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This paper considers post variable-selection inference in a high dimensional penalized regression model
based on the ALASSO method of Zou (2006). It is shown that under suitable sparsity conditions, the
residual empirical process based on the ALASSO provides valid inference methodology in very high
dimensional regression problems where conventional methods fail. It is also shown that the ALASSO
based residual empirical process satisfies a functional oracle property, i.e., in addition to selecting the set of
relevant variableswith probability tending to one, the ALASSO based residual empirical process converges
to the same limiting Gaussian process as the OLS based residual empirical process under the oracle. The
functional oracle property is critically exploited to construct asymptotically valid confidence bands for
the error distribution function and prediction intervals for unobserved values of the response variable
in the high dimensional set up, where traditional non-penalized methods are known to fail. Simulation
results are presented illustrating finite sample performance of the proposed methodology.
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1. Introduction

Consider a high dimensional linear regression model

yi = x′

iβ + ϵi, i = 1, . . . , n, (1.1)

where, yi is the response, xi =

xi,1, . . . , xi,p

′ is a p dimensional
(nonrandom) vector of covariates, β =


β1, . . . , βp

′ is the re-
gression parameter and {ϵi : i = 1, . . . , n} are independent and
identically distributed (iid) error variables with zero mean and
common distribution function F , and where A′ denotes the trans-
pose of a matrix A. Here, the dimension of the regression parame-
ter (or equivalently, the number of covariates) p = pn is allowed to
increase with the sample size n and it is assumed that the true re-
gression parameter has sparsity in the sense that only 1 ≤ p0 < p
of the regression parameters are nonzero, where p0 = p0n may
also tend to infinity with n. For notational simplicity, without loss
of generality (w.l.o.g.), suppose that the first p0 components of the
true regression parameterβ are non-zero and the last (p−p0) com-
ponents are zero.
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A popular method for simultaneous variable selection and in-
ference in such high dimensional regression models is given by
the Adaptive LASSO (or ALASSO) method of Zou (2006). Specifi-
cally, the ALASSO estimator of β is defined as the minimizer of the
weighted ℓ1-penalized least squares criterion function,

βn = argmin
u∈Rp

n
i=1


yi − x′

iu
2

+ λn

p
j=1

|uj|

|β̃j,n|
γ
, (1.2)

where, λn > 0 is a regularization parameter, γ > 0 and β̃j,n is the
jth component ofβn, a consistent, preliminary estimator of β. For
example, when p ≤ n and the n × p design matrix X (with its ith
row given by x′

i , i = 1, . . . , n) is of full rank, one may chooseβn
as the ordinary least squares (OLS) estimator of β. The ALASSO is
an improvement over its precursors, the LASSO and related bridge
estimators that often require strong regularity conditions on the
design vectors xi’s for consistent variable selection and that have
non-trivial bias in the selected nonzero components (cf. Knight and
Fu, 2000; Fan and Li, 2001; Yuan and Lin, 2007; Zhao and Yu, 2006).
Indeed, Zou (2006) showed that under some mild regularity con-
ditions, for fixed p,

lim
n→∞

P

{j : βj,n ≠ 0} = {1, . . . , p0}


= 1, (1.3)
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and that the asymptotic distribution of the ALASSO estimators of
the selected variables satisfies:
√
n
β(1)

n − β(1)


d
→ N


0, σ 2C−1

11


, (1.4)

whereβ(1)
n =

β1,n, . . . ,βp0,n

, β(1)

=

β1, . . . , βp0


and C11 is the

upper left p0 × p0 submatrix of C ≡ limn→∞ n−1n
i=1 xix

′

i . Note
that if we had a priori knowledge that βp0+1 = · · · = βp = 0 in
(1.1), the asymptotic distribution of the OLS estimator of β(1) co-
incides with the limit distribution in (1.4). Thus, in the parlance
of Fan and Li (2001), the ALASSO method enjoys the oracle prop-
erty, i.e., it can correctly identify the set of non-zero components
of β, with probability tending to 1 (cf. (1.3)) and at the same time,
estimate the non-zero components accurately, with the same pre-
cision as that of the OLS method, in the limit (cf. (1.4)). Extensions
of the Oracle property to the case of unbounded p at varying levels
of generality are also known; see Huang et al. (2008b), Chatterjee
and Lahiri (2013) and the references therein.

Beyond estimation of the non-zero regression parameters, es-
timation of the error distribution function (d.f.) F is an important
problem as it forms the starting point and the basis for a number
of inference procedures under the regression model (1.1). There
is a well developed body of literature on the empirical process of
residuals, both for the case when p is finite (Koul, 1969, 2002) and
when p is diverging (Portnoy, 1984, 1985; Mammen, 1996; Chen
and Lockhart, 2001). A key result in this context is the uniform
asymptotic linear (AUL) representation of the residual empirical
process which says that the residual empirical distribution func-
tion (edf) can be approximated uniformly by the sum of the (unob-
servable) edf

Fn(·) = n−1
n

i=1

1(ϵi ≤ ·) (1.5)

of the error variables and a (linear) term depending on the nor-
malized estimator of β, with negligible asymptotic error. Here and
in the following, 1(·) denotes the indicator function. However, the
best possible rate of p as a function of n for which the AUL repre-
sentation is known to hold is p = O(n1/3) for general designs and
p = o(n1/2) under some strong conditions on the design vectors.
Indeed, Chen and Lockhart (2001) (hereafter referred to as [CL01])
give an example to show that one cannot improve upon the growth
rate p = O(n1/3), in general.

In this paper, we show that under some regularity conditions,
the ALASSO based residual edf enjoys the AUL property in presence
of sparsity even when p ≫ n. This is an artifact of the Oracle
property of the ALASSO estimator which enables it to screen out
all irrelevant variables as a part of its consistent variable selection
feature, thereby drastically reducing the high dimensionality of the
original problem to a manageable level. In view of the existing
bounds on the growth rate of the dimension p as a function of n, the
results here (cf. Theorem 1) extend the AUL property to very high
dimensions that do not seem achievable using commonly used
(unpenalized) estimators of the full regression vector β.

