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Introduction Definition

Well-posedness

Solution of Martingale Problem

Definition 1.1

An E- valued measurable process (X:)(:>0y defined on some
probability space (2, F,P) is said to be a solution of the
martingale problem for (A, i) with respect to a filtration (G¢)¢>o if
O L(Xo) =n
@ for every f € D(A)

Mf = f(X;) — /tAf(Xs)ds
0

is a (Gt)e>0 - martingale.
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Introduction Definition

Well-posedness

General Setup

@ State space - E - a complete, separable metric space
M(E) - real valued, measurable functions on E

B(E) - real valued, bounded, measurable functions on E
C(E) - real valued, continuous functions on E

Cp(E) - real valued, bounded, continuous functions on E
@ operator A on M(E) with domain D(A)

o B(E) - Borel o-field on E
o P(E) - space of probability measures on (E, B(E))
e Initial measure ;1 € P(E)

@ For any process (X:){¢>0}, (F¥)¢=0 will denote its natural
filtration. i.e.

.7:tX:a(Xs:0§s§t)

In Definition 1.1 if (G¢)r>0 = (FX)¢>0, the o-fields are
dropped from the statement
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Introduction

Definition
Well-posedness

Well-Posedness

@ Solution of a martingale problem is defined only in a weak
sense

Definition 1.2

Uniqueness holds for the martingale problem for (A, ) if any two
solutions of the martingale problem have the same distributions

<

Definition 1.3

The martingale problem for (A, ) is well-posed if
Q there exists a solution X of the martingale problem for (A, 1)

@ Uniqueness of solution holds for the martingale problem
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Brownian Motion
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Diffusions

Markov Jump Processes
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Example 1 - Brownian Motion

Let B be a Standard Brownian Motion.
Then

M} = B; and M? = B2 — t are martingales.
Let

Then for i =1,2
. t
M} = ()~ | Af(Bo)ds.
0

. (Bt){t>0y is a solution of the martingale problem for (A, do)
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Example 1 - Brownian Motion (Contd.)

Conversely,

Let (Xt){¢>0y be a continuous solution of the martingale problem
for (A, dp)

We have X; and X? — t are martingales

i.e. X; is a continuous martingale with (X); = t.

Define go(x) = ™ where i = /—1. Note |gs(x)| < 1.

Then g{(x) = isgs(x), &7 (x) = —s°gs(x)

By Ito's formula

, 1
dgs(Xz) = isgs(Xt)dXe — Eszgs(Xt)dt.

The stochastic integral is a martingale M;. Thenfor 0 < r < t

. . 1 t
elth — elsX, + Mt _ Mr _ 552 e/qudu
r
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Example 1 - Brownian Motion (Contd.)

Let A € FX. Multiplying by e % 4
Lae*X=X) = T4 + e X a(My — M,) — 252 [ Tae*XeX)dy

Taking expectations (of conditional expectations)

E [HAeis(Xt—X,)} — P(A)+0— %52 /tE [HAe,-s(xu—xr)] du

Let h(t) = E [Lae*Xe=X)]. Then
h(t) = P(A) — 252/ h(u)du
H(t) = —%SQh(t) with h(r) = P(A)

E [Lae™X )| = h(e) = B(A)e™ 2,
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Example 1 - Brownian Motion (Contd.)

Since this holds for all A & }",X, we get
E [eis(X*_Xr)U-",X} — e 25(t-),s
This implies

(Xe— X) [T 7
(Xe — X,) ~ N(O, £ — r)

Thus X; is a Brownian motion.
This is Levy's Charachterization of Brownian Motion

@ The martingale problem for (A, dp) is well-posed in the class
of continuous processes
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Levy's Charachterization Theorem

Levy's Charachterization Theorem

Let (X¢){t>0y be a continuous RY valued process, with
(Xe = (Xt(l), - ,Xt(d))), such that for every 1 < k,j < d

o Mﬁk) = Xt(k) - Xék) is a continuous local martingale

Q@ (M) MUY, =5t ie. I\/lgk) I\/Igj) — Ojt is a continuous local
martingale

Then (Xt){t>0y is a d- dimensional Brownian Motion.
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Levy's Charachterization Theorem

Levy's Charachterization Theorem

Let (X¢){t>0y be a continuous RY valued process, with
(Xe = (Xt(l), - ,Xt(d))), such that for every 1 < k,j < d
o Mﬁk) = Xt(k) - Xék) is a continuous local martingale

Q@ (M) MUY, =5t ie. I\/lgk) I\/Igj) — Ojt is a continuous local
martingale

Then (Xt){t>0y is a d- dimensional Brownian Motion.

