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Abstract

We extend the set of preferences to include menu-dependent preferences and characterize the domain
in which the revelation principle holds. A weakening of the well-known contraction consistency is shown
to define a subset of this domain. However, we show that minimax-regret preference can be outside the
domain.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

The revelation principle is the foundation of mechanism design (see, for example, Dasgupta,
Hammond and Maskin [3], Myerson [7]). Applied to environments with incomplete information,
it states that for any Bayesian—Nash equilibrium of any mechanism there exists an outcome-
equivalent Bayesian—Nash equilibrium of a direct mechanism in which all players report their
types truthfully. Thus, the revelation principle greatly simplifies the search for optimal mech-
anisms; we need to search only in the set of incentive compatible direct mechanisms. In other
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words, in order to confirm whether a social choice function is partially implementable, we simply
have to check whether it is incentive compatible.!

Bayesian—Nash equilibrium assumes that the players have expected-utility preferences, which
are menu independent, i.e., preference over any two alternatives does not vary with the menu (or
the choice set). However, several experiments have documented menu dependence of choice
(e.g., Huber, Payne and Puto [5], Simonson [12], Simonson and Tversky [13]). In these experi-
ments, subjects chose x from some menu S O {x, y} but chose y when the menu was changed to
S’ D {x, y}. It is therefore pertinent to incorporate menu-dependent preferences in the theory of
mechanism design.?

We consider a very general setup with incomplete information that admits both private and
interdependent values. An alternative for a type of a player is an interim Anscombe—Aumann
act (IAA act) that specifies a lottery over the set of outcomes for each realization of types of the
other players. A menu is a set of [AA acts. For any menu, each type of a player has a preference
relation over the IAA acts that belong to the menu. Moreover, these preferences can vary with
the menu.

We characterize the domain of preferences in which the revelation principle holds. To see
the impact of menu dependence on the revelation principle in the simplest possible way, con-
sider a situation with {a, b, c} as the set of outcomes and a single player with two types {t!, #*}.
Type t! chooses a from any menu containing a whereas type 12’s choice is menu dependent,
she chooses b from {a, b, ¢} but a from {a, b}. Consider the indirect mechanism in which the
player is asked to choose an outcome from {a, b, ¢} and the chosen outcome is implemented.
The menu available to both types in this indirect mechanism is {a, b, c}—these are the outcomes
each type can generate by varying her message—and hence, the social choice function obtained
in “equilibrium” is f(¢') = a and f(¢?) = b. In the direct mechanism corresponding to this
social choice function, the player is asked to report her type, and outcomes a and b are imple-
mented whenever the reported types are, respectively, #! and r2. Thus, the menu available to
both types in this direct mechanism is {a, b}. Truth-telling is not an “equilibrium” of this direct
mechanism since ¢ prefers to report herself as 7! in order to implement a. Thus, the revelation
principle fails. This is because firstly, 72’s choice is menu dependent and secondly, in going from
the indirect mechanism to the direct mechanism, the menu available to each type changes; in
fact, the menu contracts as messages not used in the “equilibrium” of the indirect mechanism
are removed. This contraction in the menu is of a specific kind: the contracted menu in the di-
rect mechanism can be mapped onto by the set of types of the player as she can only vary her
type report in the direct mechanism. Our characterization is closely tied to this contraction in
menus.

As a corollary to our characterization, we show that “weak contraction consistency” (WCC)
of the choice functions is a sufficient condition for the revelation principle. WCC requires that an
optimal IAA act in a menu remains optimal in those subsets of the menu which contain the TAA
act and can be mapped onto by the set of types of the player. This is weaker than the well-known

I Partial implementation ignores the problem of multiple equilibria. We leave the topic of full implementation with
menu-dependent preferences for future research. The literature on full implementation has studied other departures from
the standard framework; for example, Hurwicz [6], Eliaz [4] and Cabrales and Serrano [1].

