rational functions of the respective
sets of parameters such that the denominators depend only on ¢ (as in the
definition of m,(-)). Thus,

(8.26) sup |P (Rn € B) —/ Tin(x) dx| =0 (n—l) .
Bec, B

Next, using Lemma 8.3 and combining the arguments in the proof of Theo-
rem 3.2 with those leading to (8.26), one can show that

(8.27) sup |P. (R,"; c B) —/ Rin(x) dx| = 0, (n71),
BeC, B

where
~ i ~1/2 A2~ 1 A2 A~
7Tl,n(a:) - ¢($7 Tn) [1 +n Pl,n(l", Ons H37n) +n pQ,n(l‘; Ons M3, ,U/4,n):| y
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with z € R and 62 = E,(¢)?, P = E, ()", k = 3,4. Theorem 4.3 now
follows from (8.26) and (8.27) by noting that under (C.1)" - (C.6)" , with r =
6,05 — 0 = Op(n~") and iz n — pz = Op(”_l/Q)a and ign = pa +op(1). O

Proor oF THEOREM 5.1. Let A;, be the event defined in the proof of

Theorem 8.2 , now defined with the initial estimator Bn of Section 5 . Then,
retracing the steps in the proof of Theorem 8.2 leading to (8.5), one can
conclude that for n > ng (for some ny > 1), on the set A; ,,

Vi(B, - B,) = (UY o)

where U} = C ;1{nw£}> — Cfll’n)\néq(ll)/ (2y/n), where 5 is now defined in

terms of the initial estimator 3,,. Using this, we can write
T, - DI, WY b, + Ay,
(8.28) =T}, + A1, (say),

where [|Ap|| < n A | DY CLLL B+ 11Qy I, with @, as in (8.6), and
where B = (By,,..., Bpy.n)', with

Bjn = n (@m - ﬁj,n) - sgn(Bjn) - Bjnl O
Next, using (8.7), (C.7) and the fact that
lanigfmin{wjﬂ :1<j<po}>6>0,
for some 6 > 0, one can conclude that
(8.29) 3 (HAMH > K)\n\/mm) — o(n1/?),
Note that by (C.6), A\p,n~"v/pologn = o(n~'/2), when b = 0. Thus, from

(8.28) and (8.29), it follows that the EE’s for T',, and T'; ,, coincide upto an
error of order o(n~'/2). Now using the arguments in the proof of Theorem

8.2 (with nfo) = 0), one can conclude that
(8.30) sup |P(R,, € B) —/ 7t (x) dx| = o(n~/?),
BeCy B

where ) (+) is defined by setting m(o) =0 for 1 <4 < n in the definition of
7n(+). Next, repeating the arguments in the proof of Theorem 4.1,and com-

bining the modifications as above (which leads to a representation similar
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o (8.28)), one can conclude that

831 s [PuBB)~ [ (71)(x) dx| = oyfn 1),
BeC, B

where (77)"(-) is obtained from nf(-) by replacing by, o2 and 3 with b,
62 and [i3,, as in (8.25). Using (8.30) and (8.31), one can conclude that

BeC,

The proof for R, is similar. We omit the routine details to save space.
O

PROPOSITION 8.4. Let Bn denote the ridge estimator of 3,,, defined by
(8.32) B, = argminz (yi — X;U)Q + A Z u?
Suppose that Ee‘l1 < 00,
max{n ! Z Zi" 1< 5 <pt=0(1),
sup {}e}(Cn + )\nfllp) lx‘ x|l < 1} =0(nA™"), and
max {e;. (Cot+An7'L,) 1B, 1< < p} =0(n'2A7),

where I;; is the jth component of X; = (C’n +)\n_1Ip)_1xi, and where
e1,...,€p, is the standard basis of RP. Then the conditions in (5.1) hold.

PROOF OF PROPOSITION 8.4. Consider the first relation in (5.1). It can
be shown that

~ 1 n 5 - B A\
V(B - Bn) —\/ﬁ;Xiﬁz’-ﬁ-(Cn-i-)\n 1) lﬁn'ﬁ'

The second term is non-random and its components are uniformly bounded.
Hence, the first part of (5.1) now follows by using the moderate deviation
bound as in the proof of Lemma 7.1. Next, consider the second part of (5.1).
In this case, one has

Vn(B, - B,) = \FZXZE +(Cn+An7'1,) " lﬁn\}\ﬁ
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The desired bound now follows by using the moderate deviation bound to
the first term and using Lemma 7.1 and the oracle property of 3,, from the
proof of Theorem 5.1 to conclude that

P(\/ﬁHBn - ,BnHOO > K+/logn) = o(1).
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