(local martingale (M;):) 3 a sequence of stop-times 7, T oo such
that for every n > 1, the stopped process (M]) defined by

n
Mt — Mt/\Tn

is a martingale.
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Example 2 - Compensated Poisson Process

Let (N¢){¢>0p be a Poisson Process with intensity 1

Define Ny = N, — t, (compensated Poisson process)

Usmg independent increment propoerty of N, it follows that
N; and N2 — t are martingales

(Nt){tZO} is also a solution of the martingale problem for
(A, dp) of Example 1

The martingale problem for (A, dp) is not well-posed though
uniqueness holds in the class of continuous solutions.
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Example 3 - Diffusions

Let b(x) = (bi(x))1<i<d,o(x) = ((0ij(x)))1<ij<a be measurable
functions, and

(Wh)(>0) = (Wt(l), ce Wt(d)){tzo} be a d -dimensional Standard
Brownian Motion.

Suppose that (the d - dimensional process) X is a solution of the
Stochastic Differential Equation

dXt = b(Xt)dt + O'(Xt)th

d
axX() = bi(X)dt + > op(X)awd) 1<i<d
j=1

. . t d t .
Xf(’)=Xé')+/O bi(XS)dS+Z/O oi(Xe)dwd) 1<i<d
j=1
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Example 3 - Diffusions (Contd.)

Then, by Ito's formula, for f € Cg(]Rd)

d d
i 1 i j
df(Xe) = D Oif (X)X + 5 3 95f(Xe)d (XD, X0,
i=1 ij=1
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Example 3 - Diffusions (Contd.)

Then, by Ito's formula, for f € Cg(]Rd)

d d
i 1 i i
df(Xe) = > aif(Xe)ax{) + 5 3" 05f(Xe)d(X D, X0y,
i=1 ij=1
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Example 3 - Diffusions (Contd.)

Then, by Ito's formula, for f € Cg(]Rd)

d d
i 1 i i
df (Xe) = Y 0if (Xe)ax" + 5 37 95f(Xe)d(XD, x Wy,
i=1 ij=1
d 1 d
= Oif(Xe)bi(Xe)dt + 5 D 95 (Xe)(oaT)(Xe)dt
i=1 ij=1
d .
+ 37 0 (Xe)o(Xe) aw Y.
i=1
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Example 3 - Diffusions (Contd.)

Then, by Ito's formula, for f € Cg(]Rd)

d d
i 1 i i
df (Xe) = Y 0if (Xe)ax" + 5 37 95f(Xe)d(XD, x Wy,
i=1 ij=1
d 1 d
= Oif(Xe)bi(Xe)dt + 5 D 95 (Xe)(oaT)(Xe)dt
i=1 ij=1
d .
+ 37 0 (Xe)o(Xe) aw Y.
i=1

Let Af(x) = 051 0, (x)bi(x) + 5 225,21 95f (x)(00 T )(x)
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Example 3 - Diffusions (Contd.)

Thus for all f € D(A) = C3(RY)

F(X) — /0 t Af(Xs)ds

is a martingale.
Or, X; is a solution of the (A, 1) martingale problem where
= L(Xo).
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Example 3 - Diffusions (Contd.)

Thus for all f € D(A) = C3(RY)

F(X) — /0 t Af(Xs)ds

is a martingale.

Or, X; is a solution of the (A, i) martingale problem where
n=L(Xo).

Converselll

Stroock-Varadhan Theory of Martingale Problems
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Example 3: Diffusions - Martingale Charachterization

o E=R% D(A) = C3(RY)

o b(x) = (bi(x))1<i<d, o(x) = ((0j(x)))1<i<d,1<j<d be
measurable functions

o Af(x) =01 Oif (x)bi(x) + 3 0,1 05 (x)(o0 T )(x)

Theorem 1

Let (Xt){t>0y (defined on some (2, F,IP)) be a continuous RY
valued solution of the martingale problem for (A, ). Then 3 a
d-dimensional Brownian motion (W;){¢>0), defined possibly on an
extended probability space (Q, F,®) such that (Xt){e>0y solves the
SDE

dX; = b(Xe)dt + o(Xe)dWe,  L(Xo) = p. (1)
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Example 3: Diffusions - Martingale Charachterization

