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Directed Trees

1.1 Drainage Network Model

Let Q = {0,1}%" and F the o algebra generated by finite dimensional cylinder sets. Fix
0 <p<1. On (Q,F) we assign a product probability measure P, which is defined by

its marginals as
Plw:wu) =1}y =1- Pfw:w(u) =0} =p, foruc Z-

Let {Uu, : u,v € Z4, v(d) = u(d) + 1} be i.i.d. uniform (0, 1] random variables on
some probability space (Z,S, u). Here and subsequently we express the co-ordinates of
a vector u as u = (u(1),...,u(d)).

Consider the product space (2 x =, F x §,P := P, X p). For (w,§) € Q x = let
V(= V(w,€)) be the random vertex set defined by

V(w, &) ={uecZ: w) =1}

Note that if u € V(w, ) for some £ € = then u € V(w,&’) for all ¢ € = and thus we say
that a vertex w is open in a configuration w if u € V(w, §) for some £ € =.
For u € Z% let
d
Ny = Nu(w,€) = {v € V(w, &) 1 v(d) = u(d) + 1 and Y [o(i) — u(i)| =
i=1

min{z lw(i) —u(i)] : w e V(w,§),w(d) = u(d) + 1}}

Note that N, is non-empty almost surely and that N, is defined for all u, irrespective

of it being open or closed. For u € Z% let
M(u) € Ny(w,&) be such that Uy e (§) = min{U,,(§) : v € Ny(w, &)} (1.1)
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Figure 1.1: The drainage network model

For each u € Z%, M (u) is open, almost surely unique and M (u)(d) = u(d) + 1. On
V(w, ) we assign the edge set £ = E(w, &) = {{u, M(u)) : u € V(w,§)}.

Consider that graph G = (V, £) consisting of the vertex set V and edge set £. From
any vertex u € V(w,§), there is exactly one edge going up from w; thus the graph G
contains no loops almost surely. Hence, the graph G consists of only trees. Then we

have

Thoerem 1.1. Ford =2 and d = 3, G consists of one single tree P—almost surely; while

ford >4, G is a forest consisting of infinitely many disjoint trees P—almost surely.
Regarding the geometric structure of the graph G we have

Thoerem 1.2. For any d > 2, the graph G contains no bi-infinite path P—almost surely.

1.1.1 Proof of Theorem 1.1

For u € Z% let us define M°(u) = u and for n > 1, M"(u) = M(M" *(u)). For
any u € Z¢, set u(l;d — 1) as the (d — 1)-dimensional vector having the first (d — 1)
co-ordinates of u, while u(d) will represent the d' co-ordinate of u.

For u € Z% define X,(n) = M™(u)(1;d — 1) for n > 0. Now, observe that for
u € Z% Xyu(n) has the same distribution as u(1;d — 1) + >_1" | [;, where I;, I, ... are
i.i.d. copies of Xo(1)(1;d—1) and 0 = (0,0,...,0) is the origin. Hence {Xy(n) : n > 0}
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Figure 1.2: The graph of drainage network

is a symmetric random walk starting at (u(1),u(2),...,u(d—1)), with i.i.d. steps, each
step size having distribution Xo(1)(1;d —1). We will refer the step size random variable
[0,

For k > 0 let Ay, := {v € Z% ' : ||v||; < k} denote the (d — 1)-dimensional diamond
of radius k and let 0A, := {v € Z%~! : ||v||; = k} denote its boundary. The distribution

of the step size random variable (=1 is given by

P ifv=o0

(1— )\Ak—ﬂ(l_(l_ Y92
P A P forve oAy, k>1

P(I*) =v) =p, = (1.2)

where o = (0,0, ...,0) is the origin in the Z¢!.

However, for u,v € Z% the corresponding walks (or paths) from u(1;d — 1) and
v(1;d — 1) are not independent. Let u,v € Z%1 set u = (u,0) and v = (v,0).
Though the random walks X, and X, are not independent, they are jointly Markov,
ie., {(Xu(n),Xy(n)) : n > 1} is a Markov chain taking values in Z4~1 x Z4~1. Fur-
thermore, setting Z,(= Z,(u,v)) = Xu(n) — Xy(n), we observe that {Z, : n > 0}
is a time-homogeneous Markov chain with state space S C 771, This follows on the
Markov property of the process {(Xu(n), Xy(n)) : n > 0} and the spatial invariance of
the model.

The connectedness or otherwise of the graph G, is equivalent to whether or not the

walks X, and X, hit for every pair of point u,v € Z? From the description of the
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model, it is clear that it is enough to consider points u and v such that u(d) = v(d) = 0.
Thus we need to show that for points u,v € Z%!, the Markov chain Z, is absorbed at
the origin. Again, by spatial invariance of the model, we can take u as the origin in
741, For d = 2 and 3 we show that Z,, gets absorbed at the origin with probability 1;
while for d > 4, Z, is a transient Markov chain and hence has a positive probability of
not being absorbed.

In this connection observe that instead of the above Z, if we had considered a
modified Markov chain Z,, where the origin o is no longer an absorbing state, but from
the origin we move in one step to some fixed vertex u # o with probability 1 and the
other transition probabilities are kept unchanged, then to show that the original process
Z, is absorbed at o almost surely, it suffices to show that the modified Markov process
Z, is recurrent. A more formal argument for this would require Z, and Z, to be coupled
together until they hit the origin, which occurs almost surely if the modified process is
recurrent. For the case d = 3, we will show that Z, is recurrent. The proof is divided

into three subsections according as d = 2, d = 3 and d > 4.

Case d =2

Fix i < j and observe that X ;o) (n) < X(;0)(n) for every n > 1. Thus the Markov chain
Zy = Xjo(n) — Xpuo(n) with Zy = j — i has as its state space the set of all non-
negative integers. Since the marginal distributions of the increments of both X(; )(n)
and X(;0)(n) is given by the distribution I (see (1.2)) and hence identical having finite
means, {Z, : n > 0} is a non-negative martingale. Hence, by the martingale convergence
theorem (see Theorem 35.4, Billingsley [1979] pg. 416), Z,, converges almost surely as
n — oco. Since {Z, : n > 0} is also a time-homogeneous Markov chain with 0 as the
only absorbing state, we must have, Z, — 0 as n — oo with probability 1. Since this is

true for all ¢ < j, we have the result for d = 2.

Cased =3

Throughout this subsection the letters u, v in bold font denote vectors in Z3, u, v in
roman font denote vectors in Z? and u, v in slanted font denote integers. Fix two vectors
u:= (u,0) and v := (v,0) in Z2 x {0} and let Z,(= Z,(u,v)) be the time-homogeneous
Markov chain with state space Z? as defined at the beginning of this section. We shall

exhibit, by a Lyapunov function technique, that this Markov chain Z, is recurrent,
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thereby showing that Z,, is absorbed at the origin with probability 1.

Consider the function f : R?* — [0,00) defined by f(x) := /log(1 + ||x||3) where
|.]|2 is the standard L, norm (Euclidean distance). Since f(x) — oo as ||x|l2 — oo,
by Foster’s criterion (see Asmussen [1987] Proposition 5.3 of Chapter I, pg. 18) the

following lemma implies that Z, is recurrent.

Lemma 1.1. For all n > 0, there exists ng > 0 such that, for all ||x|l2 > ng, we have

E(f(Zui1) = f(Zn)l Zn = %) < 0.

Proof : Let g : [0,00) — [0,00) be defined as g(z) := 4/log(1 + x). Clearly g(z) > 0

for all z > 0 and g(z) — 00 as & — 0o0. Also, for x,y > 0, the Taylor series expansion

yields
T — )2 T — )3
g(x) = g(y) < (x —y)gM(y) + %9(2)(@ 4 - y) 9 (y), (1.3)
which holds because the fourth derivative
11 1 1
g(4)(s) - 3 _ _ 8 _ 5 <0

(1+s)tg(s)  4(L+5)%(g(s))?  8(1+s)"g(s))> 16(1+s)%(g(s))T

for s > 0. The first three derivatives of g are

1 B 1
9"(s) = 2(1 + s)g(s)
g(s) = - 1 - :
2(1+5)%g(s) 41+ )2(9(s))?
3) B 1 3 3
97 (s) =

A+ wig(s) A0+ PP 8+
Note that, for all s large,

B(s) < —r—.
970 S T o)

Assuming for the moment that (we will prove this shortly) for some a > 0

E(1 2013 = 1203|120 = x) =+ of|x]13?) (1.4)
E( (1201113 = 1Z013)°|Z0 = x) = 2alx] (1.5)
E((1Zusl} = 1Zal13)°1 20 = x) = OCUIxII) (1.6)
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as ||x[|2 — oo; and using the above estimates and expression for derivatives we have, for

all 8 := ||x||3 large and for some non-negative constants C; and Cs,

E(f(Zn+1) - f(Zn) | Zn - X)
a+C1/B 208

T 2(14+ 8)/log(1+B8)  4(1+ B)%2y/log(1 + )
203 3Cy 3

_|_
8(1+ 8)2y/ (log(1 + 8))° (L +8)*vlog(1+5)
1
~ 8(1+4 B)2y/log(1 + )
— 203/ log(1 + 5)].

[4a 40, + 4C1 /B + 24C8/(1 + B)

The term inside the square braces tends to —oo as  — o0; therefore, for all sufficiently
large (3, the term is negative. Thus to complete the proof of the lemma we need to show
(1.4), (1.5) and (1.6).

Since P(||[I®||; > k) has an super exponential decay (in k), all moments of 1 exist.
For any k£ > 1 and 4,5 > 0, define

- i - i,
m; = 5 uy py and my j = g Uy Py
u::(ul’UQ)EZQ u:=(u1,UQ)€ZQ
- i - i,
m;(k) = E uy py and m; (k) == E ujud py
w:=(u1,u2)€Dg w=(u1,u2)€Dy

where p, = P(I®® = u). Since (—uy, —us), (—uy, us) and (uy, —uy) are in Dy whenever
(u1,up) € Dy with P(I® = (—uy, —uy)) = P(I® = (—uy,up)) = PU? = (ug, —uy)) =
P(I® = (u1,us)), it is clear that, for every k > 1 we have

m; = m;(k) = 0 for all odd 4, and m;; = m; (k) = 0 whenever either ¢ or j is odd.
(1.7)
By the exponential decay of the tail, we have, when both i and j are even, m;(k) — m;
and m; ;(k) — m;; as k — oo. Moreover, k*(my — ma(k)) < k? D s (urun) 2Dy u?p, <
> JH (A= p) TG — 0 as k — oo since the sum Y27, j4(1 —p) U < oo, A

similar result holds for mg(k) and so we have

my(k) = mg + o(k™?) and mg(k) = mg + o(k™?) as k — oo. (1.8)
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Now we proceed to compute the expectations.

