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Abstract

It is proved that every strategy-proof and unanimous probabilistic rule defined over a
binary restricted domain has binary support. Moreover it is also proved that every strategy-
proof and unanimous probabilistic rule defined over binary restricted domain is a proba-
bilistic mixture of strategy-proof and unanimous deterministic rules. Important examples of
binary domains consist of several types of single dipped domain (unrestricted and distance
single-dipped), single peaked domain where peaks are restricted to two adjacent alternatives,

restricted dichotomous domain etc.
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1 Introduction

Consider voting between two alternatives, where half of the agents are in favor of an alternative
and the remaining half in favor of the other. In this situation a deterministic rule needs to choose
any one of the alternative, where a probabilistic lottery seems to be more fairer. For every pref-
erence profile a probabilistic rule selects a probability distribution over the set of alternatives. In
the landmark paper Gibbard (1977) (see also Sen (2011) ), Gibbard provided a characterization of
all strategy-proof probabilistic rules over complete domain. Additionally if the rules are unan-
imous also, then the probabilistic rules are probabilistic mixtures of deterministic rules. This
result also shows that to analyze probabilistic rules it is sufficient to study deterministic rules
only.

In Peters et al. (2014), they showed that if preferences are single peaked for finite set of alterna-
tives then set of strategy-proof and unanimous probabilistic rules are mixture of strategy-proof
and unanimous deterministic rules. The same fact is true for multi-dimensional domain with
lexicographic preferences (Chatterji et al. (2012)). But it is not necessarily true for all dictatorial
domains (Chatterji et al. (2014)) i.e. there are domains where all strategy-proof and unanimous
deterministic probabilistic rules are dictatorial but all strategy-proof and unanimous probabilis-
tic rules are not random dictatorial.

By binary restricted domain over two alternatives, we mean a domain of preferences where
the top alternative(s) of each preference is a subset of those two alternatives. Here we are con-
sidering weak preferences so we allow preferences where agent is indifferent at top between the
two alternatives. Moreover, the domain must have two preferences such that in one preference
one of those two alternatives is alone at the top and the other alternative is alone at the second
position, and in the other preference it is other way round.

Many well known practical domains come under this category. The single dipped domain is
a binary restricted domain over the two boundary alternatives. Many restricted sub domains of
single dipped domain also satisfy the criteria of binary restricted domain. General single peaked
domain is not a binary restricted domain but if we consider single peaked domain with only
two adjacent alternatives as peak then it is a binary restricted domain. Restricted dichotomous
domain is also a well known example of binary restricted domain.

In Manjunath (2014), they studied the problem of locating a single public good along a seg-

ment, when agents preferences are single-dipped and characterized all the strategy-proof and



unanimous deterministic rules there. In Barbera et al. (2012), they showed when all single
dipped preferences are admissible, the range must contain two alternatives at most for deter-
ministic rules. But this changes as they considered different sub-domains of single dipped pref-
erences. They provided examples of sub-domains admitting strategy-proof rules with larger
ranges.

In this paper we have shown that over binary restricted domain, every strategy-proof and
unanimous probabilistic rule has binary support i.e. a strategy-proof and unanimous proba-
bilistic rule will give positive probability to only two alternatives and the probabilistic rules are
also tops only. If the domain is binary restricted over x and y then support will also have only x
and y. We have also shown that in general if a strategy-proof probabilistic rule has binary sup-
port then we can write that rule as convex combination of two other strategy-proof probabilistic
rules which are not identical. This proves that over binary restricted domain any strategy-proof
and unanimous rule can be written as a convex combination of deterministic social choice rules.

The paper is organized as follows. The next section introduces the model and definitions.
Subsequent sections provide necessary results and examples of existing well known binary re-

stricted domains and conclusions.

2 Preliminaries

Let A be a finite set of alternatives and N = {1,...,n} be a finite set of agents. A complete
and transitive binary relation over A is called a weak preference over A. By P and I we denote
the strict and the indifference part of R. For a weak preference R by r¢(R) we mean the kth
ranked alternative(s) in R defined as {y : [{x : xPy}| = k—1}. We denote by D a set of
admissible weak preferences for any agent i € N. As it is clear from the notation, we assume
the same set of admissible weak preferences for all the agents. A preference profile, denoted by
Ry = (R1,Ry,...,Ry),isanelementof D" =D x D x ... x D.

For R; € D by R;[a, b] we denote the set of alternatives {z € A : aR;zR;band z ¢ {a,b}}.

For notational convenience sometimes we do not use brackets to denote singleton sets, in

other words, we denote a set {i} by i.

Definition 2.1. A Deterministic Social Choice Function (DSCF) is a function f : D" — A.



Definition 2.2. A DSCF f is called unanimous if for all Ry € D"
f(Rn) € NiLyr1(R;) whenever NI r1(R;) # @.

Definition 2.3. A DSCF f is strategy-proof if for alli € N, for all Ry € D", for all R} € D we have
f(RN)Rif (R, R—).

Definition 2.4. A probabilistic Social Choice Function (PSCF) is a function ® : D" — A A where
AA is the set of probability distributions over A. By a strict PSCF we mean a PSCF that is not a
DSCFE.

For S C A and R € D", we define by ®5(R) = ¥ ,c5 Pa(R).

Definition 2.5. A PSCF & is called unanimous if for all Ry € D"

Z ®,(Ry) = 1 whenever NI, r1(R;) # @
XEO?:li’l(Ri)
Definition 2.6. For any R € D and x € A, the upper contour set of x at R is defined as the set of
alternatives that are weakly preferred to x in R, more formally, B(x,R) = {y € X : yRx}.