Proof. Let a(x) = (oo )(x).
If f(x) = xK, gi(x) = x¥x' € D(A), then

t
ME = Xk — / bi(Xs)ds 0
0

is a martingale, since 0;fi = dj, 0;jifk = 0.
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Example 3: Diffusions - Martingale Charachterization

Proof. Let a(x) = (oo )(x).
If f(x) = xK, gi(x) = x¥x' € D(A), then

t
ME = Xk — / bi(Xs)ds 0
0

is a martingale, since 0;fi = dj, 0;jifk = 0.
Using the functions gy, and their partial derivatives we can write

t
MEkm! — / aw(Xs)ds
0
as sum of martingales
t t t
g (Xe) — / Agii(Xs)ds, / ZkdMm!, / Z!dMmk
0 0 0

where ZI = Jo bi(Xp)dr,j =k, 1.
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Example 3: Diffusions - Martingale Charachterization

Thus .
(M*, My, = /0 a(Xs)ds 3)

However, fy, g & D(A).
Define fx n, gki.n € D(A):
Let B(0, n) = the ball of radius n with center 0

fk,n(X) = Xk,gk/,n(X) = x*x! on B(0,n)
fi.n(x) = gk1.n(x) =0 o0n B(0,n+1)°

Then using stop-times
Th=inf{t >0:X; & B(0,n)}

we see that (2) is a local martingale and such that (3) holds.
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Example 3: Diffusions - Martingale Charachterization

Now, if o is invertible, define

t
Wt:/ o H(Xs)dMs, or
0
d

t
Wi = Z/O o H(Xs)dME,  1<i<d
k=1

Then, (2) = (Wtk){tZO} is a local martingale; (3) =
t t
wiwho= Y- ([ oo, [ opocam)
d t
_ Z/O (o aulo ;) (Xe)ds

k
— 5.t
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Example 3: Diffusions - Martingale Charachterization

Thus Levy's Charachterization theorem implies that W is a
d-dimensional Brownian motion.
Finally,

t t t
/ a(Xs)dWs:/ d/\/ls:Xt—/ b(Xs)ds
0 0 0

and hence X is a solution of the SDE (1).
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Example 3: Diffusions - Martingale Charachterization

Thus Levy's Charachterization theorem implies that W is a
d-dimensional Brownian motion.
Finally,

t t t
/ a(Xs)dWs:/ dMs:Xt—/ b(Xs)ds
0 0 0

and hence X is a solution of the SDE (1).

@ When o is singular - it is possible that the space 2 may not
be rich enough to hold a Brownian motion.

@ Intutively, we plug in another Brownian motion wherever o is
degenerate
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Example 3: Diffusions - Martingale Charachterization

e Consider (I',G,Q) and a Brownian motion (B;){;>0} defined
on it
e Get d x d (measurable) matrices p(x),n(x) satisfying
o pap” +mT =14
e =20
o (ly —op)(ly —ap)T =0
@ Define on (Q, F,P) ® (I',G,Q)

t t
W, :/ p(Xs)dMs —|—/ 1(Xs)dBs
0 0

@ Then W is a Brownian motion on the extended space and (1)
holds. O
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Example 4: Markov Jump Process

Let p(x, ") be a transition function on E x £ and A > 0.
Let { Yo, Y1, Y2,...} be a Markov chain

o P(Yoel) =yl

° ]P(Yk+1 € F|Y0, ey Yk) = /L(Yk, F)
@ Let N be a Poisson process with intensity A, independent of
Y.

Define X by

X; =Yy t>0

Then X is a process which jumps at exponential times and the
jump is dictated by the transition function p(,-).

@ Define

PF(x) = /E F(y)ua(x, dy)
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Example 4: Markov Jump Process (Contd.)

@ Note for F; € ftN and f, € f,y
E [f(Yirn)lmnmninve=1y] = E [f(Yer)lEnmnine=1}]
~E [Pkf(v,)]lpz] P(Fy N {N, = I})

= E [f(Xe)lgnmn{Ne=1)
e FiNFN{N; =1} generate F; = .7-"tN Vv .7-'tX
@ Thus
E[f(Yisn,)|Fe] = PXF(X;) as.
@ Using, independent increments of N
E[f(Xers)|Fe] = E [f (Yveo-nerwe) | Fe]

0 k
- eAs(Aksl) PKE(X:)
k=0 '

Abhay G. Bhatt Chapter 1



Brownian Motion
Poisson Process
Diffusions

Markov Jump Processes

Examples-Finite Dimensions

Example 4: Markov Jump Process (Contd.)

