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SUMMARY. In a parallel line assay, there are three treatment contrasts of major importance. Block designs
allowing the estimability of all the three contrasts free from block effects, called L-designs, necessarily have the
block sizes even. For odd block sizes, we provide here a class of highly efficient designs, called nearly L-designs.
These nearly L-designs have been constructed by establishing a link with linear and nearly linear trend-free

designs.

1. Introduction

Biological assays or bioassays involve two stimuli applied to subjects. One preparation of
the stimulus, called the standard preparation, has a known effect on subjects, while the other
preparation of the stimulus, called the test preparation, has an unknown strength. A major
purpose of a bioassay is to estimate the potency of the test relative to the standard preparation.
The relative potency is defined as the ratio of two equivalent doses of the standard to the test
preparation. In a bioassay, we thus have two groups of treatments, one for standard preparation
and the other for test preparation. Often, within each group, the treatment effect is represented
by a polynomial in the logarithm of the dose. In particular, when the polynomial has degree
one and both the groups share the same slope, then the assay is called a parallel line assay. If
the number of doses of both the preparations are same, then the parallel line assay is called
symmetric, otherwise, it is called asymmetric. In the context of parallel line assays, three
treatment contrasts (contrasts among dose effects) are of major importance. The first two, the
preparation contrast and the combined regression contrast, provide an estimate of the relative
potency and the third one, the parallelism contrast, is used to test the parallelism of the two
regression lines. For an excellent description of the theory and application of bioassays, the
reader is referred to Finney (1978).

If a block design is used for the assay, it is desirable that the design allows
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the estimability of these three contrasts with full efficiency. For symmetric parallel line assays,
an equireplicate block design is called an L-design if the three contrasts of importance are
estimated with full efficiency. L-designs have been studied quite extensively; see the review by
Gupta and Mukerjee (1996) where more references can be found. Most of these L-designs are
for even number of doses of each of the preparations. Gupta and Mukerjee (1990) suggested a
somewhat unified method of construction of L-designs. They provided a (i) complete solution
of L-designs for even number of doses, and (ii) table of L-designs for all odd number (< 15)
of doses. However, there are situations where it is impossible to construct an L-design. For
such situations, Chai and Das (2001) introduced a class of designs, called nearly L-designs
for symmetric parallel line assays. Recall that a necessary condition for the existence of an
L-design is that the block size be even. The designs of of Chai and Das (2001) also require the
block size to be even.

Thus, it appears that a systematic study for obtaining efficient block designs for parallel
line assays with odd block sizes has not been attempted. In this paper we propose a class
of designs, called nearly L-designs, with odd block sizes. In Section 2, some preliminaries on
linear trend-free designs are given. Nearly L-designs are introduced in Section 3 and a link
between linear trend-free (nearly linear trend-free) designs and nearly L-designs is established.
With the help of this connection, a necessary and sufficient condition for the existence of nearly
L-designs as well as a construction method is provided. The proposed designs are shown to be
highly efficient.

2. Linear trend-free designs

Throughout, D(v,b, k,r) will denote the class of all connected block designs with v treat-
ments each replicated r times and arranged in b blocks each of size £k > 2. Similarly,
D(v,b,k,r1,...,1m,) will denote the class of all connected block designs with v treatments,
b blocks each of size k > 2 and the ith treatment replicated r; times, 1 < i < v.

Trend-free block designs were introduced by Bradley and Yeh (1980). The setup they
considered involves v treatments and b blocks each of size k (> 2), where, the k experimental
units within each block are linearly ordered over time and space. Thus each block has k
periods, numbered 1,2,..., k. Suppose that, in addition to treatment and block effects, there is
a common polynomial trend effect within each block. The postulated model for an observation

in period [ of block j is

v p
yir=p+ > 0mi+ B+ > da(l)fa + €, (2.1)
i=1 a=1
where p is a general mean, 7,...,T,, the treatment effects, 51, ..., 5, the block effects and

61,...,0p, the trend effects. Moreover, for 1 < a < p, ¢4(l), is an orthogonal polynomial of

k k
degree «, based on 1,2,....k, with > ¢a(l) = 0 and > ¢a()¢pa(I) = Saa’, Oaas being the
=1 =1



Kronecker delta, o,/ = 1,...,p. Also,

gl =

i 1, if treatment ¢ is applied in period [ of block 7,
0, otherwise,

v
with y 6% = 1.
i=1
Let 7 = (11,...,7), B=(01,...,.0) and 6 = (61,...,0,)". A trend-free block design has
the property that the presence of trend effect in a treatment-block model does not affect the

analysis of the treatment effects. A design d is said to be p-trend-free if

Rd(T|/LnBa0) = Rd(T|:u7B)7 (22)

where Rq(7|u, B, 6) denotes the adjusted treatment sum of squares under (2.1) and Rq(7|u, B)
denotes Ry(7|u,3,6) when 8 = 0 in (2.1).