E (1 Zusall} - 12211312, = x)
= D (b +a= b3 — [KIBPLXLD) = x4 8, Xo(1) = b Xa(0) = 0, X,(0) = x}

a,beZ?

(1.9)

where we have used the spatial invariance of the model.

To calculate the above sum we let k := ||x||2/4. Note for a,b € Dy, we have P{X\(1) =
x +a, Xo(1) = b|Xo(0) = 0, X«(0) = x} = papy, thus, using (1.7) and (1.8),

Ti(1) == Y (Ix+a—bl} = Ix[HP{X.(1) = x+a,X,(1) = b|X,(0) = 0, X,(0) = x}

a,beDy
= > (a1 =b1)* +2m1(a1 — by) + (a3 — by)” + 2w (az — ba)] paps
a,be Dy
= dmy(k)mo(k) = 4msy + o(k™?) as k — oo. (1.10)

Also, if b ¢ Dy then, taking ||bl|y = k + [ for some [ > 1, the occurrence of the
event {X,(1) = b} requires that all the vertices in the diamond Dy, 1 be closed and
that at least one vertex of 0Dy ; be open — an event which occurs with probability
(1 — p)tH2kH=DE+) (1 — p)IF2k+0(E+HD) - Moreover, if {X,(1) = b} occurs then
X«(1) must lie in the smallest diamond centred at x which contains the vertex b, thus
1X(1) = Xo ()2 < IXW)[[1 + [ Xo (Dl < (llxlls + [IBll) + [[bly = 6k 4 2. Now noting

that there are 4(k + 1) vertices on dDy; and that an argument similar to the above may

be given when a & Dy, we have

T5(1)

= > (x+a—=bl5— [IxIHP{X(1) = x +a, Xo(1) = b|X,(0) = 0, X(0) = x}
aZ Dy or b€Dy

<2 Z4(k +1) ((6l<: + 21)2 4 (4k)2) (1- p)1+2(k+l—1)(k+l) [1 —(1— p)4(k+l)}

>1

=o(k™?) as k — oc. (1.11)

This establishes (1.4) with o = 4m.

Similar calculations establish (1.6) and completes the proof of Lemma 1.1. [
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Cased >4

For notational simplicity we present the proof only for d = 4. Throughout this subsection
the letters u, v in bold font denote vectors in Z*, u, v in roman font denote vectors in
72 and u, v in slanted font denote integers. We first show that on Z* the graph G admits

two distinct trees with positive probability, i.e.,
P{G is disconnected} > 0. (1.12)

For u,v € Z*, we have already noted that the random walks X, and X, are not
independent and so, to obtain our theorem, we cannot use the fact that with positive
probability two independent random walks on Z3 do not intersect. Nonetheless, if u and
v are sufficiently far apart their dependence on each other is weak. In the remainder of
this section we formalize this notion of weak dependence by coupling two independent
random walks and the processes { X, (n), Xy(n) : n > 0} and obtain the desired result.

For v = (v,0), given € > 0 define the event

An,E(V) = {Xv(n4) € Xo(n4) + (An2(1+e) \An2(175)),
X (i) # Xo(i) for all i = 1,...,n"}, (1.13)

where 0 := (0,0,0,0).

Lemma 1.2. For 0 < € < 1/3 there exist constants C, 3 > 0 and ng > 1 such that, for
all n > ny,
inf P(A,(v))>1—-Cn™".

VEA 1+ \A 1

Assuming the above lemma we proceed to complete the proof of (1.12). We shall
return to the proof of the lemma later.
For i > 1 and n > ng, let 7;(= 75(n)) == 1 +n* + (n*)% 4+ --- + (n*)*" and take

79 = 1. For fixed v, we define
By = By(v) :={Xv(1) € Xo(1) + (Api+e \ Api—e)},
and having defined By, ..., B;_; we define

Bi == Bz<v> = {XV<TZ) E XO(Ti) + (AnQi(1+e) \An2i(176)) and
Xy(j) # Xo(j) for all ;1 +1 < j < 7}
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Clearly,
P{M?(v) # M?(0) for all j > 1}
=P{X\(j) # Xo(j) for all j > 1} = P(NZ,B))

1—00

= lim P(N,_,B;) = lim [ [P(B,| "'}, B))P(By). (1.14)
1—00
=1

Since P(By) > 0, from (1.14) we have that P(M?(v) # M7(0) for all j > 1) > 0 if
Yt 1= P(Bi| iz B;) < 0.

For fixed [ > 1, let u; := Xo(7) and vy := X, (7). Set u; = (uy,0) and vy = (vy1,0).
For (w,§) € By(v), since vi € w4+ (A g \A ). Since {(Xo(n), Xy(n)) : n > 0}
is a Markov process, we have

P(Bl+1| mé’:o Bj) = IED{Xv(TlH) € Xo(mi41) + (A piaro \ A 2ia-0)
ﬂézij}
= B{Xu(m1) € Xo(m) + (A ren \ A o) and X, (3) # XoJ)

Xo() € Xo(m) + (A0 \ Ayat o) }

= P{X, ((0)7) € Xy ((0)7) + (A er00 \ Ao and Xy, () # X, (7)

X1u(0) € Xy (0) + (A0 \ Ay o) |

= P{Xw ((714)2[) € XO((T#)ZZ) (A 10100 \ A pir1a-g) and Xy, () # Xo(J)
for all 1 < j < (n%)? ‘le(o) € Xo(0) + (A uris \Anﬂ(l_e))}

and Xy (j) # Xo(j) forall ; +1 <j <7y

forallm+1<7< 714,

forall 1 < j < (nh)?

> inf P(A o (v9,0)) >1—C(n?)". 1.15
v2€(An21(1+€)\An2l(176)) ( n2l7€< 2 )) ( ) ( )

Thus Y%, (1 —P(B| N} B;)) < OS2 (n?')™F < oc0; thereby completing the proof
of (1.12).

To prove Lemma 1.2, we have to compare the trees {M"(0)} and {M"(v)} and
independent “random walks” {0 + (37, I (i), n)} and {v + (32", I (i),n)} where
{Il(g) (1) 14> 1} and {Ié?’) (7) : © > 1} are independent collections of i.i.d. copies of the
random variable I®) given in (1.2).

We now describe a method to couple the trees and the independent random walks.
Before embarking on the formal details of the coupling procedure we present the main

idea.
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From a vertex 0 we construct the ‘path’ {0+ (>_1, ]f?’) (1),n)}. Now consider the
vertex v with v = (vy,v2,v3,0). In case the diamond D := {u € Z3 : [|ul|; < [|[I®(1)]|1}
is disjoint from the diamond D’ := {u € Z3 : ||u — (vi,v2,v3)||1 < ||IQ(3)(2)||1} then

we take M1(v) = {v + (If?’) (i),1)}. While if the two diamonds are not disjoint, then
we have to define M!(v) taking into account the configuration inside the diamond D.

Similarly, we may obtain M2(v) by considering the diamonds {u € Z3 : |[u — I (§)||; <

1P (@)1} and {u € Z3 : |ju — M'(V)||; < |[I8¥(2)|:}. Note that if, for each i =
1,...,n the two diamonds involved at the ith stage are disjoint, then the growth of the
tree {(M'(0), M'(v)) : 0 < i < n} is stochastically equivalent to that of the pair of
independent ‘random walks’ (0 + (320, I (i), n), v + (X1, 15 (i), n)).

We start with two vertices u := (u,0) and v := (v,0) in Z* with u,v € Z3. Let
{UNz) : 2z € Z3},{Us(z) : z € Z3} and {Uy(z) : z € Z*},{Uy(z) : z € Z*} be four
independent collections of i.i.d. random variables, each of these random variables being
uniformly distributed on [0, 1].

Let k, and [, be defined as

ky == min{k : U'(z) < p for some z € (u+ Ay)}
I, :==min{l : Uy (z) < p for some z € (v+ A;)}.

Now define m, as

my := min{m : either U} (z) < p for some z € (v+ A,,) \ (u+ Ay,)
or U'(z) < p for some z € (v+ A,,) N (u+ Ag,) }

Also, define the sets

Ny ={z€ (u+Ay,) : Ul (z) < p}
N} ={ze (v+A,):U(z) <p}
N?i={z € (v+ Ap) \ (ut Ay) : U} (2) < p)
U{ze v+A,)N(u+Ay):Ul(z) < p}.

We pick

(a) ¢(u) € N, such that Uy (¢(u)) = min{U3(z) : z € Ny};

(b) ¢(v) € N! such that Uy(¢(v)) = min{U;(z) : z € N!};
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(c) ¥(v) € N2 such that Uy (¢(v)) = min{U;(z) : z € N2}.

Taking ¢°(u) = u, ¢"(u) = gb(gb” 1( )), and similarly for ¢"(v) and ¥"(v), we
note that the distribution of { ¢"(v),n)) : n > O} is the same as that
of {((u—i— Sy 19(i),n), (v+>0 1 ( ) n)):n > O} i.e. two independent “random
walks” one starting from (u,0) and the other starting from (v, 0). Also the distribution
of {(M"(u,0), M™(v,0)) : n > 0} and that of {((¢"(u),n), (¢"(v),n)) : n > 0} are
identical. Thus, the procedure described above may be used to construct the trees from
(u,0) and (v,0).

Now observe that {(¢™(u),n)} describes both the random walk and the tree starting
from (u,0). Also if Ay, N A,,, = 0, then m, = [, and, more importantly, ¢(v) = (v).
Hence the ‘random walk’ and the tree from (u,0) are coupled and so are the ‘random
walk’ and the tree from (v, 0). In particular, this happens when both &, < [||u —v||,/2]

and m, < [||lu—v||1/2]. Let ky = ||u — v||1/2. From the above discussion we have

P{¢(v) # ¥ (v)}
<P{(U1(2) > pfor all 2 € (u+ A} J{(UF () > pfor all 2 € (v + Ay,) }|

<2P{(U(z)) > pforall z € (u+ Ag)} < 2(1— p)#2.
Since (1/2)k* < #A;, < 2k3, the above inequality gives
P{¢(v) = ¥(v)} > 1 = Crexp(=Cyflu—vI[}) (1.16)

for constants C; = 2 and Cy = (1/2)|log(1 — p)|.

With the above estimate at hand, we look at the process {(¢"(u),("(v)) : n > 0}.
Without loss of generality we take u = o. For ¢ > 0 and constant K > 0 (to be specified
later) define

Boe(v) == {C"(v) € ¢"(0) + (A, 2050 \ A20-0),
1¢(v) — ¢*(0)||1 > Klogn for alli =1,... ,n4}. (1.17)

This event is an independent random walk version of the event A, .(v,0) defined in
(1.13), except that here we require that the two random walks come no closer than
Klogn at any stage.

