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OPTIMAL FRACTIONAL FACTORIAL PLANS
FOR ASYMMETRIC FACTORIALS
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LIndian Statistical Institute and ? Cleveland State University

Fractional factorial plans for asymmetric factorial experiments are obtained. These are shown to be univer-
sally optimal within the class of all plans involving the same number of runs under a model that includes the
mean, all main effects and a specified set of two-factor interactions. Finite projective geometry is used to obtain
such plans for experiments wherein the number of levels of each of the factors as also the number of runs is a
power of m, a prime or a prime power. Methods of construction of optimal plans under the same model are also
discussed for the case where the number of levels as well as the number of runs are not necessarily powers of a

prime number.

1. Introduction. The study of optimal fractional factorial plans has received considerable
attention in the recent past; see e.g., Dey and Mukerjee ((1999a); Chapters 2, 6 & 7). Many of
these results relate to situations where all factorial effects involving the same number of factors
are considered equally important and, as such, the underlying model involves the general mean
and all factorial effects involving up to a specified number of factors. In practice however, all
factorial effects involving the same number of factors may not always be equally important and
often, an experimenter is interested in estimating the general mean, all main effects and only
a specified set of two-factor interactions, all other interactions being assumed negligible. The
issue of estimability and optimality in situations of this kind has been addressed by Hedayat
and Pesotan (1992, 1997), Wu and Chen (1992) and Chiu and John (1998) in the context of
two-level factorials and, by Dey and Mukerjee (1999b) for arbitrary factorials including the
asymmetric ones. Using finite projective geometry, Dey and Suen (2002) recently obtained
several families of optimal plans under the stated model for symmetric factorials of the type
m"™, where m is a prime or a prime power.

Continuing with this line of research, in this paper we obtain optimal fractional factorial
plans for asymmetric (mixed level) factorials under a model that includes the mean, all main
effects and a specified set of two-factor interactions. All other interactions are assumed to be
negligible. Throughout, the optimality criterion considered is the universal optimality of Kiefer
(1975); see also Sinha and Mukerjee (1982). In Section 2, concepts and results from a finite
projective geometry are used to obtain optimal plans for asymmetric factorials, where the levels

of the factors as also the number of runs are
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powers of the same prime. In Section 3, we obtain of optimal plans for asymmetric experiments
where the levels of the factors and the number of runs are not necessarily powers of a prime

number.

2. Optimal plans based on finite projective geometry. For obtaining the optimal plans
in this paper, we make use of a result of Dey and Mukerjee (1999b), giving a combinatorial
characterization for a fractional factorial plan to be universally optimal. For completeness, we

state this result below in a form that is needed for this paper.

THEOREM 2.1. Let D be the class of all N-run fractional factorial plans for an arbitrary
factorial experiment involving n factors, such that each member of D allows the estimability
of the mean, the main effects F1,..., F, and the k two-factor interactions Iy, Fj,, ..., F; Fj, ,
where 1 < iy, juy < n forallu=1,... k. A plan d € D is universally optimal over D if all
level combinations of the following sets of factors appear equally often in d:

(a) {F,,Fy}, 1 <u<v<n;

(b)) {Fu,F;,, Fj,}, 1<u<n, 1<v <k

() {Fi.. Fj,, Fi,, Fj,}, 1 <u<wv <k,

where a factor is counted only once if it is repeated in (b) or (c).

Consider now a factorial experiment involving n factors Fi,..., F,, where for i = 1,...,n,
the factor F; has m'i levels, m is a prime or a prime power and ¢; is a positive integer. We shall
use an (r — 1)-dimensional finite projective geometry PG(r — 1, m) over the finite (or, Galois)
field GF(m) to construct m”-run plans, r being an integer. For an excellent account of finite
projective geometry, see Hirschfeld (1979).

We assign the factor F; to a (t; — 1)-flat in PG(r — 1,m), these flats being distinct for
F;, Fj, i # j. The two-factor interaction F;F} is assigned to be the (m' —1)(m% —1)/(m — 1)
points in the (¢; + t; — 1)-flat through the (¢; — 1)-flat F; and the (t; — 1)-flat F; but not in
F; and F;. Making an appeal to Theorem 2.1, one can prove the following result (see also Dey

and Suen (2002) for a similar result in the context of symmetric prime-powered factorials).