2 Sen [9,10] argues for incorporating menu dependence in standard rational choice theory. Also see [11] for a formal
analysis.
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contraction consistency, which requires that an optimal IAA act in a menu remains optimal in
any subset of the menu containing the IAA act.?

Although WCC is a weak condition, we show that minimax-regret preference (Savage [8])
does not always generate choice functions that satisfy WCC?*; the consequence is the failure of
the revelation principle.

The rest of this note is organized as follows. We outline the model in Section 2. Section 3
presents the main results. We conclude in Section 4 by discussing the weakness/strength of WCC
and the implications of our results for partial implementation.

2. Preliminaries

Let N ={1,...,n} be the set of players. A type of player i, which is privately known, is
denoted by #; and the set of such types is 7;. Let T = [[;.y T; be the type space and ¢ be
a type profile. 7_; is a type profile of all players other than i and 7_; is the set of such pro-
files.

A is the set of outcomes. A A denotes the set of probability measures on A. A (random) social
choice function (SCF) is a function f : T — AA.

An interim Anscombe—Aumann act (IAA act) for player i is a function f; : T_; — AA. Let
F; be the set of all IAA acts for player i. A menu for player i, F;, is a subset of F;.

Each type ¢; of each player i has a preference relation ki" over each menu F,-.5 Let >,'F_’
and ~5f be, respectively, the strict preference and indifference relations derived from #5". Let
o= (e e and == =y yer,-

Wecall E =[N, T, A, (’=;)ien] to be the environment, which is common knowledge.

The choice function C - generated by =, specifies the set of IAA acts that are optimal in
any menu, i.e., forany F; C F;, Cy (Fi) ={fi € F; | fi %tf" fl. Yfl e F}.

A mechanism I' = ((M;);en, g) defines the set of messages M; available to each player and
the outcome g : [[;cy M; — AA associated with each message profile. Let X; be the set of
strategies o; : T; — M; of player i. Then, o = (0j);cn is a strategy profile. Note that g(o) is an
SCF. Let AT =[£, g, (¥;)ien] be the game induced by the mechanism I" in &.

A direct mechanism is such that M; = T;, Vi € N. We identify a direct mechanism
((T})ien, f) by its outcome function f, which is an SCF. Let A be the game induced by the di-
rect mechanism f in £. The strategy of player i in a direct mechanism is a function v; : T; — T;.
Let ¥/ be the truthful strategy, i.e., ¥/ (t;) =t;, Vt; € T;.

2.1. Equilibrium

Consider A”". Given a profile of the other players’ strategies o_;, if any type of player i sends
the message m;, the outcome is an IAA act g(m;, 0—_;). Hence, the menu available to each type
of player i when others play o_;, denoted by F;(g,0_;), isequal to {g(m;,o_;) | m; € M;} since

3 Contraction consistency, also known as Property «, was originally introduced by Chernoff [2].

4 1t is known that the choice function generated by minimax-regret preference relation does not satisfy contraction
consistency. See [2] for an example.

5 No assumptions are imposed on this preference relation. Hence, the choice set from a menu could be empty.
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the latter is the set of IAA acts that she can induce by unilaterally varying her message. The
following definition of equilibrium is then natural in this setup.

Definition 2.1. A strategy profile o* is an equilibrium of AT if Vi € N and Vt; € T,

g(o7 (1), 0%;) € C, (Fi(g,0%;))-

Thus, o* is an equilibrium of A’ if for each type #; of each player i, g(o(t;), 0*;) is optimal
in the menu F;(g, 0*,) that is available to her when others play according to o’*;.

2.2. Revelation principle

Fix an environment £. The revelation principle states that for every mechanism I” and for
every equilibrium outcome g(o*) of A, there exists a direct mechanism f which induces a
game A/ with an outcome-equivalent equilibrium in which all players report their types truth-
fully.® That is, if g(c*) is an equilibrium outcome of some mechanism I”, then it must be that
the truthful strategy profile (¥);cn is an equilibrium of the direct mechanism f = g(c*).