Definition 2.7. A PSCF @ is strategy-proof if for alli € N, for all Ry € D", for all R} € D and for

all x € A, we have

Z (Dy(Rz‘/ R—i) > Z q)]/(R:1 R—i)'
yEB(x,R;) y€B(x,R;)

Definition 2.8. A PSCF @ is strict strategy-proof if it is strategy-proof and for all i € N, for all
Ry € D", forall R, € D, ®(R;, R_;) # (R}, R_;) implies there is x € A such that

Y, @(R,R)> ). @,(R,R.).
YEB(x,R;) y€B(x,R;)
Definition 2.9. A PSCF & satisfies non-corruptibility if for any i € N, R;, R, € D, R_; € DNV,

YyeB(xRr,) Py(Ri, Roi) = Lyep(x,r,) Py(Ri, R-i) and ¥yep(y vy Py(Ri, R-i) = Lyepx,ry Py(R}, R-j)
forall x € A, imply ®(Ry) = P(RY})).

Definition 2.10. Support of a PSCF ® on some domain D", denoted by Supp(®P), is defined as
{x € A: ®4(Ry) > 0 for some Ry € D"}.



Definition 2.11. A PSCF ® is tops only if for all Ry and R}, € D" such that r(R;) = r1(R;) for
alli € N we have ®(Ry) = ®(R)).

For PSCFs @' and ®” on a domain D" and 0 < A < 1, A®' + (1 — A)®” is defined as the
PSCF @ such that ®,(Ry) = AP (Ry) + (1 — A)P)(Ry) for all x € A and Ry € D". Two
PSCFs, ®' and ®” on D" are said to be not equal (&' # ") if there exists Ry € D" such that
®'(Ry) # ®”(Ry). We say a rule ® is a convex combination of a set of rules {®y; k =1,2,...,1}
if there exist Ay : k = 1,2,...,1 with the property that Ay > 0 for all k and } ; Ay = 1, such that
D = Y, My

Definition 2.12. A domain D is said to be deterministic extreme point (DEP) domain if every
strategy-proof and unanimous PSCF on D" can be written as a convex combination of strategy-

proof and unanimous DSCFs on D" for all n > 2.
Fora € A, letD* ={R € D:r1(R) =a}.

Definition 2.13 (Binary Restricted Domain). A domain of weak preferences is called a binary

restricted domain over {x,y} where x,y € A, if

1. forall R € D, r1(R) € {{x},{y}, {x, y}},

2. forall a,b € {x,y};a # b, and for each R € D, there exists R’ € DY such that Rla, bl N
R'[b,a] = @.

3 Results

In this section we present the main results of this paper. First we establish a necessary and

sufficient condition for a domain to be deterministic extreme point in the following Theorem.

Theorem 3.1. A necessary and sufficient condition for a domain D to be deterministic extreme point
(DEP) is that every strategy-proof and unanimous strict PSCF ® : D" — AA can be written as a

convex combination of two other strateqy-proof and unanimous PSCFs, ® and ®", such that &' # P

Proof. (If part) First we will prove that the set of all strategy-proof and unanimous probabilistic
rules S over a domain D" is closed and convex. Suppose @ is defined as ®(Ry) = ad’(Ry) +

(1 —a)®”(Ry) for all Ry € D" where 0 < & < 1 and @', ®” are two strategy-proof and
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unanimous probabilistic rules defined over D". It is obvious that ® is unanimous as &’ and ®”
are unanimous. Suppose ® is manipulable. Then there are i € N, Ry € D" and R/ such that for

someb € A,

Y ®(RL,R;)> Y @(Ry)

llEB(b,Ri) tZEB(b,Ri)

which means

Y (@(RLR )+ (1-a)®!(RLR ) > ¥ (a®h(Ry)+ (1— )P (Ry)).
aeB(b,R,-) aEB(b,Ri)

Then either

a|l Y @RL,R) | >al Y @n(Ry)
acB(b,R;) a€B(b,R;)

or,

I-a)| } P[RLR)|>1-a)| Y} @Ry |,
IZEB(b,R,‘) LZEB(b,Ri)

which in turn means either &' or ®” is manipulable, a contradiction. So, S is convex.

We show that S is closed. Consider a sequence (®*;k € IN) of strategy-proof and unani-
mous probabilistic rules over D" such that limy_,4, ®F = die forallx € Aand Ry € D",
limy_,o ®X(Ry) = ®x(Ry). Let ® be manipulable then there exist i € N, Ry € D" and R} such
that for some b € A,

Y @(R,R_;)> Y @iRn).

aEB(b,Ri) ﬂEB(b,R,‘)



This means there exists k¥’ € IN such that for all k > k/,

Y, O(RLR)> Y, ®i(Rw).
acB(b,R;) a€B(b,R;)
This in turn means ®F is manipulable for k > k’, which is a contradiction. So, S is closed.

Since S is closed and convex, it is completely characterized by its extreme points. The state-
ment of the Theorem says that no strategy-proof and unanimous non-deterministic probabilistic
rule is an extreme point. It is also easy to see that every strategy-proof and unanimous deter-
ministic rule is an extreme point of S. This shows that D is deterministic extreme point (DEP)

domain.

(Only if part) Let D be a deterministic extreme point domain and @ be a strict strategy-
proof and unanimous probabilistic rule defined over D". Since D is a DEP domain, ®(Ry) =
YK Aifi(Ry) forall Ry € D" where A; > 0 Vi = 1,2,...,k, Y5 A = 1, and Vi = 1,2,...,k,
fi is strategy-proof and unanimous DSCF defined on D" with f; # f; fori # j. As ® is strict
PSCF, there are Ay > 0and A; > 0 with k # 1. We define ® = Y, 4 12‘—’Akf1 and ®” = f;. This
means ® = (1 — Ap)D' + A P”. It is easy to see that &’ # @” and P’ is strategy-proof and

unanimous. [ |

In the following theorem we show that if a strategy-proof and strict probabilistic rule has
binary support, then that rule can be written as a convex combination of two other rules. Note
that Theorem 3.2 does not assume the PSCF to be unanimous, however it is clear from the proof

that the theorem also holds under additional condition of unanimity.