THEOREM 2.2. Let FY, ..., F, ben factors of a factorial experiment, where foru=1,...,n,
the factor F, has m' levels, m is a prime or a prime power and t,, is a positive integer. Assign
the n main effects F,...,F, and the k two-factor interactions F;, F},, ..., F; Fj, to points in
PG(r—1,m) as described in the previous paragraph. If the > mi—1 —i-zk_ ('t = 1) ('3 1)

u=1 "m— m—1
points corresponding to Fu,..., Fy, Fy Fy ..., F, Fy are all dzstmct, then we can obtain a
universally optimal plan for estimating the main effects Fy, ..., F, and two-factor interations
F, F ..., F; Fj, involving m" runs.

PRrOOF. Let A, be an r X t,, matrix with the ¢, column vectors corresponding to ¢, inde-
pendent points in the (¢, — 1)-flat F,,. Then the plan can be generated by the row space of
the r x S0, t, matrix A = [Ay:---:A,], where the t, columns of A, represent the levels of

the factor F,, and each element of the row space of A represents a run in the plan. To prove



that the plan is universally optimal, it suffices to show, as in Dey and Suen (2002), that the
following matrices have full column rank :

() [AiA] 1 <u<v<n

(ii) [Auidi A, 1 <u<n,1 <o <k

(iii) [A;,: A, A AL L <u<wv <k,

where a matrix A, (1 <wu < n) appears only once if it is repeated in (ii) or (iii).

Case (i) : The columns of A, and A, are independent since the (¢, — 1)-flat F}, and the
(t, — 1)-flat F, are disjoint.

Case (ii) (a) : If u =i, or j,, then the matrix reduces to [4;,:A;,] which has full column rank
as in Case (i).

Case (ii) (b) : If u, 4y, j, are distinct, then the (¢, —1)-flat F, and the (¢;, +t;, —1)-flat, consisting
of points in Fj , Fj,, and F; Fj

are disjoint. Hence the columns of A, are independent of

columns of [4;,:4;,], and the matrix [A,:4;,:4;,] has full column rank.

Case (iii) (a) : If i, = iy or jy, then the matrix reduces to [4;,:4;,:4;,] which has full column
rank as in Case (ii) (b).

Case (iii) (b) : If @y, ju, i, jo are distinct, then the (¢;, +¢;, — 1)-flat, consisting of points in
F;,, F;,, and F; Fj , and the (t;, + t;, — 1)-flat, consisting of points in Fj , F} , and F; Fj,,

u? v

are disjoint. Hence the columns of [A;,:4;,] are independent of columns of [A;,:A;,], and the

matrix [A;,:A;,:A4;,:A;,] has full column rank. This completes the proof. |

Based on Theorem 2.2, we now construct specific families of optimal plans, permitting the
estimability of the mean, all main effects and a specified set of two-factor interactions. These
families of plans are constructed by a suitable choice of points in PG(r — 1,m) satisfying the
conditions of Theorem 2.2. Most of the plans reported in this section are saturated. As in Dey

and Suen (2002), we introduce the following notations to specify the models:

1. A plan allowing the optimal estimation of the mean, 2u main effects Fi,..., F, and u

two-factor interactions FiFy, F3Fy, ..., Fo,_1F5, will be denoted by
(F1, Fos Fs, Fy; o5 Foyo1, Foy)te

2. A plan allowing the optimal estimation of the mean, v+ v main effects F1, ..., Fy 1, and uv
two-factor interactions FiFj; (1 <i<wu,u+1<j<u+ v) will be denoted by

(F1ye o Fus Fuga, -5 Fugo)2:

3. A plan allowing the optimal estimation of the mean, u main effects Fy,..., F, and u two-
factor interactions Fy Fy, ..., F, 1F,, F,,F1 will be denoted by

(Fy,...,Fy)s.

Throughout this section, the m?-level factors are denoted by Fy, Fy, ... etc. and the m-level
factors by G1,Go, ... etc. We now have the following results.



THEOREM 2.3. For any prime or prime power m, we can construct a universally optimal
plan

(a) dy for an (m%)% x m™" experiment involving m® runs where
dy = {(Fo; F1,G1,...,Gp2)2};
(b) dy for an (m2) x m3™* experiment involving m® runs where
do = {(F0; G1, ..., Gip2)2, (G1,1, G215 G12, G225 -+ Gy 2, Gom2) 1}

Both di and do are saturated.

PROOF. (a) Let Fy and K be disjoint line and plane in PG(4,m). Choose F; to be a line
on the plane K and Gy, ...,G,,2 to be the m? points on the plane K but not on the line Fjy.

