isid/ms/2003/15 June 17, 2003

http://www.isid.ac.in/~statmath/eprints

Characterization of spectral triples:

A combinatorial approach

Partha Sarathi Chakraborty Arupkumar Pal

Indian Statistical Institute, Delhi Centre 7, SJSS Marg, New Delhi–110 016, India

Characterization of spectral triples: A combinatorial approach

Partha Sarathi Chakraborty and Arupkumar Pal

June 19, 2003

Abstract We describe a general technique to study Dirac operators on noncommutative spaces under some additional assumptions. The main idea is to capture the compact resolvent condition in a combinatorial set up. Using this, we then prove that for type A_ℓ compact quantum groups, if ℓ > 1 then the L_2-space does not have any equivariant Dirac operator with nontrivial sign acting on it. As a second illustration of the technique, we prove that if ℓ > 1, then for a certain class of representations of the C^∗-algebra C(SU_q(ℓ + 1)), there does not exist any Dirac operator that diagonalises with respect to the natural basis of the underlying Hilbert space and has nontrivial sign.

AMS Subject Classification No.: 58B34, 46L87, 19K33 Keywords. Spectral triples, noncommutative geometry, quantum group.

Contents

1 Introduction 1 1.1 The general scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 The equivariant case 4 2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Left multiplication operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3 Boundedness of commutators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.4 Characterization of sign D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Second illustration 19 3.1 Irreducible representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.2 Boundedness of commutators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3 The growth graph and sign characterization . . . . . . . . . . . . . . . . . . . . 24

1 Introduction

The purpose of this paper is twofold — one, to present a combinatorial technique of characterizing spectral triples for a given representation of a C^∗-algebra, and two, to investigate the existence of meaningful spectral triples for type A quantum groups. A spectral triple, one might recall, is the starting point in noncommutative geometry (NCG) where a geometric space is described by a triple (A, H, D), with A being an involutive algebra represented as bounded operators on a Hilbert space H, and D being a selfadjoint operator with compact resolvent and having bounded commutators with the algebra elements. This D should be nontrivial in the sense that the associated Kasparov module should give a nontrivial element in K-homology. Groups have always played a very crucial role in the study of geometry of a space, mainly as objects that govern the symmetry of the space. One would expect the same in NCG also. Moreover, since one now deals with a larger class of spaces, mainly noncommutative ones, it is natural to expect that one would require a larger class, Hopf algebras or the quantum groups, to play a similar role. In the classical case, groups which govern symmetry are themselves nice geometric objects. Here we want to look at quantum groups from the same angle. In [1], the authors treated the case of the quantum SU(2) group and characterized all spectral triples acting on its L_2-space that are equivariant with respect to its natural left (co)action. This was subsequently used by Connes ([6]) to make elaborate computations and illustrate that most of the machinery of NCG work very well for SU_q(2). One of our objectives in this paper is to investigate other quantum groups from the same point of view. In particular, we will formulate the notion of equivariance under a (quantum) group action, and systematically look for equivariant spectral triples for a large class of compact quantum groups.

The other main objective is to present a technique that will enable us to do this. The (selfadjoint) operator D in a spectral triple comes with two restrictions on it, namely, it has to have compact resolvent, and must have bounded commutators with algebra elements. Various analytic consequences of the compact resolvent condition (growth properties of the commutators of the algebra elements with the sign of D) have been used in the past by various authors. Here we will take a new approach that will help us exploit it from a combinatorial point of view. The idea is very simple. Given a selfadjoint operator with compact resolvent, one can associate with it a certain graph in a natural way. This makes it possible to do a detailed combinatorial analysis of the growth restrictions (on the eigenvalues of D) that come from the boundedness of the commutators, and to characterize the sign of the operator D completely.

In the remaining part of this section, we will outline the above technique. We then use this general scheme in the remaining sections in two specific cases, both involving type A compact quantum groups. In section 2, we take A to be the C^∗-algebra of continuous functions on G = SU_q(ℓ + 1), the Hilbert space to be L_2(G), the L_2-space of the haar state for G, where elements of A act by left multiplication, and assume D to be equivariant under the natural left action of G on A which is implemented on L_2(G). We show that for ℓ > 1, there does not exist any equivariant Dirac operator with nontrivial sign acting on L_2(G), which in particular shows that no equivariant spectral triple exists on L_2(G) with nontrivial K-homology class. This behaviour is very different from the case ℓ = 1, q ≠ 1, which was established in [1].

In section 3, we deal with a case analogous to the one for SU_q(2) treated in [2]. We take the ‘standard representations’, which are obtained by integrating certain families of irreducible representations of the C^∗-algebra C(SU_q(ℓ + 1)), and show the nonexistence of Dirac operators that diagonalise nicely and has nontrivial sign.

1.1 The general scheme Suppose H is a Hilbert space, and D is a self-adjoint operator on H with compact resolvent. Then D admits a spectral resolution ∑ γ∈Γ d_γ P_γ , where the d_γ ’s are all distinct and each P_γ is a finite dimensional projection. Let c be a positive real. Let us now define a graph G_c as follows: take the vertex set V to be Γ. Connect two vertices γ and γ^′ by an edge if |d_γ − d_γ′ | < c. Assume now onward that all the d_γ ’s are nonzero. Let V^+ = {γ ∈ V : d_γ > 0} and V^− = {γ ∈ V : d_γ < 0}. This will give us a partition of V .

Definition 1.1.1 Let G = (V, E) be an infinite graph. A pair (V_1, V_2) of disjoint subsets of V is said to admit an infinite ladder if there are two sequences of points γ_n ∈ V_1, δ_n ∈ V_2, and a sequence of disjoint paths p_n joining γ_n to δ_n.

Lemma 1.1.2 The pair (V^+, V^−) does not admit any infinite ladder.

Proof : Observe that if there is a path from γ to δ and d_γ > 0, d_δ < 0, then for some α on the path, one must have d_α ∈ [−c, c]. Therefore the existence of an infinite ladder would contradict the compact resolvent condition. □

Definition 1.1.3 Let G = (V, E) be an infinite graph. We call it sign determining if there is a partition of the vertex set that does not admit any infinite ladder.

Thus the previous lemma says that the graph G_c is sign determining.

The idea here will be to start from the opposite direction. Suppose A is a C^∗-algebra represented on a Hilbert space, and suppose we want to have an idea about all operators D that will make (A, H, D) into a spectral triple. Of course, in this generality, the problem would be intractable in most cases. We will impose some extra conditions on this D that will be natural from the context. For example, if a group or a quantum group has an action on A, we might demand equivariance under that action. This would give some idea about the spectral resolution ∑ γ∈Γ d_γ P_γ , more specifically some idea about how the set Γ and the projections P_γ look like. In other words, this would provide us with a diagonalising basis for D. Note that since D is known to be self-adjoint with discrete spectrum, there always exists such a basis. Next we construct a family of graphs G_c depending on a positive real parameter c by deciding to join two points γ and γ^′ in the vertex set V := Γ if |d_γ − d_γ′ | < c. Since this comes from D, the graph must be sign-determining. Of course, for a given c, the graph G_c may have no edges, or too few edges (if the singular values of D happen to grow too fast), in which case, the statement that G_c is sign-determining will not provide us with anything worthwhile. Fortunately, the operators we are interested in are meant to be the Dirac operators of some commutative/noncommutative manifold. Therefore the singular values of D will grow at the rate of O(n^{1/d}) for some d ≥ 1. So one can choose a large enough c and work with the graph G_c. We call this the growth graph for the operator D. Now one looks at the actions of the elements from A on H and try and see what the boundedness of the commutators [D, a] (for a ∈ A) tell us. These conditions will give some growth restrictions on the quantities d_γ , which, in turn, will give some information about the set of edges in the graph. Using this information, we then characterize those partitions of the vertex set that do not admit any infinite ladder.