As an application of the AUL representation, we establish Func-
tional Oracle Property of the ALASSOmethod. Specifically, we show
that in addition to identifying the set of relevant variables with
probability tending to one, the ALASSO-based residual empirical
process converges to the same Gaussian process on L∞([−∞, ∞])
as the residual empirical process based on the OLS in the reduced
model under the oracle. Thus, the ALASSO enjoys the ‘Oracle prop-
erty’ of Fan and Li (2001) in themore general context of estimating
a functional parameter than just the estimation of finitely many
linear combinations of the β-vector.

As a second application, we use the ALASSO based empirical
process to construct asymptotically valid prediction intervals (PIs)
for unobserved values of the response variable. In this case, a naive
application of the edf based on the OLS (and related) estimators
of the full vector β would lead to PIs that may not achieve the
target coverage probability even in large samples. Indeed, the
simulation results from Section 4 show that even for the normal
error distribution, the empirical coverage probabilities of the OLS
based PIs in the full model perform very poorly at all levels of
the sample size (at n = 60 and at n = 200) whenever the
dimension p becomes large (e.g., in the case ‘p = 50 for n = 60’,
among others). In contrast, the empirical coverage probabilities
of the ALASSO based PIs in high dimensions are reasonably close
to the nominal levels even for a sample size n = 60 for normal
and non-normal error distributions. As a result, the ALASSO based
inference has definite advantages over non-penalized methods in
high-dimensional regression models in presence of sparsity.

We conclude this section with a brief literature review. The
literature on penalized regression in high dimensions has been
growing very rapidly in recent years and here we shall limit our-
selves to only a modest account of the work that is most related
to the present paper, due to space considerations. In a pioneer-
ing work, Tibshirani (1996) introduced the LASSO as an estima-
tion and variable selection method in regression models, using
ℓ1-based penalization. In a seminal work, Zou (2006) introduced
the ALASSOmethod as an improvement over the LASSO and estab-
lished its variable selection consistency property and asymptotic
distribution theory under weaker conditions on the design matrix.
Other popular penalized estimation and variable selection meth-
ods are given by the SCADof Fan and Li (2001) and theMCPmethod
of Zhang (2010), among others. Properties of the ALASSO and the
related methods have been investigated by many authors, includ-
ing Knight and Fu (2000), Meinshausen and Bühlmann (2006),
Wainwright (2009), Bunea et al. (2007), Bickel et al. (2009), Huang
et al. (2008b), Huang et al. (2008a), Zhang andHuang (2008),Mein-
shausen and Yu (2009), Pötscher and Schneider (2009), Chatter-
jee and Lahiri (2011b) and Gupta (2012), among others. Fan and
Li (2001) introduced the important notion of ‘‘oracle property’’ in
the context of penalized estimation and variable selection by the
SCAD. Belloni et al. (2011a) give an authoritative introduction to
high dimensional problems in Econometric models. For results on
post variable selection inference, see Leeb and Pötscher (2008),
Bach (2009), Chatterjee and Lahiri (2011a), Belloni et al. (2011b),
Gautier and Tsybakov (2011), Liao and Phillips (2012), and the ref-
erences therein. For a book-length account of the inference issues
and recent results in the high dimensional set up, see the recent
monograph of Bühlmann and van de Geer (2011).

The rest of the paper is organized as follows. Section 2 sets up
the notation and states the conditions. Section 3 describes themain
theoretical findings. Simulation results are reported in Section 4,
followed by a set of concluding remarks in Section 5. Proofs of all
the results are given in the final section.

2. Background and conditions

2.1. Notation and conventions

Note that as we allow the dimension p = pn of the regression
parameters to diverge with n, the quantities, like xi, β and the
number p0 of nonzero components of β, all depend on n. However,
we often suppress the dependence on n to ease notation. As
described in Section 1, without loss of generality (w.l.o.g.), let In ≡

{j : 1 ≤ j ≤ pn, βj,n ≠ 0} = {1, . . . , p0n} be the (population)
set of non-zero regression coefficients, where βj ≡ βj,n is the jth
component of β ≡ βn. The ALASSO yields an estimatorIn ≡ {j : 1 ≤ j ≤ pn, βj,n ≠ 0}

of In. Thus,In is the set of variables selected by the ALASSO.
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Next, define Cn = n−1n
i=1 xix

′

i . Define the submatrices of Cn
using the partition

Cn =


C11,n, C12,n
C21,n, C11,n


where C11,n is p0×p0. For the development here, we do not require
that Cn be invertible even when p ≤ n. However, for the rest of the
paper, we do suppose that C11,n is invertible. Thus, the rank of X is
greater than or equal to p0, and the non-zero regression coefficients
are uniquely determined. For any p × 1 vector x ∈ Rp, let x(1)

denote the subvector consisting of its first p0 components. Thus,
βn = (β(1)′

n , β(2)′
n )′ where β(2)′

n = 0 ∈ Rp−p0 . Note that the oracle
based OLS concerns the reduced model

yi = x(1)′
i β(1)

+ ϵi, i = 1, . . . , n. (2.1)

Denote the oracle based OLS of β(1) by βOR
n . Note that by our

assumption on C11,n,βOR
n is well defined.

Next define the ith residual based on the ALASSO as

ei = yi −
p

j=1

xijβn,j, 1 ≤ i ≤ n. (2.2)

LetFn(x) = n−1n
i=1 1(ei ≤ x), x ∈ R be the ALASSO based

residual edf. Also, letFOR
n denote the edf of the residuals from the

oracle based OLS. Also, let x̄n = n−1n
i=1 xi, η11,n = the smallest

eigenvalue of C11,n and κn = min{|βj,n| : j ∈ In}.

