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ABSTRACT

Vulnerability has become an integral part of any deprivation assessment.
In this paper we take a fresh look at measuring vulnerability, where we sep-
arate out the identification part of whether an individual is vulnerable from
the aggregation part as has been done in the multi-dimensional poverty con-
text. In doing so, we have also been able to deal with one of the crucial
problems that we see in the multi-dimensional context, which is that of
weights used on the different dimensions under aggregation. In this case
the probabilities are used as the natural weights. We axiomatically charac-
terize this new measure of vulnerability and thus also provide a theoretical
underpinning to many of the empirical applications in this field.
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1 Introduction

Vulnerability has become an integral part of any deprivation assessment. In
recent years there has been several measures of vulnerability (see Calvo and
Dercon 2013; Dutta Foster and Mishra, 2011; Pritchett et al. 2000 among
others), which study vulnerability as an ex-ante forward looking measure. In
most of these studies vulnerability is assumed as the expected level of poverty
in the future. In this paper we take a fresh look at measuring vulnerability,
where we separate out the identification part of whether an individual is
vulnerable from the aggregation part which involves aggregating the overall
future deprivation.

Most of the previous measures of the vulnerability implicitly considers an
individual as vulnerable if in future there is any possibility of falling below
the poverty line. This is broadly in line with what is known as the union
approach in the literature. This approach suffers from the undesirable pos-
sibility of considering individuals as vulnerable who may be really rich in
general but in certain situations, which may not have a high probability of
occurring in the future, may actually fall in to poverty. On the other hand,
as is done in the ‘intersection’ approach, one could also consider the possi-
bility of counting those individuals as vulnerable who would be deprived in
the future no matter what. In such case we would miss out on a substantial
number of individuals who may not fall in to poverty for sure in the future
but may still have a high probability of doing so.

One way out of this situation is to consider a more general approach
where one can choose the cut off level at which we can consider whether the
individual is vulnerable or not. This approach, therefore, is very much simi-
lar to that of Chakravarty and D’Ambrosio (2006), Foster (2007) and Alkire
and Foster (2011) which have been applied in different contexts. While
Chakravarty and D’Ambrosio (2006) and Alkire and Foster (2011) focussed

on multi-dimensional deprivation, Foster (2007) used a similar approach for



chronic poverty. To the best of our knowledge, however, this framework
has so far not been applied to the context of vulnerability.

The cut-off that we suggest is based on the probability weighted sum
of the number of states that the individual is going to be deprived in the
future. If the sum of the number of deprived states exceeds the cut-off we
would consider the individual as vulnerable. This way, we first identify the
individuals who may be vulnerable in the future and then apply some sort
of aggregation. As suggested in Sen (1976) and Alkire and Foster (2010),
the distinction between identification and aggregation is important in the
context of poverty and multi-dimensional deprivation respectively. In a
similar vein we would first want to identify the vulnerable individuals in a
society. We can then apply some aggregation rule to find the individuals
vulnerability and from their to the society’s vulnerability.

This paper also provides a theoretical underpinning to many of the ap-
plied work in the context of vulnerability. For instance, Chaudhuri et al.
(2003, p17) have used a threshold level of expected poverty to classify indi-
viduals as vulnerable. Similar threshold criteria has also been applied by
Imai et al. (2011). Here we provide an axiomatic framework which justifies
the empirical approach.

In the next section we illustrate our concept of a vulnerability measure.
Once we identify the individuals who are vulnerable, we engage in two levels
of aggregation. First we aggregate the vulnerable individuals deprivation
across the different states to find the individuals overall level of vulnerability.
Next, given the individuals vulnerability, we use another aggregation rule to
find the society’s vulnerability. In Section 3 we discuss some axioms and
characterize the individual aggregation rule and in Section 4 we characterize
the societal aggregation rule. In the last section we conclude the paper with

some brief remarks.



