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ABSTRACT. In this article, we derive the asymptotic distribution of the boot-
strapped Lasso estimator of the regression parameter in a multiple linear re-
gression model. It is shown that under some mild regularity conditions on the
design vectors and the regularization parameter, the bootstrap approximation
converges weakly to a random measure. The convergence result rigorously
establishes a previously known heuristic formula for the limit distribution of
the bootstrapped Lasso estimator. It is also shown that when one or more
components of the regression parameter vector are zero, the bootstrap may
fail to be consistent.

1. INTRODUCTION

Consider the following regression model:

(1.1) vy =xB+e€, i=1,...,n,
where y; is the response, x;, = (z;1,...,%;p) I8 a p x 1 covariate vector, 8 =
(L1, Bp)' is the regression parameter and {¢;} are iid errors. The Lasso estimator

of 3 is defined as the minimizer of the l;-penalized least square criterion function,

n P

(1.2) B,, := argmin 2 (yi — x’iu)2 + A Z luj],

uek?r 5
where A, is a regularization parameter. The Lasso estimate was introduced by
[Tib96] as an estimation and variable selection method. The Lasso is preferred
over the ordinary least squares estimation method (which corresponds to A, = 0
in (T2)) as a model selection tool because, with a suitable choice of A, it leads to
a sparse solution. Many authors have studied the model-consistency properties of
the Lasso and investigated conditions under which the Lasso can recover the true
sparsity pattern; see [ZY06], [Wai06], [Zou06] and the references therein.
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4498 A. CHATTERJEE AND S. N. LAHIRI

In an important paper, [KF00] derived the asymptotic distribution of the Lasso
estimator. They showed that under mild regularity conditions on the error vari-
ables, the design vectors x;, and the regularization parameter \,,

nl/Q(Bn -B) 4, argminV(u) asn — o,
uelRP

where V(+) is a random process over RP. Except for some very special cases, no
closed form formula for either the limiting random vector or the limit distribution is
available. As a result, the use of the asymptotic distribution of the Lasso estimator
for constructing confidence intervals or for conducting large sample tests is not very
appealing in practice. As an alternative, [KF00] considered using the bootstrap
method to approximate the distribution of the Lasso estimator. In the setup of
(1), the standard bootstrap method is the residual bootstrap of [Fre81]. [KE00]
considered the residual bootstrap for the Lasso estimator and sketched out its
asymptotic behavior using some heuristic arguments. In this paper, we derive the
asymptotic distribution of the bootstrapped Lasso estimator and show that it is
given by a random probability measure on RP. We provide a precise description
of the random limit distribution. From this, it follows that under the regularity
conditions of this paper, the heuristic formula for the limit distribution of the
bootstrapped Lasso estimator, given by [KF00], is indeed valid, thereby proving
the conjecture by [KF00]. See Section Bl for details.

As a corollary to the main result (cf. Theorem [B]), we show that under mild
regularity conditions, the bootstrap approximation is inconsistent whenever there
are one or more zero-components of the parameter vector 3, thereby corroborating
the claim of [KF00]. We also use the asymptotic results to identify some important
special cases where the limiting random measure is degenerate and the bootstrap
approximation is consistent. In the course of the proof of the main result, we also
establish strong consistency of the Lasso estimator (cf. Lemma[£2]), which may be
of some independent interest.

The rest of the paper is organized as follows. In Section Pl we describe the
bootstrap method. In Section Bl we state the main result and the corollaries. The
proofs of all the results are given in Section [

2. DESCRIPTION OF THE BOOTSTRAP METHOD

In a regression setup such as (IIJ), the standard approach to bootstrapping is
the residual bootstrap method (cf. [Fre81]), which we briefly describe now. Letting
Bn denote the Lasso estimator of 8 given by (LZ), our goal is to approximate the
distribution of a centered and scaled version of Bn,

Tn:\/ﬁ(ﬁn—ﬂ>, n=1,

using the residual bootstrap. To that end, define the residuals

ei =y —x:0B,, i=1,...,n.
Consider the set of centered residuals {e; — €,,...,e, —€,}, where &, =n"1t> . ¢;.
For the residual bootstrap, one selects a random sample {eX}""  , of size n from
{e; —é, 11 =1,...,n} with replacement. The bootstrap version of (LI is now

given by
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BOOTSTRAPPING LASSO ESTIMATES 4499

Next, based on the bootstrap dataset {y¥,x;},_,, as in [KF00], we define the boot-

i=17
strap version of the Lasso estimator (cf. (L2)) as

P
(2.1) Bk := argmin Z (y¥ — x’iu)2 + A Z [ujl.

j=1

Then, the bootstrap version of T, is given by
Tﬁzﬁ(ﬁfbfﬁn), n=1.