2.2. Conditions

We shall make use of the following conditions:

(C.1) There exists δ ∈ (0, 1), such that for all x ∈ Rp0 , y ∈ Rp−p0

and n > δ−1,
x′C12,ny

2
≤ δ2 x′C11,nx


·

y′C22,ny


.

(C.2) max{|βj,n| : j ∈ In} = O(1) and p0 log n ≪ nη2
11,nκ

2
n .

(C.3) (i) p = O(nν) for some integer ν ≥ 1.
(ii) max{x(1)′

i C−1
11,nx

(1)
i : 1 ≤ i ≤ n} = O(1) and

x̄(1)′
n C−1

11,nx̄
(1)
n → c2

∞
for some c2

∞
∈ [0, ∞).

(iii) max

n−1n

i=1 |xi,j|2ν+2
: 1 ≤ j ≤ p


= O(1).

(C.4) (i) For some γ ≥ 1,
λnp0 ≪ nη11,nκ

1+γ
n and λ2

np0 ≪ nη11,nκ
2γ
n .

(ii) p30 log p0 = o(n).
(C.5) (i) E(ϵ1) = 0, E(ϵ2

1) = σ 2
∈ (0, ∞) and E|ϵ1|

2ν+2 < ∞,
where ν is as in (C.3) above.

(ii) The distribution F is strictly increasing on its support,
an interval [c, d] where −∞ ≤ c < d ≤ ∞. It has a
density f with derivative Df such that both f and |Df | are
bounded on (c, d) by some constantMf .

(C.6) (i) There exists a sequence an → 0+ such that n1/2an → ∞

and
P

max
1≤j≤p

|β̃j,n − βj| > an


= o(1).

(ii) κn ≫ an and λna
−γ
n ≫ n

√
p0κn.

We now comment on the conditions. Condition (C.1) requires
the multiple correlation between the relevant variables (with
βj,n ≠ 0) and the spurious variables (βj,n = 0) to be strictly less
than one, in absolute value. This condition isweaker than assuming
orthogonality of the two sets of variables. Variants of this condition
have been used in the literature, particularly in the context of the
LASSO: seeMeinshausen and Yu (2009), Huang et al. (2008a), Chat-
terjee and Lahiri (2011a), and the references therein. Next consider
Condition (C.2). When p is bounded and the regression parameter
vector β ∈ Rp is fixed and Cn → C (element-wise) for a nonsin-
gular C , Condition (C.2) trivially holds with η−1

11,n + κ−1
n = O(1).

In the increasing dimensional case, the first part of (C.2) requires
the nonzero regression co-efficients to be (uniformly) bounded
by some constant, while the second part of (C.2) imposes lower
bounds on the smallest eigenvalue of the submatrix C11,n and
on the smallest non-zero regression co-efficient. Note that if the
smallest eigenvalue of C11,n is bounded away from zero and p0 is
fixed (but p may still diverge to infinity), the smallest nonzero re-
gression parameter is allowed to go to zero at a rate arbitrary close
to n−1/2√log n.

Next consider Condition (C.3). Note that we allow the dimen-
sion of the regression parameters to grow at an arbitrarily large
polynomial rate with the sample size. This growth rate is directly
related to the moment condition on ϵ1 in (C.5) and also to the con-
ditions on the (sample) moments of the design vectors. Part (ii) of
(C.3) is used for establishing the Functional Central Limit Theorem
(FCLT) for the residual empirical process n1/2(Fn(·) − F(·)) while
part (iii) is needed for certainmoderate deviation bounds. Here we
point out that the results of the paper can be extended to the case
log p = o(n), provided ϵ1 has a sub-Gaussian tail and the compo-
nents of the xis are (uniformly) bounded. Condition (C.4) specifies
the growth rate of p0 and also an upper bound on the penalty pa-
rameterλn thatwe need here to prove the AUL result. In viewof the
discussions earlier, the growth rate of p0 is optimal up to a logarith-
mic term in general (cf. [CL01]). (C.5) gives the required conditions
on the error distribution function. The moment condition in part
(i) is somewhat stronger than what is usually used in the context
of proving a FCLT for the residual edf based on the OLS, in dimen-
sions p that grow at most as a small fractional power of the sample
size. Here we use the stronger condition to prove the AUL and the
functional oracle property of the ALASSO method under sparsity,
allowing p to grow at an arbitrary polynomial rate in n, provided
(C.3)(iii) and (C.5)(i) hold. The secondpart of (C.5) is a standard con-
dition that has been used by several authors in the past; See Koul
(2002), [CL01] and the references therein.

Finally, consider Condition (C.6). Part (i) of (C.6) requires the
initial estimatorβn to be consistent for the underlying regression
parameter β at a suitable rate. Part (ii) of Condition (C.6) speci-
fies a lower bound on the penalty parameter λn that, in particu-
lar, depends on the tuning parameter γ of the ALASSO criterion
and the convergence rate an of the initial estimator. It also speci-
fies conditions on the smallest nonzero regression coefficient with
respect to the convergence rate an of the initial estimator to en-
sure detectability. Note that the initial estimator need not be root-
n consistent for the Functional Oracle property to hold. For p > n,
LASSO and related bridge estimators have been suggested as po-
tential choices ofβn in the literature. Indeed, results of Zhao and Yu
(2006) and Zhang and Huang (2008) can be used to verify (C.6)(i)
for LASSOunder additional regularity conditions on the design vec-
tors and the error variables. When p ≤ n andwe use the OLS as the
initial estimator, we can set an = n−1/2√log n, as shown by the
following result:

Proposition 2.1. Suppose that p ≤ n, Condition (C.5)(i) holds
with ν = 1, Cn is nonsingular, and βn is the OLS of β. Also, let
max


n−1n

i=1 |x̃i,j|4 : 1 ≤ j ≤ p


= O(1) where x̃i,j is the jth
element of (x′

iC
−1
n ). Then, (C.6)(i) holds with an = K


n−1 log n.

