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8. Supplementary Material.

8.1. Notation. For notational simplicity, we shall set pn = p, p0,n =
p0. Since we are dealing with linear combinations of β1, . . . , βp, which are
invariant under rearrangement of the summands, without loss of generality
we shall suppose that In = {j : 1 ≤ j ≤ p, βj,n 6= 0} = {1, . . . , p0}.
Let Z+ = {0, 1, . . .}. Let K,K(·) ∈ (0,∞) denote generic constants not
depending on their arguments (if any), but not on n. Also, in the proofs
below, let n0 ≥ 1 denotes a generic (large) integer. For α = (α1, . . . , αr) ∈
Zr+, let |α| = α1+· · ·+αp, α! = α1! · · ·αr! and let Dα denote the differential
operator

∂|α|

∂xα1
1 · · · ∂x

αr
r

on Rr, where r ≥ 1 is an integer. Let

Vn(u) = u′Cnu−2u′W n+λn

p∑
j=1

|β̃j,n|
−γ
(∣∣∣βj,n +

uj√
n

∣∣∣− |βj,n|) , u ∈ Rp,

where W n = n−1/2
∑n

i=1 x′iεi. Partition W n as W n = (W
(1)′
n ,W

(2)′
n )′,

where W
(1)
n is p0 × 1. Also, set W

(0)
n = W n, p(0) = p, p(1) = p0 and

p(2) = p− p0. Note that

β̂n = argmin
u∈Rp

Vn(u).(8.1)

Let bn = D
(1)
n C

−1
11,ns

(1)
n · λnn−1/2, Υn = n−1

∑n
i=1 ξ

0
i (ξ

0
i )
′

and

Ῠn = n−1
n∑
i=1

(
ξ0i + η

(0)
i

)(
ξ0i + η

(0)
i

)′
,

where ξ
(0)
i = D

(1)
n C

−1
11,nx

(1)
i , η

(0)
i = D

(1)
n C

−1
11,nηi and ηi = (ξi,1, . . . , ξi,p0)

with

ξi,j = − λn

n1/2
· x̃i,j · sgn(βj,n)γ|βj,n|−(γ+1), 1 ≤ j ≤ p0.

Next note that by Conditions (C.2), (C.3) and (C.6),

‖bn‖ ≤ ‖D(1)C
−1/2
11,n ‖ · ‖C

−1/2
11,n ‖ · ‖s

(1)
n ‖ ·

λn√
n

= O(n−δ).
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Let r1 = min{r ≥ 1 : ‖bn‖r+1 = o(n−1/2)}. Define the Lebesgue density of
the Edgeworth expansion (EE) for T n by

ψn(x) = φ
(
x, σ2Ῠn

)1 +

r1∑
|α|=1

bαnχα

(
x;σ2Ῠn

)

+
µ3

6
√
n

∑
|α|=3

ξ̄
(0)
n (α)χα

(
x;σ2Ῠn

) , x ∈ Rq,

where ξ̄
(0)
n (α) = n−1

∑n
i=1

(
ξ
(0)
i

)α
, φ(x,Υ) denotes the density of theN(0,Υ)

distribution on Rq and where χα(x; Υ) is defined by the identity

χα(x; Υ)φ (x; Υ) = (−D)αφ (x; Υ) ,

α ∈ Zq+. Next define the density of the EE for Rn by

πn(x) = φ
(
x, Ῠn

)1 +

r1∑
k=1

1

k!

{ ∑
|α|=k

(−bn)αχα(x : Ῠn)
}

+
1√
n
· µ3

6σ3

{ ∑
|α|=1

∑
|γ|=2

[
ξ̄
(0)
n (α+ γ)− 3ξ̄

(0)
n (α)ξ̄

(0)
n (γ)

]
χα+γ(x; Ῠn)

− 3
∑
|α|=1

ξ̄
(0)
n (α)χα(x; Ῠn)

} , x ∈ Rq.

8.2. Auxiliary Results.

Lemma 8.1. Under conditions (C.2) and (C.4)

(i) P
(
‖W (1)

n ‖ > K
√
p0 log n

)
= O

(
p0 · n−(r−2)/2

)
.

(ii) P
(
‖W (l)

n ‖∞ > K
√

log n
)

= O
(
p(l) · n−(r−2)/2

)
, for l = 0, 1, 2.

(iii) P
(
‖
√
n(β̃n − βn)‖∞ > K

√
log n

)
= O

(
p · n−(r−2)/2

)
.

Proof of Lemma 8.1. First consider (i) and (ii) with l = 1. By condi-
tions (C.2), (C.3) and the moderate deviation inequality (cf. Bhattacharya
and Ranga Rao (1986)):

P
(
‖W (1)

n ‖ > K
√
p0 log n

)
+ P

(
‖W (1)

n ‖∞ > K
√

log n
)
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= P

 p0∑
j=1

|Wj,n|2 > p0K
2 log n

+ P

(
max

1≤j≤p0
|Wj,n| > K

√
log n

)

≤ 2

p0∑
j=1

P
(
|Wj,n| > K

√
log n

)
= O

(
p0 · n−(r−2)/2

)
.(8.2)

Part (ii), l = 0, 2 follows similarly.
Next note that by condition (C.2) and by Holder’s inequality, (2.1) of

Section 2 holds for r = 2. Further,

√
n(β̃j,n − βj,n) = (C−1n )j·W n

=

p∑
l=1

cj,ln

[
n−1/2

n∑
i=1

xi,lεi

]
= n−1/2

n∑
i=1

x̃i,jεi, for 1 ≤ j ≤ p.

Hence by arguments similar to (8.2),

P
(

max
{
|
√
n
(
β̃j,n − βj,n

)
| : 1 ≤ j ≤ p

}
> K

√
log n

)
= P

(
max

{
|n−1/2

n∑
i=1

x̃i,jεi| : 1 ≤ j ≤ p

}
> K

√
log n

)
= O

(
p · n−(r−2)/2

)
.

The key step in the proofs of Theorems 3.1, 3.2, 4.1, 4.2 and 4.3 is an EE
for the ALASSO estimator and its studentized version which is stated and
proved here.

Theorem 8.2. (a) Suppose that conditions (C.1) - (C.6) hold with
r = 4. Then,

sup
B∈Cq

∣∣P (T n ∈ B)−
∫
B
ψn(x) dx

∣∣ = o
(
n−1/2

)
.