If p =1, then a design d € D(v,b,k,r) satisfying (2.2) is called a linear trend-free block

design. Equivalently, d is called a linear trend-free block design if

b
(bt
Sy =D i,
~ 2
]_

=1

Clearly, a necessary condition for a design d € D(v,b, k,r) to be linear trend-free is

r(k+1)=0 (mod 2). (2.3)

Stufken (1988) showed that (2.3) is both necessary and sufficient for the existence of a
linear trend-free block design. The result of Stufken (1988) has recently been generalized by
Chai (2002), who shows that a linear trend-free design exists in D(v,b, k,r1,...,7,) if and only
if ri(k+1) = 0 (mod 2) for each i, 1 < i < v. In D(v,b,k,r), when k is even and r is
odd, Yeh, Bradley and Notz (1985) defined a class of designs, called nearly linear trend-free
design. We give a more general definition of a nearly linear trend-free design belonging to
D(v,b,k,r1,...,1p).

Definition 1. For a design belonging to D(v,b,k,r1,...,1y), suppose k is even and at least
one of the r;’s is odd. Then d € D(v,b,k,r1,...,1y) is called a nearly linear trend-free block
design if for 1 < i < v, 2221 Ele (5;»ll equals (a) either % or W, if r; is odd
and, (b) ”(1627“), if i is even.

We have the following result which shows that a nearly linear trend-free design, as per

Definition 1, always exists. A proof of Theorem 1 appears in the Appendix.

Theorem 1. Suppose k is even and at least one of r;’s is odd. Then a nearly linear trend-free

block design exists in D(v,b,k,r1,...,1y).



For the purpose of obtaining designs for parallel line assays, we need to consider a class
of nearly linear trend-free designs with the following parametric structure : there are v =
0 (mod 4) treatments which can be split into two sets, say S7 and Sy, both with cardinality %v.
Furthermore, each treatment in S; has replication 71 = 1 (mod 2) and each treatment belonging
to S has replication ro = 0 (mod 2). Then, since } g, 2221 Sk 5§ll =wvri(k+1)/4, it is
easy to see that for %v treatments in S, 22:1 Zle 5§»ll = % and for the remaining iv

treatments in S, 22:1 Zle 6§ll = % Also, for each treatment 7 € Sy, 22:1 Zle 6;.ll =
T2 (k‘—l—l)

5
3. Nearly L-designs

The three contrasts of major importance in the context of parallel line assays are preparation
(Lp), combined regression (L1) and parallelism (L7). The three contrasts, L, L1, L', in the

context of symmetric parallel line assays, can be explicitly written as
L,=m Y1, ~1,)7, L1 =d(w w)r, L|=205w,—w)T, (3.1)

where v = 2m, 1, is a s x 1 vector of all ones, &g = 6/{6plog h}, 0y = m(m? — 1) and
w=(1,2,...,m) — (m+1)1,,.

Suppose a symmetric parallel line assay involving m doses of each of the preparations is
conducted in b blocks each of size k. As mentioned earlier, there are v = 2m treatments,
in which the first m treatments represent the doses of standard preparation and the last m
treatments represent the doses of the test preparation. Each treatment is replicated r = bk /v
times. Let Ny be the incidence matrix of d € D(v = 2m, b, k,r). We postulate a fixed effects
additive model for the data collected through d, making the usual assumption that errors are
independent with mean zero and variance o2. Under such a model the information matrix
of the reduced normal equations for estimating contrasts among dose effects, using a design
d, is Cq = rI — k~'NyN4 where I is the identity matrix. Every contrast among dose effects
is estimable via d if and only if Rank(Cy) = v — 1 and in such a case the design d is called
connected. Note that Ng may be partitioned as Ng = (N7, N};)', where Ny4(Nag) is the m x b

incidence matrix for the m doses of the standard (test) preparation. Hence we have
1;nN1d + 1lmN2d = ]{12, (32)