2 The concept of vulnerability measure

2.1 Notation

Consider a society of n individuals. Suppose there be m states of the world.
For any one individual there is a finite level of future deprivation associated
with each state which is denoted as d = {d!,d?,...,d™}. The deprivation
associated with each state can come from a multi-dimensional exercise such
as Alkire and Foster (2010) or from a unidimensional measure. Although in
this context we consider the deprivations as primitive, these can be derived
from deeper variables which track the achievements in different dimensions.
In fact derivation of these deprivations involve the use of a cut-off, which we
assume to be given. If we were to focus on income poverty then one consider
the poverty line to this cut-off income. Dutta, Foster and Mishra (2011) use
a different cut-off where a person is considered deprived in a particular state
if his income falls below a certain reference income level which depends on,
but which is not the same as, the poverty line. In the current paper we focus
on the second cut-off problem: the number of states in which the individual
has to be deprived so as to be counted as vulnerable. We ignore the first
cut-off exercise and focus on the deprivation levels, d® € [0, 1].

In this paper, our focus is on the identification part too. Therefore,
associated with the deprivation profile we create a (1 x m) vulnerability
identification vector r = {r!,r% ... r™} based on the following rule

Vs.r® — 1 ifd*>0
0 otherwise
It is clear that it basically partitions the states in to deprived and non-
deprived states. We would use r to identify whether the individual will be
considered vulnerable in the future.

An individual faces a lottery L = (pl', d%; pk, d?;...;pL d™). The proba-



bility vector associated with lottery L is represented as p* = {p¥, p%, ...,pk} €
P where P is the set of probability distributions such that for all s = 1,.., m,
ps > 0, m>2 and f:pszl.

Let £ be the Sfa?of all lotteries, L, L/, faced by the individual. A
‘counting’ function is defined as p : L — [0, 1], where p(L) = 1 would
mean that individual facing the lottery L, is deprived in all states whereas

p(L) = 0, that the individual is not deprived in any state. We use a specific

counting function, p¥, which is defined as

Definition 1 p¥ is a counting function such that p®(L) > p¥(L') iff p¥-r >

!
pY -r.

We consider any individual as vulnerable if the scalar product per > 6,
where 6 € (0,1]. This means when # — 0, we consider the individual
vulnerable if they are poor in any one future state with positive probability.
On the other hand when # = 1 the individual is deemed vulnerable if he
is poor with certainty in the future. Once we identify the individual as
vulnerable, we then use the lottery the individual faces to come up with
the level of vulnerability an individual faces. Thus for each individual 4,
vulnerability is measured by V* : (0,1] x £ — R,.. In addition if p(L) = 0,
then V¥(L) = 0. Throughout the paper when we discuss the vulnerability
of one individual, we shall denote the vulnerability measure is, V(L) as
V(L).

For the society with n individuals and m future states of the world, we
have a n x m deprivation matrix which we denote as M™™. Each row of the
deprivation matrix lists the deprivation of one individual over all the states.
Fach column on the other hand lists the deprivation of all the individuals
in one state. Let ® denote the set of all such matrices. The societal

vulnerability is a function V: & — R,.



2.2 The measure

In this section we present our vulnerability measure in three steps and then
illustrate it with an example. Suppose an individual faces a lottery L. The
first step focuses on identifying whether an individual is vulnerable or not
and hence included in our overall vulnerability index. If the individual is
identified as vulnerable from the first step i.e. p”er > @, then in the second
step, we aggregate his deprivation across all the states and his vulnerability
is given as

Vi) = Lph@) ifpler=6. .

where o > 1.

Once each individual’s vulnerability has been computed, in the third
step, we aggregate over all individuals to find out the societal level of vul-
nerability. Let M™™ represent the societal deprivation matrix of n individ-
uals over m future states. Then the societal vulnerability measure can be

represented as

VS = 23 Vi) 2)
1=1

Before we proceed to the axiomatic characterization of our measure, we
can highlight an important feature of the identification strategy. When we
talk about vulnerability, we often refer to the probability that the individual
will be deprived in future. The common intutiton uses the crudest (coarsest)
partition of states; deprived or not deprived. Our identification formalizes
this intuition. Even when there are several states, while indentifying whether
an individual is vulnerable or not, we supress the extent of deprivations in
different states and look the total probability that an individual is likely to

be in any of the deprived state.