We will show that there exists o > 0 such that

sup P((Bye(v))°) < Cyn™® (1.18)
VE(A (1+0\A (1-¢))
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for some constant Cs > 0.
Since (Bye(v))¢ C En (V) U F,o(v) UG, o(v) where
Ene(v) := {||¢°(v) = ¢'(0)[|s < Klogn for some i =1,...,n*},
Fnye(V) = {Cn (V) n4 (O) + An2(1+5)},
, ¢" (

4

G, e(V) = {Cn (V) Q" O) + An2(l—e)},
to prove (1.18) it suffices to show

Lemma 1.3. There exist « > 0 and constants Cy, Cs, Cs > 0 such that for all n suffi-

ciently large we have
(a) SUDYE(A (14o\A (1) P(E,(v)) < Cyn~?,
(b) SupVE(An(1+e)\An(l—E)) P(Fn76<v>> < C57’L_a;

(¢) suPvea 1, \a, o) P(Gre(v)) < Con™.

The proof of this lemma is straightforward using the estimates from random walk
and central limit theorem (see the paper version for the proof).
Proof of Lemma 1.2 : Let v := (v,0) € Z*. Observe that A, (v) 2 B, (v)N{M(0) =
S X, Mi(v)=v+3._ Y forall 1 <i<n'} Hence

P(An,e<v))
> P[Bme(V)ﬂ{Xo ZI —V—|—ZI(3) f0r1<1<n}]
:IP’[BMG(V)Q{XO 21(3 —V+Z[ ) for 1 <4 <nt —1}}

P|Xo(n') = ZI@ (), Xu(n') = v+ Z 1) ] Bocv) 0 {Xa(i) = 3 170),
_V+Z[(3 for1<z<n—1}}

> P[Bn,e(v)ﬂ{Xo(i):ZIl(S)(j), —V+Z[(3 for 1 <i<n? —1}}

X (1 — C exp(—Cao(K logn)® )>,
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where the last inequality follows from (1.16) after noting that given B, (v), Xo(i) =
Z 1¥9(5) and X, (i) = v—l—Z;:l I{P(5) hold for all 1 < i < n*— 1, we have || Xo(n* —
1) — Xy(n* —1)|]|; > Klogn. The above argument may be used iteratively for i =
1,...,n* — 1 and together with (1.18) we have

P(A,.(v)) > (1 — Oy exp(—Cy(K logn)? )
> (1 — Cintexp(—Cy K3 logn )(1 — Cyn~ a)
> (1 _ Oyntn K > (1 — Cyn® )
- (1 - Cln—CzK‘°’+4> (1 - an—a>.

Taking K such that CoK? > 4 (i.e. K* > 8|log(1 —p)|™!) we have
P(Ane(v)) > 1 —Cin @K — Cyn=e > 1 - Cn ™,

for some constant C' > 0 and 3 := min{a, Co K3 — 4} > 0. This completes the proof of
Lemma 1.2. ]

Finally to complete the theorem we need to show that G admits infinitely many trees
almost surely. For k > 2, define D*(n,¢) := {(uy, us, ..., u) : u; € Z* such that n'=—c <
[|M°(u;) — M°(w;)||; < n'*e for all @ # j}. Define the event A(n,e,up,ug,...,u;) =
{n20-9 < [|[M™ (0;) — M™ (u;)||; < n2H9) and M*(u;) # M'(u;) for all t = 1,... n*
and for all i # j}. Using Lemma 1.2, we can easily show, for 0 < ¢ < 1/3 and for all

large n

C
inf{IP(A(n,e,ul,uQ, oo ug): (ug,ug, .., ug) € Dk(n,e)} >1- n_g (1.19)

where C} is a constant independent of n (depending on k) and /3 is as in Lemma 1.2.

We may now imitate the method following the statement of Lemma 1.2 to obtain
P{Mt(ui) £ Mt(w;) forall t > 1 and for 1 <i #j < k} > 0.
Thus, by translation invariance and ergodicity, we have that for all £ > 2
IP{Q contains at least k trees} =1.

This shows that G contains infinitely many trees almost surely.
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1.1.2 Geometry of the graph ¢

We now prove Theorem 1.2 for d = 2; with minor modifications the same argument
carries through for any dimensions.

For t € Z consider the set O, := G N {y = t}, the set of open vertices on the line
{y=1t}. Forx € Oy and n > 0 let C}'(x) :={y € Oy—,, : M"(y) = =} be the set of the
nth order children of the vertex x € O;. Now consider the set of vertices in O; which
have nth order children, i.e., M := {z € O, : C*(z) # 0}. Clearly, M C M™ for
n >m and so R := lim,_ Mt(”) = ﬂnzoMt(n) is well defined. Moreover, this is the set
of vertices in O, which have bi-infinite paths. We want to show that P(R, = () = 1 for
all t € Z. Since {R; : t € Z} is stationary, it suffices to show that P(Ry = 0)) = 1.

Suppose that P(|Rg| = 0) < 1. Then, we claim:

P(|Ry| = 0) + P(|Ro| = 1) < 1.

Suppose P(|Ry| = 0) + P(|Ry| = 1) = L. Fix N > 0 and for any n > 0,
P(RyN[-N,N]=0) =P(R,N[-N,N] =0)

=P(Ry =0) +P(R,N[—N, N|] =0||Ro| = 1)P(|Ro| = 1).

We observe that given |Ry| = 1, R, is given by a symmetric random walk (with finite
moments) starting at Ry. Letting n — oo and noting that the random walk will escape

any finite set, we conclude that

lim P(R, N [~N, N] = 0||Ry| = 1) = 1.

n—oo
Thus, we have P(Ry N [-N,N] = 0) = 1 for any N > 0. Letting N — oo, we have
P(Ry = () = 1 which is a contradiction. So, P(|Ro| > 2) > 0.

Definition 1.1. A vertex x € R; is called a branching point if
(G (2) N Rer)| > 2,
i.e, z has at least two distinct infinite branches of progeny.

Note that this notion of ‘branching point’ is similar to that of ‘encounter point’ of
Burton and Keane [1989].

We denote the set of branching points at level ¢ by B;. Since, P(|Ro| > 2) > 0, we
have P(|R_1| > 2) > 0. Fix N so large that

P(A(N)) := P(|[R_1 N [~N, N]| > 2) > 0.
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Figure 1.3: Branching point

The event says that there are at least two distinct vertices in [—N, N| x {—1} which has
infinite set of progeny. and depends only on points {(¢,j) : j < —1}. Consider, now

B(N) :={(0,0) open and no other points in
[—2N — 2,2N + 2] x {0} is open}.

P(B(N)) > 0. Further, A(N) and B(N) are independent. Then,
P(0 € By) > P(A(N)N B(N)) > 0. (1.20)

Further, by spatial invariance of the model, P(x € By) is independent of x.

Now, we define ro(n) := [(Ro N ([-n,n] x {0})] and r1(n) := |Ry N ([-n,n] x {1})].
We arrange the points of Ry N ([—n,n] x {1}) as u1,..., U, (n), in an increasing order
of the x-co-ordinates . By our construction of G, neither us nor w,, -1 nor any of the
vertices between them can be connected to a vertex in Ry which lies outside [—n, n] x{0}.
Thus, each of the vertices ug, us, ..., Uy (n)—1 Will have at least one ancestor in the set
Ry N ([=n,n] x {0}). Moreover, each of the branching points in s, ..., uy (n)—1, has at
least two distinct ancestors in the set RoN([—n,n| x {0}). Thus, if r§2) (n) is the number

of branching points in [—n,n] x {1}, we must have have
> —2 P 20’ (n) — 2) = Pn) —6 1.21
ro(n) = (ri(n) r () +2(r7(n) = 2) = ri(n) + 117 (n) — 6. (1.21)

But, by stationarity we have E(r1(n)) = E(r¢(n)) for all n > 1. Thus, for n sufficiently

large, from (1.20) we have
0 =E(ro(n) — ri(n)) > E(rP(n)) — 6 = (2n + 1)P(0 € By) — 6 > 0.

This contradiction establishes Theorem 1.2.
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1.2 Directed Spanning Forest

We consider a homogeneous Poisson point process A/ on R? with intensity 1. In the
original version, Coupier and Tran, [2011] considered Directed Spanning Forest in the
direction along the z-axis; to be consistent, here, we will consider along y-axis.

For each point = € N, let M (z) be the unique point of A which is closest in the Ly
norm in the upper half plane at z. The point M (x) will be called the mother vertex of
x. We join the edges between every point = and its mother M (z). This defines a graph
with vertex set V = A and edge set F = {{x, M(z)) : z € N'}. For x € N, define v, as
the path starting at x. Clearly this path can be written as an union of line segments,
each finite in length, i.e., v, = Ui o[@i, M (x;)] where zo = x and for i > 1, z; = M (z;_1)
and is identified as a subset of R2.

It is easy to observe that this graph does not have a loop. From any vertex, z € N,
it continues infinitely in the positive direction of y-axis. Furthermore, two paths v, and
Yy, starting from two points x,y € N, either coincides with each other at some point
2z € N and continues together from that point onwards or they do not cross and are

disjoint subsets of R2. Therefore, the graph is composed of disjoint infinite trees.

Figure 1.4: Construction of DSF from a point of z € N.

Thoerem 1.3. The DSF constructed on the homogeneous PPP N is almost surely a

tree.

A similar model in discrete version has been considered by RSS, where they prove in
dimension 2 or 3, the discrete version is almost surely a tree, and in dimension 4 onwards
this is a forest. Furthermore, when suitably scaled, the two dimensional model converge

to the Brownian web.
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The proof is inspired by the literature from Percolation theory. The strategy here is
to show that if the probability that there are at least two infinite trees is positive, then
there are special points with positive density. This will allow us to use Burton-Keane
type argument from percolation theory giving comparison between volume and surface
area.

Let us define, 1 as the number of disjoint infinite paths of the DSF. As we have
noted the DSF is identified as a subset of R?, the number of disjoint infinite paths 7 is
the number of components (topological) of this set. The statement of the theorem is

equivalent to showing P(n = 1) = 1. Contrary to that we assume
P(n > 2) > 0.

Note here, that this event {n > 2} is translation invariant and the ergodicity of the
PPP will actually imply that the above prob is either 0 or 1, and here 1 under the

assumption. However, we do not require this.

1.2.1 Main Lemma

For my,me > 1, let Cyyy my = [—m, my1) X [—ma, m2). Let F,,, 1, be the following event:
there exists a path 7, in the DSF with € C,, m, NN which does not meet any other
path v, for all z € {(u,v) € R? : v < ma} \ Cpym,. More precisely,

Frymy = {there exists © € N N Cyyy m, such that

for all z ENH{(U,U) S RQ v < mQ}\le,m27/yxﬂ72 = @}

Lemma 1.4. If P(n > 2) > 0, then there exists my,mo > 1 such that P(F,, m,) > 0.