(b) If conditions (C.1)′ - (C.6)′ hold with r = 6, then

sup
B∈Cq

∣∣P (Rn ∈ B)−
∫
B
πn(x) dx

∣∣ = o
(
n−1/2

)
.
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Proof of Theorem 8.2. Write u ∈ Rp as u′ =
(
u(1)′,u(2)′

)
where

u(1) is a p0 × 1 vector. Similarly, let W ′
n =

(
W

(1)
n

′
,W

(2)
n

′)
. Note that by

condition (C.1) on the set

A1,n ≡
{
‖
√
n(β̃n − βn)‖∞ ≤ K

√
log n

}
∩
{
‖W (1)

n ‖ ≤ K
√
p0 log n

}
∩
{
‖W (2)

n ‖∞ ≤ K
√

log n
}
,

for n large,

Vn(u) ≥ (1− δ)
[
u(1)′C11,nu

(1) + u(2)′C22,nu
(2)
]
− 2u′W n +

λn√
n

p∑
j=1

|uj |
|β̃j,n|

γ

− 2λn

p0∑
j=1

|βj,n|
|β̃j,n|

γ

≥ (1− δ)‖u(1)‖2η11,n − 2‖u(1)‖‖W (1)
n ‖ − 2

p0∑
j=1

|βj,n|
|β̃j,n|

γ

+

p∑
j=p0+1

|uj |

(
λn√
n
· 1

|β̃j,n|
γ − 2|Wj,n|

)

≥ ‖u(1)‖
{

(1− δ)‖u(1)‖η11,n −K
√
p0 log n

}
− 2

p0∑
j=1

|βj,n|1−γ
(

1 +K(γ)
√
n−1 log n

)
+K(γ) ·

p∑
j=p0+1

|uj |
[
λn · n(γ−1)/2(log n)γ/2 − (log n)1/2

]
> 0(8.3)

for all u ∈ Rp with

‖u(1)‖ > Mn ≡ K(δ, γ) max
{
η−111,n(p0 log n)1/2,

p0∑
j=1

|βj,n|1−γ
}
.

Next, note that for any u = (u(1),u(2)) and p0 + 1 ≤ j ≤ p, the absolute

value of the jth component of u(1)′C12,n is bounded above by

p0∑
l=1

|ulcl,j,n| ≤

(
p0∑
l=1

u2l

)1/2( p0∑
l=1

c2l,j,n

)1/2

≤ ‖u(1)‖[tr(C11,n)]1/2c
1/2
j,j,n.
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Since by (C.2), max{cj,j,n : 1 ≤ j ≤ p} = O(1), it follows that on the set A1,n

and for n ≥ n0 (for some n0 ≥ 1), the following inequalities hold uniformly
over {u ∈ Rp : ‖u(1)‖ ≤Mn, u(2) 6= 0}:

Vn(u)− Vn
(
u(1),0

)
= u(1)′C12,nu

(2) + u(2)′C22,nu
(2) − 2u(2)′W (2)

n +
λn√
n

p∑
j=p0+1

|uj |
|β̃j,n|

γ

≥
p∑

j=p0+1

|uj |

[
λn√

n|β̃j,n|
γ − 2|Wj,n| −

∣∣(u(1)′C12,n

)
j

∣∣]

≥ K(γ)

p∑
j=p0+1

|uj |
[
λnn

(γ−1)/2(log n)−γ/2 − (log n)1/2 −Mnp
1/2
0

]
> 0.(8.4)

Since Vn(0) = 0, from (8.3) and (8.4), it follows that the minimum of Vn(u)
can not be attained at any u satisfying either ‘‖u(1)‖ > Mn’ or ‘‖u(1)‖ ≤Mn,
u(2) 6= 0’. Thus,

argmin
u∈Rp

Vn(u) ∈ Bn ≡
{

u ∈ Rp : ‖u(1)‖ ≤Mn, u(2) = 0
}
,

whenever (8.3) and (8.4) hold. This, in turn, implies that on the set A1,n for
n ≥ n0,

√
n
(
β̂n − βn

)
≡ argmin

u∈Rp
Vn(u) = argmin

‖u(1)‖≤Mn

Vn

(
u(1),0

)
=
(
U(1)
n

′
,0′
)′
,(8.5)

where U
(1)
n = C−111,n

(
W

(1)
n − n−1/2λns̃(1)n /2

)
and s̃

(1)
n = (s̃1,n, . . . , s̃p0,n)′

with s̃j,n ≡ sgn(βj,n)|β̃j,n|
−γ

, 1 ≤ j ≤ p0. For the last equality, one needs
to use condition (C.5) and verify that, on the set A1,n, for n ≥ n0 (without
loss of generality),

λn
2
√
n
‖C−111,nsn‖ ≤ K(γ)

λn
2
√
n
· η−111,n

 p0∑
j=1

|βj,n|−2γ
1/2

≤ Mn

2
.

Hence, using (8.5) we obtain

T n = D(1)
n U(1)

n = D(1)
n C

−1
11,n

[
W (1)

n −
λn√
n

s(1)n −
λn
n
L(1)
n

]
+Q1,n
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≡ T 1,n +Q1,n, (say),(8.6)

where s
(1)
n = (s1,n, . . . , sp0,n)′, sj,n = sgn(βj,n)|βj,n|−γ and

L(1)
n = (L1,n, . . . , Lp0,n)′

with

Lj,n =
√
n(β̃j,n − βj,n) · γ · sj,n|βj,n|−1

=
1√
n

n∑
i=1

[
x̃i,j · γ · sgn(βj,n)|βj,n|−(γ+1)

]
εi, 1 ≤ j ≤ p0.