2 The equivariant case

Suppose G is a compact group, quantum or classical, and A is a unital C^∗-algebra. Assume that G has an action on A given by τ : A → A ⊗ C(G), so that (id ⊗ Δ)τ = (τ ⊗ id)τ, Δ being the coproduct. In other words, we have a C^∗-dynamical system (A, G, τ). Our goal is to study spectral triples for A equivariant under this action. Let us first say what we mean by ‘equivariant’ here.

A covariant representation (π, u) of (A, G, τ) consists of a unital *-representation π : A → L(H), a unitary representation u of G on H, i.e. a unitary element of the multiplier algebra M(K(H) ⊗ C(G)) such that they obey the condition (π ⊗ id)τ(a) = u(π(a) ⊗ I)u^∗ for all a ∈ A.

Definition 2.0.1 Suppose (A, G, τ) is a C^∗-dynamical system. An operator D acting on a Hilbert space H is said to be equivariant with respect to a covariant representation (π, u) of the system if D ⊗ I commutes with u.

Since the operator D is self-adjoint with compact resolvent, it will admit a spectral resolution ∑ λ d_λP_λ, where the d_λ’s are distinct and each P_λ is finite dimensional. Also, D has been assumed to be equivariant — so that the P_λ’s commute with u (to be precise, the (P_λ ⊗I)’s do), i.e. u keeps each P_λH invariant. As G is compact, each P_λH will decompose further as ⊕_μP_{λμ}H such that the restriction of u to each P_{λμ} is irreducible. In other words, one can now write D in the form ∑ γ∈Γ d_γ P_γ for some index set Γ and a family of finite dimensional projections P_γ such that each P_γ commutes with u and the restriction of u to each P_γ is irreducible.

In this section, we will deal with the case G = SU_q(ℓ + 1), A = C(G), τ is the natural left action coming from the coproduct, H is L_2(G), π is the representation of A on H by left multiplication, and u is the left regular representation. Structure of the regular representation of a compact (quantum) group along with the remarks made above tell us the following. Let Λ be the set of unitary irreducible representation-types for G. Then H decomposes as ⊕_{λ∈Λ}H_λ, where the restriction of u to H_λ is equivalent to dim λ copies of the irreducible λ, and also that D respects this decomposition. Further, restriction of D to H_λ is of the form ∑ μ d_{λμ}P_{λμ}, u commutes with each of these P_{λμ}’s, and the restriction of u to P_{λμ}H is equivalent to λ. Let N_λ be any set with |N_λ| = dim λ. One can then choose an orthonormal basis {e^λ_{ij} : i, j ∈ N_λ} such that the spaces P_{λμ}H are precisely span {e^λ_{ij} : j ∈ N_λ} for distinct values of i ∈ N_λ. Since D is of the form ∑ λ ∑ μ d_{λμ}P_{λμ}, in this system of bases, D will look like e^λ_{ij} → d(λ, i)e^λ_{ij} . In what follows, we will make a special choice of N_λ, which will make the combinatorial analysis very convenient.

2.1 Preliminaries Let g be a complex simple Lie algebra of rank ℓ. let ((a_{ij} )) be the associated Cartan matrix, q be a real number lying in the interval (0, 1) and let q_i = q^{(αi,αi)/2}, where α_i’s are the simple roots of g. Then the quantised universal envelopping algebra (QUEA) U_q(g) is the algebra generated by E_i, F_i, K_i and K^{−1}_i , i = 1, . . . , ℓ, satisfying the following relations

K_iK_j = K_j K_i, K_iK^{−1}_i = K^{−1}_i K_i = 1,

K_iE_jK^{−1}_i = q^{12 aij}_i E_j , K_iF_j K^{−1}_i = q^{− 12 aij}_i F_j , E_iF_j − F_j E_i = δ_{ij} K^2_i − K^{−2}_i q_i − q^{−1}_i , 1−a_{ij}∑

r=0 (−1)^r ( 1 − a_{ij} r ) q_i E^{1−aij −r} i E_jE^r_i = 0 ∀ i ≠ j, 1−a_{ij}∑

r=0 (−1)^r ( 1 − a_{ij} r ) q_i F^{1−aij −r} i F_j F^r_i = 0 ∀ i ≠ j, where (_n r ) q denote the q-binomial coefficients. Hopf *-structure comes from the following maps:

Δ(K_i) = K_i ⊗ K_i, Δ(K^{−1}_i ) = K^{−1}_i ⊗ K^{−1}_i ,

Δ(E_i) = E_i ⊗ K_i + K^{−1}_i ⊗ E_i, Δ(F_i) = F_i ⊗ K_i + K^{−1}_i ⊗ F_i,

ϵ(K_i) = 1, ϵ(E_i) = 0 = ϵ(F_i),

S((K_i) = K^{−1}_i , S(E_i) = −q_iE_i, S(F_i) = −q^{−1}_i F_i,

K^∗_i = K_i, E^∗_i = −q^{−1}_i F_i, F^∗_i = −q_iE_i.

In the type A case, the associated Cartan matrix is given by

a_{ij} = 2 if i = j, −1 if i = j ± 1, 0 otherwise,

and (α_i, α_i) = 2 so that q_i = q for all i. The QUEA in this case is denoted by u_q(su(ℓ + 1)).

Take the collection of matrix entries of all finite-dimensional unitarizable u_q(su(ℓ + 1))- modules. The algebra generated by these gets a natural Hopf*-structure as the dual of u_q(su(ℓ+ 1)). One can also put a natural C^∗-norm on this. Upon completion with respect to this norm, one gets a unital C^∗-algebra that plays the role of the algebra of continuous functions on SU_q(ℓ + 1). For a detailed account of this, refer to chapter 3, [9]. In [11], Woronowicz gave a different description of this C^∗-algebra. which was later shown by Rosso ([10]) to be equivalent to the earlier one.

For remainder of this article, we will take G to be SU_q(ℓ + 1) and A will be the C^∗-algebra of continuous functions on G.

Gelfand-Tsetlin tableaux. Irreducible unitary representations of the group SU_q(ℓ + 1) are indexed by Young tableaux λ = (λ_1, . . . , λ_{ℓ+1}), where λ_i’s are nonnegative integers, λ_1 ≥ λ_2 ≥ . . . ≥ λ_{ℓ+1} (Theorem 1.5, [11]). Write H_λ for the Hilbert space where the irreducible λ acts. There are various ways of indexing the basis elements of H_λ. The one we will use is due to Gelfand and Tsetlin. According to their prescription, basis elements for H_λ are parametrized by arrays of the form

r = r_{11} r_{12} · · · r_{1,ℓ} r_{1,ℓ+1} r_{21} r_{22} · · · r_{2,ℓ} · · · r_{ℓ,1} r_{ℓ,2} r_{ℓ+1,1} ,

where r_{ij}’s are integers satisfying r_{1j} = λ_j for j = 1, . . . , ℓ + 1, r_{ij} ≥ r_{i+1,j} ≥ r_{i,j+1} ≥ 0 for all i, j. Such arrays are known as Gelfand-Tsetlin tableaux, to be abreviated as GT tableaux for the rest of this section. For a GT tableaux r, the symbol r_{i·} will denote its ith row. It is well-known that two representations indexed respectively by λ and λ^′ are equivalent if and only if λ_j − λ^′_j is independent of j ([11]). Thus one gets an equivalence relation on the set of Young tableaux {λ = (λ_1, . . . , λ_{ℓ+1}) : λ_1 ≥ λ_2 ≥ . . . ≥ λ_{ℓ+1}, λ_j ∈ N}. This, in turn, induces an equivalence relation on the set of all GT tableaux Γ = {r : r_{ij} ∈ N, r_{ij} ≥ r_{i+1,j} ≥ r_{i,j+1}}: one says r and s are equivalent if r_{ij} − s_{ij} is independent of i and j. By Γ we will mean the above set modulo this equivalence.

