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Why do we need Bayesian computing?

*Consider the simple linear regression model
Vi = ,80 +,lei + Ei,i =1,..,n

Qur parameters are then 8 = (By, B1,02)’
*To do Bayesian inference, first we need to decide on priors

If we choose a Normal-Inverse-Gamma prior for 6, then the posterior
distribution for 8 would also be Normal-Inverse-Gamma.

°] can use the mean and variance of this distribution to infer

*What if I want to use any other prior?



Contd...

] may want to use the following prior specification

Bo ~ N(0,07)
f1|c% ~ DE(221)

g% ~1G(a,b)
°In this case, the posterior looks like: , ,
n+a *o(y; — — B.x;)° + 2b
log m(0]X) x — logo? — =1 = Fo 5 Auxi) — Ayl — —'802
20 207

*This 1s not any known (log) pdf'!

*How can I infer about the parameters still?



Markov Chain Monte Carlo (MCMC)

*Suppose {6;};= is a Markov chain that is Harris recurrent with stationary
distribution 7

*We are interested in computing En( f (9)) = [ f(Wr(u|X)du

*We consider its sample analogue S,,(f) = %Z?:l f(6;)

If f, g € L*(n), lim sn(f) _ [ rn(ulX)du

n-wSn(g) [ gn(ulX)du when | g@m(u|X)du # 0

*In particular, 1f 77 1s proper, and we take g = 1, we see that the sample analogue
will converge to the desired quantity



Will any Markov Chain work?

*NO!

*Posterior distribution must be a proper one for this to work

*Prior selection 1s therefore important

*The transition probabilities for the Markov Chain must have the Detailed
Balance Condition:

n(s)P(s'|s) = n(s")P(s|s")
*We must choose the sampling algorithm carefully to ensure the DBC holds



Metropolis-Hastings Algorithm

1. Pick an 1nitial state 8,; Sett « 0

2. Repeattillt =T
a. Propose a candidate 8’ following the conditional probability g(6'|6;)
”(9,|X)g(9t|0’)}
'm(0¢1X)g(0"]6:)
c. Generateu ~ U(0,1) and set 6;,,; = 0" ifu < a(6',6;), set 6;,,; = 8, otherwise
d. Sett<t+1

b. Calculate the acceptance probability a(6’, ;) = min {1

*Samples are 0, ..., O

*Usually, we discard initial few samples (burn-in period)



Metropolis-Hastings Example

-Consider the initial example of SLR where S, = 0 and 6% = 1 are known and

1
*Then, log m(f1|X) = _E iz (i — .lei)z — AlB4]

“We start with g© = Zi=1 L
i=1"i

©) _ _1 (pi-p")°
*We choose g (,81 ‘ Ioh ) Mo A

*Then g (,81 ‘ I (t)) ( J ,81) and so, the acceptance ratio is simply the ratio
of the posterior at §; and [)’1




Tuning and Thinning

*The tuning parameter T can be tuned to improve acceptance

*But tuning must be done before the burn-in period ends

*Thinning 1s the process of selecting a subsample out of the obtained sample,
often at a prescribed thinning interval, say every 51 sample is stored

*This 1s done to avoid any residual autocorrelation in the posterior sample



Metropolis Adjusted Langevin Algorithm

*'RW Metropolis: 8’ = 6, +/TN(0,])

Instead, we can guide the proposal along the gradient for a better convergence
“MALA: 8' = 6, + tVlogn(6,|X) + V2TN(0,])
*The acceptance probability 1s

ﬂ(H'IX)q(HtIH’)}

a(8',6,) = mini1, p
(000 & 60
with q(6'18) o< exp (—=16" = 8 — 1V logm(8|X)][)

*Pro: Faster Convergence, Con: Computing gradient may be expensive



MALA with Preconditioner

°In reality, to capture the variation in the posterior distribution surface quickly, we
should use a preconditioning matrix P € R%*¢

1
*The proposal: 8’ = 6, + tPVlogm(8.|X) + V2tPzN(0,I)

*The conditional probability then looks like:
q(6'|6)

1
X exp <_E(0’ — 0 — tPVlogn(01X)TA1(6' — 06 — TPVlogn(HlX)))

*Ideally, P should be close to the negative Hessian: —V, log m(6|X), and should
remain unchanged throughout iterations (P*) = P)



G1bbs Sampler

*Instead of drawing samples for all parameter together from the posterior sample,
draw samples for each parameter individually, from their full conditionals.