2.3 Illustrated Examples

Example 1 Consider a society of n = 3 with deprivation vector d = (0.8,1,0)

over three states. The probability matrix is given below

0.1 0 0.9
M3 =1\ 06 03 0.1
0.5 0.5 0

Each row of the matriz represent the probabilities faced by an individual
over the three states.  Thus the lotteries faced by each of the individu-
als are, L' = (0.1,0.8;0,1;0.9,0), L? = (0.6,0.8;0.3,1;0.1,0) and L3 =
(0.5,0.8;0.5,1;0,0). Let § = 0.5, and « = 1. Noter = {1,1,0}.

First let us begin with Stage 1. le = {0.1,0,0.9} and the scalar prod-
uct le er = 0.1 < 0.5. Hence individual 1 is not considered vulnerable.
On the other hand p~* = {0.6,0.3,0.1} and p~* er = 0.9 > 0.5 which
implies that individual 2 is vulnerable.  Similarly for the third individual,
pl’ = {0.5,0.5,0} and pl’er =1 > 0.5 which indicates that individual 3 is
also vulnerable.

In stage 2 using (1) VY(L') =0, V2(L?) = 0.78 and V3(L?) = 0.90.

In stage 3, the overall societal vulnerability will be V/(M33) = 1/3(V1(L') +
V2(L?) + V3(L3)) = 0.56.

In the next example we show why the proposed measure will be different
from expected poverty. The measure proposed here is not the same as

expected poverty.

Example 2 Consider two lotteries L' = (5/6,0.3;1/6,0;0,0.95), L? =
(0,0.3;2/3,0;1/3,0.95). Let 6 = 0.5 as in the previous example.

The Expected Poverty can be calibrated as E,(L') = 0.25 < 0.316 = E,(L).
Given § = 0.5, p“ o7 = 5/6 > 0.5 and p* o7 = 0.33 < 0.5. Thus
V(LY) > 0, where as V(L?) = 0.



Therefore, the ranking of lotteries by Expected Poverty indices would
be very different from the ranking provided by the vulnerability measure

proposed in this paper.

3 Individual’s measure of vulnerability

Properties of the vulnerability measures will differ based on whether they
are aimed at the individual level or the societal level. We first postulate
the axioms for the vulnerability at the individual level and then the axioms
related to the overall society measure is considered. The individual vul-
nerability measure will have an identification rule and also the aggregation

rule. Here we characterize these rules separately.

3.1 Axioms for the Identification function

The first axiom just captures the notion that if two lotteries that have only
one state of positive deprivation with positive probability, then the lottery
which has a higher probability of the deprived state should be ranked higher
in terms of identification compared to the other lottery. Thus if the lottery
with the lower probability in the deprived state is considered to be vulner-

able, so should the other.

Axiom 1 Axiom of Single State Deprivation (A1): Consider a lottery L be
such that pé.rk >0, and Vs # k,pk.r® = 0. Let L' be such that pﬁ,,.rk, > 0,
and Vs # k', pY .75 = 0. If pk > pk > 0 then p(L') > p(L).

The intuition for the next axiom is quite straight forward. Consider
a lottery with deprivation in k states. If we have another lottery with
deprivation in an additional state besides the k states, where probability
of the additional state of deprivation has been transferred from one of the
previous k deprived states, then identification of this lottery should be the

same as the previous lottery.



Before we state the axiom, let us provide a further definition. Let any

given lottery L, with k deprived states with positive probability as Ly.

Definition 2 Suppose L, = (pf,dl;p%,dz; ...;pﬁ,dk;(),dk*l; ...p,Ln,dm), where
Vs=1,...k, pk > 0,dj,; >0. Wesay L, is derived through a probabil-
ity transfer from Ly, if L} | = (pt, d; pk, d%; ...;pﬁ—a,dk; e, dF L pk dm),

where p£ >e>0.
Given this definition we can now state the axiom formally.