Here, the remainder term Q1,n, obtained by Taylor’s expansion, admits the
bound

‖Q1,n‖ ≤ K(γ)
λn√
n
‖D(1)

n C
−1
11,n‖

 p0∑
j=1

|βj,n|−2(γ+1)

1/2

‖β̂n − βn‖
2

∞

≤ K(γ)
λn√
n
· log n

n
‖C−1/211,n ‖

 p0∑
j=1

|βj,n|−2(γ+1)

1/2

= o
(
n−1/2

)
,(8.7)

on the set A1,n, for all n ≥ n0. This follows by using Condition (C.6) and
the following inequality:

‖D(1)
n C

−1
11,n‖

2
= sup

{
‖D(1)

n C
−1
11,nx‖

2
: ‖x‖ = 1

}
= sup

{
q∑
i=1

(d′i,nC
−1
11,nx)

2
: ‖x‖ = 1

}

≤
q∑
i=1

‖d′i,nC
−1/2
11,n ‖

2
· sup

{
‖C−1/211,n x‖

2
: ‖x‖ = 1

}

=

[
q∑
i=1

d′i,nC
−1
11,ndi,n

]
‖C−1/211,n ‖

2

≤ q · sup
{

y′D(1)
n C

−1
11,n(D(1)

n )
′
y : y ∈ Rq, ‖y‖ = 1

}
· ‖C−1/211,n ‖

2

= q · ‖D(1)
n C

−1
11,n(D(1)

n )
′‖

2
‖C−1/211,n ‖

2
.(8.8)

By (8.6) and (8.7) and Theorem 2.3 of Bhattacharya and Ranga Rao (1986),
we have

sup
B∈C

∣∣P(T n ∈ B)− P (T 1,n ∈ B)
∣∣ = o

(
n−1/2

)
,
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and hence, it is enough to derive an EE for T1,n. Recall that,

ξ
(0)
i = D(1)

n C
−1
11,nx

(1)
i , η

(0)
i = D(1)

n C
−1
11,nξi,

and ξi = (ξi,1, . . . , ξi,p0)′, 1 ≤ i ≤ n, where

ξi,j = − λn
n
· x̃i,jsgn(βj,n)

γ

|βj,n|γ+1 , 1 ≤ j ≤ p0.

The stochastic part of T 1,n can now be expressed as

T 2,n ≡
1√
n

n∑
i=1

(
ξ
(0)
i + η

(0)
i

)
εi,

which is a vector of weighted sums of iid zero mean random variables. Also,
by (C.2),

‖C−1/211,n ‖
2
≤ tr(C−111,n) ≤ Kp0, and ‖C−1/211,n ‖

2
= η−111,n ≤ Kn

a.(8.9)

By using conditions (C.2) - (C.6),(8.8) and the above inequality, it can be
shown that

n−1
n∑
i=1

‖η(0)i ‖
r
≤ ‖D(1)

n C
−1
11,n‖

r

[
n−1

n∑
i=1

‖x̃i‖r
] [

γλn
n
· nb(γ+1)

]r
= o(1),

(8.10)

and

lim inf
n→∞

inf

{
n−1

n∑
i=1

∣∣(ξ(0)i + η
(0)
i )
′
x
∣∣2 : x ∈ Rq, ‖x‖ = 1

}
= lim inf

n→∞
inf
{

x′D(1)
n C

−1
11,n(D(1)

n )
′
x : ‖x‖ = 1, x ∈ Rq

}
+ 0

≥ δ.(8.11)

Next, for n ≥ 1, t ∈ Rq and η > 0, define the set

An(t, η) =

{
i : 1 ≤ 1 ≤ n,

(
t′
[
η
(0)
i + ξ

(0)
i

])2
≥ η2

}
,

and let |An(t, η)| denote its size. Note that by (8.11), without loss of gener-
ality (w.l.g), we may suppose that for all n ≥ n0,

inf

{
n−1

n∑
i=1

|
(
ξ
(0)
i + η

(0)
i

)′
x|

2

: ‖x‖ = 1

}
≥ δ

2
.
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Then, for any t ∈ Rq with ‖t‖ = 1,

nδ

2
≤

n∑
i=1

|t′
(
ξ
(0)
i + η

(0)
i

)
|
2

≤ max

{
‖ξ(0)i + η

(0)
i ‖

2
: i = 1, . . . , n

}
· |An(t, η)|+ [n− |An(t, η)|] η2

≤ 2


(

n∑
i=1

‖ξ(0)i ‖
r

)2/r

+

(
n∑
i=1

‖η(0)i ‖
r

)2/r
 |An(t, η)|

+ [n− |An(t, η)|]η2

≤ K(r)n2/r|An(t, η)|+ n · η2,

for n large. Thus, for 0 < η <
√
δ/2, for all n ≥ n0 (w.l.g.),

|An(t, η)| ≥ n
[
δ

2
− η2

]
K−1(r) · n−2/r ≥ K(δ, η, r)n1−2/r,(8.12)

uniformly in all t ∈ Rq with ‖t‖ = 1.
Next define the Lebesgue density of the EE for T 2,n by

ψ1,n(x)

=

1− µ3
6
√
n

∑
|α|=3

(
n−1

n∑
i=1

(ξ
(0)
i + η

(0)
i )

α

)
Dα

φ(x : σ2Ῠn

)
,

with x ∈ Rq, where µ3 = Eε31, Ῠn = n−1
∑n

i=1 (ξ
(0)
i + η

(0)
i )(ξ

(0)
i + η

(0)
i )
′
,

σ2 = Eε21. For a Borel subset B of Rq, set

Ψ1,n(B) =

∫
B
ψ1,n(x)dx.

Then, using (8.10), (8.11), conditions (C.2) - (C.6) and standard argu-
ments (cf. the proof of Theorem 20.5 and Theorem 20.6 of Bhattacharya
and Ranga Rao (1986)), one can show that

sup
B∈C

∣∣P(T 2,n ∈ B)−Ψ1,n(B)
∣∣ = o

(
n−1/2

)
,(8.13)

provided, there exists δ0 ∈ (0, 1) such that for all 0 < η < δ0,

1

n

n∑
i=1

E‖
(
ξ
(0)
i + η

(0)
i

)
‖
r
1
(
‖
(
ξ
(0)
i + η

(0)
i

)
εi‖ > η

√
n
)

= o(1)(8.14)
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and

max
|α|≤q+1

∫
η
√
n≤‖t‖≤n

∣∣DαEeιt
′T 3,n

∣∣ dt = o
(
n−1/2

)
,(8.15)

where T 3,n = n−1/2
∑n

i=1(Xi,n −EXi,n), with

Xi,n = (ξ
(0)
i + η

(0)
i )εi1

(
‖ξ(0)i + η

(0)
i ‖|εi| ≤

√
n
)
.