First we prove the theorem assuming lemma. Fix L > 1. Now consider the lattice
Lipmymy = {7z = (2mik,2myl) : =L < k, I < L}
having (2L + 1)? points and the rectangular region

§RL,ml,mg = U (Z + le,mg)

Z€LL my,my

where (z + thm) is obtained by translating the cell Cy,, m, t0 2 € Zf 1y m,. Define
F? as the event F),, ,,, translated to the cell z + Cy,, .-

mi,m2
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3
NS
/\

Figure 1.5: The event F,, ,,,.

Clearly, by translation invariance of PPP,

P(F: ) =P(Fom,) forall z€ Zpmm,-

mi,m2

Clearly, if both F7  — and F;:l,mz occurs for z,2" € Zjpmym,, 2 # 2/, then there are
at least two distinct paths (infinite) in the DSF, one starting in the cell (2 + Chyym,)
and the other starting in the cell (2’ 4+ Cyn, m,). Therefore, the number of events Fy,, n,
occurring simultaneously, will be dominated by the number of distinct (infinite) paths
starting from inside Ry, ,,, m, which is, in turn, dominated by the number edges of the
DSF going out of the rectangle R, m,-

Define, 11, m, m, as the number of edges of the DSF going out of the rectangle Rz, ., m.-

Thus, by the above observation,

NLmime = P2€Lp g LFg - (1.22)

mi,m32

Hence, by taking expectation, for my,ms and L > 1,

E(UL,m1,m2) Z E(EZGZL,ml,mg 1FrZrLl,m2)
=% P(FZ ) = (2L + 1)*P(Fpy m,)- (1.23)

ZEZL,ml,mQ mi,m2

Next, we show that, the number of edges going out of the rectangle Ry, ., m, cannot

grow faster than L3/?, in the expected sense.
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Lemma 1.5. For all my,my > 1, there exists a constant C(= C(my, ms)) such that for

all L, large enough, we have
E(N2.myms) < CLY2. (1.24)

Clearly, from (1.22) and (1.24), we have a contradiction, if P(F,,, »,) > 0, which

proves the result.

Proof of Lemma 1.5: We decompose the set of edges, going out of Ry, m,, into
two sets; one whose length are more than /L and the other whose length are no more
than v/L. We show that the expected number of edges in both sets are of the order of
L32. Tt should be noted that the edges going out of %7, ,n, m,, essentially depend on the
perimeter of the rectangle.

We define /’737’”1,”&2’ nimhm as the number of edges going out of Ry, ,,, m, Which are
shorter than v/L and larger than v/L, respectively.

For the edges which are shorter than V'L and going out of RNy, m, must start in
a strip of width v/L as shown in the Figure 1.6. Thus, the number of edges of length
shorter than v/L in nf’mhm is dominated by the number of points in the strip, clearly.

/ / \
N7 / T
e T
\\ | :
—} -
/L d
\\ |
1l | 1
|
|

Figure 1.6: Edges in 77§7m1,m2 starting in a strip of width v/L.

Clearly the expected number of points in the strip is given by the area, which is
dominated by C;L%?2, for some constant C (= Cy(m, M)). Hence, we have

E(15 g mg) < Cu(m, M)LP2. (1.25)

For the number of edges which are larger than v/L, we note that each such edge will
be associated with a Poisson point € N N R, m, for which the semi-circular region

of radius V'L centered at z will contain no Poisson points.
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Figure 1.7: Poisson points with semi circular region of radius v/L containing no Poisson

points.

Let Z be the number of such points of Poisson process in Ry, ,», m, such that for each

a semi-circular region of radius v/L contains no other Poisson points. Thus, we have

Nmyms < Z- (1.26)

It is easy to compute the expectation of Z. Indeed,
E(Z) < Cy(m, M)L* exp(—7nL/2) (1.27)

for suitable choice of Cy(m, M). Combining we have the desired result of Lemma 2. &

1.2.2 Proof of Main Lemma

Next, we prove the main lemma. This divided into two parts. First, we show that if
P(n > 2) > 0, then there exist my, my > 1 such that the probability that box Cyy, m,
will contain three disjoint infinite paths starting points is positive. This will imply that
the path in the middle is sandwiched on both sides by two paths which are disjoint
from it and all the paths starting from the box. The main lemma will then follow by
manipulating the realization of the Poisson points to create a shield so that the paths
starting from below the bottom line of the box cannot coalesce with the path in the
middle.
For my, me > 1, define T,,,, ,, be the top edge of the box Cy,, m,, i€,

Tml,mz = {(l’,y) ry=mg,—my <o < m1}~
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Now, for 6 > 0 and my, ma > 1, we define the event

Afnhm = {there exist u,v € N N Cyyy mysuch that v, Ny, =0
(0 U70) N0 Congan) € Tonganas N N CT, = 0]
where COT = (—mq,m1] X (mg — 6, ms). This event says that there exist two Poisson

points in Cy,, m, from which two infinite disjoint paths emerge which touch only the
top edge of the box Cy,, m, and a strip of width ¢ at the top edge does not contain any

Poisson points.

/
)

\ m
5! 2
0 [\ —
AN v
u
—my my
Figure 1.8: The event A° my- Lhe shaded region ¢ strip contain no Poisson points.

Lemma 1.6. If P(n > 2) > 0, then there exists 1 < my < my and § > 0 such that

P(AS, ..,) > 0.

mi,m2

Proof : We have
0<P(n>2) = P[U {there exist u,v € Cyym NN such that v, Ny, = @}}
m=1

< Z P{there exist u,v € Cpy,m NN such that v, Ny, = 0}.

m=1

Since the sum is strictly positive, we can choose m > 1 such that

P{there exist u,v € Cp,,, NN such that v, N7y, =0} > 0.
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The path between two lines of = m and y = —m is a compact set in R%2. Now, we have
0< ]P’{there exist u,v € Cy, NN such that v, Ny, = @}

= IP’[ U {there exist u,v € C,,,, NN such that v, N v, =0,

n=m-+1

(U %) N (Con) € T}

< Z ]P’{there exist u,v € Cy, NN such that v, Ny, =0,

n=m-+1

So, we can choose n > m + 1, such that

P{there exist u,v € Cy NN such that v, Ny, = 0,

Again, in any given box, there are almost surely only finitely many points of the
process. Hence the distance of them from a fixed given line is almost surely positive.

Thus, taking o, = %, we have

0< P{there exist u,v € Cy, NN such that v, Ny, =0,

= P[U{there exist u,v € Cy, NN such that v, N7y, =0,
k=1

(% U) NO(Crm) € T, NN CRT = @}}
<> P(Al,,).
k=1

So, we choose J;, such that
P(A% ) > 0. |

n,m

For R > n, define the event

Ai’ﬁb = {there exist u,v € Cy NN such that v, Ny, =0, (v U) N I(Crm) C Trm,
NN Cgﬁ%@T =0,IN N Cf{,ﬁ,ﬂ >1, NN Cifn,R' > 1}

where C%% . = [n, R) x [m — 6, m) and C%% , = [-R, —n) x [m — &, m) and |B| denote

n,m,R ~ n,m,R

the cardinality of the set B. This event says that there exists at least one Poisson point
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in the strips [n, R) x [m — §,m) and [—R, —n) x [m — d,m) along with the occurrence of

0
Am,M’

Lemma 1.7. If P(n > 2) > 0, then there exists 1 < m <n < R and 6 > 0 such that
P(AXR) > 0.

The proof follows similarly as in Lemma 1.6, using the fact that the infinite strips
(—00, —n) X [m — 6, m) and [n,00) X [m — 0, m) must contain at least one Poisson point
almost surely.

The most important observation is that the event Af;fn depend only on the configu-

ration of the Poisson process in R x [m, 00) U Cg .

Figure 1.9: The event A%

Now, we show that at least two of these events will occur simultaneously with positive
probability. Define, for ¢ > 0,

Afif;’i = {there exist u,v € ((2iR,0) + Cp,n) NN such that v, N7y, =0,
(3 U7) N O((2iR. 0) + Com) S ((20R,0) + Tron) . N N ((26R,0) + CoT) = 0,
IV (2R, 0)+ Cot )| > 1, [N N ((2iR,0)+ Cor p))| > 1},

n,m,R n,m,R
In other words, A%% is the event A% translated to the box ((2iR,0) + Cy ).

Lemma 1.8. IfP(n > 2) > 0, then there exists 1l <m <n <R, § >0 andi>1 such
that

P(AYRO N ARy = P(AYR N ADEH > 0.
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Proof : Choose m,n, R and ¢ as in Lemma 1.7. Clearly, by translation invariance of

the Poisson process, we have, for any ¢ > 1,
P(AéR) ]P)(AéRO) P(A(SRZ).

If P(ASfi 0 ASRi2) — () for all pairs 41,4, > 0, we have

1> P(GA%}E;}) ZIP ABRIY —

i=0
This proves the Lemma, by translation invariance. ]

Now we are in a position to prove the main lemma.

Proof of main lemma : Choose m,n, R,0 and 7 as in Lemma 1.8 so that P(Afgf“n N
AR > 0. On the event AS0N ASRi we have two pairs of points (u1, v1) € Cpym and
(ug,v9) € ((QZ'R, 0) + Cmm) such that v, N7y, = 0 and ~,, N ¥, = 0. Since the paths
are non-crossing, we must have at least 3 paths with positive probability.

Furthermore, the event A% N A%%i depend only on the configuration of Poisson

points on the region

D = (R x (m,00)) | Cram | J((2iR,0) + Crm).

We now manipulate the realization of the Poisson point pair on D¢ to create a shield
so that no path from bottom can coalesce with the middle path, constructed above.

We consider three isosceles triangles with base on y = m and the inclined sides being
parallel to each other, in such a way that the region Cg, U ((2iR, 0)4 Cg,y,) is contained
within the inner triangle and the distances between the corresponding inclined sides
being 26 and §/2 respectively between the inner and the middle triangle and between
the middle triangle and the outer triangle.

Now, we consider two trapezoidal regions, joined at the top between the middle
triangle and the outer triangle. For each such region, we select a set of finitely many
disjoint squares {Bj, B;,..., By, } and {B}, B3,...,B%,}. Each of these squares has
side length §/16 are chosen so that bottom line of square B} lies above top line of
B}, fori=1,...,N; — 1 and bottom line of square B? lies above top line of B? , for
i=1,..., Ny — 1. Furthermore, we select the squares so that the centres of squares B}
and BZ L1 and B? and B?, are at most §/4 distance away and the centres of B{ and
Bf are also at most 6/4 distance away and the centres of By, and By, are at most ¢/4

distance away from the y = m line (See Figure 1.10)
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Figure 1.10: Poisson points with semi circular region of radius v/L containing no Poisson

points.