Nidlb = Tlm , = 1, 2. (33)

From Lemma 3.1 of Gupta and Mukerjee (1996), a design d € D(v = 2m, b, k, r) retains full

information on Ly, L1 and Ly’ if and only if

Lo —Ln |1y
w o w [ e ] =0, (3.4)
W —w Nag



where 0 is a null matrix (or, vector) of appropriate order.
A block design d € D(v = 2m, b, k,r) satisfying (3.4) is called an L-design. It follows from
(3.2) - (3.4), that d € D(v = 2m, b, k,r) is an L-design if and only if

1
]_;and = ]_;nNQd = 5/{712; w'Nld = 'LU,NQd =0. (3.5)

Clearly, from (3.5) it follows that a necessary condition for an L-design to exist is that
k =0 (mod 2). Furthermore, Chai (2002) has shown that a necessary and sufficient condition
for an L-design in D(v = 2m, b, k,7) to exist is that $k(m+1) =0 (mod 2). Thus, one cannot
construct an L-design if either of the following conditions hold:

(i) k =1 (mod 2);
(ii) £ = 2 (mod 4) and m = 0 (mod 2).

When k£ =2 (mod 4) and m = 0 (mod 2), Chai and Das (2001) defined a class of designs,
called nearly L-designs. These designs allow the estimability of L, and L; free from block
effects. In this paper, we attempt to construct highly efficient block designs for parallel line
assays when k is odd. In the rest of the paper, we take k > 2 to be an odd integer. We continue
to call such designs nearly L-designs. Clearly, in such a case, 1/ N14 # 1/ Npy and thus such
designs do not allow the estimability L, free from block effects. We formally define nearly

L-designs considered in this paper.

Definition 2. A block design d € D(v = 2m,b, k,r) with k(> 2) odd is called a nearly L-design
if the following are true :

(a) 17, N1g = (5511}, 55114);
(b) 1}, Ny = (5511, 55117,

Furthermore if m is odd,

(¢) W' Nig=w'Nog =0,

and, if m is even,

(¢') w'Nyg = %(1’%, —1/%,0’); w'Nyy = 3(0, 1%, —1/%).

lo ™ vl

The normalized contrasts corresponding to Ly, L1 and L" are given respectively by g1 7, g5, g57,
where g, = (2m)"V/2 (1],, —1,)', g, = [m(m? — 1)/6]"V/2 (w', w')' and g5 = [m(m? —
1)/6]71% (w', —w') . Let G = ((gij)) be a 3 x v matrix with rows g/, g5 and gj.

Let Ng = (Ny,, Nj;) be the incidence matrix of a nearly L-design d € D(v = 2m,b, k, 7).
Further, we restrict attention to a convenient family of nearly L-designs {d} for which Ny4 =
[Myg, Mag], Nag = [Msg, M14] for some m X %b matrices Mgy, Mgs. Then, from Definition 2,

we have

kE+1 E—1
1, My = 1,; 1, Moy = 1.
2 2 2
CIPRIP
Let G = VCy for some 3 x 2m matrix V = | v, wvhy | where each v;; is an m x 1 vector
/ /
V31 Vs

(see pages 883-884 of Gupta and Mukherjee (1996)).



For an arbitrary d € D(v = 2m,b,k,r), the covariance matrix of G7, the best linear

unbiased estimator of G7, under d, is

Cov(GT)g = a*V V',

Cov(GF) — J;GG’ = 2V (Cy—r~tCyC)V.
Hence,
Cov(G7)g = c*r 'GG 4+ o*V(Cq — 71OV = > (r'GG’ + (rk)"'GNyNLV').  (3.6)
We consider two cases, according as m is odd or even.

Case (i). m is odd. We seek a nearly L-design dy for parallel line assays with parameters
k=2ki+1,m=2m;+1(=v=2m=2(2m; +1)),b=2by,r = % = %ﬁ;ﬁl). Here, k1 and
my are positive integers.

