THEORY OF MECHANISM DESIGN

Final Examination; November 19, 2017; Duration: 3 hours; Total marks: 40

1. There are two objects to be allocated to a single agent. An allocation rule f either does
not allocate any of the objects (alternative 0) or allocates one of the two objects {a, b}
- see Figure 1 for exact regions of allocation. Type of the agent is a vector v € R?,
where v(a) denotes his value for object a and v(b) denotes his value for object b with

value for alternative 0 normalized to zero. Type space is all valuation vectors in R? .

450

2
(070) U(a) —_—>

Figure 1: Allocation rule f
Transfers are allowed and preference of the agent is quasilinear.

(a) Show that f is implementable (without deriving an explicit payment rule). Then,
find a payment rule that implements f such that payment (by the agent) for

receiving object a is zero.(342 marks)

(b) What does it mean to say that f satisfies revenue equivalence? Provide a short

and clear definition. Does f satisfy revenue equivalence? (243 marks)

2. A single object needs to be allocated to n agents. Each agent ¢ has a budget constraint
B; € R, and a value for the object v; € R,.. The cost of a transfer ¢; to agent i is

defined as follows:

B; + (t; — B;)(1 + 1) otherwise

Ci(t; B;) = {

Here r € (0, 1) can be interpreted to be an interest rate. If agent ¢ gets the object and
pays t;, his utility is v; — C;(t;; B;). If agent i does not get the object and pays t;, his



(a) Find the willingness to pay of agent i at transfer ¢; € R. (4 marks)
(b) Suppose there are two agents with v; = 5,v3 = 6, By = By = 4,7 = 0.2. What is

the allocation and payment in the generalized Vickrey auction? (4 marks)

Answer. Fix agent ¢ and his value v; (which determines the utility). Note that for
willingness to pay (WP), we need to find a solution to the following equation for every
t;:

ui(1,t; +0) = u;(0,¢;).

This will depend on the value of t;. We consider three cases.

CAse 1. If t; > B;, then t; + 0 > B; for all 6 > 0. Hence, we need to solve
v — (Bi (46— B —I—r)) - —(B,. Y (- B)(1 +7~)).

This gives us a solution:
1
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CAseE 2. If B; —v; < t; < B;, then we argue that the solution to the WP equation
will have 6 > 0 such that ¢; + 0 > B;. Suppose not, then there is a § > 0 such that
t;+0 < B;. But B; —t; < v; implies that 0 < v;. But, since 9 solves the WP equation,

we have

This implies § = v;, a contradiction. Hence, t; + 0 > B;. This further implies that

Solving this gives,

— l_l_r[vi—l—(B,-—ti)r}.

CaAse 3. If t; < B; — v;, then we can argue as in Case 2 that the WP equation will
have 0 > 0 such that ¢; + 6 < B;. This implies that v; —t; — 6 = —t;, which implies
that

0= V;.
The WP is shown in Figure 2.

In part (b) of the question, we can compute

1
WP(01,0) = 15 (5+ 0.2 x 4) = 4.83
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Figure 2: Willingness to pay

W Py (v, 0) 6+0.2 x 4) = 5.67.

=13
Hence, according to the generalized Vickrey agent 2 wins the object and pays 4.83,

whereas agent 1 pays zero.

. A single object is sold to three agents who have interdependent values for the object.
The signals of all the agents are drawn from [0, 1].

Given a signal profile s = (s1, $2, s3), the valuations of the agents are

S S S
v1(81, S2, S3) = 51+ 52, v(81, S2, S3) = S2 + 537 vs(s1, S2, S3) = S3 + 51

(a) Argue that the above valuations satisfy single crossing after clearly defining what
single crossing means. (3 marks)

(b) Define the generalized Vickrey auction for this environment. Also, derive the

exact allocation and payments of agents when s; = so = 0.8, s3 = 0.9. (4 marks)

. Consider a random social choice function f : P* — L(A), where P is the set of all
possible strict orderings over A and L£(A) be the set of all probability distributions
over A. Fix an agent ¢ and the preference profile of other agents at P_;. Consider
two preference orderings of agent i: P; and P/. Suppose =,y € A are such that x and
y are consecutively ranked in both P; and P/ with xPy and yP/z. Suppose for any
a ¢ {x,y}, the rank of a in P, and P/ is the same. Hence, P/ is obtained from P; by
swapping only x and y.

If f is strategy-proof, then show the following:
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(a) fo(Py, P) + fy(Py, Poi) = ful P}, P—;) + fy(P!, P-;). (3 marks)
(b) fOI" any a ¢ {[L’, y}a fa(Pi> P—z) - fa(Pi/, P—z) (3 marks)
(¢) fu(Pi, P_;) > fo(P!, P_;). (3 marks)

5. Consider a profile of single peaked preferences P = (P, ..., P,), where n is an odd
number of agents. For every pair of alternatives a,b € A, we say a beats b at P if

{i € N :aPb}| > |{i € N : bP,a}|.

It is known that at every single peaked preference profile P, there will always exist
an alternative x such that x beats y at P for every other alternative y. We call such
an alternative the winner at P and denote it as w(P). Consider the social choice
function f which picks w(P) at every single peaked preference profile P. Show that f

is strategy-proof, unanimous, and anonymous. (6 marks)