3. Main results

3.1. Asymptotic uniform linearity in high dimensions

For t ∈ [0, 1], defineZn(t) =
1

√
n


[1(F(ei) ≤ t) − t]

Zn(t) =
1

√
n


[1(F(ϵi) ≤ t) − t]
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where recall that 1(·) denotes the indicator function. Set J(t) =

f (F−1(t)). The first result of this section proves the AUL property
of the ALASSO based residual edf for p = O(nν) as n → ∞, for any
integer ν ≥ 1.

Theorem 1. Under Conditions (C.1)–(C.6),

sup
Zn(t) −


Zn(t) − x̄′

n{
√
n(βn − β)}J(t)

 : t ∈ [0, 1]


= oP(1).

Theorem 1 shows that the AUL property holds for the edf of
the residuals based on the ALASSO fit even for p ≫ n, provided
the regularity conditions (C.1)–(C.6) hold and the regressionmodel
has enough sparsity. In comparison, results of Portnoy (1986)
imply that the AUL property for edf based on the residuals from
a standard method of estimation (such as M-estimation) of the
full vector β may fail whenever p2/n → ∞. As a result, the
penalization step of ALASSO plays a crucial role in extending the
AUL property to very high dimensional regression problems under
sparsity.

3.2. Functional oracle property of the ALASSO

The AUL property has a number of important applications in
the context of statistical inference in high dimensional regres-
sion (cf. Koul, 2002). Among others, it allows one to establish the
asymptotic distribution of the residual edf which, in turn, can be
used to carry out goodness of fit tests on F and set confidence bands
for F . Note that under Conditions (C.1)–(C.6), Theorem 1 of [CL01]
and standardweak convergence theory (cf. van der Vaart andWell-
ner, 1996) can be used to conclude that

ZOR
n ≡ n1/2

FOR
n − F


→

w Z∞ on L∞([−∞, ∞]) (3.1)

whereFOR
n (x) is the edf of the residuals based on OLS under the

oracle and Z∞ is a zero mean Gaussian process with covariance
function

τ(x, y) = Cov(Z∞(x), Z∞(y)), x, y ∈ [−∞., ∞]

= F(x ∧ y) − F(x)F(y) + c2
∞

σ 2f (x)f (y)

+


Eϵ11(ϵ1 ≤ x)f (y) + Eϵ11(ϵ1 ≤ y)f (x)


c2
∞

. (3.2)

Here and in the following, L∞([−∞, ∞]) denotes the space of
all bounded functions on [−∞, ∞], equipped with the sup-norm
and →

w denotes weak convergence on L∞([−∞, ∞]). Define the
ALASSO based residual empirical process (cf. (2.2))

Zn(x) =
√
n
Fn(x) − F(x)


, x ∈ [−∞, ∞].

Also, recall thatIn is the set of covariates selected by the ALASSO.
With this, we have the following result:

Theorem 2 (Functional Oracle Property of ALASSO). Under Condi-
tions (C.1)–(C.6), as n → ∞,

P(In = In) → 1 and Zn →
w Z∞ on L∞([−∞, ∞]),

where Z∞(·) is the Gaussian Process in (3.1) with covariance
function (3.2).

Thus, Theorem 2 shows that under conditions (C.1)–(C.6), in ad-
dition to selecting the correct set of variables with high probabil-
ity, the ALASSO based residual empirical process converges to the
same limit as the OLS based residual empirical process under the
oracle. This shows that the penalization step in ALASSO is highly
effective in identifying the true set of relevant variables and as a
result, it is capable of capturing the asymptotic distribution of the
residual empirical process under the oracle, even when the latter
is a complicated probability law on a function space. By an applica-
tion of the continuous mapping theorem and the functional Delta
method, this in turn implies that the ALASSO method can capture
the oracle limit of a very large class of functionals of the residual
edf, solely under (additional) continuity andHadamard differentia-
bility conditions on the functional. Thus, compared to the existing
results that are limited to considering finitely many linear combi-
nations of the regression parameter vector β, Theorem 2 extends
the scope of ALASSO based inference to a wide class of functionals
of F .

Theorem 2 immediately allows us to construct large sample
confidence bands for the error d.f. F . To that end, let qα denote theα
quantile of the random variable ∥Z∞∥∞ = sup{|Z∞(x)| : x ∈ R},
α ∈ (0, 1). (Note that Z∞(−∞) = Z∞(∞) = 0 with probability
one as τ(x, x) = 0 for x ∈ {±∞} and hence, ∥Z∞∥∞ is also the
supremum of |Z∞(x)| over all x ∈ [−∞, ∞].) Define Jα = {G :

∥G −Fn∥∞ ≤ qα}. Then we have the following result.

Corollary 1. Suppose that Conditions (C.1)–(C.6) hold. Then, for any
α ∈ (0, 1),

P

F ∈ Jα


→ α as n → ∞.

Thus, Corollary 1 shows that the ALASSO based residual edf can
be used to construct an asymptotically valid confidence band for
F at any given confidence level α ∈ (0, 1) in high dimensional
regression model (1.1). Here again, the naive approach of using
the OLS based residual edf fails to produce an asymptotically valid
confidence band for F when p3/n → ∞. Indeed, the simulation
results in the next section show that the confidence bands based
on theOLS based residual edf have very poor coverage probabilities
even in large samples.

3.3. Prediction intervals

Next, we consider the problem of constructing large sample
prediction intervals for an unobserved value yx of the response
variable Y at a given value x ∈ Rp of the covariates. Letyx = x′βn
denote the predicted value of Y at x based on the ALASSO estimatorβn. Let α ∈ (0, 1). Define a level α PI for yx as

J0α =

yx +q[1−α]/2,yx +q(1+α)/2


,

whereqt = F−1
n (t) is the t-quantile of the ALASSO based residual

edfFn, t ∈ (0, 1). The following result shows that the resulting PI
attains the nominal confidence level α asymptotically.