Let G, (-) denote the (conditional) distribution of T given the observations {y; }" ;;
ie.,
G.(B) =P, (T: € B), BeB(RP),
where P, denotes the bootstrap probability measure conditional on the observa-
tions {y;}._,, n = 1 or, equivalently, conditional on the error variables {¢; : i > 1}
and where B(R?) denotes the Borel o-field on RP. Then, G,,(-) is the residual boot-
strap estimator of the unknown distribution G,, (say) of T',,. The residual bootstrap
estimator of a population parameter 6,, = ¢(G,,), defined through a functional ¢(-)
of G,,(+), is given by cp(@n) For example, the bootstrap estimator of the a-quantile
(0 < a < 1) of the unknown distribution of |7} is given by the a-quantile of the
conditional distribution of |T7¥| under P; The latter can be computed using the
data and may be used for constructing a confidence region for 3.
Next, let
P
(2.2) V(u) = —2u'W +u'Cu + )\ Z [ujsgn(ﬁj)l (B #0) + |u|1(8; = O)],
j=1
where W ~ N (0,020), C = lim,_ %Z?zlxix; and where Ao € [0,0). Here
and in the following, we write sgn(z) to denote the sign of € R (cf. [@I)) and 1 (+)
to denote the indicator function, where 1(S) = 0 or 1, according to whether the
statement S is false or true. [KF00] show that under some regularity conditions,

T, -5 T,

where T, = argmin, g,V (u). Write G () to denote the distribution of the lim-
iting random vector T',. For the bootstrap approximation to be useful, one would
expect Gy (+) to be close to Gy (+) or, equivalently, to be close to the limit distri-
bution Gy (-), for large n. However, in the next section we show that this is not
always the case. The bootstrap estimator @n() may be inconsistent for G(+), and
thus it may fail to provide a valid approximation to G, (+).

3. MAIN RESULTS

As mentioned in the Introduction, [KF0Q] considered the residual based boot-
strap for the Lasso estimator and sketched out some of its asymptotic properties to
indicate that the residual bootstrap approximation may not work properly in this
problem. In this section, we obtain a complete description of the limit behavior of
the bootstrapped Lasso estimator T, which, in particular, pinpoints the situations
where the residual bootstrap fails. The weak limit of the conditional distribution
of the bootstrapped Lasso estimator T";: is a random probability measure; i.e., G’n()
converges weakly to a random probability measure on RP. To describe it, suppose
that the error variables {¢; : i = 1} are defined on a probability space (2, F,P) and
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4500 A. CHATTERJEE AND S. N. LAHIRI

let W1 and W4 be two independent copies of W ~ N (0, 020), also defined on
(Q, F,P). Also, without loss of generality, suppose that 8; =i 0 for j = 1,...,po and
Bj =0for j =po+1,...,pfor some 0 < py < p. Let py = p—py denote the number

of components of 8 that are zero. For u = (ug,...,up),t = (t1,...,%y) € RP,
define

Po
(3.1) Vip(t;u) = —2u'W1 +u'Cu+ Xo ) u;sgn(B))

j=1

P
+ Ao Z {sgn(tj)[uj —2(u; +t5) l(sgn (tj) [u; +t5] < 0)]
Jj=po+1

+luyltt=0)},

where summation over the empty set is assumed to be zero. (Thus, the second sum
is zero if pg = p.) For each t € R?, let puy (t, -) denote the probability distribution of
argmin (Vi (t,-)). Thus, for each t, us(t, -) is a probability measure on (R?, B(RP?)).
Let M denote the set of all probability measures on (R?, B(R?)) and let ¢ denote the
Prohorov metric (or any other metric metricizing the topology of weak convergence)
on M. Let M denote the Borel o-field on (M, g). Then, it follows (cf. [Kal86]) that
too(Wa,-) is an (F, M)-measurable random measure. Similarly, the bootstrap
estimator C:'n() is also an (F, M)-measurable random measure. The following
result gives the limit distribution of the random measure én()

Theorem 3.1 (Limit distribution of usual bootstrap). Suppose that
(C.1) 13" xIx; — C, where C is positive definite. Further,

D kP =0(1) as n— 0.
=1

(C.2) A\n/4/m — Ao =0 for some Ao € [0,00).
(C.3) The errors {e;}_, are iid with E(e1) = 0, and Var (e1) = 02 € (0, 0).
Then, é’n() converges weakly to po (T, ) as random elements of the metric

space (M, o), where Ty, = argming, g,V (u) (cf. (Z2)) is the distributional limit of
T,.