As a first step, we construct a linear trend-free design d* with parameters v* = b,b* =

rk*=m,ri=--- =15 =k +1;r} =---=r; = k1. Such a design can be a constructed,

1 v
since 7f(k*4+1) =0 (HlQOd 2) for 1 §2i+§ v*.

From d*, we construct a design dy as follows : Suppose, without loss of generality that k;
is even, so that k; + 1 is odd. Write the blocks of d* as columns of a k* x b* matrix, say A.
Now construct a k* x v* matrix, N14,, whose columns are indexed by the v* treatments of d*
and the rows by the positions of the treatments in each column (block). If a treatment symbol
j appears in the ith row of A n}j times, then the (7,j)th element of Nig4, is n}j and, zero,
otherwise. Let the m x %b matrix consisting of the first %b columns of N4, be denoted by Mg,
and the matrix consisting of the last %b columns of Nyg4, be Mag,. Then, N4, = [Miay, Mad,]-
Define Nog, = [Mad,, M14,]. The required nearly L-design dy € D(v = 2m, b, k, r) has incidence
Nig,

matrix Ng, = l
Nag,

] . Then dy has the following properties :

(i) Nidgy = [Miay, Maq,] and Nogy = [Maq,, Mi4,]-
(ii) lllido = (k‘l + 1)121, 1;nM2dO = k’llgl, ’w’MldO = 0/, ’w/Mgdo =0.

From (i) and (ii) above, it follows that

1
— GNgy N V'

rk

1 1 1?)1 (M].do - MZd())/(Ull - ,U12) 0 0
= L o 0 00

rk \/2m
0 0 0

Hence, under dg,
et %ﬁ%l (Midy — Mag,)' (v11 — vi2)
Cov(G7)g4, = 0® 0 (3.7)

0

O 3= O
= OO



From (3.7), we have Var(g} )4, = 02(2+-% \/%lgl(MldD Msq,) (v11—v12) and Var(gh7) 4,
var(gh7)e, = o?r~!, where for i = 1,2,3, Var(g}7)4, is the variance of the best linear un-
biased estimator of g/7 under dy. Since for an arbitrary design d € D(v = 2m,b,k,r),
Var(gi7)q > o?/r, i = 1,2,3, it follows that the design dy estimates the contrasts L; and
L} with full information.

Now let us concentrate on the contrast gj7. Let d € D(v = 2m, b, k,r) be arbitrary and as
before, let Var(g}7)q denote the variance of the best linear unbiased estimator of g} 7 under d.

Then,
1

; .
maxgep 91C49,

o *Var(gi7)a = g1C; g, > (91Cagy) ™" >

Now,
/ : -1 !
maXdep glCdgl = T—mlndepk glNdegl
b
-1 . 2
= r— (2mk) " mingep > (aarj — aaz;)’,
Jj=1
where (a ) =1/ Nig, ( ) =1/ Nyy. The mini £330 (agi; — ago;)?
dlly -+ Qdib) = Ly iV1d, \Ad21,--.,ad2b) = Ly iV2d- € Immuin or ) ;—1{adi; — ad2;

is attained when
lagij — aqe;| = 1,for all j =1,...,b, (3.8)

as k > 2 is odd. Hence, when (3.8) holds, we have
maxgep (g1Cag,) =7 — b2mk)™! =r(1 — k2.

Therefore,
1

Zm.

On the basis of the above analysis, one can obtain a lower bound to the efficiency factor of

o 2Var(g|7)q

the contrast gj7 under a design d as

eq = 0% /{Var(gy7)a r(1 - k7%)}.

Also, a lower bound to the measure of an overall efficiency factor of a design d, based on all
the three contrasts, is given by é4 = %/ Y1<i<s Var(giT)a.

Note that the proposed design dy satisfies (3.8) and also estimates gir, i = 2,3 with
efficiency one. Thus, it is expected that dy will have a high overall efficiency factor - in fact,
in several examples, it is found that €z, > 0.95. Thus when m is odd, the design dy allows
the estimability of the contrasts g47 and g47 with efficiency one, while the efficiency factor of

g7 (Lp) is expected to be close to unity for appropriately chosen dy.

Example 1. Let m =5,k = 5,b = 12,7 = 6. We first find a linear trend-free block design
d* e D(v* =12,0* =6,k* =5,rf =--- =1{ = 3;r5 = --- =iy = 2). Such a design, with



columns as blocks, is shown below.