(Wi*)ieN is an equilibrium of the direct mechanism f = g(co*) if and only if Vi € N and
Vi €T,

[t v2) =g(of (t).0%;) € C, (F:(f. 7)),

where F;(f,¢*,) ={f@/,v*) |1l € T;} = {g(c/*(t])),0*,) | t] € T;} is the menu available to
type #; of player i when other players play according to ¥*; in the direct mechanism f.

Since o/*(t]) € M; for all ] € T;, we have F;(f, ¥*,) C Fi(g,07*,), i.e., the menu available to
type t; of player i contracts in going from the equilibrium ¢ * of the mechanism I” to the truthful
equilibrium of the outcome-equivalent direct mechanism f = g(o ™). Furthermore, the contracted
menu F;(f, ¥*;) is such that it can be mapped onto by 7;. As we show below, consistency of
choice with respect to this contraction in the menus is crucial for the success or failure of the
revelation principle.

3. Main results

We now characterize the domain of preferences where the revelation principle holds.

For any SCF f, let f;, be the IAA act assigned by f tot;,i.e., f;,(t—;) = f(ti, t—;),Vt_; € T_;.
Then the menu assigned by f to player i is {f,ir |t e T;}.

The characterization says that the revelation principle holds if and only if the preferences
are such that whenever there exist a type #;, a menu F;, a contracted menu I:"l C F; that can be
mapped onto by 7;, and an IAA act f; that is chosen by #; in F; but not in F}, then it must be that
for any SCF f that assigns the menu F; to player i and the IAA act f; to #;, there exists either
(1) another type #/ of player i for whom the IAA act assigned by f to her is not optimal in F; or
(2) another player j such that for any menu F; that contains the menu assigned by f to player j,
there exists a type ¢; for whom the IAA act assigned by f to her is not optimal in F';. Formally,
we have the following theorem:

6 Two SCFs f and f are outcome equivalent if and only if f(¢) = f (t), Vt € T. Similarly, for any two IAA acts
fi=fiifandonlyif f;(t_;) = f;(t—;),Vi_; € T_;.
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Theorem 3.1. The revelation principle holds in an environment £ if and only if (%l),6 N IS such
thatVi € N,VF; C F;,VE; C F; such that there exists a surjectivemap h : T; — F;, and Vfi e F;
such that f; € Cy,, (F) but f; ¢ Cy, (F,)for some t; € T;, at least one of the following condi-

tions is satisfied ¥ f such that {fy |t/ € T;} = F; and fi = fit

1.3/ #¢4 suchthatf, ¢C>.,(F)0r
2. 3j ;ﬁlsuchthatVF]D{f, |t e T;}, 3t suchthatﬁ]¢C>;, (Fy).

Proof. We first show that the revelation principle holds if the condition is satisfied. Let o* be an
equilibrium of some mechanism I”. Thus, g(a*(t ), 0% ) e Cy,. (F i(g,0* J)) forall#; and all j.

We need to show that for all #; and all j, g(a*(t]) o* )e C., (F (f, wfj)) where f = g(c™).
Suppose not, i.e., there exists #; such thatg(cr*(t,) cr_l) ¢ C>, (F (fs¥*).Now, Fi(f,v*,) €
Fi(g, o_ ), there exists a surjective map from 7; to F;(f, Wf ) and g(o*(t,) o_ ) € Fi(f, wf
is such that g(o;*(t;),0*,) € C%i (Fi(g,0*;)) but g(o*(t;),0*,) ¢ C%,- (F;(f, wfi)). Hence, at
least one of the two conditions must hold for f = g(c™) because { f[l_/ | tl.’ e T;} = Fi(f, 1//3)
and f;, = g(o/(t;),0*,). But this is not the case since for all #/ # 1, f, =g(o(t),0%,) €
C>,(F (g.0%,;)) whereas for all j # i, there exists Fj(g,o* ) such that {f, | t eT;} =
F; (f wfj) CF; (g,a_/) and f,j —g(a*(t]) 0_/) € C>;,j (F; (g,o_J)) for all ¢;.