Now, consider the event

E = {Each of squares Bil,z' =1,...,N; and Bf,z’ =1,..., N, has at least
one Poisson point and there are no Poisson points in the remaining

trapezoidal region between the outer triangle and the inner triangle}.

Clearly, P(E) > 0 and the event depend upon the configuration of the Poisson process

in D¢, Thus, we have

P((ARY, N AR N E) > 0.
Choosing m; and ms suitably, we now have
SR 8,Ri
Fm1,m2 g (AR,m N AR,m) N E?

which proves the lemma. |
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1.3 Infinite Oriented Cluster

We consider the oriented lattice in Z2_, = {(m,n) € Z* : m + n is even} and oriented

edges from (m,n) to (m + 1,n + 1) and to (m — 1,n + 1). The oriented edges from u
to v is denoted by [u, v). As usual, each edge is open with probability p and closed with
probability 1 — p, independently of all other edges. We denote by IP,, the corresponding

product measure and by E,, the corresponding expectation with respect to P,,.

2

cvens We say that v can be reached from w, if there is a finite sequence of

For u,v € Z
vertices and edges, vg = u, €1, V1, €2, . .., Um_1, Em, Uy = v such that e; = [v;_1, v;) is open
for 1 <4 < m. We denote this by {u — v}. If there is no such sequence, then we say
that v cannot be reached from u, and we denote this by {u /— v}. For (z,y) € Z2,,
we denote oriented percolation cluster at (z,y), by

Clay) = {(z,w) €72, (rv,y) — (z,w)}.

Let Q(:B,y) = {‘C(x,y)’ = OO} and e(p) = ]P)(Q(o,o))- Define

pi = sup{p : 6(p) = 0}.

It is well known that [Durrett 1985]

0<pe<l.

NS
/!
/

Figure 1.11: Configuration of oriented percolation
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By definition
=0 forp<ps

0(p)

>0 forp> 172
Furthermore, Bezuideninout and Grimmett [1990] has shown that 6(p) = 0 if and only
if p<ps.
Now, we say (z,y) € Z2

ven» 18 @ percolation point if |C, )| = oco. If p < pe, there are

no percolation points, however if p > 172, there are infinitely many percolation points.
Let
]C: Eszen: CL“y|_OO}

N

Figure 1.12: Graph consisting of rightmost infinite paths

the rightmost (u,v) € Z2

even’

Since from any (z,y) € Z2

even’

with v = y + n, which
is reachable from (z,y) must have the property that v < z + n, we can define a right-
most infinite path v, from (x,y) € K. More precisely, for (z,y) € K, the right-
most infinite path ~(,,) is an infinite sequence of vertices and open edges, (z,y) =
V0, €1, V1, €2, « - ., €xUp, ... With v, = (x,,y,) and e, = [v,_1,v,) such that, for each
n>1,

{k>1:(z,y) — (z, + k,y,) € K} = 0.

Similarly we define a leftmost infinite path as [, for (z,y) € K. Thus, the infinite
oriented cluster of C, .,y will be contained inside the random cone generated by 7z )
and ().

For any (finite or infinite) path I', let V(I') and E(I') denote the set of vertices
in I' and the set of edges in I' respectively. Let G be the random graph consisting
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of edges in vz, for (z,y) € K. In other words, the vertex set of G,V(G) = K and
E(G) =A{(z,y) : [z,y) € E(I'y),u € K}. Clearly, there are no loops in G, hence it is a
forest.

For any infinite oriented path I' and v € I' (note I' may not be the rightmost infinite
path, it is just one fixed path), we define

by(v,T) ={u € Z2, \ V() : u lies to the right of I' and v — u uses no edges of I'},
be(v, 1) = {u € Z2,, \ V(D) : u lies to the left of I' and v — u uses no edges of I'}.

These are called right and left bud of I' planted at v. (See figure 1.13). Given two
vertices u,v of I' such that u« —— v in I', i.e., there exists a finite sequence vy =
U, €e1,v1,...,€n,U, = v such that v; € V(I') and e; € FE(I"), we define by I'[u,v] as the
piece between u and v.

Further, let

C(Tuv)= |J 00T
v’ eV (Tu,v]\v)
CTwo) = |J b@.D).

v’ €V (T[u,v]\v)

Clearly, if I' is rightmost infinite path, then the right buds of I' are finite, hence
C(T'([u,v))) is also finite. Similarly left buds are finite if " is leftmost infinite path.

For each u € Z?2

even’

(ug,v1), then the edges (uy + 1,v7 + 1), (u1 — 1,v 4+ 1). These will be called upper

two edges are adjacent to u, which are above, namely if u =

edges of u. There are two edges which are lower edges to u, namely (u; + 1,v; — 1) and
(u; — 1,v1 — 1). Since G consists of oriented paths which contain no loops, each vertex
u = (ug,v1) of G must be adjacent to only one upper edge. We say that the vertex at the
upper edge at u is called the mother M (u) of w. On the other hand, at most two vertices
of G, can have the same mother u, in other words, D(u) = {v € GV(G) : M (v) = u}. If
D(u) has two vertices, then they are called sisters and they are of the form (u; —1,v; —1)
and (u+1,v;—1). The vertex (u; —1,v; —1) will be called older sister and (u;+1,u; —1)
is called the younger sister.

Define, M°(u) = w and for n > 1, M™(u) = M(M" '(u)), the nth ancestor of w.
Define, D"(u,) = {v € K : M"(v) = u} for n > 0 and D(u) = ngoD"(u). The set D™ (u)

is the nth generation descendants of u and D(u) is the set of all descendants of w.
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We say that two vertices u v € K are connected if they have common ancestor, i.e.,
there exists m,n > 0 such that M,,(u) = M,(v). This defines an equivalence relation

and equivalence classes are connected trees.
_>
Thoerem 1.4. For p € (p., 1),

(a) G has a unique connected component
(b) D for all u, D(u) is finite

(¢) For each u € V(G), there is an ancestor with a younger sister almost surely.

1.3.1 Kuczek’s Construction

For A C (—o0,00), we denote a random subset by &} = {x : there exists 2’ €
A such that (2/,0) — (x,n)} for n > 0. The right most point at level n is defined
by 7, = sup &,(—00, 0o] where sup () = —oo. Thus, r, is rightmost point on the n' level
which is reachable from some point in (—oc, 0] x {0}.

It is known that

lim 2 = inf{M :n>1} =a(p) a. s. and in L'
n

n—oo M

Furthermore, it is known

—co ifp<pp
alp)=40  ifp=7p;
>0 ifp> 173
Now, we define
& ="
and for all n > 0,
{z: (y,n) = (z,n+1) for some y € !} if the set is non-empty

frlwrl =
(n+1) otherwise

and finally set r! = sup&l.
It is easy to observe that on the event, Qqo = {(0,0) € K},

rl=p, > Y0,0)(n), where y0)(n) € Z satisfies (7(0,0)(n), 1) € Y(0,0)-

n
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Let Ty = 0 and T}, = inf{n > T,,,.1 + 1 : (rl,n) € K} for m > 1. Define 79 = 0
and m =Tiand =1, —T14,...,7, = T,, — T,,_1 where 1, = 0if T,_, = T; = oc.
The collection of points {(ry, ,T,,) : m > 0} are called the break points for path from
(0,0). Observe that, on Qgg), we must have (ry, ,T,) € Yoo for all m > 1. Also,
define Xo = 0, and Xy = r},, Xo = rpy —rpy,..., Xy = v, — 7 where X; = 0 if

Ti1 =1T; = cc.

Proposition 1.1. (Kuczek) For p € (p2,1), on Q0,0 {(Xom,Tm) : m > 1} are in-
dependently and identically distributed with all moments and W converges to

N(0,1) in distribution as n — oo for some o > 0.

On Qo,), the rightmost infinite path 7y is well defined and all break points
(T}_m,Tm) :m > 1 are well defined. By Proposition 1.1, on the event ), we de-
fine an integer-valued random walk £(,0) = {£(0,0)(t) : t > 0} as follows: £(,0)(0) = 0 and
£o,0)(t) = Z@'J\L(f) X; for t > 0, where N(t) is the largest integer m such that 7,, < t¢. In
the same way, we define the random walk £, ) = {£(z,)(t) : t > y} on the event Q).

(z,y) € Z3

even'

(r%"yT?)
—--x===27 "y, )

Figure 1.13: This figure represent right bud at v on v, and note that the break points

form random walk &,.



Infinite Oriented Cluster 33

2

even’

Proposition 1.2. For any p € (173, 1) and any pair ui,uy € Z conditioned on the

event €, N€Y,,, the following statements are equivalent.

(a) €u1 meets Suzv i-e'; fO?“ some tO Z min(u1(2)7u2(2))a £u1 (tO) = guz (tO)
(b) The rightmost infinite paths ~y,, and ~,, meet.

Proof : Clearly, (a) implies (b). So, enough to show (b) implies (a).

Let I'y and I'y be two realizations of v,, and ~,, respectively. Suppose that I'y
and I'y meet at u;» € K. So, for 4,5 > 0, uyo = M*(u1) = M?(uz). We assume that
M= (uy)(1) < M7= (uy)(1) where u(1) denote the first co-ordinate of the point u €
72

even’

Note that w; o is a break point for u,, as all the branches of I'; are bounded on the
right by I'; and consequently no point on the right of u; 5 is reachable from u;. However,
uy 2 need not be a break point for uy (See figure 1.13). We need to show, that there is a
point vy o € I'y N I'y such that vy 5 is a common jump point of both §,, and &,,.

Let {v;m = (Tm,Ym) : m > 0} be the jump points of &,,, ordered by their y-co-
ordinate. By definition, each v,, is also a break point of I'y. If u 5 is a jump point of &,,,
then we have nothing to show. If not, thereis a k st. uy o € I's([vg—1, vx)). By definition of
break point, y; the second co-ordinate of vy, is greater than y for (z,y) € C.(T2(u1 9, vx)).
Since C,(I'1 (w12, vx)) = Cp(Fa2(ur2,vx)) € Cp(Ca(ug—1,vx)), we have that vy is a break
point, hence a jump point of §,,. Hence, the proposition follows. ]

We define R, as the line (in R?) defined by the equation y = z/a(p). Conditioned
on £2(,0), we have the following property of 7o,0).

Proposition 1.3. Suppose p € (]TZ, 1). Then conditioned on the event ), almost

surely, the rightmost infinite path o) crosses the line Ry infinitely many times.