Axiom 2 Aziom of Invariance to Probability Transfers (A2): Suppose L} |

s derived through a probability transfer from Ly, where k < m.  Then
o(L') = p(L).

Given these two axioms we can show the following result.

Theorem 1 A counting function p satisfies Azioms of Single State De-

privation (A1) and Aziom of Invariance to Probability Transfers (A2) iff

p=p".

Proof: Only if.
Suppose p satisfies A1l and A2. Then given any two lotteries L and L’
we show the following;:

Case I:

pY -r>pl-r — p(L)>p(L)

We apply the method of induction. Let n stand for the number of
deprived states with positive probability.

Suppose n = 1. Consider two lotteries L; and L}. Suppose for L; the
deprived state with positive probability is s and for L] it is s’. In this case

! !
pYr>pl-r =pl >pt.



Then from axiom Al we can show that

pk>pl = p(L) > p(L') -

Suppose it is true for n = k < m states, which implies that for any lottery

L and L’ i
> phrm > an " = p(L) > p(L'). (3)
n=1

Now consider n = k + 1 < m, we have to show that

k+1 k+1

> ok 7"">Zp " = p(L) > p(L").
n=1

Consider any lottery with k& 4+ 1 deprived states with positive probability,
Ly : (pF, db;pk, d2; ...;pﬁ,dk;pﬁﬂ, d*1; . pk  d™) such that for any state
s > k + 1, either pSL =0 or d° = 0. Now construct a lottery Ek from
L1 such that Ly : (pk,db;pk, d? ..;pE,d¥;0,d* ;s pE  d™), where pE =
(pf +pE. 1) Then from axiom A2, p(Ly41) = p(Ly). Suppose by repeated
transfer of probability we arrive at Li: (plZ ,d';0,d?%;...;0,d™), where p% =

k+1
Z pk. From axiom A2 we can derive,

p(Liy1) = p(L1). (4)

Similarly for alottery L, ; : (pl , dl,p2 ,d% pg, dk: pﬁrl, dktl: ,pm ,d™)
through repeated transfer of probability we can arrive at E’ (ﬁf’, d;0,d?%;...;0,d™),

k+1
/ / .
where pf = Y p,;. From axiom A2 we know
n=1

p(Li1) = p(LY). (5)



Suppose plz > plz/, then using the axiom A1, (4) and (5)we can claim

pr > pl = p(L1) > p(L}),
k+1 k+1
Zpﬁ > Zpﬁ = p(Lis1) > p(Ljy1)-
n=1 n=1

Case 1I:

p'-r=p“-r = p(L)=p') -

The proof is similar to Case I and is omitted.

It can be easily checked that the sufficient conditions are satisfied.

3.2 Axioms for the individual vulnerability measure

Our next set of axioms captures the notion of counting the number of de-
prived states in a lottery to identify an individual as vulnerable or not. We
bring the identification part along with the notion of vulnerability in the
following two axioms. The intuition is that if we identify one lottery L as
to have a higher deprivation count than L’ through p¥, then V (L) should
not be less than V' (L'). Thus, the axiom emphasizes a monotonic relation

between the pP(L) and V(L).

Axiom 3 Consistency Aziom (A3) Consider two lotteries L and L', such
that p?(L) > pP(L') then V (L) > V (L)

The next axiom identifies whether individuals should considered as vul-
nerability or not for the extreme values of p¥(L). When there is no possibil-
ity of deprivation in the future, then the individual should not be identified
as vulnerable. On the other hand, if the individual is definitely going to

deprived in the future then we should identify him as vulnerable.

Axiom 4 Aziom (A4) Consider two lotteries L and L' such that p¥(L) =1,
and pP(L') =0, then V(L) > 0, and V(L') = 0 respectively.