Theorem 3. Suppose that Conditions (C.1)–(C.6) hold and that x(1)′

C−1
11,nx

(1)
= o(n), where x(1) is the vector of the first p0-components

of x. Then, for any α ∈ (0, 1),

P

yx ∈ J0α

ϵ1, . . . , ϵn = α[1 + oP(1)].

Note that for the validity of Theorem 3, in addition to
(C.1)–(C.6), we require conditions on the first p0 components of the
new covariate vector x at which we want to predict the response
variable yx. Note that for the (asymptotic) validity of the PI con-
structed from the ALASSO-based residual edf, no condition on the
last p− p0 components (corresponding to the zero-components of
β) has been imposed. This seems to be a reasonable thing to ask for,
since under the sparsity assumption on the model (1.1), the value
of yx does not depend on the last p− p0 components of x, and The-
orem 3 delivers a valid large sample PI for yx for any choices of the
last p − p0 components of x.
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4. Simulation results

To illustrate finite sample properties of the proposed method-
ology based on the ALASSO residual empirical process, we carried
out a detailed simulation study. We considered the following five
combinations of (n, p), setting p0 = 10 in all cases. Also, the non-
zero components of β are kept fixed in all these five cases.

(a) (n = 60, p = 20), with

β = (4, −1.5, −8, 0.9, −3, 0.75, 2, −0.5, 10, −6, 0, . . . , 0)′.

(b) (n = 60, p = 50).
(c) (n = 60, p = 100).
(d) (n = 200, p = 50).
(e) (n = 200, p = 500).

The ith row of the design matrix x′

i =

xi,1, . . . , xi,p0


is selected

independently from aNp(0, Σ) population. Once the designmatrix
is generated, it is kept fixed throughout the simulation. We
considered two different choices for the covariance matrix Σ:

(S1) A block diagonal structure: Σ = diag

Σ1,1, Ip−p0


, where

Σ1,1 = ((σi,j)) is a p0 × p0 matrix with (i, j)th element
σi,j = (0.7)|i−j|, 1 ≤ i, j ≤ p0.

(S2) An equi-correlation structure: Σ = (1−0.7) · Ip + (0.7) ·11′,
where 1 is a p dimensional of vector of 1’s.

It was found that the choice of the covariance matrix Σ , was
not influencing the results significantly. Hence we only report the
results for the (S1) case.

The error distribution considered was F = N(0, 1). The penalty
parameterλn was selectedusing twodifferent approaches, namely,
Theoretical rates and Cross Validation, as described below:

(Th) Theoretical rates: here λn is selected in such a manner such
that it satisfies the theoretical rate conditions given in (C.4)
and (C.6). We have used λn = cn1/4, with c ∈ {0.25, 1, 2, 5}.
If p > n, we have used the LASSO as the initial estimator,
which requires the choice of a tuning parameter λ0,n. In our
simulations we have used λ0,n = 0.5 · n1/2.

(CV) Cross Validation: here λn was selected using 5-fold cross
validation. If the LASSO was used as an initial estimator, the
corresponding tuning parameter was also selected by 5-fold
CV.

Construction of the confidence bands Jα (cf. Corollary 1) requires
the knowledge of the quantiles qα .

(BB) Brownian Bridge: Note that in general, the quantiles qα ’s are
not distribution free. However, in the important special case
where design vectors xi’s are generated by realizations of zero
mean iid random vectors and the smallest eigenvalue of C11,n
are bounded away from zero (which happens to be the case
in the simulation set up), the constant c2

∞
= 0. In this case,

the quantiles qαs are given by the quantiles of the supremum
of the Brownian Bridge on [0, 1], which does not depend on
any population parameters and hence, can be used for any F .

As mentioned above, the ALASSO requires an initial estimator
and we have used the following:

(AL) OLS: In case of p < n: the initial estimator is the OLS and the
second stage estimator is the ALASSO.

(AL.L) LASSO: In case of both p < n and p > n: the initial estimator
is the LASSO and the second stage estimator is the ALASSO.

One of the referees has suggested that our methods be compared
with post-model selection based estimators, by applying the usual
OLS on the model selected by ALASSO. Another suggestion was
to compare the performance of our procedures by benchmarking
against the Oracle based estimator (by applying the OLS on the
known set of relevant covariates). The following list describes these
methods:
Table 1
Empirical coverage probabilities for the error d.f. F based on the confidence band Jα
with (S1) as the covariance matrix and α = 0.9. The error df is F = N(0, 1).

(n, p) Choice of λn Estimation Methods (qα estimated using BB)
AL AL.L PM.AL PM.AL.L Oracleb

(60, 20) CV 0.81 0.806 0.792 0.806 0.884
Tha 0.25 0.794 0.826

1.00 0.898 0.914
5.00 0.826 0.742

(60, 50) CV 0.516 0.606 0.402 0.464 0.926
Tha 0.25 0.230 0.564

1.00 0.916 0.948
5.00 0.890 0.888

(60, 100) CV 0.202 0.112 0.928
Tha 0.25 0.004

1.00 0.818
5.00 0.896

(200, 50) CV 0.888 0.892 0.878 0.860 0.932
Tha 0.25 0.872 0.854

1.00 0.938 0.934
5.00 0.924 0.912

(200, 500) CV 0.038 0.002 0.912
Tha 0.25 0.000

1.00 0.864
2.00 0.936

a Using λn = c · n1/4 , with c ∈ {1/4, 1, 5} or {1/4, 1, 2}.
b The Oracle based method does not depend on the choice of λn .

(PM.AL) For the p < n case: we applied OLS on the model
selected by the ALASSO. The tuning parameter was
selected by 5-fold CV and qα were computed using the
Brownian Bridge result.