First consider (8.14). Note that

max{‖ξ(0)i + η
(0)
i ‖ : 1 ≤ i ≤ n} ≤ K(r) · n1/r.

Hence, the left side of (8.14) is bounded above by

n−1
n∑
i=1

‖ξ(0)i + η
(0)
i ‖

r
E|ε1|r1

(
‖ξ(0)i + η

(0)
i ‖|ε1| > η

√
n
)

≤

(
n−1

n∑
i=1

‖ξ(0)i + η
(0)
i ‖

r

)
·E|ε1|r1

(
|ε1| >

η
√
n

K(r)n1/r

)
= o(1).

Next consider (8.15). For any 0 ≤ |α| ≤ q,
∣∣DαEeιt

′T 3,n
∣∣ on the left side of

(8.15) can be bounded above by a sum of n|α|-terms, of the form

K(α)n−|α|/2 ·max {E‖Xj,n −EXj,n‖α : j ∈ Jn} ·
∏
j∈Jc

n

∣∣Eeιt′Xj,n/
√
n
∣∣,

where Jn ⊂ {1, . . . , n}, is of size |α|, and where Jcn = {1, . . . , n} \ Jn. Note
that by the Cramer’s condition, there exists a θ ∈ (0, 1) such that

sup

∏
j∈Jc

n

∣∣Eeιt′Xj,n/
√
n
∣∣ : η
√
n ≤ ‖t‖ ≤ n


≤ sup

 ∏
j∈An(t/‖t‖,η)

∣∣E exp (ιt′Xj,n)
∣∣ : η ≤ ‖t‖ ≤

√
n


≤ sup

 ∏
j∈An(t/‖t‖,η)

[∣∣E exp
(
ιt′
[
ξ
(0)
i + η

(0)
i

]
ε1

)∣∣+ P

(
|ε1| >

√
n

K(r)n1/r

)]
: η ≤ ‖t‖ ≤

√
n
}
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≤ θK(r,γ,δ)·n1−2/r
,

for all n ≥ n0, (w.l.g.). Hence, (8.15) follows. This proves (8.13).
Part (a) of Theorem 8.2 now follows by noting that {B+b : B ∈ Cq} = Cq

for any b ∈ Rq and that

P (T n ∈ B) = P (T 1,n ∈ B) + o
(
n−1/2

)
= P (T 2,n ∈ B + bn) + o

(
n−1/2

)
=

∫
B+bn

ψ1,n(x) dx + o
(
n−1/2

)
=

∫
B
ψn(x) dx + o

(
n−1/2

)
, uniformly in B ∈ Cq.

Next consider Part (b). It is easy to check that

σ̂2n = n−1
n∑
i=1

ε2i − ε̄2n +
[
x̄′n

(
β̂n − βn

)]2
.(8.16)

Also, from Theorem 8.2(a), it follows that

P
(
‖β̂n − βn‖ ≥ K

√
n−1 log n

)
= o

(
n−1/2

)
.(8.17)

Now using conditions (C.2) - (C.6) , (8.16) and (8.17), one can show that

Rn = σ̂−1n T n = T n

[
1

σ
− 1

2σ3
(
σ̂2n − σ2

)]
+Q2,n

=
T 1,n

σ
− 1

2σ3

[
1

n

n∑
i=1

(
ε2i − σ2

)]{
D(1)
n C

−1
11,nW

(1)
n − bn

}
+Q3,n

≡ R1,n +Q3,n, (say),(8.18)

where
P
(
‖Qj,n‖ > Kn−1(log n)3/2

)
= o

(
n−1/2

)
, j = 2, 3.

Next, using Conditions (C.1)′-(C.6)′ and retracing the proof of Part (a), one
can show that

sup
B∈Cq+1

∣∣P(n−1/2 n∑
i=1

((
ξ
(0)
i + η

(0)
i

)′
εi, ε

2
i − σ2

)′
∈ B

)
−
∫
B
π1,n(x) dx

∣∣
= o

(
n−1/2

)
,
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where

π1,n(x) =

1− 1

6
√
n

∑
|α|≤3

ξ̄
(0)
n (α)E|ε1|α

(
ε21 − σ2

)3−|α|
Dα

φ(x : Σ(0)
n

)
,

with x ∈ Rq+1 and ξ̄
(0)
n (0) = 1. Let R2,n = R1,n− bn

σ . It can be shown that
the formal cumulants of t′R2,n are given by

κ1
(
t′R2,n

)
≡ E

(
t′R2,n

)
= − 1√

n
· µ3

2σ3

∑
|α|=1

tαξ̄
(0)
n (α) + o

(
n−1/2

)
κ2
(
t′R2,n

)
≡ Var

(
t′R2,n

)
= t′Ῠnt + o

(
n−1/2

)
κ3
(
t′R2,n

)
≡ E

(
t′R2,n

)3 − 3E
(
t′R2,n

)2 ·E (t′R2,n

)
+ 2
(
E
(
t′R2,n

))3
=

1√
n
· µ3
σ3

∑
|α|=3

tαξ̄
(0)
n (α)− 3

∑
|α|=1

∑
|γ|=2

tα+γ ξ̄
(0)
n (α)ξ̄

(0)
n (γ)


+ o

(
n−1/2

)
.

Next, using the transformation technique of Bhattacharya and Ghosh (1978),
one can show that

sup
B∈Cq

∣∣P(Rn ∈ B)−
∫
B
πn(x) dx

∣∣ = o
(
n−1/2

)
.

This proves part (b) of Theorem 8.2.