Theorem B.I] shows that under conditions - the weak limit of the
conditional distribution of the bootstrapped Lasso estimator is given by the random
measure o (T, ), where the randomness is driven by the random vector T'q.
Based on their heuristic arguments, [KF00] claimed that @n() converged weakly
to the distribution of the argmin of the random process V*(+), which in our notation
is given by

Po P
(32) V*u)= —2uW +u'Cu+ )\0[ Z u;sgn(f;) + Z |uj + T ]
Jj=1 Jj=po+1

It can be shown that V(t;u) can also be written as

Po P
(3.3) Vp(t;u) = —2uW; + u'Cu + )\0[ Z ujsgn(B;) + Z luj + t5] — |t;] ]
i=1 i=po+1
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BOOTSTRAPPING LASSO ESTIMATES 4501

A comparison of (B2) and [B3)) shows that the heuristic formula of [KEF00] is
essentially correct if W is replaced by a copy W that is independent of the limiting
random variable T'o, of the original Lasso estimator. In addition to providing a
correct interpretation to the heuristic formula, Theorem [B.1] also gives regularity
conditions that ensure the validity of the conjecture.

From Theorem [B.1] we also note that when 3 has at least one zero component and
Ao # 0, the limit po (T, -) is a nondegenerate random measure. Thus, in this case,
the bootstrap estimator G,,(B) of the probability G,,(B) = P(T,, € B), instead of
converging to the deterministic target Go(B) = lim, o G,(B), indeed converges
(in distribution) to a random variable p,(B,-) for all B satistying Go, (0B) = 0,
where 0B denotes the boundary of the set B. This, in particular, implies that
the residual bootstrap approximation to the distribution of the Lasso estimator is
inconsistent, which we state formally in the following corollary.

Corollary 3.2 (Inconsistency of the bootstrap). Suppose that the conditions of
Theorem Bl hold. If {j : B; = 0} is nonempty and Ao > 0, then

A~

0(Gn(+),Gx(:)) »p 0 as n— 0.

Corollary implies that when 8; = 0 for some j, bootstrap confidence regions
for B cannot attain the nominal level even when the sample size n is large. Similarly,
the bootstrap test for the hypothesis Hy : 8; = 0 for all j € J (for a given nonempty
set J) fail to achieve the desired level of significance under the null hypothesis. The
latter has some important negative implications in the context of model selection,
where one needs to identify the zero components for selecting the true model from
an initial larger model with superfluous covariates.

Next we consider some important special cases, where the bootstrap approxima-
tion is consistent. Note that if all components of 3 are nonzero or the regularization
factor A, = o(n'/?) (i.e. Ao = 01in[(C-2)), the function Vi, (t; u) reduces to V(u) (cf.
22)) for all t,u € RP, and hence py(t,-) equals Gy (+) for all t and the residual
bootstrap is consistent. We state this formally in the following corollary.

Corollary 3.3 (Consistency of the bootstrap). Suppose the conditions of Theo-
rem B hold. If either pg = p or \g = 0, then

A~

sup |Gn(A) —Gn(A4))| —=p0 as n— oo,
AeC

where C' is the collection of all convex measurable sets in RP.

In situations covered by Corollary [3.3] the bootstrap approximation can be used
to construct valid large sample confidence regions for 3. This is of much practical
importance, as the bootstrap automatically yields a valid confidence region without
any analytical work on the part of the user.

Remark. Note that the regression model ([ILT)) assumes that the underlying regres-
sion parameter 3 is a fized quantity and does not depend the sample size n. We
have limited our study of the bootstrap in this fixed parameter framework. But
there can be situations where such a fixed parameter framework is unsuitable. For
example, if the underlying parameters are small, it is common to consider a con-
tiguous framework where the underlying §;’s are assumed to change (or decay)
with the sample size n. In a series of papers, Potscher and his co-authors (see
[PL09], [LPO§| and the references therein) have studied model selection properties
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4502 A. CHATTERJEE AND S. N. LAHIRI

and asymptotics of various penalized regression methods in such contiguous set-
tings and developed interesting impossibility and uniform consistency results, with
uniformity over the underlying parameter space. The study of the bootstrap in such
contiguous settings is an interesting issue requiring careful analysis and is beyond
the scope of the current paper.