(PM.AL.L) For both p < n and p > n case: we applied OLS
on the model selected by the ALASSO (with the LASSO
as the initial estimator). The tuning parameter and
the quantiles were selected in the same manner as in
(PM.AL) above.

(OR) The oracle based estimator, where the true set of non-
zero coefficients (viz. {1, . . . , p0}) of β is known and
OLS is applied on these first p0 components. Here, the
quantiles qα are based on (BB).

The itemization shown above provides the symbols which we
will use to describe our results. We do not study all possible
combinations as it would be too time consuming. Instead, we focus
on selected cases to study the performance of each procedure. In
case any value is missing in Tables 1 and 2, then the corresponding
cases were not studied.

Table 1 shows the finite sample coverage probabilities of the
confidence bands Jα , for the underlying error cdf F = N(0, 1), given
by Corollary 1, at nominal level α = 0.9 for all five different com-
binations of (n, p). In all cases, the theoretical choice of λn pro-
vides good coverage with both ALASSO based and the ALASSO +

LASSO based methods. Further, their performance changes with
the change of the tuning parameter, sometimes with the appro-
priate amount of penalization the coverage probabilities improve
drastically. The situation is not the same in case of CV based choice
of tuning parameter, particularly in the high-dimensional cases. In
the low-dimensional cases, the CV based method performs nicely
with slightly poor performance in case of (n = 60, p = 50). Simi-
lar behavior was found using (n = 200, p = 150), which we have
not reported. In all cases, the oracle based method performs very
nicely, as expected. The Post-Model selection based methods pro-
vide comparable performance in the low-dimensional cases, but
their performance deteriorates in case where p > n or p ∼ n.



322 A. Chatterjee et al. / Journal of Econometrics 186 (2015) 317–324
Table 2
Prediction interval accuracy based on J0α using one
test sample, with α = 0.9, for two different error
df’s.

(n, p) F = N(0, 1) F = χ2
1 − 1

AL AL.L AL AL.L

(60, 20) 0.778 0.782 0.808 0.814
(60, 50) 0.590 0.610 0.620 0.700
(60, 100) 0.284 0.332
(200, 50) 0.848 0.848 0.814 0.814
(200, 500) 0.504 0.412

Finally, for the ALASSO based prediction, the PI’s were com-
puted by using the CV-based choice of the tuning parameter. Over-
all, the results in Table 2 indicate that the prediction interval
procedure performs nicely for low-dimensional p and has worse
performance in the high-dimensional cases. To consider the effect
of an asymmetric error distribution, we also included F = χ2

1 − 1
in the study of ALASSO based PIs. In this situation, the performance
for χ2

1 − 1 errors is comparable to the N(0, 1) errors.

5. Conclusion

In this paper, we investigated the properties of the ALASSO
method for inference on the error distribution in a high dimen-
sional regression model when the dimension p of the regression
model may grow at an arbitrary polynomial rate with the sample
size n. The main results of the paper show that under appropri-
ate regularity conditions, the ALASSO method enjoys a Functional
Oracle property. Specifically, the ALASSO can identify the true set
of nonzero regression coefficients with probability tending to one
and at the same time, the centered and scaled residual empirical
process based on the ALASSO converges weakly to the same Gaus-
sian process as the centered and scaled residual empirical process
based on the OLS under the Oracle that specifies a priori the non-
zero coefficients in the regression model. It is important to note
that the Oracle reduces the dimension of the regression model to
p0 which grows only as a fractional power of the sample size. In
comparison, the full model may have a dimension p as large as any
given polynomial power of the sample size. Thus, the ALASSO can
effectively deal with the complexities of a very high dimensional
model guaranteeing a level of precision that is comparable to the
OLS method in a much lower dimensional model.

A key requirement for the use of the ALASSO method is the
choice of a suitable initial estimator. For p ≤ n, Proposition 2.1
shows that the OLS method provides an attractive choice under
fairly general regularity conditions. However, for p > n, the OLS
is no longer unique and one must employ alternative estimators
that are well defined in such high dimensional cases. Here, wemay
choose the initial estimator as the LASSO estimator or the Ridge
estimator of the full p-dimensional parameter β. The simulation
results show that the coverage probabilities of the confidence
bands for the error distribution based on the ALASSOmethod with
these choices of the initial estimator are very good even when the
sample size is not too large, i.e., in the case, n = 60 and p =

50, 100. In comparison, the OLS based confidence bands, where
applicable, perform rather poorly. Thus, the ALASSO method has a
definite advantage over traditional methods that target estimating
the full regression parameter and fail to exploit model sparsity. It
is worth pointing out that the growth rate of p can be generalized
to

log p = o(n) as n → ∞,

provided some stronger conditions on the design vectors and error
distribution (such as E exp(tϵ1) < ∞ for all t in an open interval
around the origin) hold. However, we preferred to work with a
weaker moment condition that is applicable to a larger class of
error distributions. Specifically, our results allow for (a potentially
arbitrarily large) polynomial growth rate that is directly related to
the tails of the error distribution. Further, we expect that under
suitable regularity conditions, other popular penalized regression
methods with the Oracle property, such as the SCAD and the MCP,
can also be shown to have the Functional Oracle property.

6. Proofs

Recall that x(1) denotes the first p0 components of a vector
x ∈ Rp. Also, recall that the rescaled ALASSO based residual
empirical process and the unobservable empirical process of the
error variables ϵ1, . . . , ϵn are respectively given by

Zn(t) =
1

√
n

n
i=1


1

F(ei) ≤ t


− t

, t ∈ [0, 1] and

Zn(t) =
1

√
n

n
i=1


1

F(ϵi) ≤ t


− t


t ∈ [0, 1].

Let Γn(t,u) =
1

√
n

n
i=1


1

F(ϵi − n−1/2x′

iu) ≤ t


− t

, t ∈ [0, 1]

and u ∈ Rp. Then,Zn(t) = Γn


t,

√
n(βn − β)


, t ∈ [0, 1].