Finally

e ad(AF
=) e P
k=0

defines a one parameter operator semigroup
Generator A : T; = etA

A= AP 1)
AF(x) = A /E (F(y) — £(x)) u(x. dy)

X is a solution of the martingale problem for (A, v)
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Hilbert Space Valued Diffusion
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Example 5: Hilbert Space Valued Diffusion

o Let E = H, a real, separable Hilbert space, with inner product
(+,-) and norm || - ||.

@ Ly(H, H) - the space of Hilbert Schmidt operators on H
ie. X € £2(H, H) iff ”ZHHS = Zi(ZqS,-,Z(;S,-) < 00,
Hilbert Schmidt norm

o Leto: H— Ly(H,H), b: H— H be measurable

lo(h)llHs < K

[b(h)[| < K
lo(h1) — o(h2)|lns < Kllh1 — hao|
[b(h1) — b(h2)|| < K||h1 — h2|

for all h, hy, hy € H.



Hilbert Space Valued Diffusion
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Example 5: Hilbert Space Valued Diffusion (Contd.)

e Fix a Complete OrthoNormal System {¢; : i > 1} in H
o Let P,: H— R" be defined by

Pn(h) = ((h’ le)a s (ha ¢n))
o D(A)={foP,:fec C>}R"),n>1},
AG o P (R) = 5 S (0" ()61, " (R)63)5F © Pa(h)

i,j*l

+Z h), $;)0:f o Pa(h)
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Example 5: Hilbert Space Valued Diffusion (Contd.)

@ The martingale problem for (A, 1) is well-posed

@ The unique solution X is continuous a.s.
e I Cylindrical Brownian motion B on some (2, F,P)

o (B, h) is a 1-dimensional Brownian Motion for all h € H
o E [(Bt, hl)(Bt, hz)] = (hl, h2) for all hy,h, € H

@ It is a Hilbert space valued diffusion. i.e.

for some Cylindrical Brownian motion B
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Example 6: Branching Brownian Motion

Initial Configuration Individuals in the population are scattered in
Rd

Spatial Motion Each individual, during its lifetime, moves in Rd
according to a Brownian motion, independently of all
other particles

Branching rate, @ Each individual has an exponentially distributed
lifetime «

Branching mechanism, ® When the individual dies, it leaves
behind at the same location a random number of
offsprings with probability generating function

d(s) = Z pis'
1=0
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Example 6: Branching Brownian Motion (Contd.)

Let X denote such a process
o state space E/ = {(k,x1,...,xc): k=0,1,2,...,x € RY},
e Consider functions f(k, x1,...,xx) = Hfle g(xi) on E

1A

@ Generator of Brownian motion - L1 = 5

@ Generator for the Branching process
Lah(k) = 32720 okpy (h(k — 1+ 1) — h(k))
In the absence of branching

k
Ay (H g(X;)) Z Lig(x) [ [ (x)
i=1

i#j

so that f(X;) fo A1f(Xs)ds is a martingale
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Example 6: Branching Brownian Motion (Contd.)

@ In presence of branching but no motion
k
Ay (H g(X;)> = a(®(g(x)) — () [ [ e(x)
i=1 j=1 ij

@ Independence of branching and motion suggest that the
“martingale problem operator” for X should be

A=A+ A
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Example 6: Branching Brownian Motion (Contd.)

@ In presence of branching but no motion
k
Ay (H g(X;)> = a(®(g(x)) — () [ [ e(x)
i=1 j=1 ij

@ Independence of branching and motion suggest that the
“martingale problem operator” for X should be

A=A+ A

e E’ is cumbersome to work with

@ order of particles is not important
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Example 6: Branching Brownian Motion (Contd.)

E:{Z,.kzlax,:k:o,1,2,...;x,-eRd}

o E C M(RY), space of positive finite measures on R?
e For u= Zf(zl Ox;
K
Hg(Xi) — ellogg.n)
i=1
]

Aellosg.n) — gllogg.n) <L1g + a(:(g) - g)”u>

0 & = deti is a solution of the martingale problem for A
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