8.3. Proof of the main results.

Proof of Theorem 3.1. Let Λ
(1)
n be a p0 × p0 diagonal matrix with

jth diagonal entry given by sgn(βj,n)|βj,n|−(γ+1), 1 ≤ j ≤ p0. Note that

1

n

n∑
i=1

ξ
(0)
i η

(0)
i

′
= −λnγ

n
D(1)
n C

−1
11,n

(
n−1

n∑
i=1

x
(1)
i

([
Λ(1)
n : 0

]
x̃i

)′)
C−111,nD

(1)
n

′

= −λnγ
n
D(1)
n C

−1
11,n

(
1

n

n∑
i=1

x
(1)
i x′i

)
C−1n

[
Λ(1)
n

′
: 0′
]′
C−111,nD

(1)
n

′

= −λnγ
n
D(1)
n C

−1
11,n [C11,n : C12,n]C−1n

[
Λ(1)
n

′
: 0′
]′
C−111,nD

(1)
n

′

= −λnγ
n
D(1)
n C

−1
11,n [Ip0 : 0]

[
Λ(1)
n

′
: 0′
]′
C−111,nD

(1)
n

′
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= −λnγ
n
D(1)
n C

−1
11,nΛ

(1)
n C

−1
11,nD

(1)
n

′
.(8.19)

By Theorem 8.2(a), it follows that

∆n ≡ sup
B∈Cq

∣∣P (T n ∈ B)−
∫
B
φ(x;σ2Υn) dx

∣∣
= sup

B∈Cq

∣∣ ∫
B

[
Ψn(x)− φ(x′σ2Υn)

]
dx
∣∣+ o

(
n−1/2

)
= sup

B∈Cq

∣∣∣∣ ∫
B

[
φ(x;σ2Ῠn)− φ(x;σ2Υn)

]
dx

+
∑
|α|=1

bαn

∫
B
χα

(
x;σ2Ῠn

)
φ(x;σ2Ῠn) dx

+
µ3

6
√
n

∑
|α|=3

ξ̄
(0)
n (α)

∫
B
χα(x;σ2Ῠn)φ(x;σ2Ῠn) dx

∣∣∣∣
+ o

(
n−1/2 + ‖bn‖

)
≡ sup

B∈Cq
|I1,n(B) + I2,n(B) + I3,n(B)|+ o

(
n−1/2 + ‖bn‖

)
, (say).(8.20)

Note that by (8.8), (8.9), (8.19) and conditions (C.2) - (C.6),

‖Ῠn −Υn‖ = ‖2n−1
n∑
i=1

ξ
(0)
i η

(0)
i

′
+ n−1

n∑
i=1

η
(0)
i η

(0)
i

′
‖

≤ 2γλn
n
‖D(1)

n C
−1
11,nΛ

(1)
n C

−1
11,nD

(1)
n

′‖+K(q) · n−1
n∑
i=1

‖η(0)i ‖
2

≤ 2γλn
n
‖D(1)

n C
−1
11,n‖

2 · ‖Λ(1)
n ‖

+K(q, γ) · λ
2
n

n2
·

n−1 n∑
i=1

p0∑
j=1

x̃2i,j

|βj,n|2(γ+1)

 · ‖D(1)
n C

−1
11,n‖

2

≤ K(q, γ) · λn
n
‖C−1/211,n ‖

2

‖Λ(1)
n ‖+

λn
n

 p0∑
j=1

|βj,n|−2(γ+1)


≤ K(q, γ) · λn

n
na
[
nb(γ+1) +

λn
n
· p0 · n2(γ+1)b

]
≤ K(q, γ) · λn

n
· na+b(γ+1).(8.21)

The proof of Theorem 3.1now follows from (8.19)-(8.21).
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Proof of Theorem 3.2. Since tr(Γn) ≥ δqna+b(γ+1) for some δ ∈ (0, 1)
and Γn is q × q, for each n ≥ 1, there exist a jn ∈ {1, . . . , q} such that
(Γn)j,j ≥ δna+b(γ+1). Write Cq,n be the collection of all sets of the form
{x ∈ Rq : xjn ∈ (−a, a), a ∈ R}. Also, let

τ̆2n = σ2 · (Ῠn)jn,jn and τ2n = σ2 · (Υn)jn,jn .

Then, Ik,n = 0, for all B ∈ Cn for k = 2, 3, and using (8.19) - (8.21), it can
be shown that

∆n ≥ sup
B∈Cn

|I1,n(B)|+ o
(
n−1/2 + ‖bn‖

)
=

1√
2π

sup

{∣∣∣ ∫ a

−a

[
τ̆−1n exp

(
− x2

2τ̆2n

)
− τ−1n exp

(
− x2

2τ2n

)]
dx
∣∣∣ : a ∈ R

}
+ o

(
n−1/2 + ‖bn‖

)
≥ K|τ̆2n − τ2n|+ o

(
n−1/2 + ‖bn‖

)

≥ K · δγ · λn
n
· na+b(γ+1) + o

(
n−1/2 + ‖bn‖

)
.

(8.22)

This proves part (b) in the case where

n−1/2 +
λn√
n
· nbγ = O

(
λn · n−1+a+b(γ+1)

)
.

Hence, it remains to prove part (b) when this condition fails. Then, there
exists a subsequence {ni} such that

λni · n
−1+a+b(γ+1)
i

n
−1/2
i + λni · n

−1/2+bγ
i

→ 0, as i→∞.

For notational simplicity, we shall suppose that this holds for the full se-
quence. Then, it is enough to show that

sup
B∈Cq

|I2,n(B) + I3,n(B)| �
[
n−1/2 + λn · n−1/2+bγ

]
.

Since
nbγ = O

(
‖D(1)

n C
−1
11,ns

(1)
n ‖
)
,

there exist {αn}n≥1 ⊂
{
α ∈ Zq+ : |α| = 1

}
and δ ∈ (0, 1) such that

lim inf
n→∞

∣∣(bn)αn
∣∣

nbγ · λn√
n

> δ.
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(For example, take αn to be the unit vector corresponding to the co-ordinate
that attains ‖bn‖∞). Next, for any α ∈ Zq+ with ‖α| = 1, let Cq(α) is the
collection of sets of the form

{x ∈ Rq : xα ∈ (a, b), −∞ ≤ a < b ≤ ∞} .

Then,

lim inf
n→∞

(
nbγλn · n−1/2

)−1
· sup
B∈Cq(αn)

|I2,n(B)|

≥ lim inf
n→∞

∣∣(bn)αn
√
n
∣∣

nbγλn

· sup

{∣∣ ∫
B
χαn(x;σ2Ῠn)φ(x;σ2Ῠn) dx

∣∣ : B ∈ Cq(αn)

}
≥ K(δ) > 0.

By a similar argument, sup{|I3,n(B)| : B ∈ Cq(αn)} is bounded below by
a constant multiple of n−1/2. By further restricting attention to suitable
subclasses of Cq(αn) (if necessary), it can be shown that

sup {|I2,n(B) + I3,n(B)| : B ∈ Cq} �
[
n−1/2 + λn · n−1/2+bγ

]
.