10



Our next axiom follows the equivalent of the focus axiom that has been
put forth in Alkire and Foster (2010) and Foster (2007), in the context of
multi-dimensional deprivation and chronic poverty . What we are trying
to capture through this axiom is the equivalent of the focus axiom in the
context of vulnerability. In the Alkire and Foster (2010) approach there
is a cut-off based on the number of dimensions one must be poor to be
considered as deprived in that context. In the current context, we have a
cut-off based on the probability that the person is poor in the future. So
for instance, consider a lottery L = (0.15,1;0.2,1;0.1,1;0.25,0;0.2,0) faced
by an individual. The individuals is deprived in the first three states only.
Now if we consider the cut-off level of p?(L) to be deemed vulnerable as
0.4 , then obviously the person is vulnerable. This is because p”(L) that

individual will be deprived in the future is 0.45.

Axiom 5 Focus Aziom (A5): Let L = (p1,d';pa,d?;...;pm,d™) such that
pP(L) < 0. ThenV (L) =0.

The axiom states that vulnerability emanating from any lottery not mak-
ing the cutoff is zero.

The next two axioms that we present is similar to those of Dutta Foster
and Mishra (2011). First, we define the convex combination of two lotteries

as follows:

Definition 3 Suppose L' = (pi,d*; p, d?;...;pl,,d™) and L7 = (p{,dl;pg,dZ; o Pl d™).

Then AL' 4 (1 — N L7 = (Api + (1 — N)pl, d; \ph + (1 — N)p), d2;...; Aph, +
(1= N)plp, d™), where 0 < X < 1.

The following axiom states that the vulnerability of a convex combi-
nation of lotteries should be the same as the convex combination of the

vulnerability of each of the lotteries.

11



Axiom 6 Axiom of Decomposability (AG): Consider any two deprivation
lotteries L and L' such that V(L) > 0 and V(L") > 0. Then V(AL + (1 —
ML) = AV (L) + (1 =NV (L).

The implication of this axiom would be to make the vulnerability mea-
sure linear in probabilities. It will thus generate the von Nueman-Morgenstern
expected utility structure for the vulnerability measure.

The intuition for our next axiom comes from the well known monotonic-
ity axiom which states that vulnerability should increase when the proba-

bility of a bad state occurring increases relative to a better state.

Axiom 7 Aziom of Monotonicity (A7): Consider two lotteries L = (p1,dY; ..., pi, d';pj, &5 ... pm, d™)
and L' = (p1,d*;...;p; +1, di;pj —t,d’;...; pm,d™), such that p; > 0; pj >0,
d*>d’ >0. Then V(L) < V(L.

Our next axiom is closer to the standard transfer axiom which captures
the notion that as more probability is transferred from less deprived to
more deprived states vulnerability increases at an increasing rate. A formal

definition of the transfer axiom is as follows:

Axiom 8 Aziom of Transfer (A8): Suppose L = (p1,d*; ..., pi, d';pj, &5 ... pm, d™),
L= (p1,dY;..;pitt, dispj—t, d; .. P, d™) and L = (p1,d"; s phtt, d"; pi—
t,dpj, d...;pm,d™) such that p, > 0, p; > 0, p; > 0, dh">d > d > 0.

Then V(L) — V (L) < V(L) — V(L).

The intuition of the next axiom comes from the notion of homotheticity
of the vulnerability function. The intuition here is that if we transfer proba-
bility between two states with different deprivation, then any changes in the
vulnerability due to this can be mitigated compensated by an appropriate
adjustment to the probabilities transferred based on the differences in the

deprivations.

12



Axiom 9 Azxiom of Homotheticity (A9): Consider L = (p1,d%;...;p; +
t,d'spj, d7; pp—t,d¥; s pm, d™) and L' = (py,d*; ... pi, d's pj+g(N)t, &7; pr, d*; pr—
g\t d's .. pm, d™) such that @ = Ad', d' = Xd* and 0 < X < 1. Then
V(L)=V (L.

The final axiom is the normalization axiom, which reflects the intuition
that when for all states the deprivation is the highest, then vulnerability
should be maximum. Similarly for all states if the deprivation is at the

lowest then vulnerability should be also at minimum.