Theorem 3.2. Suppose @ : D" — A is a strateQy-proof strict PSCF such that Supp(®) = {x,y} for
some x,y € A. Then there exist strategy-proof PSCFs @', ®"; @ £ &" such that ®(Ry) = 3®'(Ry) +
3®"(Ry) for all Ry € D"

Proof. Note that Supp(®) = {x,y} means that ®,(R) VR € D" defines ® completely. Since ®
is a strict PSCF, there exists R}, € D" such that ®,(R}) = p € (0,1). Let C = {Ry € D" :
®,(Ry) # p}. Moreover, as C is finite set, we can find € € (0, p) small enough such that for all
Ry € C, P(RN) & [p — €, p + €]. We construct ' and ®” with support {x,y} as



@, (Ry)if Ry € C

D3 (Rn) =
P, (Ry) + € otherwise

o (Ry) { ®(Ry) if Ry € C
®,(Ry) — € otherwise.

It is clear that ® # ®” and ®(Ry) = 3®'(Ry) + 3®”(Ry) for all Ry € D". Unanimity
of @ and ®” follows from the unanimity of ®. We show that ®’ and ®” are strategy proof.
Assume for contradiction that @' is manipulable. This means without of loss of generality that
there exists i € N, Ry € D" and R} € D such that xP;y and ®) (R}, R_;) > ®)(Ry). We consider
the following cases.

Case1 Suppose (R}, R_;), Ry ¢ C. By the construction of @', if (R}, R_;), Ry ¢ C then @) (R},R_;) =
@/ (RN) = p + €, a contradiction.

Case2 Suppose (R}, R_;), Ry € C. By the construction of &', if (R}, R_;), Ry € C then ®)(R},R_;) =
®,(R,R_;) and @} (Ry) = P:(Ry). Since xP;y, this implies ® is manipulable at (Ry) via R} by
agent i which is a contradiction.

Case 3 Suppose (R!,R_;) € C, Ry ¢ C. By the construction of ®’, if (R},R_;) € Cand Ry ¢ C
then @/ (R},R_;) = ®y(R},R_;) and P} (Ry) = p+e€ = Dy(Ry) + €. Hence P, (R}, R_;) >

@' (Ry) implies @y (R}, R_;) > ®y(Ry). Since xP;y, this means ® is manipulable at (Ry) via R!

by agent i, which is a contradiction.

Case 4 Suppose (R),R_;) ¢ C, Ry € C. By the construction of @', if (R},R_;) ¢ Cand Ry € C
then ®(R/,R_;) = p+e€ = P(R,,R_;) + € and P/ (Ry) = Py(Ry). Hence ®, (R}, R_;) >
@' (Ry) implies @y (R}, R_;) > ®,(Ry) as by the construction of ®'. However then xP;y implies
that ® is manipulable at (Ry) via R} by agent i, which is a contradiction.

This shows that @’ is strategy-proof. Similarly we can show that ®” is strategy-proof, which
completes the proof. [

In the following Theorem we show that binary restricted domain ensures binary support for

strategy-proof and unanimous probabilistic rules.

Theorem 3.3. Suppose D is a Binary Restricted Domain over {x,y}. Then for alln > 2 and all strategy-
proof and unanimous PSCF & : D" — A A we have that Supp(®) = {x,y}.

Proof. We prove this using a few propositions and lemmas. We first prove the result for two

agents and then use induction to prove this for arbitrary number of agents.

8



Proposition 3.1. Suppose D is a Binary Restricted Domain over {x,y}, and ® : D> — AAisa
strategy-proof and unanimous PSCF. Then Supp(®) = {x,y}.

Proof. Consider a Binary Restricted Domain D over {x,y}, and a set of players N = {1,2}, and a
strategy-proof and unanimous PSCF @ : D? — A A. We show that ® (xy}(R) =1forallR € D.
First note thatif r1(R;) = {x,y} forsomei € N = {1,2}, then by unanimity ®, 1(R; R;) =1
forall R; € D. Also note that ®,(R) = 1if R is a unanimous profileata € {x,y}. So, we consider
non-unanimous profiles R such that r1(R;) € {x,y} Vi € {1,2} and show @, 1(R) = 1. We

complete the proof by the following two lemmas.

Lemma 3.1. Let R = (Ry, Ry) be a preference profile such that Ry € D?, Ry € D? wherea # b €
{x,y}, and Rq[a,b] N Ra[b,a] = @. Then @y, (R) = 1.

Proof. WLG we assume Ry € D* and R, € DY. Assume for contradiction that ®,(R) > 0 for
some z € A\ {x,y}. If z ¢ Ry[x,y|, then agent 1 manipulates at R via some R} € DY, since by
unanimity ®, (R}, R;) = 1 and y are strictly preferred to z at the preference R; of player 1. So
it must be that z € Rq[x,y]. Similarly we have that z € Ry[y, x]. However this contradicts our

assumption that Ry [x, y] N Ry[y, x] = @ which completes the proof. |

Lemma 3.2. Let R = (Ry,Ry) be an arbitrary preference profile with Ry € D*, Ry € D' where
a# b€ {x,y} Then Py, 1 (R) =1