*Assume 0 = (04,0,,...,0,)"
1. Get initial values of (%) Set t « 0

2. Repeattillt =T
a. Forkinl,?2,..,d
1. Compute full conditional distribution of 8;, =1 (9k|91,___,k—1» Ok+1,..a0 X )
11.  Generate HIEHD ~T (9k|91(,t_ti)-1» 91&?1,...,(1')()
. Setke<k+1
b. Sett<t+1




Example

*SLR problem with Gaussian priors for Sy, f; and Inverse-Gamma prior for o2
*Check that the full conditionals are:

2 (= (t) =
nO-O y - ﬁ X O'ZO'Z(t)
,B(gtﬂ)lﬁ(t) o2 X y ~ N( ( . ) s

noé + o2 ‘ngé + o2

2 \yn (t) .
ﬁ(t+1) |B(t+1) 2(t) e ~N 01 Zij=1 (yl 0 ) Xi O'lzo'z(t)
1 A, Y O'Z(t) + 0-12 ?:1351-2 ) O_Z(t) + 0-12 ?:1351'2

2 2 .

n
n 1 2




Block Gibbs Sampler

*Instead of updating all the parameters individually, I could update them in blocks

°In the last example, I can update B = (B, B,)’ simultaneously and o2 separately

*The full conditionals are:

—1 -1
1 1 1
(t+1))452(0) ~ T T T
BE+D |52 x o N(az(t) <az(t)x X+Dﬁ> xTy, <az(t)x X+Dﬁ> )

1
ey ape)

with D, being a diagonal matrix with diagonal entries g2 and o2.
g g g g 0 1

02(t+1)|,8(t+1),X,y ~ IG <a 1



Metropolis within Gibbs Sampler

*Use Gibbs sampler and draw from the full conditional distribution of the
parameters

If the full conditional 1s not a standard distribution, we use MH to draw from the
full conditional.

*SLR example with Laplace prior for ;
*We have normal and inverse-gamma full conditionals for 5, and ¢*

*For f; we use an MH (or MALA) draw from the full conditional distribution



Slice Sampler (Neal, 2003)

a) Draw a real value, y, uniformly from (0, f(zq)), thereby defining a horizontal ‘slice’:
S={xz :y< f(x)}. Note that xg is always within S.

b) Find an interval, I = (L, R), around x( that contains at least a big part of the slice.

c) Draw the new point, x1, from the part of the slice within this interval (ie, from SNIT).

*Finding the interval and sampling from it 1s not straightforward, but has
algorithms for 1it.



Slice Sampler

*Can be used in conjunction with Gibbs sampler, Slice within Gibbs sampler



Elliptical Slice Sampler (Murray et al.,
2010)

*Can be only used if the posterior/full-conditional is Gaussian

Input: current state f, a routine that samples from
N(0,Y), log-likelihood function log L.

Output: a new state f'. When f is drawn from p*(f) o
N(f;0,X) L(f), the marginal distribution of f’ is also p*.

1. Choose ellipse: v ~ N(0,)
2. Log-likelihood threshold:
u ~ Uniform[0, 1]
logy « log L(f) + logu
3. Draw an initial proposal, also defining a bracket:
6 ~ Uniform|0, 27|
[Omin, Omax] — [0—2m, 6]
f’ <+ fcosf +vsind
if log L(f") > logy then:
Accept: return f’
else:
Shrink the bracket and try a new point:
if 8 < 0 then: O, <0 else: Opay 0
0 ~ Uniform[O.min, Omax]
10. GoTo 4.