Next define the random vector Wn = n−1/2n
i=1 x

′

iϵi and write

W ′
n =


W (1)

n
′

,W (2)
n

′

. Let

Vn(u) = u′Cnu − 2u′Wn

+ λn

p
j=1

|β̃j,n|
−γ

βj,n +
uj
√
n

− |βj,n|


, u ∈ Rp.

Note thatβn = argmin
u∈Rp

Vn(u). (6.1)

Let K , K(·) denote generic constants with values in (0, ∞) that
do not depend on n, butmay depend on the arguments, if any. Also,
unless otherwise specified, limits in order symbols are taken by
letting n → ∞.

Proof of Proposition 2.1. Note that under the conditions of the
proposition, p ≤ n and Cn is nonsingular. Hence, the OLS estimator
of β is unique and is given byβn = n−1C−1

n
n

i=1 xiyi. Hence, it is
easy to check that for any 1 ≤ j ≤ p,

βn,j − βj = n−1
n

i=1

x̃i,jϵi.

Hence, using the Fuk–Nagaev inequality (cf. Section 4 of Fuk and
Nagaev, 1971), we have

P

max{|βn,j − βj| : j = 1, . . . , p} > Kn−1/2


log n


≤ P


max

n−1/2
n

i=1

x̃i,jϵi

 : 1 ≤ j ≤ p


> K


log n



≤

p
j=1


Kn−2(log n)−2

n
i=1

|x̃i,j|4E|ϵi|
4
+ exp


−K

n log n n
i=1

x̃2i,jσ 2



= O

pn−1(log n)−2


= o(1). (6.2)

Hence, Condition (C.6)(i) holds.
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Proof of Theorem 1. Define the sets

A1,n =


∥βn − βn∥∞ ≤ an


A2,n =


∥W (1)

n ∥ ≤ K

p0 log n


A3,n =


∥W (2)

n ∥∞ ≤ K

log n


.

Note that by Condition (C.6), P(Ac
1n) = o(1). We now show that

under Conditions (C.3)(ii) and (C.5)(i), P(Ac
k,n) = o(1) for k = 2, 3.

To that end, consider A2,n. As in the proof of Proposition, using the
Fuk–Nagaev inequality (cf. Section4of Fuk andNagaev, 1971),with
s = 2ν + 2, we have

P(Ac
2,n) ≤ P


max

n−1/2
n

i=1

xi,jϵi

 : 1 ≤ j ≤ p


> K


log n



≤

p
j=1


Kn−(s−2)/2(log n)−s/2

n
i=1

|xi,j|sE|ϵi|
s

+ exp


−K
n log n n

i=1
x2i,jσ 2




= O

pn−(s−2)/2(log n)−s/2


= o(1). (6.3)

By similar arguments, P(Ac
3,n) = o(1). Hence, writing An = A1,n ∩

A2,n ∩ A3,n, it follows that P(An) → 1.
Note that by condition (C.1) on the set An, for n large,

Vn(u) ≥ (1 − δ)

u(1)′C11,nu(1)

+ u(2)′C22,nu(2)


− 2u′Wn +
λn
√
n

p
j=1

|uj|

|β̃j,n|
γ

− 2λn

p0
j=1

|βj,n|

|β̃j,n|
γ

≥ (1 − δ)∥u(1)
∥
2η11,n − 2∥u(1)

∥∥W (1)
n ∥ − 2λn

p0
j=1

|βj,n|

|β̃j,n|
γ

+

p
j=p0+1

|uj|


λn
√
n

·
1

|β̃j,n|
γ

− 2|Wj,n|


≥ ∥u(1)

∥


(1 − δ)∥u(1)

∥η11,n − K

p0 log n


− 2λn

p0
j=1

|βj,n|
1−γ


1 + K(γ )an



+ K(γ ) ·

p
j=p0+1

|uj|

λn · n−1/2an−γ

− K(log n)1/2

. (6.4)

Next note that for any a > 0, c > 0, the quadratic form Q (x) =

ax2 − bx − c is positive whenever x > (2a)−1
[b +

√
b2 + 4ac].

Hence, it follows from (6.4) and Conditions (C.2) and (C.4) that

Vn(u) > 0 for all u ∈ Bn ≡ {u ∈ Rp
: ∥u(1)

∥ > Mn} (6.5)

where

Mn ≡ K(δ, γ )max

η−1
11,n(p0 log n)

1/2

+


η−1
11,nλn

p0
j=1

|βj,n|
1−γ

1/2
.

Next, note that for any u = (u(1),u(2)) and p0 + 1 ≤ j ≤ p, the
absolute value of the jth component of u(1)′C12,n is bounded above
by

p0
l=1

|ulcl,j,n| ≤


p0
l=1

u2
l

1/2  p0
l=1

c2l,j,n

1/2

≤ ∥u(1)
∥

tr(C11,n)

1/2 c1/2j,j,n.

Since by (C.2), max{cj,j,n : 1 ≤ j ≤ p} = O(1), by (C.4) it follows
that on the set An and for n ≥ n0 (for some n0 ≥ 1), uniformly over
{u ∈ Rp

: ∥u(1)
∥ ≤ Mn, u(2)

≠ 0},

Vn(u) − Vn

u(1), 0


= u(1)′C12,nu(2)

+ u(2)′C22,nu(2)

− 2u(2)′W (2)
n +

λn
√
n

p
j=p0+1

|uj|

|β̃j,n|
γ

≥

p
j=p0+1

|uj|


λn

√
n|β̃j,n|

γ
− 2|Wj,n| −

 u(1)′C12,n


j



≥ K(γ )

p
j=p0+1

|uj|


λnn−1/2a−γ

n − (log n)1/2 − Mnp
1/2
0


> 0. (6.6)