This completes the Proof of Theorem 3.2.

Lemma 8.3. Suppose that conditions (C.1)′ - (C.6)′ holds with r = 5 and

let n−1
∑n

i=1 ‖C
−1/2
11,n x

(1)
i ‖

5
= O(1). Then, for any δ > 0 and K ∈ (0,∞),

there exists δ0 ∈ (0, 1) such that

sup
{
|ω̂n(t1, t2)| : δ2 ≤ t21 + t22 ≤ nK

}
= 1− δ0 + op(1),

where,

ω̂n(t1, t2) = E∗ exp
(
ιt1ε

∗
1 + ιt2(ε

∗
1)

2
)
, and,

ω(t1, t2) = E exp
(
ιt1ε1 + ιt2(ε1)

2
)
, t1, t2 ∈ R.

Proof of Lemma 8.3. Note that

|ω̂n(t1, t2)|

=
∣∣n−1 n∑

j=1

exp
(
ιt1(ε̂j − ¯̂εn) + ιt2

(
ε̂j − ¯̂εn

)2)∣∣
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=

∣∣∣∣n−1 n∑
j=1

exp
(
ι
[
t1 − 2t2

{
ε̄n + (xj − x̄n)′(β̂n − βn)

}]
εj

− ιt1x′j(β̂n − βn) + ιt2ε
2
j

+ ιt2

[{
x′j(β̂n − βn)

}2
+ 2x′j(β̂n − βn)

(
ε̄n − x̄′n(β̂n − βn)

)]) ∣∣∣∣.
Next, using a discretization argument as in Babu and Singh (1984) and
Hoeffding (1963)’s inequality (applied to the real and imaginary parts, sep-
arately), one can show (cf. Lahiri (1992)) that

sup

{∣∣∣∣n−1 n∑
j=1

{
exp

(
ι [t1 + t2 {u+ (vj − v̄n)}] εj + ιt2ε

2
j

)
− ω

(
t1 + t2 {u+ (vj − v̄n)} , t2

)}
× exp

(
− ιt1vj + ιt2

[
v2j + 2vj(u− v̄n)

] )∣∣∣∣
: |u| ≤ K

√
n−1 log n, max

1≤j≤n
|vj | ≤ en, |t1| ≤ nK , |t2| ≤ nK

}
= op(1),

where v̄n = n−1
∑n

i=1 vi and en = K
√
n−1 log n + Kn−4/5λnp0n

bγ . Hence,
it follows that

sup
{
|ω̂n(t1, t2)| : |t1| ≤ nK , |t2| ≤ nK

}
≤ sup

{
1

n

n∑
j=1

∣∣ω (t1 + t2 {u+ (vj − v̄n)} , t2)
∣∣

: |u| ≤ K
√

log n

n
, max
1≤j≤n

|vj | ≤ en, |t1| ∨ |t2| ≤ nK
}

1(A2,n)

+ 1(Ac2,n) + op(1),(8.23)

where

A2,n =
{
|ε̄n| ≤ K

√
n−1 log n

}
∪
{
|x′j(β̂n − βn)| ≤ en, for all 1 ≤ j ≤ n

}
and en = K

√
n−1 log n+ n−1+1/r · λn · p0 · nbγ .

By moderate deviation inequality, P(|ε̄n| > K
√
n−1 log n) = o(1), and

from the proof of Theorem 3.1,

P

(
max
1≤j≤n

|x′j(β̂n − βn)| > en

)
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≤ P

(
max
1≤j≤n

∣∣∣∣x(1)
j

′
C−111,n

[
W (1)

n −
λn

2
√
n
· s(1)n

] ∣∣∣∣ > en

)
+ o(1)

≤
n∑
j=1

P
(∣∣x(1)

j

′
C−111,nW

(1)
n

∣∣ > K
√

log n
)

+ o(1)

≤ K(r)
n∑
j=1

[
n−1

n∑
i=1

∣∣x(1)
j

′
C−111,nx

(1)
i

∣∣r]E|ε1|r(log n)r/2 · n−(r−2)/2 + o(1)

≤ K(r)E|ε1|r(log n)r/2 · n−r/2 ·

(
n∑
i=1

‖C−1/211,n x
(1)
i ‖

r

)2

+ o(1)

= o(1).

Therefor, P(Ac2,n) = o(1). Now, from (8.23), it follows that for any given
δ > 0,

sup
{
|ω̂n(t1, t2)| : δ2 < t21 + t22 ≤ nK

}
≤ sup

|n−1
n∑
j=1

|ω(t1 + t2{u+ (vj − v̄n)}, t2)| :

δ2 ≤ t21 + t22 ≤ nK , |u| ≤ K
√
n−1 log n, max

1≤j≤n
|vj | ≤ en

}
+ op(1)

≤ max

{
sup

{
|ω(t1, t2)| : |t2| > δ/2

}
,

sup
{
|ω(t1 + 3θδen, t2)| : δ2 ≤ t21 + t22 ≤ nK , |t2| ≤ δ/2, θ ∈ [−1, 1]

}}
+ op(1)

≤ sup
{
|ω(t1, t2)| : t21 + t22 > δ2/2

}
+ op(1)

≡ (1− δ0) + op(1), (say).

This completes the proof of the lemma.

Proof of Theorem 4.1. First we show that an analog of Theorem 3.1
holds for the bootstrapped statistics T ∗n and R∗n. Let A3,n be the union of
the events A1,n (cf. (8.5)), {E∗|ε∗1|r ≤ K}, {E∗(ε∗1)

2 > σ2/2} and{
sup{|ω̂n(t1, t2)| : δ2 < t21 + t22 < nK} ≤ 1− δ0/2

}
,

for given r ≥ 3, K, and δ where δ0 is as in Lemma (8.3). Also, let W ∗
n,

β̃
∗
n denote the bootstrap versions of W n and β̃n, obtained by replacing
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{y1, . . . , yn} and β by {y∗1, . . . , y∗n} and β̂n respectively. Then, restricting
attention to the set A3,n, (and n ≥ n0), it can be shown that

(8.24)

P∗

(
‖W ∗

n
(1)‖ > K

√
p0 log n

)
= Op

(
p0 · n−(r−2)/2

)
;

P∗

(
‖W ∗

n
(l)‖∞ > K

√
log n

)
= Op

(
p(l) · n−(r−2)/2

)
;

P∗

(
‖
√
n
(
β̃
∗
n − β̂n

)
‖
∞
> K

√
log n

)
= Op

(
p · n−(r−2)/2

)
.