Proof. WLG we assume that Ry € D* and R, € DY. If Ry[x,y] N Ray, x] = @ then we are
done by Lemma 3.1. So, assume that R1[x,y] N Ry[y, x] # @. This, by the definition of binary
restricted domain D, means that there exist R} and R} such that Rq[x,y] N R}[y,x] = @ and
Ri[x,y] N R2[y, x] = @. By Lemma 3.1 we have @, ,,(Ry, Ry) = 1 and ®y, 1 (R}, Ry) = 1. Let
®,(R1,R)) = € and ®,(R],Ry) = €. We claim € = €. Assume for contradiction that e > €.
Since Ry, R} € D* and Ry, R, € DY, strategy-proofness implies (R}, R}) = ®x(Ry,R}) = €
and ®y(R}, Rj) = Py(R},Ra) = 1 — €. This means @, 1 (R}, Ry) = € +1— € which is not
possible since € > ¢€’. Using similar logic it can be shown that it is not possibile that e < €'.
So € = €’. Moreover, using the facts that Ry, R} € D* and Ry, R/, € DY, we have by strategy-
proofness that ®, (R, Ry) = ®x(R}, Ry) = € and @, (R, Ry) = ®y(Ry,R}) = 1 — ¢, and hence
@y, 1 (R, Rp) = 1 completing the proof. |

The above two lemmas complete the proof of Proposition 3.1. |



In the following proposition we show that the binary restricted domains ensure binary sup-

port for strategy-proof and unanimous rules when there are arbitrary number of players.

Proposition 3.2. Let n > 3, D be Binary Restricted Domain over {x,y}, and ® : D" — AA bea
strategy-proof and unanimous PSCF. Then Supp(®) = {x,y}.

Proof. We prove the result by induction. Assume that for all integers k < 1, the following state-
ment is true:
Induction Hypothesis (IH): Let D be a Binary Restricted Domain over {x,y}. If ® : DF — AA
satisfies strategy-proofness and unanimity, then Supp(®) = {x,y}.

Let N* = {1%,3,4,...,n} be a set of voters where 3,4, ...,1n € N. Define a PSCF g : D"~ ! —
AA for the set of voters N* as follows: For all (Ry+,Rs,...,R,) € pr-1

g(Rl*/R3/ e /Rifl) — qD(Rl,Rl,R?), R4/ o /Rn)

Voter 1* in the PSCF g is obtained by “cloning” voters 1 and 2 in N. Thus, if voters 1 and 2 in

N have a common ordering R, then voter 1* € N* has ordering Ry-.

Lemma 3.3. The PSCF g has binary support i.e. Supp(g) = {x,y}.

Proof. It is trivial to verify that g satisfies unanimity. We now show that g also satisfies strategy-
proofness so the result follows from IH. It is easy to see that agents other than 1* can not ma-
nipulate g since @ is strategy-proof. Let (Ry,R3,...,R,) € D" 'and R; € D. Forallb € A, we

have

Z th(Rl*/R3/---/Rn) - Z (Da(R1/R1/R3/---rR1’l)
IZEB(b,Rl) ac (/Rl

)3

b
IZEB(b,Rl
b

o~}

Vv

(Da(Rll Rl/ R3/- . rRi’l) (1)

Vv

)3

IZEB( ,Rq1

- ¥

IZEB(b,Rl

)
)
(Da(Rll Rl/ R3/ ceey Rn) (2)
)
ga(Rl*;R3; s /Rn)

)

If inequality (1) does not hold, agent 1 with ordering Ry manipulates ® at (R1, Ry, R3,...,Ry)
via R;. If inequality (2) does not hold, agent 2 with ordering R; manipulates ® at (R1,R,R3,...,Ry)

via R;. Therefore ¢ satisfies strategy-proofness.
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Note that by Lemma 3.3 we have @y, (Ry) = 1forall Ry € D" with R; = Rp. Our next lemma
shows that the same holds if 1 (R1) = r1(R»).

Lemma 3.4. Let Ry be a preference profile such that r1(R1) = r1(Rz). Then @, 1 (Ry) = 1.

Proof. Note thatif r1(R1) = r1(Ry) = {x,y}, then the result straightforwardly follows by Lemma
3.3 and strategy-proofness. This is because, if @, ,1(Ry) < 1 for some Ry, Ry with r1(Ry) =
r1(Rz) then player 1 can manipulate at Ry via R; since by Lemma 3.3 @, 1 (R, Ry, Ry 1)) =
1.

In view of the above argument, it is enough to consider 71 (R1) = r1(Ry) € {x,y}. WLG we as-
sumer;(R1) = r1(Rz) = x. By Lemma 3.3 we have @, 1 (R1, R1, Ry 11,2)) = Py (R2, Ro, Ry f123) =
1. Moreover, since r1(R;) = r1(R2) = x we have by strategy-proofness ®,(R1, R1, Ry f1,03) =
Dx(R1, R, Ry 1,2)) = Px(Ro, Ro, Ry (1,2)) = € (say).

Note that if 1 (R;) # y foralli € N\ {1,2} then by unanimity ®;, 1 (Rn) = ®x(Ryn) = 1. So,
suppose thereisi € N\ {1,2} such that 7;(R;) = y. Let R, € D be such that R, [y, x] " R;[x,y] =
@. Such an R, always exists by the definition of D. Consider the preference profile RN\ (1,2) of
the players in N \ {1,2} as follows: foralli € N\ {1,2}

x { Ry if ri(R;) = y

R; otherwise.

Using Lemma 3.3 we have @, 1 (Ry, Ry, R\ 1)) = Ppryy (Ro, Ro, Ryy(12)) = 1. Since
r1(R1) = r1(Rz) = x, we have by strategy-proofness ®x(R1, R1, Ry f121) = Px(Ry, Ro, Ry f12)) =
@y (R, Ry, Ry (1,01)- We show @y (Ry, Ry, Ry f101) = €. First we claim that @y (Ry, Ry, Ry (12)) =
®y(R1, R1, Ry (123)- To see this, consider a player i € N\ {1,2} such that R; # R;. Note that by
construction we have r1(R;) = r1(R;) = y, hence by strategy-proofness we have @, (Ry, Ry, Ri, Ry 11,2,i}
®y(Ry, Ry, R;, Ry (12,11 )- Continuing in this manner we have @y (Ry, Ry, R\ (123) = Py(R1, Ry, Ry f1.2
and hence by the fact that @, 1 (R1, R, Ry (1,23) = 1 we have @y (Ry, Ry, Ry (12}) = €.