(b) Let H be the 3-flat containing lines Fy and Fy, and let Fy, Ly, ..., L,,> be m? + 1 lines
which partition H. For i = 1,...,m?, choose G1; and G2, to be two distinct points on the line
L;. O

THEOREM 2.4. For any prime or prime power m, we can construct a universally optimal

2 . . .
saturated plan d for an (m?)™ 1 x m experiment involving m® runs where

d= {(G, Fl, oo 7Fm2+1)2}-

PROOF. Let H be a 3-flat in PG(4,m), and let FY, ..., F,2,, be m?+1 lines which partition
H. Choose G to be a point of PG(4,m) not in H. O

THEOREM 2.5. Let F be an m?-level factor and G be an m-level factor of a universally
optimal plan d. If the effects F, G, and F'G can be estimated via d and F' has no interaction
with any other factor except G, then instead of estimating F' and FG we can estimate one of
the following sets of effects in d :

(a) (G;G1,y...,Gmt1)2;

(b) (Go; G,G1,...,Gn)2;

(¢) (G1,G2,G)3 and the main effects of Gs,...,Gp2_9m13;
(d) (G1,Gze,G3)3 and the main effects of Ga,...,Gp2_omi3-

PRrROOF. Let K be the plane containing the point G and the line F'.
(a) Let L be a line on the plane K which does not pass through the point G. Choose
G1,...,Gpy1 to be the m + 1 points on the line L.
(b) Let L be a line through the point G on the plane K, and let G,G1, ..., G, be the m + 1
points on the line L. Choose G to be a point on the plane K but not on the line L.
(¢) Let G1 and G2 be points on the plane K such that G, Gy, Gy are not collinear. Choose
G3,...,Gp2_omi s to be the (m — 1)? points on the plane K which are not on the three lines
joining the three pairs of points (G, G1), (G, G2), (G1,G2) separately.



(d) Choose points G1, G2, G3 such that no three of the four points G, G1, G2, G3 are collinear.
Now choose G, Gy, ..., G2 _om.s to be the (m — 1)2 points on the plane K which are not on
the three lines joining the three pairs of points (G1, G2), (G2, G3), (G3,G1) separately. O

We now consider an example. To save space, only examples for m = 2 are given in this
section. In the following as well as in subsequent examples in this section, we shall use the
numbers 1,...,2" — 1 to represent the 2" — 1 points in PG(r — 1,2). A number « represents a
point in PG(r—1,2) with coordinates (zg, ..., x,_1) such that ;:(} 2;2" = a.. For example, the
number 19 represent the point (1, 1,0,0,1) in PG(4,2) and it represents the point (1,1, 0,0, 1,0)
in PG(5,2). A line in PG(r — 1,2) is denoted by two numbers which represent two points on
this line. Linear graphs are used to demonstrate the plans, where vertices represent the main
effects and an edge joining two vertices represents the interaction of the two factors representing
the two vertices. A 2-level factor is denoted by a closed circle e in the graph, and a 4-level
factor which is represented by a line in the finite projective geometry, is denoted by an open

circle o.
ExAMPLE 2.1. With m = 2 in Theorem 2.4, we can construct an universally optimal plan
d for a 4° x 2 experiment involving 32 runs where

d = {(G; F1, F5, F3, Fy, F5)»}

and G(16), F1(1,2), F»(4,8), F3(5,10), F4(6,11), F5(7,9). Many universally optimal plans can
be obtained by applying Theorem 2.5. For example, by replacing the effects (F, GF5), (F3, GF3),
(Fu,GFy), (F5,GF5) by (a), (b), (c), (d) of Theorem 2.5, we obtain a universally optimal plan

for a 4 x 2'3 experiment involving 32 runs, whose linear graph is shown below :

G1 GQ G3 Gs G12
FlO G4 G10 AGH
Gr G's Ge
oG9

where G1(4), GQ(S), G3(12), G4(31), G5(5), Gﬁ(lO), G7(6), Gg(ll), G9(29), G10(7), G11(9),
G12(30). O

THEOREM 2.6. For any prime or prime power m, we can construct a universally optimal
saturated plan

(i) di for an (m?) x m™ T experiment involving m® runs where
di = {(F1;G1,. .., Gm)2, (Gog; G, -, Gmt)2, -+ o5 (Gom2s Grm2s -+, Gym2)2}-
(ii) dy for an (m2) x m™ T2m*=m+1 epperiment involving m® runs where
do = {(Go,0; F2,G1,0,- -, G2 o)2, (Go1; Gty -+, Gmy1)2s - - -

(G07m2; G17m2, ey Gm7m2)2}.