4. PROOFS

Let C,C(-) denote generic positive constants that depend on their arguments,
but not on n. Also, recall that we write 1(-) to denote the indicator function and

1 ifz >0,
(4.1) sgn(z) =< —1 ifz <0,
0 otherwise.

Let (92, F,P) denote the underlying probability space and let & = o{e; : i > 1)
denote the sub-o-field of F generated by {e; : i = 1}. For a random vector Z and
a o-field C, write £L(Z) and L(Z]|C) to denote the probability distribution of Z and
the conditional distribution of Z given C, respectively. For any random vector Y,
set L(Z|o(Y)) = L(Z|Y), for notational simplicity. Write X, for the n x p matrix
with rows x}, i = 1,...,n, and let C,, = n~1 X X,,. Unless otherwise indicated,
limits in the order symbols are taken by letting n — c0. Recall that P, denotes
conditional probability given £ and E, = E (|8)

Our first result proves strong consistency of Bn, which may be of some indepen-
dent interest.

Lemma 4.1. Suppose that conditions |(C.1)| and - hold. Then

(4.2) H i €
i=1

Proof of Lemma [l Tt is enough to show that each component of the vector

=0 (n1/2 logn) , as. (P).

n

2 €X; =0 (n1/2 log n)

i=1

almost surely. Hence, for notational simplicity, suppose that the x;’s are scalar. As
a first step, we show that with probability one,

Ti€;

——— _  converges.
12
~ i /2 (log 1)

(4.3)

By Khinchine-Kolmogorov’s 1-series theorem (cf. Theorem 8.34 in [ALO6]), it is
enough to show that

(4.4) Y

= log i
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BOOTSTRAPPING LASSO ESTIMATES 4503

Let s2 = > ,x?, n > 2. Then by - s; ) as n — . Now, using Abel’s
summation formula (cf Lemma 8.4.1 in [ALOGJ) we have
82 n 2 -2 - N —2
}] - -2+ (e +n) -5 080
4 Tioa i = wliog T =

., n j‘(j—kl) [log(j+1)]2—j(10gj)2’
=0 ([log ] )*Oh;2j0+na%ﬁm%u+nf

-0 ([logn]%) +0 (i N J [log <j2+ 1)]2‘ 2)

7 (j+1) (logj) [log (j + 1)]
=0 ([logn]fz) +0 (

'M3

*mw>ﬁ==mm

2

J
as

cwwm%u+nf—m%ﬂﬂ

j{llog (7 + DI = (10g )" }| + [log (j + I’

2jlog (j + 1) [log (1+ )] + [log (j + D
20@%o+m)

Thus ([@3) and ([@4) hold. Now using Kronecker’s Lemma (cf. Lemma 8.4.2 in

[ALO6]), one can conclude [@2]) from (3. O
Lemma 4.2 (Strong consistency). Suppose that conditions -(C.3)| are sat-
isfied. Then

(4.5) |T,] = O (logn), with probability 1.

Proof of Lemma 2l Suppose 8; # 0for all 1 < j < po and 3; = 0 for all (po+1) <
j <p. Let n, and n,, denote the smallest and largest eigenvalues of C,,. Note

that 4/n (Bn - ﬁ) = argmin,V,,(u), where

Po . P ;
V) = -2 w, 0, | $ (1 221 )+ 3 2]

i=1 j=po+1
2 S (-1 + 31
—2uHW@|+M¢ (15121 + _L]
j=1 ’ v j:poﬂ\/H

46 =l = 2w - 2205| = Vi) (s,
f
where W,, = n=1/23"  €;x;. Note that W, is a scaled sum of independent random
vectors, with mean 0 and finite variance. By Lemma 1] we have
|W,| =0 (logn), with probability 1.
This implies that for |[ul > Clogn ,

> 2|W,| +
W | \/—\F

= V,(u) = 07717,71 logn (> 0),
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4504 A. CHATTERJEE AND S. N. LAHIRI

with probability 1. Since V,,(0) = 0, this implies that the minimizer of V,,(u) can
not lie in the set {|ju| = Clogn}. Thus, the minimizer of V,,(u) lies in the set
{|u] < Clogn} with probability 1, proving the lemma. O

Lemma 4.3. Let s = n~' Y (¢; — en)’ and fig, = n~! Yoy lej — enl’. As-
sume that %Z?:l |x; I> = O (1) and condition [(C.3)| holds. Then

2

"

|s2 — o?| + n_1/2ﬂ37n 250,
where we recall that 0% = Var(ey).