The proof of this a direct consequence of the Proposition 1.1 by Kuczek. Since

% converges to a normal distribution, both the events lim inf,,_,{7(0,0)(7) >

a(p)n} and liminf, o {v0,0)(n) < a(p)n} has probability 0.

1.3.2 Proof of Theorem 1.4

We introduce some more notations. For u € Z2 we define A, as 45°-degree cone

even’

starting at u. Thus, V,, consists of all vertices v such that there is an oriented path (not

considering open or closed edges) from u to v. Thus, C, C A,. Similarly, we define A,
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as the inverted 45° cone at u. Then, A, is the set of all vertices v such that there is an
oriented path from v to wu.

For any n > 0 and u = (x,y), let
An(u) ={v=(z"¢) € A1y — ¢/ <n}

For any finite set A C Z2 contained in a horizontal line, we define

even’

even

Ay = {v € 72, : there is a oriented path from ,v to some u € A} = U A,
u€A

and Aa(n) ={v=(2,y) € Ay : y—y < n} forn > 0, where y is the second co-ordinate
2

even

and v € A,, we say that there is an anti-oriented
2

even’

of some point in A. Given u € 7Z

open path from u to v, if v +— u. For u € Z we define

cat = Ly e 72, v ul,

even

as anti-oriented cluster of . clearly it is a random subset of A,. On the event {|C*"%| =
oo}, we define 2% for the leftmost anti-oriented infinite open path from u. When p > E),
we have

Pp(|03nti| =|C,] = ) = 6’(10)2 > 0 for u € Z?

even- (1.28)
This follows from the fact that {|C,| = oo} depends only on edges A, while {|C| =
oo} depends only of the edges in A,, hence they are independent. Now, reversing the
orientation of each of the edges in A,, we see that {|C2"%| = oo} has the same probability
as that {|C,| = oo}. The vertices u, satisfying {|C*| = oo, |C,| = oo} are called bi-
directional percolation points. Let K denote the set of bi-directional percolation points.
Proof of Theorem : It suffices to prove the result for any two vertices u; = (z1,91)
and uy = (9,¥2), with y; = yo, conditioned on the event €2, N €,,, since it is always
possible to find two vertices which are ancestors of u; and wus, on the same horizontal
line. Furthermore, by translation invariance, it is enough to consider us = (0,0) and
uy = (—ny,0) for some ng > 1.

Let I' be a realization of ~y(g0). By Proposition 1.3, I' crosses the line R, infinitely
many times. For some vertex v € V(I'), let e = [u,v) be the lower edge of v in I'. We
call v, a crossing point if [u, v) N Ry # 0.

Given a realization of I', we define a sequence of independent events E(K,T"), for
k > 1. Fix ¢g > 0 such that ®(—¢y) > % By Proposition 1.1, we choose Ny > 1 such
that
(1.29)

W

P, (fy(o,o) (n*) — a(p)n® < —naeo\Q(Op)) >
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Figure 1.14: Crossing points.

for all n > Nj.
Set v(I") = (o, yo) = (0,0). We choose the first crossing point v;(I") = (x1, y;) which

satisfy the following condition
y1 > max{ng/(eo), No}>.

Having chosen vy (I'), ..., vx—1(I"), we choose vg(I') = (x, yx), the first crossing point of

I after vx_;(I"), satistying the following condition
Y — Yp—1 > maX{ka,l/(eoa), N0}2. (130)
Now, we define F(1,I") as

E(1,T) = {there is an anti-oriented open path from v;(T')
to the half line (—oco,ng) x {0}}.

Iteratively, for k > 2, we define E(k,T") as

E(k,T') = {there is an anti-oriented open path from v;(T') to the half line

(—00, -1 — 2y—1] X {yk_1} and to the line(—o0, c0) x {0}}.
Define Area(K,I") = Ay, () (ke — Yr—1) U Aa, (yr—1) where

Al = {u = (xay) € Av1(F)(y1) cx < —No,Y = O}
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and, for £ > 2,

A = {U = (x,y) € Avk(I‘)(yk - yk—l) (T S Tt — 21,y = yk—l} .

See figure 1.15 to observe that {Area(K,I") : k > 1} are edge disjoint. Thus, for a fixed
given path I', the events { E(K,I') : k£ > 1} are independent.

Figure 1.15: This figure represents vy ('), vo(I"), Area(1,I")(darker shaded region) and
Area(2,T") (lighter shaded region). Note that Area(1,I") and Area(2,I") are edge-disjoint

areas.

Now, using (1.28) and (1.29), used on leftmost anti-oriented path from v (= vi(I")),
we have

P,(E(k,T)) > P(|C3™] = o0, 2" N Ay, # 0)

? g

=P, (12" N Ay, # 0]|C5™] = 00)P(|C2M| = 00) > =6(p) > 0. (1.31)

W

We note here that in the above calculations I" was used only to find the vertices
vi(I"). On the event {0 = I}, let £*(1,T") be the event that there is an anti-oriented
open from I'(0,v1(I")) to A; and let E*(K,T") be the event that there is anti-oriented
open path I'(vg_1(T"),v,(T')) to Ay and then to (—oo, +00) x {0}.
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On the event {v(, = I'}, the event E*(K,I") only depends on the edges of Area
(K, T') which are lying to the left of T', since the edges of " are open.

Now, we define two events,
F(I') =A{T"is open} and G(I') = {v v/ oo in R(I") for each v € I'}
where R(I") is the set of edges lying to the right of I'. Clearly, we have
{700 =T} =FI)NG(I).

Now, G(I') depends only on the edges which are to the right of I'. Thus, the events
E*(k,T') and G(I'), conditioned on F(I'), are independent for each & > 1. Now, we
observe that

E*(E,T)NF()=Ek,T)n F(T).

Thus,
Pp(E*(k, D) 0,0 = 1) = Bp(E7(k, T)|F(I) = Pp(E(k, )| F(T)). (1.32)

Now, for any k > 1, the event Fj(I") be the event all edges in I'(vy_1(I"), vg(T")) are
open. Clearly, Fj(T') is increasing. By FKG inequality,

Py (E(k, D) F(T)) = Py (E(k, T)|Fi(T') > Bp(E(k, T)). (1.33)

On the other hand, E*(k,I") depends only on edges in Area(k,I") which are lying to
the left of I'. Since Area(k,[') are edge disjoint for different k, we have E*(k,I") are
independent for £ > 1. Furthermore, from (1.30), (1.31), (1.32) and (1.33), we have

Py (E*(k, D)v0.0) 2 6(p)/3.

for £ > 1. Thus, by second Borel-Cantelli lemma, E*(k,T") must occur infinitely often.
This proves that for some u = (u/,0) with v’ < —nyg, there is a open path from u to

vk(T) for some k > 1. Thus, by the definition of rightmost path, ,, and ~,, must meet.

Proof of Theorem (b): For any u € K, by definition of D(u,G), it is clear that
D(u,G) C C™. So, if u € K\ K, i.e., u is a percolation point but not a bi-directional
percolation point, then |C2| < oo, hence |D(u, G)| < oo. Thus, it suffices to prove the

result only for u € K. By translation invariance, it is enough to show

|D(u, G)| < oo when (0,0) € K.
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Let la[l)“ol) be the leftmost anti-oriented infinite open path from (0,0) and L% be a
possible realization of l"‘“ti , which crosses R, infinitely many times. We want to show
that, | D((0,0), G)| < co on the event {If5) = L™},

By part (a), we know that, on the event {l"mtl L) with probability 1, for all
n > 1, there exists some point v, (L*%) in L*" from which there is an oriented open
path to [n,00) x {0}. On the other hand, by ergodic theorem, with probability 1, there
exists infinitely many m > 0 such that (m,0) € K. Thus, on the event {la“tl = [t}
with probability 1, there exists my > 0 and v € L*" such that (myg,0) € K and there is
an oriented path from v to v € [myg, 00) x {0}. Let us denote this path by 7 = 7 (v/,v")
(see figure 1.16).

S AT 00

Figure 1.16: On the event {70 = I'}, the event E*(k,I") depends only on the edges of
Area(k,I") which are to the left of I

Define
A(Oyo)(Lanti, ) = {u € Awy) \ L?™ : 4 lies to the right of L*™ and above 7}.
and

Ci(L*™(v,(0,0))) = {w &€ L™ : w lies to the left of L™ and for some

z € L™ (v'(0,0)),2 # v/ and w — 2z uses no edges of L™}



Infinite Oriented Cluster 39

We claim
D((0,0),G) € L™/, (0,0))) | L™ (v, (0,0)) | Aoy (L™, 7). (1.34)

Indeed, if u € C’fgjg) and u does not belong to the right hand side of (1.34), then it is
easy to find a path from u to (mg,0), implying that the rightmost infinite open path
from u does not lead to (0,0). Hence u ¢ D((0,0), G).

By definition of leftmost anti oriented infinite path, we have
|Co(L™ (v, (0,0)))] < 0.

Clearly, |L*(v/,(0,0))] < oo and |A,)(L*", )| < co. This proves the result.

Proof of Theroem (c) : This is easy. For any (x,y) € K, by ergodicity, there exists
(«',y) € K where 2’ > x. Since 7(,,) and () meet almost surely at v € K (say), v

must have two daughters. ]
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Brownian Web

2.1 Introduction

We begin with a metric space (R2, p) where R? is the compactification of R? under the
metric p, with

tanh(xy)  tanh(zs
T+t 1+t

p((z1,t1), w2, 2)) = )‘ V [tanh(t;) — tanh(t,)|. (2.1)

The space R? can be viewed as the image of the compact space [—o00, o0] x [—00, 00]
under the mapping
() = (®(x,1),9(1))
where
_ tanh(z)

o and 1(t) = tanh(t). (2.2)

O(x,t)

For ty € [—00, 0], let C(to) denote the set of all functions f from [ty, oo] to [—o0, —oc0

such that ®(f(¢),t) is continuous. Now, define

I= |J Clto] x {to}-

to€[—00,00]

Now (f,to) € II, represents a path in R? with starting point at (f(ty),%) € R% The
space II is given the following metric
d((f1,t1), (fort2)) = ( sup | B(fi(1),1) = B(fa(t),)]) V [(11) = (k)] (2.3)

te[—00,00]

where, for ¢ =1, 2,

At = filt) i
filty) ittt <t

41
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Figure 2.1: The compactification R? of R?.