5 4 9 7 8 6

11 12 1 3 2 10

d= 1 2 6 4 5 3
12 10 2 1 3 11

8 75 96 4

Following the method of construction of dy described in this section, we have

000111111000
111000000111
Ng = |1 11111000000
111000000111
00011111100 0|
(11100000011 1]
000111111000
Nad, 000O0O0OO0OT1T1T1T1T1:1
000111111000
11100000011 1|

N-
and Ny, = [ Nldo ] is the incidence matrix of dy € D(10,12,5,6). The blocks of the design dy

2do
are

(2’ 3’ 4’ 67 ]‘0)7 (27 37 47 67 10)’ (27 37 4? 67 10)7 (17 37 5’ 7’ 9)7 (17 37 5’ 7’ 9)7 (17 37 5’ 7’ 9)7
(1’ 5’ 7’ 87 9)? (1’ 5’ 7’ 87 9)? (1’ 5’ 7’ 87 9)? (2’ 4’ 6’ 87 ]‘0)7 (2? 47 67 87 ]‘0)7 (27 47 6? 87 10)7
where 1,...,5 are the standard doses and 6,...,10 are the test doses. The efficiency factor

for the contrast g} 7 under this design is at least 0.9921 and the overall efficiency factor of the
design is at least 0.9973.

Case (ii). m is even. Here the parameters of the design that we seek are k = 2k; + 1,m =

2mi(= v = 2m = 4my),b = 4by, T — % _ 4b1i2n1211+1) _ b1(2£11+1).

As in Case (i), we assume that k; is even. Now, let d* be a nearly linear trend-free

design in D(v* = b,b* = rk* = m,r{ = --- =1} =k +1;7“’;_*+1 = =715 = k).

2 2
Note that a linear trend-free design cannot exist in this case, as 7/ (k* + 1) # 0 (mod 2)
for all 7,1 < ¢ < v*. Following the discussion in the last paragraph of Section 2, without

loss of generality, we take a d*, such that for 1 < ¢ < iv*, 22;1 Zfz*l 5§ll = w,
for %U* +1 <4< %v*, ?*:1 SR 6§ll = w and for the remaining %v* treatments,
b o r¥, (K*+1) 1) (k* 41
2 j=120=1 6;'ll = 2 = )2( 3
From d*, we obtain the matrices Nigq, and Ngg, leading to the proposed design dy €

N1, ]

mi

D(v = 2m,b = 4dby,k = 2k; + 1,r = 2CRFD) Gith incidence matrix Ny, = [



where Nyg4,, Nog, are obtained from d* exactly in the same manner as in Case (i). Then

with

1, Mgy = (k1 + 1)1y, , 1, Mogy = k1l

w' Mg, = = | ’bl, —121} and w' Myg, = 0.

1
2

For an arbitray design d € D(v = 2m,b,k,r), consider the matrix GCyG' = rGG’ —
k~'GN N,/ G'. Now,

(2m) 121, —em) P, ]
GNy = (m(m? —1)/6)"1 2w’ (m(m? —1)/6)"1/ 2w’ [ Nld 1
| (m(m? —1)/6)"/?w  —(m(m? —1)/6)" /2w’ 2
[ (2m)~Y2(1, N1g — 1., Nag)
= | 2m(m?—=1)/3)"V2(f'Nig + f'Nay)
| (2m(m? —1)/3)72(f' N1g — f'Naa)
where f = 2w.
AS before, llled = (adn, ce . ,adlb), llmNd2 = (adgl, ey adgb), and let f’Nld = (Cdu, e 7Cd1b)
and f'Nog = (cgo1, - - -, Cgop)- Then, since the design is equireplicate, 23:1 Cq1j = 22:1 cg2j = 0.