PRrROOF. Let Goo be a point on a line F; which is on a plane K in PG(4,m). Let
Li,..., Ly, F1 be the m + 1 lines through the point G on the plane K. For i = 1,...,m,
let Go,, Go,(i—1)ym+1: - - -» Go,im be the m + 1 points on the line L;. There are m + 1 3-flats
through the plane K, say Ho,Hiy,...,Hpy. For ¢ = 1,...,m, let K,Ky;,...,K,; be the
m + 1 planes through the line L; in the 3-flat H;. For each i =1,...,m and 5 = 1,...,m,
Choose
G1,(i—1)ym+js - - - » Gm,(i=1)m+j to be the m points on the line L;; but not on L;. For plan (7), let
Ly be a line in the 3-flat Hy but not on the plane K. Choose G1,...,G,, to be the m points
on the line Ly but not on the plane K.

For plan (i), let K¢ be a plane in the 3-flat Hy which does not pass through the G . Then
the line I} intersects Kg at a point Fy. Choose F5 to be a line through a point Py on the plane

choose a line L;; on the plane K;; which does not pass through the point Gg (;_1)m+;-

Ky and choose G1,...,Gp2_p 0 to be the m? — m points on the plane K which are not on
the line F5 or the plane K. O

EXAMPLE 2.2. With m = 2 in Theorem 2.6, choose the point G (1) and the line F;(1,2).
Let K be the plane through the line F; and the point G 1(12). Let Lo be the line consisting of
points G1(4), G2(8), and Go,1. Let Ly be the line consisting of points G0, Go,1, and Go2(13),
and let Ly be the line consisting of points Go, Go3(14), and Go4(15). Let H; be the 3-
flat through the plane K and the point G1,1(16), and let Hy be the 3-flat through the plane
K and the point G,3(20). Following the procedure of Theorem 2.6 (i), we can choose the
points G2.1(17), G1,2(18), G22(19), G2,3(21), G1,4(22), and G24(23) to construct the following

universally optimal plan for a 4 x 24 experiment involving 32 runs :

4 16 18 0 2
(1,2) 12 13 14 15
8 17 19 1 3

For plan (ii), we can choose F»(2,4), G1,0(8), and G2,0(10) to obtain the following universally

215

optimal plan for a 4 x experiment involving 32 runs. The linear graph is the same as above

except that the first component is changed to

(24)
Se 1I ol0
O
THEOREM 2.7. For any prime or prime power m and integers j, k satisfying j+k =m+1,
we can construct a universally optimal saturated plan d for an (m?) x mkm?+im+1 experiment

involving m> runs where

d = {(Fo; G(), Gl,l; . 7Gjm,1)27 (Go; GLQ, ey kaQ’ 2)2}.



PROOF. Let K be a plane in PG (4, m), and let Gy and Fj be a point and a line on the plane
K such that Gy is not on Fy. Let Hy,...,Hpy1 be the m + 1 3-flats through the plane K.
For i =1,...,7, let L; be a line in the 3-flat H; which does not intersect the line F. Choose
Gi—1ym+1,15- - -»Gim,1 to be the m points on the line L; which are not on the plane K. For
t=1,...,k, let K; be a plane in the 3-flat H;; which does not pass through the point Gj.
Choose G(;_1ym241,15---» Gim2,1 10 be the m? points on the plane K; but not on the plane K.
O

EXAMPLE 2.3. With m = 2,j = 2,k = 1 in Theorem 2.7, choose the point Gp(4) and the
line Fy(1,2). Then K is the plane through the line Fj and the point Go. Let Hi, Hy, Hs be
the three 3-flats through the plane K and the points G11(8),G3,1(16), G12(24) respectively.
Let Ly be the line through the points G ; and G21(12), and let Ly be the line through points
G3,1 and G41(20). Let K be the plane through the line F' and the point G 2. Then K; has 4
points Ga2(25), G32(26), G42(27), and G(1,2) which are not on the plane K. We have thus

constructed the following universally optimal plan for a 4 x 27 experiment involving 32 runs :

12 16 20 24 25 26

8.\I/\I/..27

(172) 4 O

THEOREM 2.8. For any prime or prime power m and integers j, k satisfying j +k = m, we
can construct a universally optimal plan

(i) dy for an (m2)I x m™ +thm+E+Ll epperiment involving m® runs where
di = {(Go,0;Go,1,G15- -, G, Gro, -+, Gim2—m) 00 F1, - -+, Fj)2,

(Go1; G115+, Gag1ym2,1)2 )

(ii) da for an (m2)7 x mm* T*FDmE opperiment involving m® runs where
dg = {(Go,g; Gl, ceny Gk, GLQ, ey Gj(mem),Ov Fl, . ,Fj)g,

