1  ASSIGNMENT 2 (CHOICE UNDER UNCERTAINTY)

1. Verify the examples E1-E7 in the notes of preferences over lotteries if they satisfy the

continuity and the independence axioms of expected utility theory.

Answer. We give rough sketch of the answer.

e E7: EXPECTED UTILITY. Expected utility is a linear function of probabilities.
Hence, it is continuous in probabilities. So, it will satisfy continuity. To be precise,

pick p = q = r. This means that

D ul)p(z) =) u(2)g(z) = Y ulz)r(2).

z2€Z z€Z z2€Z

Let

Ulp) =Y ulz)p(2),U(q) = Y u(x)a(2), U(r) = D _ul2)r(z).

z2€Z z2€Z z2€Z
Since U(p) > U(q) > U(r), there is a € [0,1] such that U(q) = aU(p) + (1 —
a)U(r). Now define, the lottery ¢’ as follows:

¢(2) = ap(z) + (1 —a)r(z)

for all z € Z. Notice that

Yo ul2)d (2) =Y [u(z)ap(z) +u(z)(1 = a)r(2)]

z2€Z z2€EZ

=alU(p) + (1= a)U(r) = U(q).

Hence, ¢’ ~ ¢. This establishes Continuity.

To show independence, again use linearity. Take two lotteries p, g with p = ¢ and
let o € [0, 1]. As before, define U(p) = >, ., u(2)p(2) and U(q) = >, ., u(2)q(2).
Now, for every lottery r,

Ulap® (1 —a)r) =aU(p) + (1 — a)U(r)

and
Ulag® (1 —a)r) =alU(q) + (1 — a)U(r).

Since p = q, U(p) > U(q). Hence,
Ulap® (L —a)r) 2 U(ag @ (1 — a)r),
which implies that ap & (1 — a)r = ag® (1 — a)r.
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e E3: GoobD OurcoMEs. This can be represented as an expected utility maxi-
mization. In particular, if G is the set of good outcomes, then define u(z) = 1
for all z € G and u(z) = 0 for all z ¢ G. Now, notice that for all p € L(Z),
we have > _ u(2)p(z) = > ..op(2). Hence, for any p,q € L(Z), we have
> ez u(2)p(2) 2 X e u(2)q(z) if and only if - o p(2) = 3° o a(2).

Since this particular preference over lotteries is an expected utility maximizer, it

satisfies both continuity and independence.

e E6: LEXICOGRAPHIC PREFERENCES. Suppose the DM orders the outcomes us-
ing the strict ordering P as z1 Pz P ... Pz,. As we have seen, this fails continuity.
To see this suppose, [z1] > [22] > [23]. Now, any mixture of z; and z3 will either
have positive probability on z; or probability one on z3. In the first case, such a
mixture will be better than the degenerate lottery [2;]. In the latter case, it is the
degenerate lottery [z3], which is worse than [z3]. Hence, no mixture of z; and z3

can be indifferent to [zy].

However, this preference satisfies independence. To verify this, pick p > ¢, r €
L(Z), and a € [0,1]. Since p > ¢, either p = ¢, in which case we are done or
p > q. If p > g, then there is some k such that p(z;) = q(z;) for all j < k
and p(zx) > q(zr). But when we consider the mixture p’ := ap & (1 — a)r and
¢ = aq® (1 — a)r, we see that p'(z;) = ¢/(z;) for all j < k and p'(z) > ¢'(z1).
Hence, p' = ¢ .

e E1: MosT LIKELIHOOD. This satisfies continuity. To see this, suppose p =

q = r. Let m, = max,ezp(z), my; = max,ezq(z), and m, = max,czr(z).
By definition, m, > m, > m,. By definition, there exists o € [0, 1] such that
mg = am, + (1 — a)m,. Hence, the lottery ap @ (1 — a)r ~ q.
However, this preference violates independence. To see this, let Z = {z1, 29, 23},
p(z1) = 0.3, p(22) = 0.5, p(z3) = 0.2, and q(21) = 0.4, q(22) = q(z3) = 0.3. By def-
inition, p > ¢. Now, choose the degenerate lottery [z1] and consider the mixtures
0.5[z1] ® 0.5p and 0.5[z1] @& 0.5g. Denote the first mixture as p’ and the second
mixture as ¢. It is easy to check that p/(z1) = 0.65,p'(22) = 0.25,p'(23) = 0.1 and
¢ (z1) =0.7,¢(22) = ¢'(22) = 0.15. Hence, ¢’ > p'. This violates independence.

e E2: Size orF PoSITIVE SUPPORT. This violates both continuity and indepen-
dence. Let Z = {21, 22, 23}. Let p be the degenerate lottery [z1], ¢ be the lottery
q(z1) = q(22) = 0.5,q(23) = 0 and r be the lottery r(z1) = r(22) = r(z3) = 3.
Now, r = ¢ > p. Any mixture of r and p will either produce a lottery whose
size of positive support is either 3 or 1. Hence, it cannot be indifferent to q. So,

continuity is violated.



For independence, » > ¢. But any mixture with p will produce lotteries which
will have size of positive support 3 and hence, will be indifferent. This violates

independence.

E4: WORST CASE. Consider Z = {z1, 20, z3}. Let u(z1) = 1, u(z2) = 0.5, u(z3) =
0. Then, using the worst case criteria, [z1] > [22] > [23]. Now, choose a € [0, 1]
and consider a[z1] @ (1 —a)[z3]. For a = 0 and o = 1, this mixture is same as [z]
and [z3] respectively, and hence, cannot be indifferent to [z;]. For any o € (0, 1),
we see that the mixture gives positive probability to both z; and z3. Hence, the
worst case criteria will evaluate its utility at u(z3) = 0. This will be less that the
utility for [2z3]. Hence, no mixture can be indifferent to [z5]. This shows that the

worst case criteria does not satisfy continuity.

The worst case criteria also violates independence. To see this, we see that 0.5[z1]®
0.5[z3) ~ 0.5[22] ®0.5[z3] - this is because both the lotteries will put some positive
probability on 23, and this immediately means the utility of both the lotteries
according to the worst case is u(z3) = 0. But note that [z1] > [z2]. Hence,

independence is violated.

E5: MosT LIKELY COMPARISONS. Consider Z = {z1, 22, 23} and assume that
[21] > [22] = [2z3]. If we take a mixture p = 0.2]z1]®0.8[z3] and g = 0.2[25] ©0.8[23],
then independence requires that p > ¢. But note that the most likely outcome in

both p and ¢ are z3. Hence, it must be p ~ ¢. So, independence is violated.

This relation also violates continuity. To see this, note that [z1] > [z2] > [23]
implies that by continuity there is some « such that afz]® (1 — «)[z3] ~ [22]. But
alz1] @ (1 — a)[ze] will have either z; or zo as the most likely outcome, and hence

will either be better or worse than [z3]. Hence, it can never be indifferent to [z3].
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