In order to maximize g;Cqg;, © = 1,2,3 over D(v = 2m, b, k,r), we need to minimize g, NyN/g;,

since gig; = 1 is fixed. Now,

b
giNaNjg, = > (2m) '(aar; — aa;)’
j=1
b
g5NaNjgs = Y _(2m(m® —1)/3)" (carj + caz;)’
j=1
b
gsNaNjgs = Y (2m(m® —1)/3)" (carj — caz;)*-

<
Il
=

To begin with, recall that as in Case (i), g1 NgN/,g; is minimized when |aq1j—age;| = 1 for all
j=1,...,b. Since miseven, f = 2w = (—(m—1),—(m-3),...,-3,-1,1,3,...,m—3,m—1)
and o = f'+1' = (=(m—=2),—(m—4),...,—4,-2,0,2,4,....m—4,m—2,m). We now show
that for 1 < j <b, cq1j & cqz; # 0. To see this, if possible, let c41; + cq2; = 0 for some j. Then,
for this j, ca1j + caz; = f'(n14j + Magj) = 0, where nyg;(n245) is the jth column of Nyg(Nag).
Also, 1 (nygj+mn24) = k = 2k1+1. Thus, &' (n1g+mn24) = (f'+1')(n14j +n2q) = k. But each
element of a is even and thus we have a contradiction. Again, if possible, let cqi; — cgo; = 0
for some j. Then, cqi; — ca2j = f'(n1gj — nagj) = 0. Also, 1'(n14; — Mogj) is an odd integer.
Thus, &' (n1g; — nag;) = (f +1')(n1g; — nag;) is odd and the proof is complete.



The minimum of each of Z?Zl(cdlj + cag;)? and E;’-:l(cdlj — canj)? is therefore attained
when cg1; + cgoj = £1, 1 < j < band cqij — cgoj = £1, 1 < j < b respectively. With these
values of {ag;j}, i = 1,2 and {cq1; £ ca2;}, j = 1,...,b, the minimum of g;NyN}g,, i =1,2,3

are given respectively by
3b 3b

2m’ 2m(m2? —1)" 2m(m2 —1)

Hence,
maxqep (¢1Cag1) = r(1 —k77),
maxgep (95Cags) = r(1 — 3k~ *(m* = 1)7") = maxaep (95Cags3),
and these maximum values are attained by the proposed design dj.
Therefore, o 2Var(g}7)q > (r(1 — k72))~! and for i = 2,3, o 2Var(gi7)s > {r(1 —
3k72(m? —1)71)}7L. One can now obtain a lower bound to the efficiency factor of the con-

trasts g7 under a design d as
e1g = 0’ /{Var(gi7)ar(1 —k7%)}
and
eiq = 02 /{Var(git)q r(1 — 3k 2(m* = 1)™H)}, i = 2,3.
Also, a lower bound to a measure of the overall efficiency factor of a design d is given by

o?k?{(m?® - 1)(3k? —2) - 3 .
Ca = r(kz{ . 1){k;2)(£n? - 1))— 3}}/ 2 Verlgite

1<i<3

For the proposed class of nearly L-designs, we find in several appropriately chosen examples
that eq, > 0.95.

Example 2. Let m = 6,k = 9,b = 8,7 = 6. We find a nearly linear trend-free block design
deDw*=8b"=6=Fk"r;=---=r; =5;rf =---=r§ =4). The design d*, with columns

as blocks is shown below.

2 36 5 41
31 5 7 2 4
I = 7 4 8 3 6 8
16 28 8 7
4 2 71 3 5
6 5 4 2 1 3
Following the method of construction of dy described above, we have

(1111|110 0]
11 11 101 0

S A B
11 11 1010
11 11 1 10 0

NQdO = [M2d0|M1do]~

10



Nldo

Then, Ny, = [ ] is the incidence matrix of the design dy € D(12,8,9,6). For this design

N2d0
é4, = 0.9994.
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Appendix
The following definition and lemmas are needed in the proof of Theorem 1.

Definition 3. Given a block size k, two plots | and I' are said to be mirror-symmetric if
I+l =k+1.

Let Sp = {1,2,....k}, Vi ={1,2,....t} and Vo = {t + 1,...,v}.

Lemma 1. Suppose k = 2h and p = 21+ 1,3p < k. Then there exists p sets of size 3, say
X1,Xo,...,X,, such that

P

(i) UXi =Se\({1,2,..., (k=3p—1)/2}U{k/24+1}U{(k+3p+1) /241, (k+3p+1) /242, ..., k});
i=1

(it) X; N X; =0, for all i # j, where () is the null set ;
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(iii) For 1 <i<l, Y x=3k+4)/2 and for|+1<i<p, > x=(3k+2)/2.
reX; reX;

Proof. Let z = (k —3p — 1)/2. Define
Xi={i+23l4+3+i+260+5—-2i+z2},1<i<l,
and
X ={+j+z20+14j+261+6-2+2},1<j<Il+1

The results (i), (ii) and (iii) follow easily from the construction of X;’s.