Next we argue the necessity of the COIldlthIl for the revelation principle. Suppose the condi-
tion is not satisfied, i.e., there existan i € N, a menu F; C F;, an Fl- C F; such that there exists a
surjectivemap h : T; — F,-, an f; € F,- such that f; € C#,I_ (Fi)but f; ¢ C%’_ (F,-) for some t; € T;
and an f such that { f/ | 1/ € T;} = F; and f; = f;, and the following hold:

1. forall ] # t;, we have f;/ € Cs, (F;) and
2. forall j #1, there exists an F; 2 { f;/ | t} € T;} such that ffj € C?,j (Fy) forall ¢;.
J

Pick any a € A. Define mechanism I"* with M; =T; U F; \ { f,/ | t} €Tj}, VjeN,and
J

f@,....t), ifmjzt;., VjeN,

g(m17"'7ml’l): J ’
andm; = f; € Fj\{ft} |l‘j eT;},
a, otherwise.

Consider o such that o7 (1)) =1, th eT;, Vj e N. Given a*j any type t; of player j can
induce either any ft by announcing t orany f; € Fj\{ f, | t € T;} by announcing such f;;
but she cannot mduce the outcome a. Thus Fi(g,o* ) = \7’] € N.Butforall j and t;, we
have g(o7 (1)), 0* ) = f;; € C, (Fj(8,0%)). Thus, o* is an equilibrium of AT,

The equilibrium outcome is g(o*) = f. If the revelation principle holds, then (1/!7) jeN
must be an equilibrium of AS. Now, the menu Fi(f, I/fi,.) = {f,lg | t,.’ eT;} = F,-. However,
f@G. V) =fu="ri ¢ Cy, (Fi(f, ¥*.)). Thus, the revelation principle fails. O
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3.1. Weak contraction consistency

Definition 3.2. C - satisfies weak contraction consistency (WCC) if VF; € F; and VE; C F;

such that there exists a surjective map from 7; to F;, we have

fi€Cyp (F) and fieFi = fieCy (F).

Thus, WCC requires that if f; is optimal for #; in menu F;, then f; must remain optimal for
her in those subsets £; of F; that contain fi and which can be mapped onto by T;.

It is straightforward to see that if C., satisfies WCC for all #; and all /, then the condition
in Theorem 3.1 is vacuously satisfied and hence the revelation principle will hold in such an
environment. We note this as a corollary (proof is omitted).

Corollary 3.3. If £ is such that C =, satisfies WCC for all t; € T; and i € N, then the revelation
principle holds.

4. Discussion
4.1. Weakness/strength of WCC
WCC is a weak requirement on preferences as we show next.

Definition 4.1. =;, is a menu-independent preference (MIP) if there exists a binary relation =
over F; such that V f;, f/ € ; and VF; C F; with f;, f/ € F;, we have f; >;5i fle fi - fi.

Deﬁnition 4.2.C - is a menu-independent choice function (MIC) if there exists a binary rela-
tion &= over JF; such that VF; € 7, we have C. (Fi) ={fi € F; | fi . i Vf e F}.
Definition 4.3. C - satisfies contraction consistency (CC) if VF; C F; and Vf?i C F;, we have
fi €Cy, (F) and f; € F; = f; € Cyr, (Fy).

The following observation follows immediately from the definitions (proof is omitted).
Observation 4.4. =, is MIP = C;. is MIC = Cs, satisfies CC = Cy-, satisfies WCC.

Moreover, as we show below, the converse of any of the above implications is not true.