Using similar logic it follows that ®y(Ry, Rz, Ry (123) = ®y(Ry, Ra, Ry 11,23)- We complete
the proof by showing ®,(Ry, Ry, Ry 1,01) = 1 — €. Using the fact that ®y(Ry, Ry, Ryy(12)) = €,
it suffices to show that @, 1 (R1, Ry, Ry 1,03) = 1.

We claim @, (R, Ry, Ry f1,01) = 1. Assume for contradiction that ®;(Ry, Ry, Ry f1,0) > 0
for some z # x,y. Note that if z ¢ Ry[x, y] then agent 1 manipulates at (Ry, Ry, Ry (12}) Via Rz
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since @, 1 (Ra, Ra, Ryy(12)) = 1. So, z € Ry[x, y]. Now we show that z € Ry [y, x]. Assume for
contradiction that z ¢ Ry [y, x]. Consider i € N\ {1,2} such that R; = R,. Let R/ be such that
r1(R}) = x. Then by strategy-proofness ®x(Ry, R, R}, Ry (12,i}) < Py (R, Ra, Ry, Ry f123) <
1. By sequentially changing the preferences of the players in N \ {1,2} with y at the top in
this manner we construct a preference profile R that is unanimous at x and for which ®,(R) <
1 which is a contradiction to unanimity, hence z € Ry[y, x]. However, this means Ry[x,y] N
Ryly, x] > zwhich is contradiction to Ry[x, y] N R [y, x] = @. This completes the proof of Lemma
3.4. |

In the following lemma we show that @, ., (Ry) = 1 for arbitrary profile Ry € D".

Lemma 3.5. Let Ry € D" be an arbitrary preference profile. Then @1, 1 (Rn) = 1.

Proof. In view of Lemma 3.4, it is enough to consider r1(R1) # r1(Rz). Note that if r1(R;) =
{x,y} for some i € {1,2} and ®,(Ry) > O for some z ¢ {x,y}, then player i manipulates at Ry
via R; where j € {1,2},] # i since by Lemma 3.4 we have ®, 1 (R}, Rj, Rn\f1,2y) = 1. Soitis
enough to consider the case where r1(R;) € {x,y} foralli € {1,2}. WLG we assume r1(R;) = x
and r1(Rp) = v.

Suppose R1[x,y] N Ry[y, x| = @. Assume for contraction that ®,(Ry) > 0 for somez & {x,y}.
Ifz ¢ Ryly, x|, then player 2 manipulates at Ry via R; sinceby Lemma 3.4 @, .1 (R1, Ry, Ry (1,2})
1. So z € Ry [y, x]. Using similar logic we have z € Ry[x,y], this contradicts the assumption that
Ri[x,y] N Ry[y, x] = @. Hence ®,(Ry) = 0 for some z & {x,y}.

Now suppose Ry [x,y] N Rao[y, x] # @. By the definition of D we know there exist R} € D*
and R, € DY such that Ri[x,y] " R,[y,x] = @ and R|[x,y] N Ry[y,x] = @. Since r1(R;) =
r1(R]) = x and r1(Ra) = r1(R;) = y, by strategy-proofness we have ®y(Ry, Ry, Ryy(12}) =
(R, Ry, Ry f1,01) and @y (Ry, Ry, Ry (1,21) = Py(R1, Ry, Ry (1,2))- Moreover, by using similar
logic as in the proof of Lemma 3.2 we have ®y(Ry, Ry, Ry (1,21) = Px(R}, Ra, Ry (1,2})- Hence,
@1 (R, R, Ry (12) = Py (R1, Ry, Ry (1,2))- However, @1, 1 (Rq, Ry, Ry 11,23) = 1 since

Ry[x,y] "R, [y, x] = @, which completes the proof of Lemma 3.5. [ ]
These three lemmas complete the proof of Proposition 3.2. n
Finally the proof of Theorem 3.3 is complete by Proposition 3.1 and Proposition 3.2. u

Theorem 3.4. Every binary restricted domain is a deterministic extreme point (DEP) domain.
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Proof. Consider a binary restricted domain over {x, y} and a strategy-proof and unanimous strict
probabilistic rule ® on it. By Theorem 3.3, the support of ® is {x,y}. Moreover, by Theorem
3.2, there exist strategy-proof and unanimous PSCFs @' and ®” such that ® = 1’ + 3®”.
Finally, by Theorem 3.1 we conclude that binary restricted domain is a deterministic extreme

point domain. n

3.1 Characterization of Strategy-proof and Unanimous rules

In this section we give a complete characterization of the strategy-proof and unanimous PSCFs
defined over a binary restricted domain. In view Theorem 3.4, it is sufficient to give a character-
ization of strategy-proof and unanimous DSCFs on a binary restricted domain.

Let D be a binary restricted domain over {x,y}. For Ry € D", by N?(Ry) we denote the set
of agents i € N such that r1(R;) = a, and by C(Ry) = {i € N : r1(R;) = {x,y}} we denote
the set of agents who are indifferent between x and y at the top of their preferences in Ry. Let
D ={R € D:r1(R) = {x,y}} be the set of preferences where x and y are indifferent at the top,
and let D" = D"\ D".

Definition 3.1. A function g : D" — Py(Py(N)) is called a minimal winning coalition function
if

1. foralli € N,C C N,and Ry € D", i € C € g(Ry) implies r1(R;) € {x,y},

2. forall Ry € D", C # C' € g(Ry) implies C Z C’, and

3. §(Rn) = g(RYy) for all Ry and R} with the property that C(Ry) = C(R}) and R; = R/ if
1€ C(RN)

Definition 3.2. An agenti € N is called a dummy agent at Ry for a minimal winning coalition
function g if r1(R;) € {x,y} andi ¢ C for all C € g(Ry). An agent i is called a non dummy
agentif r1(R;) € {x,y} and i € C for some C € ¢(Ry).