(Go15 G115+ Glirym)2s -+ (Goms Gl -+ Glagaymm)2}-

PRrROOF. Let Gi,...,Gy, and Go 1 be the m+1 points on a line L in PG(4,m), and let G
be a point not on the line L. Let K be the plane through the line L and the point G . There
are m + 1 3-flats through the plane K in PG(4,m), say Hy,...,Hpyy1. For i =1,...,7, let F;
be a line in the 3-flat H; which passes through the point G; but is not on the plane K. Let
K; be the plane through the lines L and F;, and choose G (;_1)(m2—m)+1,01 - - - » Gi(m2—m),0 t0 be
the m? — m points on the plane K; which are not on the lines L and F;. To obtain plan (7),
fori =1,...,k+ 1, let K;,; be a plane in the 3-flat H;; which does not pass through the



point Go,1. Choose G(;_1)m241,1,- -5 Gimz2,1 to be the m? points on the plane K; but not on
the plane K.

To obtain plan (i), let Lo be the line through the points G ¢ and Gy 1, and let Gy 2, . .., Go,m
be the m —1 other points on Lg. Fori¢=1,...,k+1, let Ky j44,..., Ky jti and K be the m+1
planes through the line Ly in the 3-flats H; ;. For w = 1,...,m, let L, j1; be a line on the
plane K, j4; which does not pass through the point Go,. Now choose G,(i—l)m—l—l,u’ s Gl
to be the m points on the line L, ;1; but not on the line Lg. O

EXAMPLE 2.4. With m = 2,j = 2,k = 0 in Theorem 2.8, choose the point G (1) and the
line L consisting of points G1(4), G2(6), and G 1(2). Then K is the plane through the line L
and the point G . Choose lines F(4,8) and F5(6,16). Let K; be the plane through the lines
Fy and L. Then K; has 2 points G1,1(10) and Gg,1(14) which are not on the lines F; and L.
Let K3 be the plane through the lines F» and L. Then K5 has 2 points G31(18) and G4,1(20)
which are not on the lines F5 and L. For plan (i), let K3 be the plane through the points G1,
Go,0, and G12(24). Then K3 has 4 points G1 2, G22(25), G32(28), and G4,2(29) which are not
on the plane K. We have thus constructed the following universally optimal plan for a 42 x 219

experiment involving 32 runs, whose linear graph is shown below :

(4,8) 10 14 24 25

(6,16) 18 20 29 28

For plan (i), let Ly be the line consisting of the points Go 0, Go,1, and Go2(3). Choose L1 3
to be the line through the points G| ;(24) and G5 ;(25) and choose La 3 to be the line through
the points G 5(28) and G 5(29). We have thus constructed the following universally optimal

plan for a 42 x 2! experiment involving 32 runs :

(4,8) 10 14 24 28

(6,16) 18 20 25 29 O

THEOREM 2.9. For any prime or prime power m and an integer j, 0 < 7 <m+ 1, we can
construct a universally optimal plan

. : 3 2_94 . . .
(i) dy for an (m?)7 x m™ 3" =242 eqpperiment involving m® runs where

d1 = {(Fl; G171, ey Gu1m2,1)27 ey (Fj; GLJ'? . 7Gujm2,j)2>

J
(Gl, G27 e ;G2m2—2j+17 G2m2—2j+2)1}7 and Zuz =m—+ 1.
=1



.. 3 2 . . .
(ii) do for an (m?)? x m™ *™" experiment involving m® runs where

do = {(F1; Fa, Gll,l? e G;m271)27 (Fy; G/L?’ e G/(m+1_j)m2’2)2}.

PROOF. Let Fi,..., F,2.1 be m? + 1 lines which partition a 3-flat H in PG(5,m). There
are m + 1 4-flats through the 3-flat H in PG(5,m), say Mj, ... Mm+1 To obtain plan (i), for
i=1,...,7and v =1,...,u; let K _1ym2_1;,..., Kyp2; be the m? planes in the 4-flat M;
which pass through the line F; but are not in the 3—ﬂat H. Fort=1,...,m?, choose Glo—1ym2+t,i
to be a point on the plane K(,_1),24,; but not on the line F;. Fori=1,... ,m? —j+1, choose
Go;—1 and Go; to be two distinct points on the line Fj;.