Example 4.5. Suppose N ={1,2}, T} = {tll, 2} T, = {1} and A = {a, b}. For any IAA act for
player 1, f1, let a(f1) be the probability of outcome a. Let = be a binary relation on F; 1 such
that fi >f1 < a(fr) >a(f1) Let menu F’ _{fl,f1 ,fl}besuchthata(fl)—l a(fl)— 5

and a(fl ) = 0. Suppose = & is such that for F|, we have fl > fl > /| f1 whereas for any
menu Fy # F| and any f, f{ € F1, we have f = f1 & a(f1) =a(f)). ,[1 is not MIP since
. F . .

in F{, we have f13 >t]‘1 fl2 whereas in F|' = {f1 ,f1 }, we have f1 >z]11 f1 . However, C?rll is

MIC since for any Fj, thl(Fl) ={fieF|fi= fi» Vf] € F1}.
1
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Example 4.6. Reconsider the setup of the previous example. Now suppose %tll is such
that for any Fi # (f], fT}, we have C» , (F1) = {fi € Fi | a(f1) = a(f]), Vf] € F1} but
g
C%l ({fll, f12}) = {fll, flz}. C. , is not MIC; otherwise, there would exist a binary relation .
1 g

on F such that f! = f7 since Cy Afl R D =11} and Cs {f2, ) = {3}, and at
1 1
the same time f12 = fl1 since Cy. , ({fll, flz}) = {fll, flz}. However, Cy. | clearly satisfies CC.
gl g

Example 4.7. Suppose player i has two types, T; = {til, tl.z}. For each tl.k, there exists a function

u : Fi — N such that for any menu F; and for all f;, fl.’ € F;, we have
F;
firi fi = g () — g (B[ < Ju (f) = m ().

where .« (F;) = %(inff[_ueF’, ux(f)+ SUP pre p; Ugk (f{)). Intuitively, ux (F;) is the “mid-point”
of the menu F;. The preferencle over any menu is such that the further a'way an [AA act is from
the “mid-point” of the menu, the less it is liked by tl.k . Hence, each type of player i displays
“extremeness aversion” (see Simonson and Tversky [13]).

Consider any menu 1:",- that has at most two IAA acts. Clearly, C>zk (E-) = I:",-. Since player i

has two types, it follows that C?,,k satisfies WCC.

However, C*;k does not satislfy CC if there exists a menu F; = { fil, fi2, fl.3 , fi4} such that
up(f) > utl_k(fl?’) >k (f7) > up(f). In this menu, either f7? € -, (Fy) or f7 € Cy  (F).
If f? € Cy , (Fy), then consider F} = {f7, f?, f{*}. We have Cy. , (ﬁ;)' = {7}, which is a vio-
lation of CC. If [} € Cyn (Fy), then consider £/ ={f, f2, fﬁ}l. We have Cy  (F/) = {2},

which is again a violation of CC.

Thus, the revelation principle holds for a rich class of preferences that could be menu depen-
dent but generate choice functions satisfying WCC. Nevertheless, as we show next, an important
menu-dependent preference, minimax-regret, does not always generate choice functions that sat-
isfy WCC, which causes the revelation principle to fail.

Example 4.8. According to minimax regret, each type of a player chooses the alternative that
minimizes her maximum regret. Regret of choosing an alternative in a state is defined as the
difference between the payoff that is obtained and the maximum payoff that could have been
attained in that state. Maximum regret of choosing an alternative is the maximum of these dif-
ferences over all states. Thus, »=; is a minimax-regret preference if there existsau; : Ax T — R
such that Vr; € T;, V f;, f/ € F; and VF; C F; with f;, f/ € F, we have

F;
fi >;ti fi/

— sup |:SUP /‘“i(a,ti,tfi)dfi//(tfi)_ / ui(avfi,ti)dfi(ti):|
ti€T_;L f/'eF;
! acA acA