Definition 3.3. A minimal winning coalition function g satisfies independence of dummy agents
(IDA) property if i is a dummy player at Ry for ¢ implies g(Ry) = g(R}, Ry\;) for all R} with
r(R)) = {x v}

Definition 3.4. A minimal winning coalition function ¢ satisfies responsive to non dummy

agents (RNDA) property if i is a non dummy player at Ry for g, and r1(R}) = {x,y} imply
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1. C € g(R}, Ry\;) forall C € g(Ry) withi ¢ C, and

2. for all C € g(R},Ryy;) such that C ¢ g(Ry) there is C" € g(Ry) with i € C’ such that
c'\icCcC.

In the following lemma we show that whenever an agent has exactly one top alternative, that
agent cannot change the outcome of a strategy-proof and unanimous rule by changing his/her

preference without changing the top alternative.

Lemma 3.6. Let D be a Binary Restricted Domain over {x,y}. Suppose Ry, Ry, € D" are such that
N?(Ry) = N%RY) forall a € {x,y}, and R; = R} for all i ¢ N*(Ry) U NY(Ry). Then for any
strategy-proof and unanimous DSCF f on D", f(Ry) = f(Ry).

Proof. Let D be a Binary Restricted Domain over {x,y} and f be an arbitrary strategy-proof
and unanimous DSCF on D". Suppose Ry, Ry, € D" are such that N*(Ry) = N”(R),) for all
a € {x,y}, and Rj = R} forall j ¢ N*(Rn) UNY(Ry). Assume WLG that f(Ry) = x. Note
that if agents in N* change their preferences keeping x at the top then by strategy-proofness
the outcome must not change. Moreover, since the outcome will be either x or y, by strategy-
proofness outcome must not change if the agents in N¥ change their preferences keeping y at the

top. This completes the proof. |

In the following theorem we provide a characterization of the strategy-proof and unanimous

DSCFs. Let D be a binary restricted domain over {x, y}.

Theorem 3.5. A deterministic social choice function f : D" — A is strategy-proof and unanimous if
and only if there exists a minimal winning coalition function g satisfying IDA and RNDA such that for
all Ry € D, N(Ry) 2 C for some C € g(Ry) implies f(Ry) = x.

Proof. (If part) Let ¢ be a minimal winning coalition function satisfying IDA and RNDA. Consider
a social choice function f such that Ry € D" and N*(Ry) 2 C for some C € g(Ry) implies
f(Rn) = x. We show that f is unanimous and strategy-proof.

We first show that f is unanimous. Consider a profile Ry € D" such that NjenT; (R;) #@. If
r1(R;) = {x,y} for all i € N then unanimity holds trivially. Assume WLG that N;cn71(R;) = x.
Let C C N be such that r1(R;) = {x,y} if and only if i € C. Note that N*(Ry) = N\ C. Since
2(Rn) € Py(N\ C), this means f(Ry) = x.
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Now we show that f is strategy-proof. Consider a profile Ry € D". Note that the agents in
C(Ry) have no incentive to manipulate. Let i be a dummy agent and Ry, = (R}, Ry\;). Then,
if r1(R!) € {x,y} then by definition of g we have f(Ry) = f(R}). Moreover if r1(R}) = {x,y}
then by the IDA property, f(Ry) = f(R)y). Hence agent i cannot manipulate f. Now consider
a non dummy agent i. Leti € C € g(Ry). Suppose r1(R;) = y and f(Ry) = x. This means
there is C € ¢(Ry) such that r1(R;) = x for all j € C. Now, if 71 (R}) = x then by the definition
of ¢ we have g(Ry) = g(R}y) which means C € g(R)) and hence f(Ry) = f(R)}). On the
other hand, if r1(R!) = {x,y} then by RNDA C € g(R)}) and hence f(Ry) = f(R}). Now,
suppose r1(R;) = x and f(Ry) = y. This means for all C € g(Ry) thereis j € C;j # i such that
r1(R;) = y. If r1(R}) = y then using the fact that g(Ry) = g(R}) we have f(Ry) = f(R}y). Now
suppose r1(R}) = {x,y}. Then by RNDA it follows that for all C € g(R}) there is j € C such
that r1(R;) = y. So f(Rn) = f(R)). This completes the proof that f is strategy-proof.

(Only if part) Consider a unanimous and strategy-proof social choice function f on D". Take
C C N and let Rc € D€ be a collection of preferences of the players in C. Let D"(Rc) = {R}, €
D" : R = Rcandri(R!) € {x,y}foralli ¢ C}. Take Ry, R} € D"(R¢). In view Lemma
3.6, it follows by standard monotonicity argument that for all Ry, Ry, € D"(R¢), f(Rn) = x and
N*(R},) 2 N*(Ry) imply f(R};) = x. Moreover by unanimity, f(Ry) = x implies N*(Ry) # @.
This means there exists C(R¢) € Po(Po(N \ C)) such that for all Ry € D"(R¢), f(Ry) = x if
and only if there is C' € C(R¢) such that N*(Ry) 2 C’. Define the function g : D" — Py(Py(N))
such that for all Ry € D", ¢(Ry) = C(Rc) where C = C(Ry). Now we show ¢ satisfies IDA
and RNDA.

First we show that g satisfies IDA. Suppose not. Then either there is C' € g(Ry) such that
C" ¢ g(R}), or there is C" € g(R}) such that C' ¢ g(Ry) where Ry = (R}, Ryy;). Suppose
there is C' € g(Ry) such that C" ¢ g(R),). First we show that C"” ¢ g(R},) for all C" C C'.
Consider Ry € D"(R¢) where C = C(Ry) and r1(R;) = x if and only if j € C” Ui. Then by the
definition of f we have f(Ry) = y and f(R};) = x, and hence player i manipulates at Ry via R}.
Finally, consider the profile Ry € D"(Rc) such that r1(R;) = x if and only if j € C". This means
f(Ry) = xand f(R};) =y, and hence player i manipulates at Ry via R}.