Lemma 1'. Let X; = {k+1—z |z € X;}, where X;’s, 1 < i < p, are constructed as in Lemma
1. Then

(i) LPJXZ- =S:\({1,2,...,(k—3p—1)/2}U{k/2}U{(k+3p+1)/2+1, (k+3p+1)/2+42,...,k});
i=1

(i) X; N X; =0, for all i # j;

(11i) For 1 <i<l, Z x=3k+2)/2 and forl +1<i<p, Z x=(3k+4)/2.
IGX»; CEEXZ'

Lemma 2. Suppose k = 2h and p = 2, 3p < k. Then there exists p sets of size 3, say
Y1,Ys,...,Y,, such that

(i) LpJYi =S\ ({1,2,...,(k=3p)/2} U{(k+3p)/2+ 1,(k+3p)/2+2,...,k});
i=1

(ii) YN Y; = 0, for all i # j;

(11i) For 1 <i<l, Zy:(3k+4)/2 and forl+1<i<p, Zy:(3k+2)/2.
yeyY; yey;

Proof. Let z = (k — 61)/2. Define
Vi={i+23l+i+z60+2-2+2},1<i<lL

and
Yigj={l+j+2z20+j+26l+1-2j+2},1<j5<L

The results (i), (ii) and (iii) follow easily from the construction of Y;’s.

Lemma 3. (Yeh et al. (1985)). Suppose k is even. Then there exists a nearly linear trend-free
block design d € D(k,3,k,3).
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Proof. The three blocks of d can be constructed as follows:
block 1: (1,2,...,k/2,k/2+ 1,k/2+2,....,k —1,k) ;

block 2: (k,k—2,...,4,2,k—1,k—3,...,3,1);
block 3: (k—l k—3,....3,1,kk—2 ,4,2).

For 1 <i < k/2, 2252’ Y.1=(3k+2)/2 and ZZ&QZ l = (3k+4)/2. Hence d is a nearly
Jj=1l=1 j=1l=1
linear trend-free block design.

Next, we will prove that a nearly linear trend-free block design d €
D(v,b,k,r1,...,r,) exists when k is even and at least one of r;’s is odd. Suppose k is even and
at least one of r;’s is odd. First, in Lemma 4, we handle the basic case of r; equal to 2 or 3.

Then in Theorem 1, we consider the general case r; > 2.

The key idea for the proof of Lemma 4 is the following. Suppose r; = 3, ¢ € Vi, and
i = 2,7 €Va.

Step I : With the help of Lemmas 1, 2 and 3, we can identify and fill those three proper
plots with three replications of treatment ¢, ¢ € Vp, in an un-filled & x b array d such that
ZZ l=Bk+2)/20r (3k+4)/2,1<i<t (i) All remaining un-filled plots in d are

7j=1li=1
mirror-symmetric in pairs, i.e., if a plot [ in block j is unfilled, then there always exists another

unfilled plot k¥ + 1 — [ in some block j'.

Step II : Fill each pair of mirror-symmetric plots with two replications of treatment j, j € V5.
bk

From the property of the mirror-symmetric plots, we get ZZ&;ZZ = ri(k+1)/2 =
j=1l1=1
2(k+1)/2, t+ 1 < i < v. Therefore, the filled array d is a nearly linear trend-free block

design.

Lemma 4. Suppose k is even, r; = 3,1 € Vi, and r; = 2, j € Vao. Then a nearly linear
trend-free block design d € D(v,b,k,r1,...,1y) exists.

Proof. Note that ¢ is even since t = bk — 2v. Let t = pk 4+ ¢,0 < ¢ <k —1 and b = 3p + b;.
Consequently g is even. Our desired nearly linear trend-free block design will be constructed

as

d=|di dp " ... dy dpy1 dpial,

where (i) for 1 <i < p,d; € D(k,3,k,3) is a nearly linear trend-free block design consisting of
treatments (i —1)k+1, (i—1)k+2,..., ik, constructed from Lemma 3; (ii) dp1 is a k X h array
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dfh
and can be written as | d, |, where h could be 3, 2, 1 depending on cases. Furthermore in
dg,
dp+1,dy occupies the middle p rows (p could be ¢, 3¢/2 or 3¢ depending on cases), contains
treatments pk + 1,pk +2, ..., pk + ¢ and maybe some treatments from V3, dy, and dy, occupies
the first (k — p)/2 rows and the last (k — p)/2 rows respectively, containing treatments from V5
only; (iii) dp12 has by — h blocks containing treatments from V5 only. Our goal is to construct
proper dy41 and d,42 to make d a nearly linear trend-free block design. We divide the proof

into three cases.