We observe now that (f,,t,) € II converges to (f,t) € I if both the terms in (2.3)
converges to 0. This implies ¢(t,) — () i.e., t, — t. (in the usual distance). For the
first term, observe that when ¢t — 400, ¢(z,t) — 0. Thus the convergence of the first
term to 0 is equivalent to that the supremum taken over t € [—=M, M], M > 0 converges

to 0, i.e.,

o~

0 tanh(f,(¢)) — tanh(f(t)) ‘ o
te[—M,M) I+ |t|

for all M. This, in turn, is equivalent to  sup fn(t) — f(t)‘ — 0 as n — oo for all
M

te[—M, M)
M > 0. So, convergence in this topology is equivalent to the convergence of starting

points of the paths as well as uniform convergence of the paths to the limiting path on

compact intervals.
Proposition 2.1. The space 11 is complete and separable under the metric d.

Next, we define H as space of all compact subsets of (II, d), equipped with the induced

Hausdorff metric dy i.e.,
d'H(Kla KQ) = SupgleKlinfgzesz(glv 92) \% Supggnginf91€K1d(gb 92)

Proposition 2.2. The space H is complete and separable under the metric dy.

Let (2, F,P) be a probability space where we have a family of i.i.d. Brownian motion

{B; :i> 1} is defined. Now, suppose D = {z;,t; : j > 1} be any countable dense set in
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(R2, p). Define, for (z;,t;) € D, and t > t;
W;(t) = z; + B;(t —b;), for j>1.

Thus, W;’s are independent Brownian motions starting at z; at time b;. Note, (W}, t;) €
II, for each j > 1. Now, we define coalescing Brownian motion paths from this family
{W;,j > 1} as follows:

When two paths meet for the first time, they coalesce into a single path, which is

the path of the Brownian motion having lower index. More mathematically, define
Wi(t) = Wi(t) for t>t.

Having defined V[Af/l, VIA/;, e ﬁ//k(t), we define I/I//;:l as follows: let 741 1(Tky1 > try1) be
the first time Wy 1(¢) hit one of V[Afl, o ,I;Vvk(t) and let j be the index, j € {1,...,k} of
path which is hit by W;.;. Then, define

— Wk+1<t) for ¢ S Thk+1
Wi (t) = ¢
W;(t) for t > 7p41.

We define Wy, = Wi (D) = {W; : 1 < j <k} and W = W(D) = | Wi (D).

k>1
Proposition 2.3. The subset W is compact almost surely in (I1,d) where W is the
closure of W in (11, d).
It is therefore the case that W € H. Note for any k > 1, W), € H since it is a finite
set.
Remark. It can also be shown that all the paths in W are Hélder continuous with
exponent «, for any a < %

Thoerem 2.1. The H-valued random variable W satisfies the following properties:

(a) For any (x,t) € R2, almost surely there is a unique element W, € W, starting at
the point (x,t).

(b) Foranyn > 1 and (x4, 1), (2, t2), ..., (Tn, tn), the joint distribution of (W, 4, . - .,
W, 1) 1S the same as that of coalescing Brownian motions with unit diffusion

constants starting at points (x1,t1), (za,t2),. .., (Tn,t,) -
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(¢) For any countable dense subset D of R?, almost surely W= |J {Wa, ..}

(Zn,tn)ED

Remark. 1t is furthermore known that the Brownian web is characterized by the three
properties (a), (b) and (c) above. In other words, for any (, d3)-valued random variable

satisfying the properties (a), (b) and (c), must be the same in distribution as that of W.

2.2 Path counting

For t > 0 and ¢y, a,b € R with a < b, let n(to;t; a,b) be the number of distinct points in
R x {to +t} that are touched by paths W which also touch some point in [a,b] x {to}.
Also, define 1 = (to;t; a,b) = n(to; t;a,b) — 1.

Proposition 2.4. The distribution of 1 is same as that of the number of points in
[a,b] x {to +t} which are touched by some paths in W which also touch R x {to}.

The proof uses a duality argument (see paper by Fontes et. al. [arxive version]).
Proposition 2.5. Let /) = (to;t;a,b) be the counting random variable for W. Then,
P(i > k) < [0(b— a,t)]"

for k > 1, where 0(b — a,t) is the probability that two independent Brownian motions

starting at a distance b — a apart have not met before time t.

In fact, it is known that

where the first inequality follows by using FKG inequality.

Thoerem 2.2. Let W' be H-valued random variable. Suppose that conditions a), b)
hold. Further

d) suppose that mw(to;t;a,b) iﬁw(to;t; a,b) for allt >0, tg,a,b € R, a < b.
Then W' has the same distribution as the W.

There is further minimality property of the Brownian web. In fact, the condition (c’)

can be replaced by
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c”) for all t > 0, tg,a,b € R, a < b, my is stochastically dominated by nyy, i.e., for all
kE>1,
Pl > k) < P(myy > k).

It has further been proved that (¢”) can be replaced by

") forall t >0, tg,a,b € R, a < b,

It is also known that

2.3 Convergence Criteria
Let K be a H-valued random variable. For ¢ > 0, and tg,a,b € R, a < b, we define

Kiyla,b] = {z € [a,b] : there exists y € R and a path in K
which touches both (z,ty) and (y,to + 1)}

Set
liy.tla, b] = Inf{ K}, +[a, b]} and 7y ¢[a, b] = sup{ Ky, +]a, b]}.

We now define

Nioila,b) = {y € R: there exists z € [a,b] and a path in K
which touches (z,to) and (y,to +¢)}

Ny a.b) = {y € R: there exists x € [a,b] and a path in K
which touches (ly,[a,b], o) and (y,to + )}

N, la,b] = {y € R: there exists z € [a,b] and a path in K

which touches (ry,.[a, b], to) and (y,to +t)}.

Observe that
|Nt0,t[a7 b” = 77(750; l;a, b)

Suppose {xm} be a sequence of H-valued random variables with distribution p,,. We
define two conditions (B1’) and (B2') as follows:
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(B1") For g >0,
lim,olim supmﬁoosupbﬁsup(to,a)eRzum(|Nt0,t[a —€,a+ EH > 1) = 0.
(B2") For >0,

. 1.
lim, o Ehm SUD;, 00 SUD1 5SUD (1 )R fom (Nto’t[a —€,a+€#

Njla—ea+€ UNt;t[a —€,a+¢)) =0.

We define the criteria for convergence of finite dimensional distribution. Let D be a

countable dense subset of R?.

I1) For y € R2, there exists Y € Y, such that for any deterministic collection
Y n X y
Y1, Y2, - - -, Ym € D, the distribution of (¥',... 6%) converges to the distribution

of coalescing Brownian motions starting at (y1, ..., Ym)-

Thoerem 2.3. Convergence Theorem : Suppose {i,,} is tight. If conditions (11)
and (BI') and (B2 ) hold, then {x,} converges in distribution to the Brownian web W.

Suppose {x.»} have only non-crossing paths, the conditions (B1’) and (B2') are im-
plied by

(B1) For allt >0,
lim olim Sup,,, , o SUP;~ gSUD (1 ayer2fim (M(t0; t; @5 @ + €) > 2) = 0.
(B2) For allt >0,
limejolim sup,, ., SUPy gSUD ¢y ayerz M (N(to; t5a,a +€) > 3) = 0.

If further {x,,} is spatially stationary, one can take (¢y,a) = (0,0). as
sup i (0(to; t; 0,0 4 €) = 2) = pm(n(0; 150, €) > 2)
(a,to)ERQ

and

sup  fm(n(to;t;a, a4 €) > 3) = pm(n(00;t;0,€) > 3).
(a,t0)€R2

There is also an alternative convergence criteria developed Newman et. al. [2005],
which replaces conditions (B1) and (B2) by a density bound using the dual counting
variable 7 and the minimality of the Brownian web. This is more robust than the

previous criteria and more useful in non-overlapping cases.
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Thoerem 2.4. Let (Xm)m>1 be a sequence of H-valued random variables having fin, as
the distribution of chi. Suppose that {j,} is tight and the condition (I11) holds. Then

X, converges in distribution to the standard Brownian web WV :

(E) If X is any subsequential weak limit of (X,)n>1, then for allt > 0 and tg,a,b € R

with a < b, we have E[Nx(to,t;a,b)] < Elpw(te,t;a,b)] = l\’/’—ﬂ%

To verify condition (E) in Theorem 2.4 for X,,, by following the strategy : we show
that for any > 0 and for any subsequential limit, the paths (in the subsequential limit)
starting below y = t; € R with have locally finitely many intersection with the line
y = to + 0. Furthermore, the distribution of the paths in the subsequential limit after
to + 6 is the same as coalescing Brownian motions starting at those points. Under the
assumption of condition (I1), the second part is standard and holds generally. For a
proof see Newman et. al. [2005].

In what follows, for any s <t and K € H, we will denote
Ky ={re K:o0,=s}, Ky ={reK:o, <s}, (2.4)
K(s) :={m(s):me K}, K':={r":7me K}, '

where 7' denotes the path obtained from 7 by restricting 7 to the time interval [t, o).
We will also denote K = (K,-)".
It was further proved that condition (E) can be replaced by condition

(E’) For any ¢y, € R, if Z is a subsequential weak limit of (Xn,tg)neNv where X, =
(Xn),= then for all £ > 0 and a < b, we have

b—a
VTt

Condition (E’) simplifies (E) by effectively singling out the subset of paths in X starting

E[ﬁz(to,t;(l,b)] < E[ﬁW(tmta CLJ))} = (25)

before or at time ¢y, which are the only relevant paths for verifying condition (E).

Assume that for a subsequence ny, we have X converges weakly to Z. To verify

nk,ta
(E”), it suffices to prove (2.5), which will follow from the next two lemmas.

Lemma 2.1. Let Z be the weak limit of Xnk,t(}' Then for any § > 0, Z(tg +9) is a.s. a
locally finite subset of R.

Lemma 2.2. Let Z be the weak limit of Xnk,tg' Then for any § > 0, Z%10 has the same
distribution as that of Wyyysz :={m € W 0, =tg+ 0, m(to+0) € Z(tg+9)}, where W

s a standard Brownian web independent of Z.
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Lemma 2.2 implies that

b—
E[ﬁZ(t()v l;a, b)] = E[ﬁz%”(% + 67t - 57 a, b)} < ]E[ﬁW(tO + 5at - 57 a, b)] = ﬁa
ﬂ' —
from which (2.5) follows by letting § | 0.
2.3.1 Tightness condition
Let Apr = [-L,L] x [-T,T) C R% For C(xoto) € R? and u,t > 0, let R(xo,to,u,t)

denote the rectangle [zq — u,xq + u] x [to,to + t] € R2. Define A, ,(z0,t) to be event
that K contains a path touching both R(zo, %o, §,t) and (at a later time) either the left
boundary or the right boundary of a bigger triangle R(xo, to, u, 2t).