To obtain plan (i), for i = 1,...,7, let K(z m241,10 - LK 1
4-flat M; which pass through the line I but are not in the 3-flat H. For t = 1,...,m?,
but not on the line F;. For

be the m? planes in the

to be a point on the plane K/

choose G(Z m2+4,1 (1- 1)m2+t1

i=1,....m+1—j, let K(Z Dm241,20° > K, 2 be the m? planes in the 4-flat M;,; which
pass through the line F5 but are not in the 3-flat H. Fort =1, .. , choose G(l )m2-+t,2 to
be a point on the plane Kél_l)mQ_H’z but not on the line Fs. O

EXAMPLE 2.5. (i) With m = 2,7 = 3,u; = ug = uz = 1 in Theorem 2.9 (i), we obtain the

following universally optimal plan for a 43 x 2!6 experiment involving 64 runs :

506 15

— o

212832 213548 51 7 9
o o °

(5,10)

(ii) With m = 2,5 = 1 in Theorem 2.9 (7i), we obtain the following universally optimal plan

for a 42 x 212 experiment involving 64 runs :

4

/\ "
20
16 50 49

THEOREM 2.10. For any prime or prime power m, we can construct a universally optimal

a

2 4 2 . . .
plan d for an (m?)™ +m x mm —m mtL eaperiment involving m® runs where
d = {(GO,I; F171, ey Fm71, G171, ey Gm3—m2,1)2’ ey
(GO,m—i-l; Fl,m—l—la cee 7Fm,m—|—1a Gl,m—‘rla cee 7Gm3—m2,m+1)2}-

PROOF. Let L be a line in a 3-flat H in PG(5,m), and let G 1,...,Gom+1 be the m +1
points on L. There are m + 1 planes through the line L in the 3-flat H, say K1,..., Kp41. For



t=1,...,m+1, let L; be a line on the plane K; which does not pass through the point Gy i,
and let Pi;,..., Py, be the m points on L; but not on L. Let My,..., My,41 be the m + 1
4-flats through the 3-flat H. Fori=1,...,m+1, let Hy,,..., H,,;, and H be the m+1 3-flats
through the plane K; in the 4-flat M;. For j = 1,...,m, choose Fj; to be a line through the
point Pj; but not on the plane K; in the 3-flat H;;. Let Kj; be the plane through the lines
Fj; and L;. Choose G(j_1)(m2—m)+1,is- - - » Gj(m2—m),; t0 be the m? —m points on the plane Kj;
but not on the lines F}; and L;. O

ExXaMPLE 2.6. With m = 2 in Theorem 2.10, we obtain the following universally optimal

plan for a 4% x 215 experiment involving 64 runs :

416 624 832 936 1248 1352

&/A&LM

THEOREM 2.11. For any prime or prime power m and integer j, 1 < j < m, we can construct

3 . . .
M+ experiment involving mb runs

a

a universally optimal saturated plan d for an (m2)m2+1 Xm
where
d= {(Go; Fl, ceey Fm2+1)27 (F1; Gl dyeeey Gu1m2 1)2, ey

(Fj;Gl,ja'-- u;m2,j } and Zul—

PROOF. Let Fy,..., F,2.1 be m?+1 lines which partition a 3-flat H in PG(5,m). There are
m+1 4-flats through the 3-flat H in PG(5,m), say My, ..., M,,. Choose G to be a point in the
4-flat Mo but not in the 3-flat H. Fori=1,...,jand v =1,... u;, let K121 Kym2 g
be the m? planes in the 4-flat My, 4 4u;_,+v through the line F; but not in the 3-flat H. For
t=1,...,m?, choose G (yv—1)m24+,i to be a point on the plane K(,_1);,244; but not on the line

F;. O

ExamMpPLE 2.7. With m = j = 2, u; = ug = 1 in Theorem 2.11, we obtain the following

universally optimal plan for a 4° x 2? experiment involving 64 runs :

36 0 4451001 (7.9) 48 4 50
. \I/ \V \I/ }
o L ]

(1,2) 16 (4,8) O

REMARK. The plans constructed in this section have some factors at m? levels and the
others at m levels, where m is a prime or a prime power. In principle, the methods described
so far can be extended to obtain optimal plans for experiments of the type (m™) x --- x (m")
in m” runs where the {n;} and r are integers. However, such plans generally have too many

levels and runs to be attractive to the experimenters. In view of this, we do not report these.
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3. Some more optimal plans for asymmetric experiments. The plans obtained in the
previous section are such that the number of levels for each of the factors as also the number
of runs is a power of m, which itself is a prime or a prime power. Such plans however are
somewhat restrictive in nature in the sense that : (i) except for m = 2, the number of levels as
also the number of runs generally become too large to be attractive to experimenters and, (ii)
the methods cannot be used for obtaining optimal plans for experiments in which the number
of levels of the factors and the number of runs are not powers of the same prime; for example,
the methods described in the previous section cannot produce optimal plans for the practically
important experiments of the type 3™ x 2"2. In this section, we attempt to produce optimal
plans for asymmetric experiments where the number of levels of different factors as also the
number of runs are not necessarily powers of the same prime. We make use of orthogonal arrays
in constructing such plans.