< sup [Sup [”i(avtiat—i)dﬁ//(t—i)_ / ”i(a,ti,t—i)dfi/(t—i)}-
t_i€T_;iL f/'eF
! acA acA
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Minimax-regret preference need not satisfy WCC. Consider the following example. Suppose
N={1,2}, T = {tl,tl} T, = {t2 } and A ={a, b, c}.
Player 1 has the minimax-regret preference with u 1(a,t11,t2) =0, u(b, tll,tz) =1 and
ui(c,t}, ) =2,V € Tr,and u(a, 7, 1) = 0.5,u1 (b, 17, 1) = Land u (c, 7, 1) =0,Vt, € To.
Player 2 also has the minimax-regret preference with u»(a, t1, t21) =1, uy(b, 1y, tzl) =0 and
ur(c,t1, 1)) =3,y € Ty, and us(a, t1,t3) =0, up (b, 11, 13) = L, usz(c, 1, 13) = 2, Vt; € Ty.
Pick the menu Fy = {f]', 2, f{} of IAA acts for player 1, where

fin)=a f@)=b  fin)=b fi5)=b
flp)=a  f@#)=c
Consider type tll of player 1. V flk € F1, we have

max[ max ul(fl (1), tl,tz) —ul(f1 (1), tl,tz)] 1.

nehl fl'er;
Therefore, fl1 kfl‘ flk, Vflk € F1, and hence, fll € Cy | (F1).
1 n

Now, consider the menu E 1={ fll, f12} C F1, which clearly can be mapped onto by 77. In F 1,
we have

max[ max ul(f1 (1), tl,tz) —ul(fl (1), tl,tz)] 1,

nely fNEF

max[ max ) (f] (t2). 1), 12) — 11 (f2(12), tl,tz)] 0.
nely fNEF

Thus, f1 >F’ f1 , and hence, f1 ¢ Cy | (Fl) This is a violation of WCC.

The revelatlon principle fails in this example Consider the SCF f shown below:

1

o5
tl1 a | b
21 b|b

We have a menu Fi, a contracted menu F 1S F that can be mapped onto by T, an TAA
act f] that is optimal for tl in Fj but not in Fl, and SCF f such that {f;, |11 € T1} = F1 and
ffl 1l | - However, none of the two conditions in Theorem 3.1 holds. For type t1 , we have fllz =

[T € Co , (F1) since u1 (b, 17, 1)) > ui(a, 17, 1y) and w1 (b, 17, 13) > ui(c, 17, 3). On the other
1
hand, consider the menu F, = {f;, | 2 € T»} for player 2. For type t21, we have ftzl € C#,l (F>)
2
since uy(a, tll, tzl) > uy(b, tll, tzl), and for type t22, we have ft% € C>12 (F>) since u» (b, tll,tzz) >
2
uz(a, tll, tzz). Thus, the necessary condition for the revelation principle fails.
4.2. Partial implementation
An SCF f is partially implementable if f = g(o*), where ¢* is an equilibrium of some

mechanism. An SCF f is incentive compatible if ();cn is an equilibrium of the direct mech-
anism f. If the revelation principle holds, then we can confirm whether an SCF is partially
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implementable or not by simply checking if it is incentive compatible or not. It follows from
Corollary 3.3 that for the purpose of partial implementation, we can allow players with richer
behavioral motivations than the standard expected-utility maximization.

On the other hand, the failure of the revelation principle for some menu-dependent preferences
offers a new set of challenges for mechanism design. In such cases, even for partial implemen-
tation, we have to search in the set of indirect mechanisms. Nevertheless, as the following result
shows, this search can be restricted to the set of all menu profiles.

Proposition 4.9. f is partially implementable in £ if and only if there exists a profile of menus
(F1,..., Fy) suchthat¥i e N, F; 2 {f, |t/ € T;} and f;, € C#t,- (Fy), Vt; € T;.

Proof. If such a profile of menus exists, then we can partially implement f in equilibrium o* of
mechanism I"* defined in the proof of Theorem 3.1. Whereas, if f is partially implementable in
equilibrium & of some I, then there exists such a profile of menus with F; = F;(g,6—;). O
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