Proof of Lemma E3. First consider the first term : |s2 — 02|. Define

(8n — O'n)z < % Z ([ej —én] — [Ej - En])Q

j=1
1 ¢ 2
< - Z (ej —¢€5)
n 4
=1
1 n 2 ~ 2
< | =2 Ixil* ) 18, -8l
j=1

I

S)
—~

=
=

with probability 1.
Since 02 — o2 almost surely, it follows that |s2 — 02| = o (1) with probability 1.

Next consider fi3,. Using the condition on the x;’s, we get
S 2\ /2 1/2
4. 1< ( - ) = ( ) .
(47) iz bl < (X al?) = 0o

Hence, by the Marcinkiewicz-Zygmund Strong Law of Large Numbers, Lemma [£2]
and ([4.1), we have

n ~ 3
n71/2ﬂ3,n < 8n 32 Z ’Gi —x;(8,, — ,3)‘
i=1
n n N
<32 2 Y el + (02 Y Ixil*) 18, - BI°]
i=1 i=1
=o0(1), with probability 1.
This completes the proof of the lemma. ([
Lemma 4.4. For each n > 1, let {ez’n : 1 < i < n} be a collection of random
variables on (2, F,P) such that given &, {e;n 11 < i < n} are iid with E*e;n =0,

and |E*(ez’n)2 — 72+ n_1/2E*\e;n|3 — 0 with probability 1 for some 7 € (0,00).
Also, suppose condition |(C.1)| holds. Then

n
,c(n*W 3 xieln\ g) ~4 N(0,72C)  with probability 1.
i=1
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BOOTSTRAPPING LASSO ESTIMATES 4505

Proof of Lemma E4l Let A € F be such that P(A) = 1 and for every w € A,
‘E*(e;r,n)z -7+ TL—1/2E>1<|€;”|3 —0 as n— oo.

Fix w € A. For this w, we will use the Cramer-Wold device to prove the result.
Accordingly, consider a t = (¢1,...,t,)' € RP, t % 0. Let

n
s2(t) = Var, (n_1/2 Z t/xielﬁn).
i=1

Note that s2(t) — t/Ctr? € (0,00). Then, by the Berry-Esseen Theorem (cf.
Chapter 12, [BRRS&6)),

3
> Ex n=12t'x;el ’
sup P*( —1/2 Z t'x;e m < x) - @(m/sn(t))‘ <C Z,nz 3/2
oeR bt (Z?:1E* nfl/%/xieT ‘ )
CHtH3 n"32 Y [xi[PExle] 2
h s3(t)

This completes the proof of the lemma. O

Proof of Theorem Bl Using Skorohod’s theorem (cf. Theorem 1.10.3, [vdVW96]),
without loss of generality, we may suppose that there exists a version Ty, (also
denoted as Ty, for notational simplicity) on (2, F, P) such that T',, —» T« a.s. (P).
Let A € F be such that P(A) =1 and

lim o (L (W;‘;

n—oo

5) (w),N (0, 020)) 4 | Tn(w) — Top(w)] = 0 for all w e A,

where W = n=1/23"  x;e¥. Recall that M denotes the set of all probability
measures on (RP, B (RP)), equlpped with the topology of weak convergence, and
o(+,-) is a metric metricizing the topology of weak convergence on M. Then, (M, o)
is a complete separable metric space. Then, G and GoC can be considered (F, M)
measurable, M-valued random elements. By the definition of weak convergence for
M-valued random elements and the Bounded Convergence Theorem, Theorem 3.1
will follow if we show that

(4.8) lim o (én (w,"), Gop (@, -)) —0 forallwe A

n—0o0

To that end, for a = (a; : po+1<j<p) € {0,1}"", define the sets

={weA: Ty ,;(w)ella;), j=po+1,...,p},
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4506 A. CHATTERJEE AND S. N. LAHIRI
with I(0) = {0} and I(1) = R \ {0}. Then,