Recall that an orthogonal array OA(N,n,my X --- X my, g), having N rows, n columns,
mi,...,mp(> 2) symbols and strength g(< n), is an N X n matrix with elements in the ith
column from a set of m; distinct symbols (1 < i < n), in which all possible combinations of
symbols appear equally often as rows in every N X g submatrix. If m; = --- = m, = m, then
we have a symmetric orthogonal array, which will be denoted by OA(N,n,m, g).

In what follows, we give a simple, yet powerful method of constructing plans for asymmetric
factorials that are universally optimal under a model which includes the mean, all main effects
and a specified set of two-factor interactions. Consider an orthogonal array OA(N,n,m; x

- X My, 2) of strength two, say A, and suppose for 1 < j < n, m; = tjitja ... tjk;, where
tii > 2, 1 < i < k; are integers. Replace the mj-symbol column in A by k; columns, say
Fj1, Fja, ..., Fj,;, having 1,9, ..., tjk; symbols respectively and call the derived array B. It
is not hard to see that B is an OA(N, 37 kj, [Tj—4 Hu 1 tju,2). We then have the following

result.

THEOREM 3.1. The fractional factorial plan d represented by the orthogonal array B is
universally optimal in the class of all N-run plans under a model that includes the mean, all
main effects and the two-factor interactions FjiFjy, 1 <1 <i' <k;,1 <j<n.

PROOF. For the sake of simplicity, we consider the case n = 2; the proof for n > 2 follows
on similar lines. Let F} and Fh represent the columns (factors) having m; and mg symbols
(levels) respectively. For j = 1,2, let m; = tjitja... tjk; and let F; be replaced by k; columns
(factors) Fji, ..., Fjx; with tj1,... ., symbols (levels) respectively. From Theorem 2.1, the
plan d is universally optimal under the stated model if the combinations of the levels of the

following sets of factors occur equally often in d :

, 1<i<i <kj,j=12
, 1 <41 <kq,1 <dg < ko

(F_]’L]7F_]’LQ7F]’L‘3,7 1§ZI<Z2<Z3§k]a]:1727

Fjir)
i2)
)
)

(Ejirs Fjin, Fjig, Fjiy), 1 <11 <ig <ig <iqg <kj, j=1,2.
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(Fhiy Faiy, Fiy),
(Fas, Friy, Fuiy),
(F1iys Frig, Fojy, Fojy)

1 <0<k, 1<y <ig < ko
1 <i< kg 1<y <idg <y

1<y <ig < ki, 1 <1 <jo < ko

From the method of construction of B, the above conditions are clearly satisfied by d and hence

the claimed universal optimality of d is established.

We now give a few examples to illustrate Theorem 3.1.

a

EXAMPLE 3.1. Consider the orthogonal array OA(16,9,43 x 29 2) displayed below (in

transposed form) :

0000
0321
2103
0011
1010
0110
1100
1001
1010

1111
3012
0321
0011
1010
0110
0011
1001
0101

2222
0312
0312
1100
0110
0101
1100
0101
0110

3333
0132
1023
1010
1001
1100
0101
1100
0110

/

Replacing ¢ of the 4-symbol (level) columns by two 2-symbol (level) columns each, we get

an OA(16,94 14,4377 x 26+20 2) § =1,2 3.

F1 0000
F5 0000
0321
2103
0011
1010
0110
1100
1001
1010

This array, with columns as runs, represents a 16-run

universally optimal for estimating the mean, all main

F' Fy; it is also saturated.

0000
1111
3012
0321
0011
1010
0110
0011
1001
0101

1111
0000
0312
0312
1100
0110
0101
1100
0101
0110

1111
1111
0132
1023
1010
1001
1100
0101
1100
0110

For example, for i = 1, we get the following array :

plan for a 42 x 28 experiment that is

effects and the two-factor interaction

a

EXAMPLE 3.2. As a second example, consider an OA(48,13,12 x 42,2) (¢f. Suen (1989)).