We will denote by u^λ the irreducible unitary indexed by λ, {e^λ_r : r_{1·} = λ} will denote an orthonormal basis for H_λ and u^λ_{rs} will stand for the matrix entries of u^λ in this basis. The symbol 11 will denote the Young tableaux (1, 0, . . . , 0). We will often omit the symbol 11 and just write u in order to denote u^{11}. Notice that any GT tableaux r with first row 11 must be, for some i ∈ {1, 2, . . . , ℓ + 1}, of the form (r_{ab}), where r_{ab} = { 1 if 1 ≤ a ≤ i and b = 1, 0 otherwise.

Thus such a GT tableaux is uniquely determined by the integer i. We will often write just i for this GT tableaux r. Thus for example, a typical matrix entry of u^{11} will be written simply as u_{ij}.

Let r = (r_{ab}) be a GT tableaux. Let H_{ab}(r) := r_{a+1,b} − r_{a,b+1} and V_{ab}(r) := r_{ab} − r_{a+1,b}.

An element r of Γ is completely specified by the following differences

D(r) =

V_{11}(r) H_{11}(r) H_{12}(r) · · · H_{1,ℓ−1}(r) H_{1,ℓ}(r)

V_{21}(r) H_{21}(r) H_{22}(r) · · · H_{2,ℓ−1}(r) · · · V_{ℓ,1}(r) H_{ℓ,1}(r) .

The differences satisfy the following inequalities b∑ k=0 H_{a−k,k+1}(r) ≤ V_{a+1,1}(r) + b∑ k=0 H_{a−k+1,k+1}(r), 1 ≤ a ≤ ℓ, 0 ≤ b ≤ a − 1. (2.1.1) Conversely, if one has an array of the form

V_{11} H_{11} H_{12} · · · H_{1,ℓ−1} H_{1,ℓ}

V_{21} H_{21} H_{22} · · · H_{2,ℓ−1} · · · V_{ℓ,1} H_{ℓ,1} ,

where V_{ij} ’s and H_{ij}’s are in N and obey the inequalities (2.1.1), then the above array is of the

form D(r) for some GT tableaux r. Thus the quantities V_{a1} and H_{ab} give a coordinate system

for elements in Γ. The following diagram explains this new coordinate system. The hollow

circles stand for the r_{ij}’s. The entries are decreasing along the direction of the arrows, and

the V_{ij} ’s and the H_{ij}’s are the difference between the two endpoints of the corresponding arrows.

j �

∘ � V_{11} �

∘ � ∘ � ∘

i

�

∘ � V_{21} �

H_{11} � � � � � � ∘ � H_{12} � � � � � � ∘ H_{13} � � � � � �

∘ � V_{31} �

H_{21} � � � � � � ∘ H_{22} � � � � � �

∘ H_{31} � � � � � �

Clebsch-Gordon coefficients. Look at the representation u^{11} ⊗ u^λ acting on H_{11} ⊗ H_λ. The

representation decomposes as a direct sum ⊕_μu^μ, i.e. one has a corresponding decomposition

⊕_μH_μ of H_{11} ⊗ H_λ. Thus one has two orthonormal bases {e^μ_s } and {e^{11}_i ⊗ e^λ_r }. The Clebsch-

Gordon coefficient C_q(11, λ, μ; i, r, s) is defined to be the inner product ⟨e^μ_s , e^{11}_i ⊗ e^λ_r ⟩. Since 11, λ and μ are just the first rows of i, r and s respectively, we will often denote the above quantity just by C_q(i, r, s).

Next, we will compute the quantities C_q(i, r, s). We will use the calculations given in ([8], pp. 220), keeping in mind that for our case (i.e. for SU_q(ℓ + 1)), the top right entry of the GT tableaux is zero.

Let M = (m_1, m_2, . . . , m_i) ∈ N^i be such that 1 ≤ m_j ≤ ℓ + 2 − j. Denote by M(r) the tableaux s defined by s_{jk} = { r_{jk} + 1 if k = m_j , 1 ≤ j ≤ i, r_{jk} otherwise.

(2.1.2)

With this notation, observe now that C_q(i, r, s) will be zero unless s is M(r) for some M ∈ N^i . (One has to keep in mind though that not all tableaux of the form M(r) is a valid GT tableaux) From ([8], pp. 220), we have

C_q(i, r, M(r)) = i−1∏ a=1 ⟨ (1, 0) r_{a·} (1, 0) r_{a+1·} | | | r_{a·} + e_{ma} r_{a+1·} + e_{ma+1} ⟩ × ⟨ (1, 0) r_{i·} (0, 0) r_{i+1·} | | | r_{i·} + e_{mi} r_{i+1·} ⟩ , (2.1.3) where e_k stands for a vector (in the appropriate space) whose kth coordinate is 1 and the rest are all zero, and ⟨ (1, 0) r_{a·} (1, 0) r_{a+1·} | | | r_{a·} + e_j r_{a+1·} + e_k

⟩_2 = q^{−raj +ra+1,k−k+j} × ℓ+2−a∏ i=1 i≠j [r_{a,i} − r_{a+1,k} − i + k]_q [r_{a,i} − r_{a,j} − i + j]_q

× ℓ+1−a∏ i=1 i≠k [r_{a+1,i} − r_{a,j} − i + j − 1]_q [r_{a+1,i} − r_{a+1,k} − i + k − 1]_q , (2.1.4) ⟨ (1, 0) r_{a·} (0, 0) r_{a+1·} | | | r_{a·} + e_j r_{a+1·}

⟩_2 = q ( j+1+ ∑_{ℓ+1−a} i=1 r_{a+1,i}− ∑_{ℓ+2−a} i=1 i≠j r_{a,i} )

× ∏_{ℓ+1−a} i=1 [r_{a+1,i} − r_{aj} − i + j − 1]_q ∏_{ℓ+2−a} i=1 i≠j [r_{a,i} − r_{aj} − i + j]_q , (2.1.5)

where for an integer n, [n]_q denotes the q-number (q^n − q^{−n})/(q − q^{−1}). After some lengthy but straightforward computations, we get the following two equations: | | | ⟨ (1, 0) r_{a·} (1, 0) r_{a+1·} | | | r_{a·} + e_j r_{a+1·} + e_k ⟩| | | = A^′q^A, (2.1.6) | | | ⟨ (1, 0) r_{a·} (0, 0) r_{a+1·} | | | r_{a·} + e_j r_{a+1·} ⟩| | | = B^′q^B, (2.1.7)

where A = ∑ j∧k<b<j∨k (r_{a+1,b} − r_{a,b}) + (r_{a+1,j∧k} − r_{a,j∨k}) if j ≠ k, 0 if j = k.

= ∑ j∧k≤b<j∨k (r_{a+1,b} − r_{a,b+1}) + 2 ∑ k<b<j (r_{a,b} − r_{a+1,b}) = ∑ j∧k≤b<j∨k H_{ab}(r) + 2 ∑ k<b<j V_{ab}(r). (2.1.8) B = ∑ j≤b<ℓ+2−a H_{ab}(r), (2.1.9)

and A^′ and B^′ both lie between two positive constants independent of i, r and M.

Combining these, one gets C_q(i, r, M(r)) = const · q^{C(r,M)}, (2.1.10) where C(r, M) = i−1∑ a=1 ∑ m_a∧m_{a+1}≤b<m_a∨m_{a+1} H_{ab}(r) + 2 ∑ m_{a+1}<b<m_a V_{ab}(r) + ∑ m_i≤b<ℓ+2−i H_{ib}(r). (2.1.11) 2.2 Left multiplication operators The matrix entries u^λ_{rs} form a complete orthogonal set of vectors in L_2(G). Write e^λ_{rs} for ‖u^λ_{rs}‖^{−1}u^λ_{rs}. Then the e^λ_{rs}’s form a complete orthonormal basis for L_2(G). Let π denote the representation of A on L_2(G) by left multiplications. We will now derive an expression for π(u_{ij} )e^λ_{rs}.