Since Vn(0) = 0, from (6.5) and (6.6), it follows that the minimum
of Vn(u) cannot be attained at any u satisfying either ‘∥u(1)

∥ > Mn’
or ‘∥u(1)

∥ ≤ Mn, u(2)
≠ 0’. Thus,

argmin
u∈Rp

Vn(u) ∈ Bn ≡

u ∈ Rp

: ∥u(1)
∥ ≤ Mn, u(2)

= 0

,

whenever (6.5) and (6.6) hold. Hence, on the set An and for
n ≥ n0,
√
n
βn − βn


≡ argmin

u∈Rp
Vn(u) = argmin

∥u(1)∥≤Mn

Vn

u(1), 0


=


U(1)

n
′
, 0′

′

, (6.7)

where U(1)
n = C−1

11,n


W (1)

n − n−1/2λns̃
(1)
n /2


and s̃(1)n =

s̃1,n, . . . , s̃p0,n
′ with s̃j,n ≡ sgn(βj,n)|β̃j,n|

−γ , 1 ≤ j ≤ p0. Also,

let Un =


U(1)

n
′

, 0′

′

∈ Rp. Hence, it follows that for n ≥ n0 and on
An,Zn(t) = Γn


t,Un


, t ∈ [0, 1].

Next we obtain a stochastic expansion for Γn(t,Un). Note that
Γn(t,Un) = n−1/2n

i=1


1

F(ϵi − n−1/2x′

iU) ≤ t


− t


=

n−1/2n
i=1


1

F(ϵi−n−1/2x(1)

i
′U(1)) ≤ t


−t

. Let b̃n = −n−1/2λn ·

C−1
11,ns̃

(1)
n /2. Using Conditions (C.2)–(C.4), it can be shown that

n−1/2 max
b̃′

nx
(1)
i

 : 1 ≤ i ≤ n


≤
λn

2n
max


∥C−1/2

11,n x(1)
i ∥} · ∥C−1/2

11,n ∥ · ∥s̃(1)n ∥

= Op

λnη
−1/2
11,n κ

−γ
n

√
p0

n


= o(1) (6.8)

since, by (6.3), ∥s̃(1)n ∥ ≤ K
√
p0κ

−γ
n on An. Also, by similar argu-

ments, ∥x̄(1)′
n b̃n∥ = Op(1). This, together with a direct variance cal-

culation and Condition (C.3), shows that

|x̄(1)′
n U(1)

n | = Op(1). (6.9)
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Further, by Condition (C.3),

n−1E

U(1)′

n [X (1)′X (1)
]U(1)

n


= O(p0), (6.10)

where X (1) denotes the n × p0 submatrix of X consisting of its first
p0 columns, i.e., the designmatrix corresponding to the Oracle that
sets βp0+1 = · · · = βp = 0.

By (6.9) and (6.10), Conditions (E.1) and (E.2) of [CL01] hold
(with dn = p0). Now the result follows from Theorem 1 of [CL01]
by using Conditions (C.2)–(C.6).

Proof of Theorem 2. Note that under (C.1)–(C.6), by (6.7) in the
proof of Theorem 1, there exists an n0 ≥ 1 such that for all n ≥ n0,
An ⊂ {

√
n(βn − β)(2) = 0}. Hence, for n ≥ n0,

P
In = In


= P

√
n(βn − β)(2) = 0


(6.11)

≥ P(An) → 1 as n → ∞, (6.12)

proving the first part of the theorem, i.e., proving the consistency
of variable selection under (C.1)–(C.6).

Next consider the second part, i.e.,

Zn →
w Z∞ on L∞([−∞, ∞]).

Note that by Conditions (C.2)–(C.4) and Taylor’s expansion, on An,s̃j,n − sgn(βj,n)|βj,n|
−γ
 ≤ Kγ κ−(γ+1)

n an (6.13)

uniformly in j ∈ {1, . . . , p0}, for all n ≥ n0. Now using
Condition (C.3)–(C.5), (6.13), Theorem 1 and Lindeberg Central
Limit Theorem, it can be shown that for any x1 < x2 < · · · < xk
(1 ≤ k < ∞),√

n[Fn(x1) − F(x1)], . . . ,
√
n[Fn(xk) − F(xk)]

′

→
d N(0, Σ)

where →
d denotes convergence in distribution on Rk and where

Σ is a k × k matrix with (i, j)th element given by τ(xi, xj), 1 ≤

i, j ≤ k. This shows that the finite dimensional distributions of Zn
converge to those of Z∞. It now remains to establish asymptotic
tightness of Zn. In view of Theorem 1, this would follow from
the asymptotic tightness of {Zn(F(x)) : x ∈ [−∞, ∞]} and the
tightness of the sequence of random variables {n−1/2x̄(1)′

n U(1)
n }. The

first assertion is a standard result on the empirical process of iid
random variables. As for the second, note that by Condition (C.3),
Var(x̄(1)′

n C−1
11,nW

(1)
n ) = x̄(1)′

n C−1
11,nx̄

(1)
n σ 2

= O(1). Hence, using (6.8)
and (6.13), we have

x̄(1)′
n U(1)

n = x̄(1)′
n C−1

11,nW
(1)
n + oP(1)

= OP(1).

Therefore, Zn is asymptotically tight. Since the limiting Gaussian
process has continuous sample paths with probability one, the
FCLT follows. This completes the proof of Theorem 2.

Proof of Corollary 1. Follows fromTheorem2 and the Continuous
mapping theorem.

Proof of Theorem 3. Note that by Theorem 2, for any α ∈ (0, 1),F−1
n (α) →p F−1(α).

Next, define the ‘‘ideal’’ interval J∗α by replacing q̂t with qt ≡ F−1(t)
for t = α/2, 1 − α/2. Then, it is easy to check that

P(yx ∈ J∗α |ϵ1, . . . , ϵn) = [1 − α] + op(1).

Theorem 3 follows by combining the two assertions. We omit the
routine details.
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