Replacing the 12-symbol column in this orthogonal array by two columns with 3 and 4 symbols

respectively, we get a 48-run saturated plan for a 3 x 43 experiment, permitting the optimal

estimation of the mean, all main effects and a two-factor interaction between the 3-level factor

and a 4-level factor. Similarly, replacing the 12-symbol column by two columns having 6 and 2
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symbols respectively, one gets a 48-run plan for a 6 x 2 x 4'? experiment, permitting the optimal
estimation of the two-factor interaction between the 6-level factor and the 2-level factor, apart
from the mean and all main effects. Again, replacing the 12-symbol column by three columns
having 3, 2 and 2 symbols respectively, one gets a 48-run plan for a 22 x 3 x 412 experiment that
allows the optimal estimation of all two-factor interactions among the 3-level factor and the
2-level factors, apart from the mean and all main effects. If in the 48-run plan for a 6 x 2 x 412
experiment obtained above, t(1 < ¢ < 12) of the 4-level factors, say Fi, ..., Fy, are replaced by
two 2-level factors each, say F;,1 < i < t being replaced by Fj1, Fj2, then one obtains a plan
for a 6 x 4127t x 224411 < ¢ < 12 experiment in 48 runs that is universally optimal for the
mean, all main effects, the two factor interaction between the 6-level factor and a 2-level factor
(other than F1,..., F12) and, the two-factor interactions Fjj Fyo,1 < ¢ < ¢,1 <t < 12. The
plan is clearly saturated. O

Such examples can obviously be multiplied by referring to the vast literature on orthogonal
arrays of strength two; see e.g., Hedayat, Solane and Stufken (1999). All these orthogonal
arrays can be used in conjunction with Theorem 3.1 to yield a large number of universally
optimal plans under the stated model. Obviously, the method of Theorem 3.1 also applies to
the situation where all the factors have levels that are powers of the same prime.

Next, suppose there exists a universally optimal plan d* for an mq x - -+ X m,, factorial in

N/t runs, where N,t > 2 are integers and, in the notation of Section 2,
d* = (Gl; GQ, ceey Gn)g,

the factor G1 being at m; levels and for 2 < ¢ < n, G; is at m; levels. Let the treatment
combinations of d* be represented by an (N/t) x n matrix A. Let B be an orthogonal array
OA(t,m,s1 X -+ X 8y,2) of strength two. Form N treatment combinations of an s1 X - - - X §;, X
mq X --- X my,, factorial as

[B® 1yl ® A,

where for a pair of matrices E, F', E ® F denotes their Kronecker (tensor) product. Let d be
the plan represented by these N treatment combinations. Furthermore, for 1 < ¢ < u, let F;

denote the factor at s; levels. Then, one can prove the following result.

THEOREM 3.2. The N treatment combinations forming the fractional factorial plan d is
universally optimal for estimating the mean, all main effects and the interactions F;Gj; 1 <
1<u,1<j<nand GiGj, 2<j5<n.

PrROOF. From Theorem 2.1, the plan d is universally optimal within the relevant class of
competing plans under the stated model if the combinations of the levels of the following sets

of factors occur equally often in d:

(F3, ), 1<i<i <u
(G4, Gjr), 1<j<j <m
(Fi7Gj)a 1§7J§u71§]§n’
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(F;, Fu,Gy), 1<i<i<u1<j<m
(Fi,Gj,Gy),  1<i<u,1<j<j <mn;
(Fi, Fy,Gj,Gy), 1<i<i<ul1<j<j <m
(G1,Gy,Gyr), 2<j<j <m
(F;,G1,Gj,Gy), 1<i<u,2<j<j <n.

Clearly, from the method of construction of d, the above conditions hold and the claimed

universal optimality of d is established. O

ExaMpPLE 3.3. Let N =48, t =4 in Theorem 3.2. Consider the following 12-run plan for a
3 x 23 experiment which is universally optimal for the estimation of the mean, all main effects
and the two-factor interactions G1Gj, 2 < j < 4, where G is at 3 levels while Ga, G3, Gy are

at 2 levels each; columns are runs :

0000 1111 2222
0011 0011 0011
0101 0101 0101
0110 0110 0110

Also, let B be a symmetric orthogonal array OA(4,3,2,2). Then, following Theorem 3.2, we

get a 48-run plan for a 3 x 2% experiment, shown below :

F 00---0 00---0 11---1 11---1

F 00---0 11---1 00---0 11---1

F; 00---0 11---1 11---1 00---0
A A A Al

This plan in universally optimal under a model that includes the mean, all main effects and
the two-factor interactions F;Gj, 1 <i<3,1 <j<4and GGy, 2<k <4

REMARK. If one chooses A to be an orthogonal array of strength three, then obviously
the conditions required for d to be universally optimal under the stated model are satisfied.
Furthermore, the plan d of Theorem 3.2, apart from being universally optimal for estimating
the mean, all main effects and the specified two-factor interactions, is also optimal when the
three-factor interactions F;G1Gj;, 1 < ¢ < u,2 < j < n are also in the model, under the

assumption that all other factorial effects are negligible in magnitude.
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