Case 1. b; > 3. Here h = 3.

From Lemma 3, we can construct a nearly linear trend-free block design d, € D(q,3,¢,3)
consisting of treatments pk + 1,pk + 2,...,pk + g. Observe that all un-filled plots in dg,, dg,
and d,4o are mirror-symmetric in pairs. Hence, fill each pair of mirror-symmetric plots with
tx;)vo ’feplications of treatment j, j € Vo. From the property of mirror-symmetric plots, we get
ZZd}ll =ri(k+1)/2=2(k+1)/2,t+1 < i < wv. The resulting design d is our desired nearly

j=1l=1
linear trend-free block design.

Case 2. by = 2. Here h = 2 and dp 2 vanishes. Let ¢ = 2m. Write d; as
dg”l : dg”

where di*, 1 < < 2, is a 3m X 1 vector consisting of treatments pk + (i — 1)m + 1,pk + (i —
)m+2,...,pk +im.

(a) m is odd. dy" is constructed by inserting three replications of treatment pk + j into the
(x)¢h plot of an un-filled 3m x 1 vector, where z € X, 1 < j < m and Xj’s are obtained from
Lemma 1 by letting p = m and k = 3m+1. dg* is constructed by inserting three replications of
treatment pk+m+ j into the (x)y, plot of an un-filled 3m x 1 vector, where x € X;, 1 < j<m
and X'j’s are obtained from Lemma 1’ by letting p = m and k = 3m + 1.

(b) m is even. di'* is constructed by placing three replications of treatment pk + (i — 1)m + j
into the (y), plot of an un-filled 3m x 1 vector, where y € ¥;,1 <4 < 2,1 < j < m and Yj’s
are obtained from Lemma 2 by letting p = m and k = 3m. Check the remaining unfilled plots

in dpy1, they are mirror-symmetric in pairs. Hence the desired design is constructed.

Case 3. by = 1. Here h = 1 and d,42 vanishes. d, is a 3¢ x 1 vector consisting of treat-
ments pk +1,pk+2,...,pk+q. Now, let d, act as the di** of Case 2(b), then the proof follows
along the lines of Case 2(b).

The resulting designs in the above cases are nearly linear trend-free but not necessarily
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connected. Hence, we have to horizontally shift the positions of the treatments among d;’s to

make d a connected design. That completes the proof.

Proof of Theorem 1. Without loss of generality, we assume 7; is odd, 1 < i < t and 7;
iseven, t+1 < i <w. Forl <i <t wecan write r; = 3 + 2ry;. Then r; replications of
treatment ¢ can be renamed as 3 replications of one new treatment plus 2 replications of ri;

new treatments. For ¢t + 1 < i < v, we can write r; = 2ry;. Then r; replications of treat-
v

ment ¢ can be renamed as 2 replications of r1; new treatments. Let v* =1¢ + Zrli. In other
i=1

words, a design belonging to D(v,b, k,r1,79,...,7,) can be renamed as another design belong-

ing to D(v*,b,k,7T,...,r{, i, ...,r) with rf =3, 1 <i<tandrf =2, t+1 <0 <o

From Lemma 4, we know a nearly linear trend-free block design d* € D(v* b, k,r},... k)

exists. In d*, revert new treatments back to the original treatments resulting into our required

d. Obviously, d € D(v,b,k,r1,...,1) and for 1 < i < ¢, Zb:zkjééll = (B8(k+1)-1)/2
or (30 + 1) 4+ 1)/2) + s - 2k + 1)/2 = (ralk + 1) — 1)/2 o1 (r(k + 1) + 1)/2 and for
t+1<i <o, zbjzkjdj-ll =ry;-2(k+1)/2 = ri(k+ 1)/2. Hence, d is a nearly linear
trend-free block dejs.i:glrll.:1
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