From the definition of matrix entries and that of the CG coefficients, one gets u^ρe(ρ, t) = ∑ s u^ρ_{st}e(ρ, s), (2.2.1) e(μ, n) = ∑ j,s C_q(j, s, n)e(11, j) ⊗ e(λ, s). (2.2.2) Apply u ⊗ u^λ on both sides and note that u ⊗ u^λ acts on e(μ, n) as u^μ: ∑ m u^μ_{mn}e(μ, m) = ∑ j,s ∑ i,r C_q(j, s, n)u_{ij} u^λ_{rs}e(11, i) ⊗ e(λ, r). (2.2.3)

Next, use (2.2.2) to expand e(μ, m) on the left hand side to get ∑ i,r,m u^μ_{mn}C_q(i, r, m)e(11, i) ⊗ e(λ, r) = ∑ j,s ∑ i,r C_q(j, s, n)u_{ij} u^λ_{rs}e(11, i) ⊗ e(λ, r). (2.2.4) Equating coefficients, one gets ∑ m C_q(i, r, m)u^μ_{mn} = ∑ j,s C_q(j, s, n)u_{ij} u^λ_{rs}. (2.2.5) Now using orthogonality of the matrix ((C_q(11, λ, μ; j, s, n)))_{(μ,n),(j,s)} , we obtain u_{ij} u^λ_{rs} = ∑ μ,m,n C_q(i, r, m)C_q(j, s, n)u^μ_{mn}. (2.2.6)

From ([8], pp. 441), one has ‖u^λ_{rs}‖ = d^{− 12}_λ q^{−(ρ,λ(r))}, where ρ is the half-sum of positive roots, λ(r) is the weight such that e(λ, r) belongs to the corresponding weight space (of V_λ), and d_λ = ∑ r:λ(r)∈P (λ) q 2(ρ,λ(r)), P (λ) being the set of weights corresponding to the weight space

decomposition of V_λ.

Therefore

π(u_{ij} )e^λ_{rs} = ∑ μ,m,n C_q(11, λ, μ; i, r, m)C_q (11, λ, μ; j, s, n)d^{12}_λ d^{− 12}_μ q^{(ρ,λ(r))−(ρ,μ(m))}e^μ_{mn}. (2.2.7)

Write k(r, m) = d^{12}_λ d^{− 12}_μ q^{(ρ,λ(r))−(ρ,μ(m))}. (2.2.8)

Lemma 2.2.1 There exist constants K_2 > K_1 > 0 such that K_1 < k(r, M(r)) < K_2 for all r.

Proof : Observe that ([3], pp-365)

d_λ = ∏ 1≤i≤j≤ℓ+1 (λ_i − λ_j + j − i)_q (j − i)_q .

Therefore one gets d_λ d_{λ+ek} = ∏ j:k<j (λ_k − λ_j + j − k)_q (λ_k − λ_j + j − k + 1)_q × ∏ i:i<k (λ_i − λ_k + k − i)_q (λ_i − λ_k + k − i − 1)_q .

There are ℓ terms in the above product, and each term lies between two positive quantities that depend just on q. Also one can compute the quantity (ρ, λ(r)) − (ρ, μ(m)) directly, and it turns out to be bounded. Therefore the result follows. □

2.3 Boundedness of commutators Let D be an equivariant Dirac operator acting on L_2(G). It follows from the discussion in the beginning of this section that D must be of the form

e^λ_{rs} → d(r)e^λ_{rs}, (2.3.1)

(Here, for a Young tableaux λ, N_λ is the set of all GT tableaux, modulo the appropriate equivalence relation, with top row λ). Then we have

[D, π(u_{ij} )]e^λ_{rs} = ∑ (d(m) − d(r))C_q (11, λ, μ; i, r, m)C_q(11, λ, μ; j, s, n)k(r, m)e^μ_{mn}. (2.3.2)

Therefore the condition for boundedness of commutators reads as follows:

|(d(m) − d(r))C_q(11, λ, μ; i, r, m)C_q (11, λ, μ; j, s, n)k(r, m)| < c, (2.3.3)

where c is independent of i, j, λ, μ, r, s, m and n.

Using lemma 2.2.1, we get

|(d(m) − d(r))C_q (11, λ, μ; i, r, m)C_q(11, λ, μ; j, s, n)| < c. (2.3.4)

Choosing j, s and n suitably, one can ensure that (2.3.4) implies the following:

|(d(m) − d(r))C_q(11, λ, μ; i, r, m)| < c. (2.3.5)

It is not too difficult to show that this condition is also sufficient for the boundedness of the commutators [D, u_{ij} ].

From (2.1.10), one gets |d(r) − d(M(r))| ≤ cq^{−C(r,M)}. (2.3.6) Let us next form a graph G_c as described in section 1 by connecting two elements r and r^′ if |d(r) − d(r^′)| < c. We will assume this graph to be sign determining. In other words, we will assume the existence of a partition (Γ^+, Γ^−) that does not admit any infinite ladder. For any subset F of Γ, we will denote by F^± the sets F ∩ Γ^±. Our next job is to study this graph in more detail using the boundedness conditions above. Let us start with a few definitions and notations. By an elementary move, we will mean a map M from some subset of Γ to Γ such that γ and M(γ) are connected by an edge. A move will mean a composition of a finite number of elementary moves. If M_1 and M_2 are two moves, M_1M_2 and M_2M_1 will in general be different. For a family of moves M_1, M_2, . . . , M_r, we will denote by r∑ j=1 → M_j and r∑ j=1 ← M_j

the moves M_1M_2 . . . M_r and M_r . . . M_2M_1 respectively. For a nonnegative integer n and a move M, we will denote by nM the move obtained by applying M successively n times. Of special interest to us will be moves of the form M : r → s, where s is given by (2.1.2) We will use the vector (m_1, . . . , m_k) to denote M. The following families of moves will be particularly useful to us: M_{ik} = (i, i − 1, . . . , i − k + 1) ∈ N^k , N_{ik} = (i + 1, . . . , i + 1 k , i, i, . . . , i) ∈ N^{ℓ+2−i} .

For describing a path in our graph, we will often use phrases like ‘apply the move ∑_{kj=1} → M_j to go from r to s’. This will refer to the path given by ( r, M_k(r), M_{k−1}M_k(r), . . . , M_1M_2 . . . M_k(r) = s ) . We will need the following consequence of (2.3.6) subsequently.

Lemma 2.3.1 Let N_{jk} and M_{ik} be the moves defined above. Then

1. |d(r) − d(N_{j0}(r))| ≤ c, 2. |d(r) − d(M_{ik}(r))| ≤ cq^{− ∑k−1a=1 Ha,i+1−a−∑ℓb=i Hk,b+k−1} . In particular, if H_{a,i+1−a}(r) = 0 for 1 ≤ a ≤ k − 1 and H_{k,b+k−1}(r) = 0 for i ≤ b ≤ ℓ, then |d(r) − d(M_{ik}(r))| ≤ c.