Now suppose there is C’ € g(R};) such that C' ¢ g(Ry). First we show that C” ¢ g(Ry) for
all C” C C'. Consider Ry € D"(R¢) where C = C(Ry) and r1(R;) = x if and only if j € C" U1i.
Then by the definition of f we have f(Ry) = x and f(R};) = y, and hence player i manipulates
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at Ry via R}. Finally, consider the profile Ry € D" such that r1(R;) = x if and only if j € C" Ui.
This means f(Ry) = yand f(R};) = x, and hence player i manipulates at Ry via R}. This proves
that g satisfies IDA.

Now we show that g satisfies RNDA. Suppose not. Then, either there is C” € g(Ry) \ g(R}y)
such thati ¢ C” and r1(R}) = {x,y}, or forsome C" € g(R}) \ g(Rn) thereisno C € g(Ry) such
that C\i C C" and i € C where R}y = (R}, Ry;). Suppose there is C" € g(Ry) \ g(R}) such
thati ¢ C”. Since C" ¢ g(R},), using similar argument as before it follows that that C ¢ g(R};)
forall C C C". Consider Ry € D"(R¢) where C = C(Ry) and r1(R;) = x if and only if j € C"".
This means f(Ry) = x and f(R};) = y and hence player i manipulates at Ry via R’.

Now suppose for some C” € g(R}) \ g(Ry) thereisno C € g(Ry) such that C\ i C C" and
i € C. Consider Ry € D"(Rc) where C = C(Ry) and r{(R;) = x if and only if j € C" U1i. This
means f(Ry) = yand f(R};) = x and hence player i manipulates at Ry via R}. Hence, g satisfies

RNDA. This completes the proof of the theorem. u

3.2 Necessary Condition for Binary Support

In this section we provide conditions on a domain that are necessary to ensure that every strategy-
proof and unanimous social choice function will have binary support. It follows that the neces-
sary condition is very close to the sufficiency one meaning that our sufficient condition is very
weak, or in some sense almost necessary. We leave the problem of finding the necessary and

sufficient condition for future research.

Definition 3.5. A domain of weak preferences is called a almost binary restricted domain over

{x,y}, where x,y € A, if

1. forall R € D, r1(R) € {{x},{y}, {x,y}},

2. there does not exist zg € R[x,y] for all R € D*, with the property that zgRzg: VR, R’ € D,
such that

(a) for each R’ € DY, either zg € R'[y, x] for all R € D*, or zg ¢ R'[y, x] for all R € D*,

(b) there exists R’ € DY such that zg € R'[y, x] for all R € D¥,

3. there does not exist zg € Ry, x] for all R € DY, with the property that zgRzg VR, R' € DY,
such that

16



(a) foreach R’ € D*, either zg € R'[x,y] forall R € DY, or zg ¢ R'[x,y] forall R € DY,

(b) there exists R" € D* such that zg € R'[x,y] forall R € DY.

Theorem 3.6. Let D be a domain and n > 2 such that every strategy-proof and unanimous PSCF defined

on D" has binary support. Then D is almost binary restricted domain.

Proof. Let D be adomain and n > 2 such that every strategy-proof and unanimous PSCF defined
on D" has binary support. We show that it is a almost binary restricted domain. Assume for
contradiction that the domain does not satisfy the condition 1 of the definition of almost binary
restricted domain. We construct a strategy-proof and unanimous PSCF on D" that does not have
binary support.

Note that if there exists R € D with r1(R) N {x,y} = @ then we are done by unanimity
since unanimity implies ®x(Ry) = ®,(Ry) = 0 where R; = R for alli € N. So, assume
r1(R)N{x,y} # @ forall R € D and Ugepri(R) 2 {x,y,z} for some z € A. For R € D and
X C A, we denote the maximal set of alternatives amongst X at Rby Br(X) = {z : zZRx, Vx € X}.
Note that Bg(A) = r1(R). Consider the PSCF

®(Ry) = U (B, (B, (--- (Br,(Br, (4))) ---)))

where U(S) denotes uniform probability distribution over the elements in the set S. We call such
type of PSCF a serial random dictatorial rule with the dictatorial order of players 1 >~ 2 >~ ... >
n.

The PSCF @ is unanimous by definition. To see that {x,y,z} C Supp(®) consider the unan-
imous profile Ry where R; = R; foralli,j € Nand z € r1(R1). By the definition of ®, z gets
positive probability at this profile. It remains to show that ® is strategy-proof. Agent 1 cannot
manipulate ® since ®,, z,)(Ry) = 1 for all Ry € D". Suppose the agents 1,2,.. .,k cannot ma-
nipulate ®. We show agent k + 1 cannot manipulate ®. Note that Bg,, (X)Ry41B R, (X) for all
X C A, Rgyq and Rp ;. This, together with the fact that CIDBRkH(X)(RN) = 1 for all Ry € D"
where X = Bg (Bg,_,(...(Br,(Br,(A)))...)), implies that agent k + 1 cannot manipulate .
This proves @ is strategy-proof. Hence, D must satisfy condition 1 of the definition of almost
binary restricted domain.