Axiom 10 Aziom of Normalization (A10): Let L = (p1,d';..;pm,d™),
with, d = 1 and & = 0. Then if p; = 1, V(L) = 1. Ifp;j = 1 then
V(L) =0.

3.3 Characterization of the individual measure

In this section we characterize the two broad class of vulnerability measures
presented in Section 2. Before we characterize the measure we demon-
strate that the focus axiom, which is one of the key to the counting based

approaches, can be derived from other more basic properties.

Lemma 1 Aziom of Consistency (A3) and Axiom of Identification (A4 )—
Focus (A5).

Proof: Suppose lottery L' is such that p(L’) = 0, then from A4 we
know that V(L) = 0. Consider p¥(L) > p¥(L) = 0, axiom A3 implies that
V(L) > V(L'). In particular, when pF(L) = 1, V(L) > 0. Thus, there
exist 0 < 6 < 1, such that p®(L) < 6, V(L) = 0 and for p¥(L) > 6, such
that V(L) > 0. B

We first characterize a general measure based on (1) in the following

Theorem.

13



Theorem 2 A vulnerability index V of a given lottery L satisfies Axiom of
Consistency (A8), Axziom of Identification (A4), Aziom of Decomposability
(A6), Aziom of Monotonicity (A7) and Axiom of Transfer (A8) iff

lesf(ds) ifpl-r>0
0 otherwise

where f(d®) is monotonic and convexr with respect to d°.

Proof: We start by proving the necessary condition. First consider any
lottery L = (p1,d';..; pm,d™) faced by individual 4, such that p” -r > 6.
From Lemma 1 of Dutta et al. (2011) we know that A6 implies that

V(L) =) paf(d). (6)
s=1

Consider two lotteries L = (p1,d*; ..., pi, d'; pj, &5 ... pm, d™) and L' = (py, d*;...; pi+
t,di;pj —t,d’;...; pm,d™), such that p; > 0; pj >0, d' > d’ > 0. Then using

A7 and (6) and cancelling terms, we can show

pif(d) +pif(d) < (pi + ) f(d) + (pj — t) f(d)

= f(d) < f(d). (7)

Given that d° > d’, and (7) holds for any arbitrary i and j, one can infer
that f(d®) is monotonic.

Suppose L = (p1,d"; ..., pi, %5 pj, &5 oo; oy ™), L = (p1,d"; s pirtt, d¥; pj—
t,dl; . pms d™) and L= (p1, d;..pn —I—t,dh;pi —t, di;pj, dj...;pm,dm) such
that py, > 0, p; > 0, p; > 0, d" > d' > d > 0. Applying A8 and (6) and

cancelling terms we will get

tf(d') —t(d?) < ((pn + ) f(d") + (pi — ) £(d") = (pnf(d") + p;f(d?))

14



F(d) = f(@) < f(d") - f(d)

Since d" > d* > d’ > 0, we can claim that f(d®) is convex.

We know from Lemma 1, A3 and A4 implies A5. For any lottery L'
such that p~ - r < 6, thus, V(L") = 0. It can be easily checked that the
sufficient conditions are satisfied. B

Next we characterize a more specific functional form of the deprivation

function f(d®) which is represented in (1).

Theorem 3 A measure of vulnerability, V, of an individual satisfies Azx-
iom of Focus (A4), Aziom of Monotonicity (A7), Aziom of Transfer (A8),
Aziom of Homotheticity (A9) and Aziom of Normalization (A10) iff:

S po(d)® ifpt v >0
V(L) = s=1

0 otherwise

Proof: First lets start with the necessary conditions. From axioms A6,
A7 and A8, as in Theorem 1, we can show for any lottery, L = (p1,d"; ..; pm, d™)

such that p¥-r > 6,

V(L) =) psf(d). (8)

where f(d®) is monotonic and convex . Using A10 we can demonstrate
f(0)=0and f(1) =1.