P w R
V¥u) =u'Cru—20WZ + ), Z {Bn,j + 7%’ - |5n1|}

Jj=1

Po
I _ ! *® 3 . & _ 8. .
=uC,u 211Wn+)\nj21{6n,]+\/ﬁ| |Bnﬂ|}
p
A PY 6 RS
o $ {500

- (37” + %) 1 (@u + % < 0) - |3m}}
Now consider the j-th summand of the last term on the right side. For En,j # 0,
o (s 281 s 55 20)~ B+ 58)3 (s 25 <0) o}
8 (5 ) — (280 + 2 )1 o < i) | B o
An{zén,ﬁil( ~VBn) fl(u] < fﬁm)} if Bn,; < 0,

\/ﬁ
\’\/%{uj —2(uj + VB ) 1 (w5 < —vibay) b if Bu >0,
%{2 (ViBn +u3) 1 (w5 > —viBay) =5} if Buy <0,
s () 22 o+ i)t (3) o i) <0}
For ij =0, | |
Uj

Hence on the set {u: |u;| < \/H\an\ j=1,...,po},

V¥(u) =ud'C, u—2uW*+—ngn(ﬁn,j>uJ

ey { [ o (g Vi) 1 (s (o) [+ viBus] <0) ]

Jj=po+1
X sgn (an> + |u (1 (an = O) } (because sgn(@n,j) =0if Bn’j =0).

Next fix a€ {0,1}"* and we A,. Let J(a) = {j :po + 1 < j < p, a; = 1}. We shall
show that
(4.9) 0 (én (w,-), L (argmin, Vs, (u, Too(w)))) =50,

as n — o0. By our definition of A, as n — o0,

(4.10) L (W% €) (w) L N (0,02C)
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BOOTSTRAPPING LASSO ESTIMATES 4507

and
1

B (W) = B + 7 Th,;

(w) — B;, foralll<j<po.

In particular

(4.11) sgn (Bn](w)> — sgn(f;), asn— oo forall 1<j<po.

For j € J(a), \/ﬁﬁnj(w) — T j(w) # 0, and hence

(4.12) sgn (B (@) — sgn (T ().

Next, consider j € {po + 1,...,p} with a; = 0. In this case, by the definition of A,,
VB (W) =0 asn — o,

and hence if Bn,j (w) > 0, then

[uj -2 (uj + \/ﬁB\nJ (w))

% 1 (sen (Buy @) [ + ViBaw)| < 0) ]sgn (Brs(@))
= (w5 = 2vBu(@)) 1 (15 < ~vBus(w))
+uyl (*\/ﬁﬁm(w) Suj < 0) +u;1 (u; > 0)
= [uy| = 2v/nBy ;(w)1 (uj < _\/ﬁgn,j(w)>
—2u;l (—\/EBW- (W) <u; < 0)
(4.13) — [u;| + O3/ (),

where § = 6 (u;) € [—2,2] for all u; € R. Using similar considerations for Bn,j (w) <
0 and using (@.11)), (£I2) and (AI3), it now follows that for any compact set K € RP,

sup
ueK

Po
V() — lu’C’nu —20'WZ + N Z sgn (B;) u;

Jj=1

+ X 2 sgn(Too,j(w)){ (uj — 2(uj + Too,j(w>>>

jed(a)

x 1 (sgn(Too,j (w) ) [“J’ + T j (w) < 0]) }
+ Ao Z “J|H

¢ (a)
(4.14) = o(l) asn— oo.
Now using standard results on weak convergence (cf. [KF00], [KP90]), from (ZI0)
and ([@.I4) we get

L (Vf(u)) 5) (w) 4, E(Vw (Tw(w),u) ), uniformly on compact sets,
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and

E(argmian: (u)’ 5) (w) 4, E(argmianw (T (w),u) )

Hence ([9) follows. This completes the proof of the theorem. O

Proof of Corollary B2l Since (T, -) is a nondegenerate random measure, it fol-
lows that there exists an 1 € (0,1) such that

P(o(s (T, ), Go(4)) > ) > .

The result now follows from this and Theorem [3.11 O

Proof of Corollary B3 Under the assumptions of Corollary B3l g (T, ) does
not depend on T, and is equal to G, which is now given by a normal distribution
on RP. Hence, the result follows by combining Theorem [BJ] Theorem 2 of [KF00],
Theorem 2.11 (on page 22) and Corollary 3.2 of [BRR&G] on the uniformity classes
for weak convergence. (I
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