Now we assume that a domain satisfies condition 1 of almost binary restricted domain, and

show that both condition 2 and condition 3 are necessary to ensure binary support for every
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strategy-proof and uannimous rule. We show the necessity of the condition 2, the proof of the
necessity of condition 3 is similar. Consider a domain D that satisfies condition 1 but does not
satisfy condition 2. We construct a strategy-proof and unanimous PSCF @ : D" — AA that
does not have binary support. Since condition 2 is not satisfied there exist zg € R[x,y] for all
R € D*, with the property that zgRzg: VR, R" € D*, and DY can be partitioned into two subsets
D{ and D} such that D} = {R € DV : zg ¢ Rly,x]forallR' € D}, Dy = {R € DY : zp/ €
R[y, x] for all R” € D*} where D} is non-empty. Consider the rule ® as follows:

p

1
®(Ry) = P20, ) (RN) = (3,4 1)if Ry € D¥, Ry € D)
if Ry € DX, Ry € DY
\ if R € DY and R, € D~
where by @2, ) (RN) = (3, 5,3) we mean @x(Ry) = 3, Pz, (Rn) = 3, and @z (Ry) = 3.

By definition ® is unanimous and does not have binary support. We show that ® is strategy-
proof. It is easy to see that no agent other than 1 and 2 can manipulate ®. Moreover, it is clear
that agents 1 and 2 will not manipulate if 7 (R1) N7 (Ry) # @. Consider a profile Ry where
Ry € D¥ and Ry € DY. Agent 1 will not manipulate since leRlzR/l VR, R} € D*. Moreover,
agent 2 cannot manipulate since either zg, € Ry[y, x| for all Ry € D*, or zg, & Ry|y, x] for all
Ry € D*. Now consider a profile where Ry € DY and R, € D*. Note that the outcome does
not change if an agent changes his/her preference keeping the top same, on the other hand if
an agent changes his top then by unanimity the top of the other agent gets probability 1. This
proves that ® is strategy-proof. |

4 Applications

In this section we provide a few applications of our result. We give a few examples of domains
that are binary restricted. One such well-known example is the domain of single dipped prefer-
ence relations relative to a given order of the alternatives. Another such example is the domain of

single-peaked preferences where the peaks are restricted to be one of two adjacent alternatives.
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4.1 Single-dipped Domain

In this section we apply our results to single-dipped domain and characterize all strategy-proof

and unanimous PSCFs on this domain.

Definition 4.1. A preference relation of individual i € N, R; is single dipped on A relative to a

linear order > of the set of alternatives if
1. R; has a unique minimal element d(R;), called the dip of R; and
2. forally,z € X, [d(R;) =y > zorz >y > d(R;)] = zPy

Let D, denote the set of all single dipped preference relative to the order >~ while R, denote a
subset of the single dipped preference relative to . Clearly D, is a binary restricted domain.
Moreover, every restricted single dipped preference domain R, is binary restricted if it satisfies
condition 2 in the definition of binary restricted domain. So we deduce the following theorems

for the single-dipped domain.
Theorem 4.1. Single dipped domain is a deterministic extreme point (DEP) domain.

Proof. This follows from Theorem 3.4. [ |

We now consider a restricted single-dipped domain where the alternatives are assumed to be
equidistant from each other and the preference is derived from the distance from the dip. More
formally, whenever the distance of an alternative from the dip of an agent is higher than that
of another alternative, the agent prefers the former alternative to the latter one. We call such
a domain a distance single-dipped domain. If ties are broken in both ways. Note that such a
restricted single-dipped domain is binary restricted, and hence our results apply. However, if
the ties are broken in favour of left side (or right side) only, then the domain is no more a binary
restricted domain. In Example 4.1 we show that there exists strategy-proof and unanimous

probabilistic rule that does not have binary support.

Example 4.1. Consider the domain presented in the table below. This domain is distance single-

dipped domain where ties are always broken in favour of the left alternative. The PSCF given in
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the table is strategy-proof and unanimous, however it does not have binary support.

1\2 X1XpX3X4 X4X3X0Xq] X4X1X3X2 X1X2X4X3
X1X2X3X4 (1,0,0,0) (a —B,B,0,1—a) | (,0,0,1—n) (1,0,0,0)
x4x3%2%1 | (€—,7,0,1—¢€) (0,0,0,1) (0,0,0,1) (e—7,70,1—¢€)
X4X1X3X2 (6,0,0,1 —¢€) (0,0,0,1) (0,0,0,1) (6,0,0,1—¢)
X1X2X4X3 (1,0,0,0) (a —pB,B,0,1—a) | («,0,0,1—n) (1,0,0,0)

4.2 Adjacent Single-peaked Domain

Another well known domain of preferences is single peaked domain which is defined below.

Definition 4.2. A complete, reflexive, transitive and anti-symmetric preference relation of in-
dividual i € N, P; is single peaked on A relative to a linear order > of the set of alternatives

if
1. there exists T(P;) € A, called the peak of P; and
2. forally,z € A, [t(P;)) my >zorz >y > 7(P;)] = yPz.

Let D~ denote the set of all single-peaked preferences relative to the order > while R~ denote
a subset of the single dipped preference relative to >. Clearly, when we have at least three
alternatives the single peaked domain D™ relative to a linear order > is not a binary restricted
domain. However, a subset of single peaked domain where peaks are restricted to a set of two
adjacent alternatives is a binary restricted domain over those two adjacent alternatives. We call

such a domain adjacent single-peaked domain. We define this formally.

Definition 4.3. A restricted single-peaked domain R~ over a set A = {ay,ay,...,a;} relative to
the linear order > over A where a; > ap > ... > aj is called adjacent single-peaked if there

exists ] € {1,2,...,k — 1} such that 7(P;) € {x;,x;,1} forall P, € R".

It is can be easily seen that R™ is a binary restricted domain, and hence every strategy-proof
and unanimous PSCF defined on R has binary support and is a mixture of strategy-proof and

unanimous DSCFs defined on R™.
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5 Conclusion

In this paper we show that every strategy-proof and unanimous PSCF defined over a binary
restricted domain has a binary support. We further show that, every such PSCF is a convex
combination of strategy-proof and unanimous deterministic rules defined on that domain. We
apply our results on some well-known binary restricted domains like single-dipped domain
and adjacent single-peaked domain, and characterize all strategy-proof and unanimous PSCFs

on those domains.
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