Now consider L = (p1,d";...; ppm, d™), L= (p1,dY;..; pitg(N)t, b pj, &7 pr—
g\t d¥; ... pm, d™) and L= (p1,dY;..;piy dbs pit+t, & pr, ¥ pr—t, d'.s p, ™)
suchthatpi>0,pj>O,pk>0,pl>0;dj:)\dianddl:)\dk,0</\§1.

Using A9 and (8), we can show

t(f(d) = f(d")) = tg N (f(&) = f(d)).

15



This can be written as

RN (f(d)) = f(d¥)) = (f(d) — f(d"))

where h(\) = 1/g(A). Given &/ = Ad’ and d' = Ad*, from the above

equation we can obtain

FOdF) = h(N) f(d¥) = fF(AdT) — h(X) f(d") (9)

Since f(d) is convex and monotonic and (9) should hold for all d* and d*,

therefore it must be the case that for all d

FAd) = h(N) f(d) (10)

Suppose d = 1, given f(1) =1, it implies that f(\) = h(\). Replacing this
in (10) we get
fAd) = f(A) f(d). (11)

(11) is a Pexider equation, whose general solution is given by (Aczel 1966)
f(d) =d* (12)

where a > 1, given that f(d) is convex. Thus from (8) and (12) we can
«

)
show V(L) = > ps(d®)®, o > 1. As earlier for any lottery L’ such that
s=1

pY er < 0, we know from A4, V(L') = 0. And again it can be easily

checked that the sufficient conditions are satisfied.l

4 Societal Measure of Vulnerability

Once the individual vulnerability measure is computed, we can then measure
the societal level of vulnerability. Although the domain of the societal

measure of vulnerability is the set of deprivation matrices denoted by @,
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in calculating the overall vulnerability we take the approach recommended
in Dutta, Pattanaik and Xu (2003). The societal vulnerability measure
would be an aggregation over the individual vulnerability measures. For
any individual 7, 0 < V¥(L) < 1, then the societal vulnerability measure
V0,1V — R,

We next consider the axioms on the societal vulnerability measure and

then we characterize the societal measure.

4.1 Axioms on the societal measure

Since each row of the deprivation matrix represents the probabilities faced by
an individual over the different states, an interchanging of the rows should
not affect the overall vulnerability. We say that matrix M'™™ is obtained
from M™™ by the permutation of rows if only the rows are interchanged

with everything else remaining same.

Axiom 11 Aziom of Symmetry (A11): Consider two matrices M™™ and

M'™™ where M'™™ is obtained from M™™ through a permutation of rows.

Then V(M™m™) = V(M'mm),

This axiom will imply that the individual vulnerability functions are the
same for all the people. In other words if two individuals face the same
probability lottery then their vulnerability should be same.

The next axiom captures the notion that we divide the individuals in
to different groups then the overall vulnerability should be the sum of the

vulnerability of the different groups.

Axiom 12 Aziom of Societal Decomposability (A12): Consider three ma-
trices M™™, M™™ and M"2™, where n = ny + ny. Then V(M™™) =
LY (M™m) 4= B2V (M),
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4.2 Characterization of the societal measure

We now characterize the overall societal measure which is similar to (2).

Theorem 4 A societal measure of vulnerability, V', satisfies Aziom of Sym-

metry (A11) and Aziom of Societal Decomposability (A12) iff :
V= lzn:V(Li)
- i 7

where L' is the lottery faced by individual i.

Proof: Repeated application of axiom A12, will yield
V= lzn:vi(y') (13)
- i ‘

Due to axiom All, we can show that Vi(L!) = V(L?). Applying this in
(13) would yield the result. W

5 Conclusion

In this paper we have attempted to conceptualize and characterize a new
class of vulnerability measures. The main innovation of the paper is in
bringing a clear identification part to the measurement of vulnerability as
has been done in the literature on multi-dimensional deprivation. In doing
so, we have also been able to deal with one of the crucial problems that we
see in the multi-dimensional context, which is that of weights used on the
different dimensions under aggregation. In this case the probabilities are

used as natural weights.
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