2.4 Characterization of sign D In this section, we will use lemma 2.3.1 to prove a characterization theorem for the sign of the operator D. The main ingredients in the proof are the finiteness of exactly one of the sets F^+ and F^− for appropriately chosen subsets F of Γ. General form of the argument for proving this will be as follows: for a carefully chosen coordinate C (in the present case, C would be one of the V_{a1}’s or H_{ab}’s), a sweepout argument will show that any γ can be connected by a path, throughout which C(·) remains constant, to another point γ^′ for which C(γ^′) = C(γ) and all other coordinates of γ^′ are zero. This would help connect any two points γ and δ by a path such that C(·) would lie between C(γ) and C(δ) on the path. This would finally result in the finiteness of at least one (and hence exactly one) of C(F^+) and C(F^−). Next, assuming one of these, say C(F^−) is finite, one shows that for any other coordinate C^′, C^′(F^−) is also finite. This is done as follows. If C^′(F^−) is infinite, one chooses elements y_n ∈ F^− with C^′(y_n) < C^′(y_{n+1}) for all n. Now starting at each y_n, produce paths keeping the C^′-coordinate constant and taking the C-coordinate above the plane C(·) = K, where C(F^−) ⊆ [−K, K]. This will produce an infinite ladder. The argument is explained in the following diagram. C

K

all other coordinates

C^′ y_2

y_1 x_1

y_3 x_3 x_2

Our next job is to define an important class of subsets of Γ. Observe that lemma 2.3.1 tells us that for any r and any j, the points r and N_{j0}(r) are connected by an edge, whenever N_{j0}(r) is a GT tableaux. Let r be an element of Γ. Define the free plane passing through r to be the minimal subset of Γ that contains r and is closed under application of the moves N_{j0}. We will denote this set by F_r. The following is an easy consequence of this definition.

Lemma 2.4.1 Let r and s be two GT tableaux. Then s ∈ F_r if and only if V_{a,1}(r) = V_{a,1}(s) for all a and for each b, the difference H_{a,b}(r) − H_{a,b}(s) is independent of a.

Corollary 2.4.2 Let r, s ∈ Γ. Then either F_r = F_s or F_r ∩ F_s = ϕ.

Let r ∈ Γ. For 1 ≤ j ≤ ℓ + 1, define a_j to be an integer such that H_{aj ,j}(r) = min_i H_{ij}(r). Note three things here:

1. definition of a_j depends on r, 2. for a given j and given r, a_j need not be unique, and 3. if s ∈ F_r, then for each j, the set of k’s for which H_{kj}(s) = min_i H_{ij}(s) is same as the set of all k’s for which H_{kj}(r) = min_i H_{ij} (r). Therefore, the a_j ’s can be chosen in a manner such that they remain the same for all elements lying on a given free plane.

Lemma 2.4.3 Let s ∈ F_r. Let s^′ be another GT tableaux given by

V_{a1}(s^′) = V_{a1}(s) and H_{a1}(s^′) = H_{a1}(s) for all a, H_{ab,b}(s^′) = 0 for all b > 1,

where the a_j ’s are as defined above. Then there is a path in F_r from s to s^′ such that H_{11}(·) remains constant throughout this path.

Proof : Apply the move ∑_{ℓb=2} ← (∑_b j=2 H_{aj ,j}(s) ) N_{b+1,0}. □

The following diagram will help explain the steps involved in the above proof in the case where r is the constant tableaux. · · ⊙ · · 0 a b c d · · · · 0 a b c · · ⊙ 0 a b · · 0 a ·

bN_{30} � · · · ⊙ · 0 a 0 b + c d · · · ⊙ 0 a 0 b + c · · · 0 a 0 · · 0 a ·

(b+c)N_{40}� · · · · ⊙ 0 a 0 0 b + c + d · · · · 0 a 0 0 · · · 0 a 0 · · 0 a ·

(b+c+d)N_{50}� · · · · · 0 a 0 0 0 · · · · 0 a 0 0 · · · 0 a 0 · · 0 a · A dotted line joining two circled dots signifies a move that increases the r_{ij}’s lying on the dotted line by one. Where there is one circled dot and no dotted line, it means one applies the move that raises the r_{ij} corresponding to the circled dot by one.

Proposition 2.4.4 Let r be a GT tableaux. Then either F^+_r is finite or F^−_r is finite.

Proof : Suppose, if possible, both H_{11}(F^+_r ) and H_{11}(F^−_r ) are infinite. Then there exist two sequences of elements r_n and s_n with r_n ∈ F^+_r and s_n ∈ F^−_r , such that H_{11}(r_1) < H_{11}(s_1) < H_{11}(r_2) < H_{11}(s_2) < · · · .

Now starting from r_n, employ the forgoing lemma to reach a point r^′_n ∈ F_r for which V_{a1}(r^′_n) = V_{a1}(r_n) and H_{a1}(r^′_n) = H_{a1}(r_n) for all a, H_{ab,b}(r^′_n) = 0 for all b > 1.

Similarly, start at s_n and go to a point s^′_n ∈ F_r for which

V_{a1}(s^′_n) = V_{a1}(s_n) and H_{a1}(s^′_n) = H_{a1}(s_n) for all a, H_{ab,b}(s^′_n) = 0 for all b > 1. Now use the move N_{10} to get to s^′_n from r^′_n. The paths thus constructed are all disjoint, because for the path from r_n to s_n, the H_{11} coordinate lies between H_{11}(r_n) and H_{11}(s_n). This means (F^+_r , F^−_r ) admits an infinite ladder. So one of the sets H_{11}(F^+_r ) and H_{11}(F^−_r ) must be finite. Let us assume that H_{11}(F^−_r ) is finite.

Let us next show that for any b > 1, H_{ab}(F^−_r ) is finite. Let K be an integer such that H_{11}(s) < K for all s ∈ F^−_r . If H_{ab}(F^−_r ) was infinite, there would exist elements r_n ∈ F^−_r such that H_{ab}(r_1) < H_{ab}(r_2) < · · · .

Now start at r_n and employ the move N_{10} successively K times to reach a point in F^+_r = F_r\F^−_r . These paths will all be disjoint, as throughout the path, H_{ab} remains fixed.

Since the coordinates (H_{11}, H_{12}, . . . , H_{1,ℓ}) completely specify a point in F_r, it follows that F^−_r is finite. □ Next we need a set that can be used for a proper indexing of the free planes. Such a set will be called a complementary axis.

Definition 2.4.5 A subset C of Γ is called a complementary axis if

1. ∪_{r∈C} F_r = Γ, 2. if r, s ∈ C , and r ≠ s, then F_r and F_s are disjoint. Let us next give a choice of a complementary axis.

Lemma 2.4.6 Define C = {r ∈ Γ : Π^{ℓ+1−b}_{a=1} H_{ab}(r) = 0 for 1 ≤ b ≤ ℓ}.

The set C defined above is a complementary axis.

Proof : Let s ∈ Γ. A sweepout argument almost identical to that used in lemma 2.4.3 (application of the move ∑_{ℓb=1} ← (∑_b j=1 H_{aj ,j} (s) ) N_{b+1,0} ) will connect s to another element s^′ for which

H_{ab,b}(s^′) = 0 for 1 ≤ b ≤ ℓ by a path that lies entirely on F_s. Clearly, s^′ ∈ C . Since s^′ ∈ F_s, by corollary 2.4.2, s ∈ F_s′ .

It remains to show that if r and s are two distinct elements of C , then s ∉ F_r. Since r ≠ s, there exist two integers a and b, 1 ≤ b ≤ ℓ and 1 ≤ a ≤ ℓ + 2 − b, such that H_{ab}(r) ≠ H_{ab}(s). Observe that H_{1ℓ}(·) must be zero for both, as they are members of C . So b can not be ℓ here. Next we will produce two integers i and j such that the differences H_{ib}(r) − H_{ib}(s) and H_{jb}(r) − H_{jb}(s) are distinct. If there is an integer k for which H_{kb}(r) = H_{kb}(s) = 0, then take i = a, j = k. If not, there would exist two integers i and j such that H_{ib}(r) = 0, H_{ib}(s) > 0 and H_{jb}(r) > 0, H_{jb}(s) = 0. Take these i and j. Since H_{ib}(r) − H_{ib}(s) and H_{jb}(r) − H_{jb}(s) are distinct, by lemma 2.4.1, r and s can not lie on the same free plane. □

Lemma 2.4.7 Let r be a GT tableaux. Let s be the GT tableaux defined by the prescription V_{a1}(s) = V_{a1}(r) for all a, H_{ab}(s) = H_{ab}(r) for all a ≥ 2, for all b, H_{1,b}(s) = 0 for all b.