(Tl) §<t?u’L1>T) = % sSup sup /’L’H’L(Atu (xOvtO))

lim sup(zo,to)E€AL, T
Proposition 2.6. If for every u, L,T > 0, lgfglﬁ(t,u; L, T) =0, then {un} is tight.
Thus, the general convergence theorem can be modified as

Corollary 2.4.1. Suppose {xm} is a sequence of H-valued random variables having
distribution pi, which satisfy the conditions (I11), (T1), (B1') and (B2), then {xm}

converges in distribution to the Brownian web W.

Thoerem 2.5. Suppose {xm} is a sequence of H-valued random variables, whose paths

are non-crossing. Suppose, further, for any countable dense set D.

11" For each y € D, there is a path 0%, € X, such that 0¥, converges in distribution to

a Brownian motion ZY, starting at y.
Then, the family {xm} is tight.
Thus, for a family having non-crossing paths, the convergence theorem simplifies to

Corollary 2.5.1. Suppose {xm} is a sequence of H-valued random variables whose paths
are non-crossing. Suppose that the conditions (11), (B1) and (B2) are satisfied. Then,

Ym converges in distribution to the Brownian web W.

Corollary 2.5.2. Suppose {xm} is a sequence of H-valued random variables whose
paths are non-crossing. Suppose that the condition (11) and (E) is satisfied. Then, Xm

converges in distribution to the Brownian web W.
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2.4 Convergence of coalescing random walks

Consider the nearest neighbour discrete random walk starting from every vertex (z,t) €
Z2

even'

If the two walks meet, they coalesce from that point onwards. Let Y denote the
collection of all discrete time coalescing random walks in Z, starting from every vertex of

Z2

even'

Then,

In other words, suppose X? be the random walk path starting at z = (z,t) € Z?

even'

Y ={X*:z¢cZ?

even)J *

Fix 0 > 0 and scale the set of random walks using the usual diffusive scaling, i.e., scale

the space by ¢ and time by 62. We denote by Yj, the scaled collection of paths, i.e.,
Ys = {(0z1,6%x5) € R?: (21, 25) € Y}

The closure of Yy is almost surely compact in (11, d).

Remark. If general random walks (not necessarily nearest neighbour walks, and hence
paths could cross each, without coalescing) are considered, then Yj is almost surely com-
pact in (II, d) of the increment random variable of the random walk has finite absolute

first moment.

/
N

N /

Figure 2.2: Nearest neighbour independent random walk system

Remark. The closure of Yj is obtained by adding paths of the form (f,t), where ¢t €
6?Z U {—o00,00} and f = +o0 or f = —oo0.

Thoerem 2.6. For any sequence 6,, 1 0, Y5 converges in distribution to W.
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Proof : It is enough to verify (I1), (B1) and (B2). The condition (I1) follows the
Donsker’s invariance principle. For (B1) and (B2), we have the following proposition.
Let X, X5, ..., X,, be n independent simple symmetric coalescing random walks on
Z, starting on points [y < Iy < --- < [, respectively. We can assume that [;’s are all even.
Let T > 1 and n := (n(X1,...,X,)) = {X0(T), Xo(T), ..., X, (T)}|, as the number of

random walk remaining at time 7.

Proposition 2.7. For the coalescing random walks, we have, for any k > 1,
Pn > k+1) <P(n > k)P(y > 2) < [P(n > 2)]". (2.6)

Proof : Fix m such that £k < m < n and consider a simple random walks Y,,, starting
at l,,. Suppose &1, &, ..., &n_1 are non-crossing paths having coalescing properties such
that n(&1,&,...,6u—1) = k — 1 starting at Iy, ls,...,l,—1 respectively. Suppose the
collection of such paths be denoted by II;. Furthermore &, be another path of simple
symmetric random walk starting at [,,. Denote by Il; the collection of such paths. Note

that both the collections are finite. Then, we have

P(n>k+1)

n—

[y

Z ]P){(Xl’XQ""’Xm—l) = (517527‘-'75771—1)7

(&1,€2,--,€m—1)€I11 £, €Il

= Em1(t) < Vin(t) < &u(t) for 0 <t < T}

Il
1~

S

-5 3 {6 1(t) < Yin(t) < Ea(t) for 0 < ¢ < T

k (€1,62,.,&m—1)€Il1,En €Il2
(Xla X27 cee 7Xm—1) = (517627 B 7£m—1)>Xn — Sn}
X P{(Xl,Xg, - 7Xm—1) = (fl,fg, C ,fm—1), Xn = gn}

3

3
I

3

> > P{&n-1(t) < Yin(t) < &u(t) for 0 <t < T}

m=k (£1,€2,....6m—1)€l1,En EIl2

X P{(Xl,Xg, . 7Xm—1) = (fl,fg, c.. ’gm—l)}P{Xn = fn}

Consider the events, A = {Y,,(t) > &u(t) : 0 <t < T} and B = {Y,,,(t) < &n(t) 1 0 <
t < T}. Suppose the increments of Y,, are given by the random variables {I; : i > 0}
where [;’s are i.i.d. and taking values in {—1,+1} with probability 1/2 each. Consider
the sample space {—1,+1}7 and the product probability measure with 1/2 probability
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for —1 and +1. Clearly the event
t
A={lp+> Li>&ua(t):0<t < T}
j=1
is increasing. Similarly, the event
t
B={ln+Y Li<&t):0<t<T}
j=1

is decreasing. Thus, by FKG inequality, P(AN B) < P(A)P(B).

Now summing over all possible values of &,,, we have

> P{X, =& P{ln + i]i <&@):0<t<T}

gn €ll>

S P(Yn(t) < Xp(t) for 0<t <T) <P(n(Xy,...,Xn) >2).

Therefore, summing over all possible &, &, ..., &1, we have the result. ]

We now complete the proof of Theorem 2.6. We scale it back to § = 1, and observe
that P{,,(0;¢;0,¢) > 2} is dominated by two random walks starting at (0,0) and (n, 0)
do not coalesce by time ¢/§2, where n = 2 ([ﬁ] + 1) . As 9,, — 0, by Donsker’s

invariance principle, this probability converges to

0(e,t) = P(Two independent brownian motions starting at distance e

C
do not coalesce before time t) < =€
Vit

for some C' > 0. This completes the proof.
Remark. The Proposition 2.5 follows from Proposition 2.7 and Theorem 2.6.

Remark. If the random walk increments satisfy the condition of finiteness of fifth absolute

moment, then, diffusively scaled random walks paths converge to the Brownian web.

2.5 Convergence of two-dimensional drainage net-

work

For z = (21, %) € Z* we define the path X% = {X*(s) : s > 2z} in R as the linearly

interpolated line composed of all edges {[z;, z;11] : ¢ > 0} where zp = z and M(z;) = z; 41
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is the mother of z;. Clearly XZ is a continuous path starting at (21, z2). We let
x={X*:z¢€7Z%

which we also call the drainage network. We consider the diffusive scaling of y, i.e., for
0 >0,

X5 = {(5$1,52x2) cR?: (x1,22) € X}

Again, it can be shown that X is a compact set in (I, d).

Thoerem 2.7. The scaled drainage network x5 converges in distribution to the Brownian

web W.

Let u,v € Z? be such that u(1) < v(1) and u(2) = v(2). Consider X" and X"V and
for ¢ > u(2) and define

Z, = Z,(u,v) = Xy (t) — Xa(t). (2.7)

Note that, Zy) = v(1) —u(1).
It has already been shown that {Z;(u,v) : t > u(2)} is a non-negative L, martingale.

Further, Z;(u,v) — 0 as t — oo almost surely. Define
7(u,v) = inf{t —u(2) : t > u(2), Z;(u,v) = 0}.

Thoerem 2.8. There exists a constant C > 0 such that

C(v(2) —u(2))
Vi

P(7(u,v) > t)

IN

fort > 1.

Thoerem 2.9. Let (y1,51), .-, Yk, Skr1) be (k + 1) distinct points in R? such that
s1 < - < s oand if si1 = s; for some i = 1,...,k, then y;_1 < y;. Let 70 —
{Z0(t) = nBXWVE (1)) <t > s;) where 0% = Var(IW)]. Then,

{(ZO =1, ky=>{WD.i=1,... k)

as n — Q.
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2.6 Convergence of supercirtical oriented percola-
tion

Given a fixed p € (p., 1), let @ :== a(p) > 0 and o := o(p) > 0 be as introduced earlier.
We know that, conditioned on the event that o := (0,0) being a percolation point,
%\/_ﬁan converges in distribution to a standard normal.

For each percolation point z = (x,i) € K, we first extend the definition of the
rightmost infinite open path 7, from the domain {i,i + 1,...} to [i,00] such that ~,
interpolates linearly between consecutive integer times and 7,(oo) = *. With this ex-
tended definition of ., which we still denote by «, for convenience, it becomes a path
in the space (II,d). We will then let I' := {7, : z € K} denote the set of extended
rightmost infinite open paths in the percolation configuration. Since paths in I' are a.s.
equicontinuous, I', the closure of I' in (II, d), is a.s. compact and hence T is a random
variable taking values in (#, By), the space of compact subsets of (I, d). Note that T\I'
only contains paths of the form 7 : [0, 00] — [—00,00] U {*} with either o, € R and
7(t) = £oo for all t > o,; or 0, = 00; or 0, = —00, in which case for any t > —oo, there
exists some vy € I' such that 7 = v on [t,00]. In other words, taking the closure of I" in
(I1, d) does not alter the configuration of paths in I" restricted to any finite space-time
region. Therefore it suffices to study properties of I' instead of I' in our analysis.

To remove a common drift from all paths in I' and perform diffusive scaling of space
and time, we define for any a € R, b, e > 0, a shearing and scaling map S, : R? — R?
with

(Y(x — at),et) if (z,t) € R?,
Sape(®,1) = ¢ (Fo0, et) if (x,1) = (fo0,t) with t € R, (2.9)
(%, £00) if (z,t) = (%, £00),
where a is the drift that is being removed by a shearing of R?, ¢ is the diffusive scaling

parameter, and b determines the diffusion coefficient in the diffusive scaling. When ¢ is

understood to be a time, we will define
Sapet 1= €t. (2.10)

Note that S, ;. can be obtained by first applying the shearing map S, ;1 and then the
diffusive scaling map Spp.. By identifying a path = € II with its graph in R?, we can
also define Sy, : (II,d) — (II,d) by applying S.p. to each point on the graph of .
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Similarly, if K C II, then S, p K = {Supm : m € K}. If K € H, then it is clear that
also S, K € H. Therefore S, , I is also an (H, By)-valued random variable.

We can now formulate the main result of this paper.

Thoerem 2.10. [Convergence to the Brownian web] Let p € (p.,1) and let T be
defined as above. There exist ov,0 > 0 such that as € | 0, the sequence of (H, By )-valued

random variables Sa,ayj converges in distribution to the standard Brownian web WW.