Now, retracing the steps in the proof of Theorem 8.2, one can show that on
the set A3,n:

(8.25)

sup
B∈Cq

∣∣∣∣P∗ (T ∗n ∈ B)−
∫
B
ψ̂n(x) dx

∣∣∣∣ = o
(
n−1/2

)
;

sup
B∈Cq

∣∣∣∣P∗ (R∗n ∈ B)−
∫
B
π̂n(x) dx

∣∣∣∣ = o
(
n−1/2

)
,

where ψ̂n and π̂n are obtained from ψn and πn respectively, by replacing
(σ2, µ3,b

′
n) by (σ̂2n, µ̂3,n, b̂

′
n), where

σ̂2n = Var∗(ε
∗
1), µ̂3,n = E∗(ε

∗
1 −E∗ε

∗
1)

3, b̂n = D(1)
n C

−1
11,nŝ

(1)
n ,

and the jth element of ŝ
(1)
n is given by sgn(β̂j,n)λn·n−1/2·|β̂j,n|

−γ
, 1 ≤ j ≤ p0.

For part (a), we have, for n ≥ n0,

P

(
sup
B∈Cq

∣∣P∗(T ∗n ∈ B)−P(T n ∈ B)
∣∣ > Kn−1/2

)

≤ P

({
sup
B∈Cq

∣∣Ψ̂n(B)−Ψn(B)
∣∣ > Kn−1/2

}
∩A3,n

)
+ P(Ac3,n)

≤ P

(∫ ∣∣φ(x; σ̂2Ῠn)− φ(x;σ2nῨn)
∣∣ dx > Kn−1/2

)
+ P(Ac3,n)

≤ P
(
|σ̂2n − σ2| > Kn−1/2

)
+ o(1),

which can be made arbitrarily small by choosing K ∈ (0,∞) large. Hence,
part (a) follows. Similarly, for part (b), for any η > 0 and any n ≥ n0,

P

(
sup
B∈Cq

∣∣P∗(R∗n ∈ B)−P(Rn ∈ B)
∣∣ > η · n−1/2

)

≤ P

({
sup
B∈Cq

∣∣ ∫ [π̂n(x)− πn(x)] dx
∣∣ ≥ η · n−1/2} ∩A3,n

)
+ P (Ac3,n)
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≤ P

∑
|α|=1

∣∣b̂αn − bα
∣∣+ n−1/2|µ̂3,n − µ3,n| ≥ η · n−1/2

+ P (Ac3,n)

→ 0, as n→∞.

This proves part (b).

Proof of Theorem 4.3. By (8.5), on the set A1,n and for n ≥ n0,

În = In and

R̆n ≡

√
nDn

(
β̂n − βn

)
+ b̆n

σ̆n

=

[{
D(1)
n C

−1
11,nW

(1)
n −

λn√
n
D(1)
n C

−1
11,ns̃

(1)
n

}
+
λn√
n
D(1)
n C

−1
11,ns

†
n
(1)
]
· 1

σ̆n

≡D(1)
n C

−1
11,nW

(1)
n ·

1

σ̆n
+Q3,n, (say),

where, Q3,n = λn√
n
·D(1)

n C
−1
11,n

(
s†n

(1)
− s̃

(1)
n

)
, and the jth element of s†n

(1)

is given by s†j,n = sgn(β̂j,n)|β̃j,n|
−γ
, 1 ≤ j ≤ p0. Note that,

P
(
‖Q3,n‖ 6= 0

)
≤ P

({
s†n

(1) 6= s̃(1)n

}
∩A1,n

)
+ P(Ac1,n)

≤ P
({

sgn(β̂j,n) 6= sgn(βj,n), for some 1 ≤ j ≤ p0
}
∩An

)
+ P(Ac1,n)

= 0 + P(Ac1,n), for n ≥ n0,
= o

(
n−1

)
.

Also, on the set A1,n, for n ≥ n0,

σ̆2n = n−1
n∑
i=1

(
εi − x

(1)
i

′ (
β̃
(1)

n − β(1)
n

))2
−
[
ε̄n −

(
x̄(1)
n

)′ (
β̃
(1)

n − β(1)
n

)]2
= n−1

n∑
i=1

ε2i − 2n−1/2W (1)
n

′ (
β̃
(1)

n − β(1)
n

)
+
(
β̃
(1)

n − β(1)
n

)′
C11,n

(
β̃
(1)

n − β(1)
n

)
−
[
ε̄n −

(
x̄(1)
n

)′ (
β̃
(1)

n − β(1)
n

)]2
≡ I4,n + I5,n + I6,n, (say).
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Note that I4,n = σ2+Op(n
−1/2) and that I5,n and I6,n are quadratic functions

of εi’s and both are of the order Op(n
−1). Hence, by Taylor’s expansion, one

can write

R̆n = D(1)
n C

−1
11,nW

(1)
n

[
σ−1 − 1

2σ3
(
σ̆2n − σ2

)
+

3

4σ5

(
σ̆2n − σ2

)2
2!