Then there is a path from r to s such that V_{a1}(·) remains constant throughout the path.

Proof : Apply the move ℓ∑ b=1 → H_{1,b}(r)M_{b+1,1}. □

The above lemma is actually the first step in the following slightly more general sweepout algorithm.

Lemma 2.4.8 Let r be a GT tableaux. Let s be the GT tableaux defined by the prescription V_{11}(s) = V_{11}(r), V_{a1}(s) = 0 for all a > 1, H_{ab}(s) = 0 for all a, b.

Then there is a path from r to s such that V_{11}(·) remains constant throughout the path.

Proof : Apply successively the moves ℓ∑ b=1 → H_{1,b}(r)M_{b+1,1}, ℓ−1∑ b=1 → H_{2,b}(r)M_{b+2,2}, . . . , H_{ℓ,1}(r)M_{ℓ+1,ℓ},

followed by

V_{21}(r)M_{33}, (V_{21}(r) + V_{31}(r))M_{44}, . . . , (_ℓ ∑ a=2 V_{a1}(r) ) M_{ℓ+1,ℓ+1}. (2.4.1) □ The following diagram will help explain the procedure described above in a simple case. ·_⋆ · · ⊙ ·_⋆^⋆ ·^⋆ ·^⋆ ·_⋆^⋆ ·^⋆ ·^⋆

M_{41} � ·_⋆ · ⊙ · ·_⋆^⋆ ·^⋆ ·^0 ·_⋆^⋆ ·^⋆ ·^⋆

M_{31} � ·_⋆ ⊙ · · ·_⋆^⋆ ·^0 ·^0 ·_⋆^⋆ ·^⋆ ·^⋆

M_{21} � ·_⋆ · · ⊙ ·_⋆^0 ·^0 ⊙^0 ·_⋆^⋆ ·^⋆ ·^⋆

M_{42} � ·_⋆ · ⊙ · ·_⋆^0 ⊙^0 ·^0 ·_⋆^⋆ ·^0 ·^⋆

M_{32} � ·_⋆ · · ⊙ ·_⋆^0 ·^0 ·^0 ·_⋆^0 ⊙^0 ·^⋆

M_{43} � ·_⋆ · ⊙ · ·_⋆^0 ·^0 ·^0 ⊙_⋆^0 ·^0 ·^0

M_{33} � ·_⋆ · · ⊙ ·_0^0 ·^0 ·^0 ·_⋆^0 ·^0 ⊙^0

M_{44} � ·_⋆ · · · ·_0^0 ·^0 ·^0 ·_0^0 ·^0 ·^0

Corollary 2.4.9 |d(r)| = O(r_{11}).

Proof : If one employs the sequence of moves

V_{11}(r)M_{22}, (V_{11}(r) + V_{21}(r))M_{33}, . . . , (_ℓ ∑ a=1 V_{a1}(r) ) M_{ℓ+1,ℓ+1} instead of the sequence given in (2.4.1), one would reach the constant (or zero) tableaux. Total length of this path from r to the zero tableaux is ℓ∑ a=1 ℓ+1−a∑

b=1 H_{ab}(r) + ℓ∑ b=1 b∑ a=1 V_{a1}(r),

which can easily be shown to be bounded by ℓr_{11}. □

Remark 2.4.10 Let D be the following operator:

D : e^λ_{r,s} → r_{11}e^λ_{r,s} (2.4.2)

Then (A, H, D) is an equivariant ℓ(ℓ + 2)-summable odd spectral triple. Moreover, if D is any equivariant odd Dirac Operator acting on the L_2 space of SU_q(ℓ + 1), then D cannot be p-summable for p < ℓ(ℓ + 2). However, this D has trivial sign, and consequently trivial K-homology class.

Both the statements above follow from corollary 2.4.9 and the following two elementary facts:

1. The number of Young tableaux with ℓ or less rows and with n cells in the top row is O(n^{ℓ−1}). 2. the dimension of an irreducible representation corresponding to a Young tableaux with ℓ or less rows and n cells in the top row is O(n^12^{ℓ(ℓ+1)}).

Lemma 2.4.11 The sets V_{11}(Γ^+) and V_{11}(Γ^−) can not both be infinite.

Proof : If both the sets are infinite, then one can choose two sequences of points r_n and s_n such that r_n ∈ Γ^+, s_n ∈ Γ^− and

V_{11}(r_1) < V_{11}(s_1) < V_{11}(r_2) < V_{11}(s_2) < . . . .

Start at r_n and use lemma 2.4.8 above to reach a point r^′_n for which V_{11}(r^′_n) = V_{11}(r_n) and all other coordinates are zero through a path where the V_{11} coordinate remains constant. Similarly, from s_n, go to a point s^′_n for which V_{11}(s^′_n) = V_{11}(s_n) and all other coordinates are zero. Now apply the move (V_{11}(s_n) − V_{11}(r_n))M_{11} to go from r^′_n to s^′_n. This will give us a path p_n from r_n to s_n on which V_{11}(·) remains between V_{11}(r_n) and V_{11}(s_n). Therefore all the paths p_n are disjoint. Thus (Γ^+, Γ^−) admits an infinite ladder. So at least one of V_{11}(Γ^+) and V_{11}(Γ^−) must be finite. □

Lemma 2.4.12 Let C be any of the coordinates V_{a1} or H_{ab} where a > 1. If V_{11}(Γ^−) is finite, then C(Γ^−) is also finite.

Proof : Assume K is a positive integer such that V_{11}(Γ^−) ⊆ [0, K]. Now suppose, if possible, that C(Γ^−) is infinite. Let r_n be a sequence of points in Γ^− such that

C(r_1) < C(r_2) < . . . .

Start at r_n, and use lemma 2.4.7 to reach a point r^′_n and then apply M_{11} for K + 1 times to get to a point s_n for which V_{11}(s_n) > K. Throughout this path, C(·) is constant, so that the paths are all disjoint. Since V_{11}(s_n) > K, we have s_n ∈ Γ^+. Thus this gives us an infinite ladder for (Γ^+, Γ^−), which is impossible. □

Lemma 2.4.13 Suppose H_{1ℓ}(F ) is bounded. If V_{11}(Γ^−) is finite, then F^− is finite.

Proof : The previous lemma, along with the assumption here tells us that the sets V_{a1}(F^−) and H_{a,ℓ+1−a}(F^−) are all bounded for 1 ≤ a ≤ ℓ. Since for an r ∈ V , one has r_{11} = ∑_ℓ a=1 V_{a1}(r) + ∑_ℓ a=1 H_{a,ℓ+1−a}(r), the set {r_{11} : r ∈ F^−} is bounded. It follows that F^− is finite. □

Corollary 2.4.14 If V_{11}(Γ^−) is finite, then C^− is finite.

Proof : Follows from the observation that H_{1ℓ}(r) = 0 for all r ∈ C . □

Theorem 2.4.15 Let D be an equivariant Dirac operator on L_2(SU_q(ℓ + 1)). Then sign D must be of the form 2P − I or I − 2P where P is, up to a compact perturbation, the projection onto the closed span of {e^λ_{r,s} : r ∈ F_{ri} for some i}, with r_1, . . . , r_k being a finite collection of GT-tableaux.

Proof : Let C^′ = {r ∈ C : F^+_r ≠ ϕ ≠ F^−_r }. Let us first show that C^′ is finite, i.e. except for finitely many r’s in C , one has either F_r ⊆ Γ^+ or F_r ⊆ Γ^−. It follows from the argument used in the proof of lemma 2.4.6 that any two points on a free plane can be connected by a path lying entirely on the plane. If C^′ is infinite, one can easily produce an infinite ladder using this fact.