NSO

© %




Elliptical Slice Sampler
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Hamiltonian Monte Carlo (Neal, 2011)

*Generates from a better proposal distribution and improves acceptance rate

*Proposes momentum w, ~ p(w)  exp(—V(w))
*Runs the Hamiltonian dynamics for T time, deterministically updating (6, w)

*Compute acceptance probability using Hamiltonian energies H (07, wy) and
H(eo, (1)0), where
HO,w) =—logm(0|X) —V(w)

*Classically, p(w) is taken to be Gaussian



HMC & Leapfrog Method

1. Generate the initial momentum wy ~ N(0, M—1).

2. Set z(0) = x;.

3. For the momentum, make a half-step update:

W@ = g — ngog r(z(0).

4. For £ =1,---,L —1, do the followings:

(a) Update position: z(?) = 2= 4 ¢. (1),
(b) Update momentum: w® = ) _¢. Vlog ,,.(x(f)).

5. Make one last update on the position: z(E) = z(L=1) 4 ¢. ,(E-1)

6. Make another half-step update of the momentum:

wB = ED %Vlog'r(m(‘[‘)).

7. Compute the acceptance probability:

—H(z'D) )

exp(—H (zg,wp))

8. Accept Tpew = zF) with a probability of a(zg, we, 22, w™)). If we reject, then Tne, = .

9. Return Zpew-




No U-Turn Sampler (Hoffman &
Gelman, 2014)

*Runs the HMC leapfrog algorithm with autotuning the length of the leapfrog
distance L

*Loosely speaking, it runs a leapfrog method forward and backward
simultaneously while increasing the size of the leapfrog distance

*Stops when a U-turn is reached or the Hamiltonian becomes unacceptable

*The path 1s tracked using a binary tree and finally a sample from this path is
selected randomly as the new proposal



Reversible Jump MCMC (Green, 1995)

*Required when the model parameter space itself can change between iterations.

°In a variable selection method, the parameter space can be either (B, 62) or

(Bo, B1,0%)
*In this setting, the DBC for standard MCMC may not be satisfied.

*This 1s handled by the Markov chain itself being reversible which allows
“dimension matching” and which in turn allows for the DBC being satisfied

*Bayesian variable selection methods usually do not do variable selection, only
introduces shrinkage, and hence do usually not require RIMCMC



Autocorrelation 1n Posterior Samples

*Consecutive samples almost always have some correlation between them

°The autocorrelation for estimating py = [ £(0)(6|X)d6 using fi =
Z L, f(6;) with 6; bemg the samples is given as p(t) = ¢¢(7)/C(0) where

b (1) = Z(f(m — i) (fOir0) — i)

oo

*The integrated autocorrelation is deﬁned as Ty = Yii=—oo P(T) as estimated as

with M < N.



Effective Sample Size

*Effective sample size (Ne f f) 1s the number of independent samples drawn

1
and not —

1
JNesr VN

°It 1s the number of independent samples from the posterior that would give the
same quality inference as N dependent samples.

*The error rate for MCMUC based inference 1s

°It 1s calculated as Np¢r = Tﬂ and estimated as N, ff= év = 112 Zﬁ )
f f =1



Diagnostic Checks

*There are multiple metrics for quantifying convergence quality, such as Gelman
and Rubin’s R (Gelman and Rubin, 1992), or Geweke’s diagnostic (Geweke,
1992)

*All of these depend on ratios of between and within chain variations (for multiple
chains) and the said ratio being small denoting convergence

*Usually, if Gelman’s R is below 1.05 or 1.01 we say it has converged




1agnostics using Trace and ACF Plots

Chain 1 - Low serial correlation - No apparent problems
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