]
+Q4,n

≡ R̆1,n +Q4,n, (say),

where P
(
‖Q4,n‖ > Kn−3/2(log n)2

)
= o

(
n−1

)
. As a consequence, EE’s for

R̆n and R̆1,n coincide upto order n−1. As in the proof of Theorem 8.2(b), an

EE for R̆1,n with error of the order o(n−1) can be derived by first deriving
an EE for the joint distribution of((

D(1)
n C

−1
11,nW

(1)
n

)′
,
√
n
(
σ̆2n − σ2

))
,

and then using the transformation technique of Bhattacharya and Ghosh
(1978). The only difference here from the proof of Theorem 8.2(b) is that
here one needs to account for the effects of the quadratic forms I5,n and
I6,n as in Götze (1987) and Lahiri (1994). The density of the resulting EE

for R̆n, obtained by computing the first four approximate cumulants (which
involves routine but long and messy algebra, and which we omit to save
space), can be shown to be of the form:

π1,n(x) = φ(x : Υn)
[
1 + n−1/2p1,n(x;σ2, µ3) + n−1p2,n(x;σ2, µ3, µ4)

]
,

where µ4 = Eε41 and p1,n(·) and p2,n(·) are polynomials of degree 3 and 6,
respectively, with coefficients that are rational functions of the respective
sets of parameters such that the denominators depend only on σ2 (as in the
definition of πn(·)). Thus,

sup
B∈Cq

∣∣P(R̆n ∈ B
)
−
∫
B
π1,n(x) dx

∣∣ = o
(
n−1

)
.(8.26)

Next, using Lemma 8.3 and combining the arguments in the proof of Theo-
rem 3.2 with those leading to (8.26), one can show that

sup
B∈Cq

∣∣P∗ (R̆∗n ∈ B)− ∫
B
π̂1,n(x) dx

∣∣ = op
(
n−1

)
,(8.27)

where

π̂1,n(x) = φ(x; Υn)
[
1 + n−1/2p1,n(x; σ̂2n, µ̂3,n) + n−1p2,n(x; σ̂2n, µ̂3,n, µ̂4,n)

]
,
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with x ∈ R and σ̂2n = E∗(ε
∗
1)

2, µ̂k,n = E∗(ε
∗
1)
k, k = 3, 4. Theorem 4.3 now

follows from (8.26) and (8.27) by noting that under (C.1)′ - (C.6)′ , with r =
6, σ̂2n−σ2 = Op(n

−1) and µ̂3,n−µ3 = Op(n
−1/2), and µ̂4,n = µ4 + op(1).

Proof of Theorem 5.1. Let A1,n be the event defined in the proof of

Theorem 8.2 , now defined with the initial estimator β̃n of Section 5 . Then,
retracing the steps in the proof of Theorem 8.2 leading to (8.5), one can
conclude that for n ≥ n0 (for some n0 ≥ 1), on the set A1,n,

√
n(β̂n − βn) = (U(1)

n

′
,0′)

′

where U
(1)
n = C−111,nW

(1)
n −C−111,nλns̃

(1)
n /(2

√
n), where s̃

(1)
n is now defined in

terms of the initial estimator β̃n. Using this, we can write

T n = D(1)
n C

−1
11,nW

(1)
n − bn + ∆1,n

= T †1,n + ∆1,n (say),(8.28)

where ‖∆1,n‖ ≤ n−1λn‖D(1)
n C

−1
11,nB

(1)
n ‖+‖Q1,n‖, with Q1,n as in (8.6), and

where B
(1)
n = (B1,n, . . . , Bp0,n)′, with

Bj,n =
√
n
(
β̃j,n − βj,n

)
· γ · sgn(βj,n) · |βj,n|−(γ+1).

Next, using (8.7), (C.7) and the fact that

lim inf
n→∞

min{|βj,n| : 1 ≤ j ≤ p0} > δ > 0,

for some δ > 0, one can conclude that

P
(
‖∆1,n‖ > Kλn

√
p0 log n/n

)
= o(n−1/2).(8.29)

Note that by (C.6), λnn
−1√p0 log n = o(n−1/2), when b = 0. Thus, from

(8.28) and (8.29), it follows that the EE’s for T n and T 1,n coincide upto an
error of order o(n−1/2). Now using the arguments in the proof of Theorem

8.2 (with η
(0)
i = 0), one can conclude that

sup
B∈Cq

|P(Rn ∈ B)−
∫
B
π†n(x) dx| = o(n−1/2),(8.30)

where π†n(·) is defined by setting η
(0)
i = 0 for 1 ≤ i ≤ n in the definition of

πn(·). Next, repeating the arguments in the proof of Theorem 4.1,and com-
bining the modifications as above (which leads to a representation similar
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to (8.28)), one can conclude that

sup
B∈Cq

|P∗(R∗n ∈ B)−
∫
B

(π†)
∗
(x) dx| = op(n

−1/2),(8.31)

where (π†)
∗
(·) is obtained from π†(·) by replacing bn, σ2 and µ3 with b̂n,

σ̂2 and µ̂3,n, as in (8.25). Using (8.30) and (8.31), one can conclude that

sup
B∈Cq

|P(Rn ∈ B)−P∗(R
∗
n ∈ B)| = op(n

−1/2).

The proof for R̆n is similar. We omit the routine details to save space.

Proposition 8.4. Let β̃n denote the ridge estimator of βn, defined by

(8.32) β̃n = argmin
u∈Rp

n∑
i=1

(
yi − x′iu

)2
+ λ

p∑
j=1

u2j .

Suppose that Eε41 <∞,

max{n−1
n∑
i=1

|x̆i,j |4 : 1 ≤ j ≤ p} = O(1),

sup
{∣∣e′j(Cn + λn−1Ip

)−1
x
∣∣ : ‖x‖∞ ≤ 1

}
= O

(
nλ−1

)
, and

max

{
e′j
(
Cn + λn−1Ip

)−1
βn : 1 ≤ j ≤ p

}
= O

(
n1/2λ−1

)
,

where x̆i,j is the jth component of x̆i =
(
Cn + λn−1Ip

)−1
xi, and where

e1, . . . , ep is the standard basis of Rp. Then the conditions in (5.1) hold.

Proof of Proposition 8.4. Consider the first relation in (5.1). It can
be shown that

√
n
(
β̃n − βn

)
=

1√
n

n∑
i=1

x̆iεi +
(
Cn + λn−1Ip

)−1
βn ·

λ√
n
.

The second term is non-random and its components are uniformly bounded.
Hence, the first part of (5.1) now follows by using the moderate deviation
bound as in the proof of Lemma 7.1. Next, consider the second part of (5.1).
In this case, one has

√
n
(
β̃
∗
n − β̃n

)
=

1√
n

n∑
i=1

x̆iε
∗
i +

(
Cn + λn−1Ip

)−1
β̂n ·

λ√
n
.
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The desired bound now follows by using the moderate deviation bound to
the first term and using Lemma 7.1 and the oracle property of β̂n from the
proof of Theorem 5.1 to conclude that

P
(√
n
∥∥β̂n − βn∥∥∞ > K

√
log n

)
= o(1).
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