Next, observe that 1. either F_r ⊆ Γ^+ or F_r ⊆ Γ^− for all r ∈ C \C^′, 2. if V_{11}(Γ^−) is finite, then C^− is finite, and 3. C ∩ F_r = {r}.

It is now clear from the above observations that if V_{11}(Γ^−) is finite, then except possibly for finitely many r’s in C \C^′, one has F_r ⊆ Γ^+.

Finally, employing an appropriate compact perturbation, one can ensure that for each r ∈ C^′, either F_r ⊆ Γ^+ or F_r ⊆ Γ^−. Hence the result. □ As a consequence of this sign characterization, we now get the following theorem.

Theorem 2.4.16 Let ℓ > 1. Then there does not exist any equivariant Dirac operator on L_2(G) with nontrivial sign.

Proof : We will show that if P is as in the earlier theorem, then the commutators [P, π(u_{ij} )] can not all be compact.

Let us first prove it in the case when P is the projection onto the span of {e_{rs} : r ∈ F_0}, where F_0 is the free plane passing through the constant tableaux. We have

[P, π(u_{ij} )]e_{rs} = { P π(u_{ij} )e_{rs} if r ∉ F_0, (P − I)π(u_{ij} )e_{rs} if r ∈ F_0 . Recall (subsection 2.2) the expression for π(u_{ij} )e_{rs}:

π(u_{ij} )e_{rs} = ∑ R∈Ni,S∈Nj R(1)=S(1)

C_q(i, r, R(r))C_q (j, s, S(s))k(r, R(r))e_{R(r)S(s)} .

Hence for r ∈ F_0,

[P, π(u_{ij} )]e_{rs} = (P − I)π(u_{ij} )e_{rs} = − ∑ R∈Ni,S∈Nj R(1)=S(1),R≠Ni0 C_q(i, r, R(r))C_q (j, s, S(s))k(r, R(r))e_{R(r)S(s)} .

In particular, for i = j = 1, one gets

[P, π(u_{11})]e_{rs} = − ℓ∑ k=1 C_q(1, r, M_{k1}(r))C_q(1, s, M_{k1}(s))k(r, M_{k1}(r))e_{Mk1 (r)Mk1(s)}.

Now suppose r ∈ F_0 satisfies r_{1,ℓ} = 0 = r_{2,ℓ} = r_{1,ℓ+1}. (2.4.3)

Then ⟨e_{Mℓ1(r)Mℓ1(r)}, [P, π(u_{11})]e_{rr}⟩ = −C_q(1, r, M_{ℓ1}(r))^2k(r, M_{ℓ1}(r)).

It follows from (2.1.10) and (2.1.11) that C_q(1, r, M_{ℓ1}(r)) is bounded away from zero, so long as r obeys (2.4.3). We have also seen (lemma 2.2.1) that k(r, M_{ℓ1}(r)) is bounded away from zero. Now it is easy to see that if ℓ > 1, then there are infinitely many choices of r satisfying (2.4.3) such that they all lie in F_0. Therefore [P, π(u_{11})] is not compact.

For more general P (as in the previous theorem), the idea would be similar, but this time one has to get hold of a positive integer n such that for any r ∈ ∪^k_{i=1}F_{ri} , nM_{ℓ1}(r) ∉ ∪^k_{i=1}F_{ri} , and then compute ⟨e_{nMℓ1(r)nMℓ1(r)}, (P − I)π(u_{11})^ne_{rr}⟩. □

3 Second illustration

In this section, we will ignore the group nature of SU_q(ℓ + 1) and focus only on the C^∗-algebra A = C(SU_q(ℓ + 1)). All irreducible representations of this C^∗-algebra are well-known ([9]). We will take a large class of representations, which includes the irreducibles in particular, and use the scheme described in section 1 to prove that for a large majority of these representations, no Dirac operator with nontrivial sign exists that diagonalises nicely with respect to the canonical orthonormal basis.

3.1 Irreducible representations The Weyl group for SU_q(ℓ + 1) is isomorphic to the permutations group S_{ℓ+1} on ℓ + 1 symbols. Denote by s_i the transposition (i, i + 1). Then {s_1, . . . , s_ℓ} form a set of generators for S_{ℓ+1}. Any ω ∈ S_{ℓ+1} can be written as a product

ω = (s_{kℓ} s_{kℓ+1} . . . s_ℓ)(s_{kℓ−1} s_{kℓ−1+1} . . . s_{ℓ−1}) . . . (s_{k2} s_2)(s_{k1} ),

where k_i’s are integers satisfying 0 ≤ k_i ≤ i, with the understanding that k_i = 0 means that the string (s_{ki} s_{ki+1} . . . s_i) is missing. It follows from the strong deletion condition in the characterization of Coxeter system by Tits (see [7]) that the expression for ω given above is a reduced word in the generators s_i. We will denote the length of an element ω by ℓ(ω).

Let S and N be the following operators on L_2(Z): Se_n = e_{n−1}, Ne_n = ne_n. We will denote by the same symbols their restrictions to L_2(N) whenever there is no chance of ambiguity. Denote by ψ_{si} the following representation of A on L_2(N):

ψ_{si} (u_{ab}) =

√ I − q^{2N+2}S if a = b = i, S^∗ √ I − q^{2N+2} if a = b = i + 1, −q^{N+1} if a = i, b = i + 1, q^N if a = i + 1, b = i, δ_{ab}I otherwise.

Now suppose ω ∈ S_{ℓ+1} is given by s_{i1} s_{i2} . . . s_{ik} . Define ψ_ω to be ψ_{si1} ∗ ψ_{si2} ∗ . . . ∗ ψ_{sik} (for two representations ϕ and ψ, ϕ ∗ ψ denote the representation (ϕ ⊗ ψ)Δ).

Next, let z = (z_1, . . . , z_ℓ) ∈ (S^1)^ℓ. Define

χ_z(u_{ab}) = z_aδ_{ab} if a = 1, z̄_ℓδ_{ab} if a = ℓ + 1, z̄_{a−1}z_aδ_{ab} otherwise.

Define χ to be the integral ∫ z∈(S^1)^ℓ χzdz. Finally, define πω,z = ψω ∗ χz and πω = ψω ∗ χ. It is

known ([9]) that π_{ω,z}’s constitute all the ireducible representations of the C^∗-algebra A.

Let us introduce a few notations that will be handy later. For a subset Λ = {i_1, . . . , i_k} ⊆ {1, 2, . . . , ℓ}, where i_1 < i_2 < . . . < i_k, denote by s_Λ the element s_{i1} s_{i2} . . . s_{ik} of S_{ℓ+1}. Call a subset J of {1, 2, . . . , ℓ} an interval if it is of the form {j, j + 1, . . . , j + s}. Then for any element ω of the Weyl group, there are intervals Λ_1, Λ_2, . . . , Λ_t with max Λ_r > max Λ_s for r > s such that ω = s_{Λt} s_{Λt−1} . . . s_{Λ1} . (3.1.1)

Moreover, as long as we demand that Λ_j ’s are intervals and obey max Λ_r > max Λ_s for r > s, an element ω determines the subsets Λ_t, . . . , Λ_1 uniquely. Let Λ be the disjoint union of the Λ_j ’s, that is, Λ = ∪^t_{j=1}{(j, i) : i ∈ Λ_j }. Write Λ_0 = {(0, i) : i = 1, 2, . . . , ℓ}. Often we will identify Λ_0 with the set {1, 2, . . . , ℓ}. Let Γ = N^Λ × Z^{Λ0} = N^{Λt} × N^{Λt−1} × . . . × N^{Λ1} × Z^{Λ0}. The Hilbert space on which π_ω acts is L_2(Γ). We will denote by {e_γ : γ ∈ Γ} the canonical orthonormal basis for this Hilbert space.

Diagram representation of π_ω. Let us describe how to use a diagram to represent the irreducible ψ_{si} . ℓ+1• � •ℓ+1 ℓ • � • ℓ ...... i+1 •^+ � � � •^{i+1} i •_− � � � • i ...... 1 • � • 1 H In this diagram, each path from a node k on the left to a node l on the right stands for an operator on H = L_2(N). A horizontal unlabelled line stands for the identity operator, a horizontal line labelled with a + sign stands for S^∗ √ I − q^{2N+2} and one labelled with a − sign stands for √ I − q^{2N+2}S. A diagonal line going upward represents −q^{N+1} and a diagonal line going downward represents q^N . Now ψ_{si} (u_{kl}) is the operator represented by the path from k to l, and is zero if there is no such path. Thus, for example, ψ_{si} (u_{11}) is I, ψ_{si} (u_{12}) is zero, whereas ψ_{si} (u_{ii+1}) = −q^{N+1}, if i > 1.

Next, let us explain how to represent ψ_{si} ∗ ψ_{sj} . Simply put the two diagrams representing ψ_{si} and ψ_{sj} adjacent to each other, and identify, for each row, the node on the right side of the diagram for ψ_{si} with the node on the left in the diagram for ψ_{sj} . Now, ψ_{si} ∗ ψ_{sj} (u_{kl}) would be an operator on L_2(N) ⊗ L_2(N) determined by all the paths from the node k on the left to the node l on the right. It would be zero if there is no such path and if there are more than one paths, then it would be the sum of the operators given by each such path. Thus, we have the following operation on the elementary diagrams described above: ℓ+1• � •ℓ+1 ℓ+1• � •ℓ+1 ℓ+1• � • � •ℓ+1 ...... ...... ...... i+1 •^+ � � � •^{i+1 i+1} •

� •_{i+1 i+1} •^+ � � � • � •_{i+1} i •_− � � � • i i • � • i i •_− � � � • � • i ...... ⊗ ...... = ...... j+1• � •j+1 j+1•^+ � � � •^{j+1 j+1}•

� •^+ � � � •^{j+1} j • � • j j •_− � � � • j j • � •_− � � � • j ...... ...... ...... 1 • � • 1 1 • � • 1 1 • � • � • 1 H H H ⊗ H Next, we come to χ. The underlying Hilbert space now is L_2(Z^{Λ0}) ∼= L_2(Z)^{⊗ℓ} (to avoid any ambiguity, we have used hollow circles to denote the nodes as opposed to the bullets used in the earlier case); an unlabelled horizontal arrow stands for I in the corresponding component of L_2(Z)^{⊗ℓ}, an arrow labelled with a ‘+’ above it indicates S^∗ and one labelled ‘−’ below it stands for S. As earlier, χ(u_{kl}) stands for the operator on L_2(Z)^{⊗ℓ} represented by the path from k on the left to l on the right. In the diagram below, K will stand for L_2(Z). ℓ+1∘ � ∘ � ∘ � ∘ . . . ∘ � ∘_− � ∘ℓ+1 ℓ ∘ � ∘ � ∘ � ∘ . . . ∘_− � ∘^+ � ∘ ℓ ...... . . . ...... 3 ∘ � ∘_− � ∘^+ � ∘ . . . ∘ � ∘ � ∘ 3 2 ∘_− � ∘^+ � ∘ � ∘ . . . ∘ � ∘ � ∘ 2 1 ∘^+ � ∘ � ∘ � ∘ . . . ∘ � ∘ � ∘ 1 K ⊗ K ⊗ K ⊗ . . . ⊗ K ⊗ K Finally, we come to the description of π_ω. As we have already remarked, reduced expression for ω is of the form ω = (s_{kn} s_{kn+1} . . . s_n)(s_{kn−1} . . . s_{n−1}) . . . (s_{k2} s_2)(s_{k1} ). To get the diagram for π_ω, we simply put the diagram for ψ_{skn} ∗ . . . ∗ ψ_{sk1} and that for χ side by side and identify the nodes on the right of the first diagram with the corresponding ones on the left of the second diagram. Thus for example, if ω = (s_2s_3s_4)(s_3)(s_1s_2)(s_1), then the following diagram represents π_ω:

ℓ+1• � • � • � • � • � • � • � •∘ � ∘ � ∘ . . . ∘ � ∘_− � ∘ℓ+1 ...... ...... . . . ...... 5 • � • � •^+ � � � • � • � • � • � •∘ � ∘ � ∘ . . . ∘ � ∘ � ∘_5 4 • � •^+ � � � • − � � � •^+ � � � • � • � • � •∘ � ∘ � ∘ . . . ∘ � ∘ � ∘_4 3 •^+ � � � • − � � � • � •_− � � � • � •^+ � � � • � •∘ � ∘_− � ∘ . . . ∘ � ∘ � ∘_3 2 •_− � � � • � • � • � •^+ � � � • − � � � •^+ � � � •∘ − � ∘^+ � ∘ . . . ∘ � ∘ � ∘_2 1 • � • � • � • � •_− � � � • � •_− � � � •∘^+ � ∘ � ∘ . . . ∘ � ∘ � ∘ 1 H ⊗ H ⊗ H ⊗ H ⊗ H ⊗ H ⊗ H ⊗ K ⊗ K ⊗ . . . ⊗ K ⊗ K The diagram for π_ω introduced above will play an important role in what follows.

3.2 Boundedness of commutators Our goal is to study operators D on the space H_ω = L_2(Γ) that diagonalize with respect to the natural canonical basis, and makes (π_ω(A), H_ω, D) a spectral triple. Since D is a self-adjoint operator with discrete spectrum, it is of the form ∑ γ∈Γ d(γ)e_γ . Definition 3.2.1 A move will mean a path from a node on the left to a node on the right in the diagram representing π_ω. More formally, a move is a (t + 1)-tuple of pairs ((i_t, j_t), . . . , (i_0, j_0)) such that

1. j_k = i_{k−1} for k ≥ 1, i_0 = j_0,

2. for k ≥ 1, j_k < i_k implies j_k = i_k − 1 and j_k ∈ Λ_k,

3. for k ≥ 1, j_k > i_k implies i_k, i_k + 1, . . . , j_k − 1 ∈ Λ_k.

(the pair (i_k, j_k) will be referred as the kth segment of the move lying in the kth string from the right).

We will use the special notation H_r for the move for which each i_k and j_k equals r.

Given a move p, we will next define an element m_p ∈ Z^Λ × Z^{Λ0} whose coordinates are all 0 or ±1. Let p = ((i_t, j_t), . . . , (i_0, j_0)). Define m_p by the following prescription:

m_p(r, s) = −1 if r = 0, s = i_0 − 1 or r ≥ 1, s = j_r ≥ i_r, +1 if r = 0, s = i_0 or r ≥ 1, j_r ≥ i_r = s + 1, 0 otherwise.

Thus m_p(r, ·) will look like

(0, 0, . . . , 0) if i_r < min Λ_r or i_r > max Λ_r + 1 or j_r = i_r − 1, (−1, 0, . . . , 0) if i_r = j_r = min Λ_r, (0, 0, . . . , 0, 1) if i_r = j_r = max Λ_r + 1, (0, . . . , 0 i_r −2 , 1, 0, . . . , 0 j_r−i_r , −1, 0, . . . , 0) if min Λ_r < i_r ≤ j_r,

We will often refer to this associated element m_p when we talk about a move p.

Let us denote by P_{ij} the set of moves from node i on the left to node j on the right. For a move p, denote by T_p the corresponding operator on H^{⊗ℓ(ω)} ⊗ K^{⊗ℓ}. Then

π_ω(u_{ij} ) = ∑ p∈P_{ij} T_p. (3.2.1)

Denote by W_p the operator obtained from T_p by replacing √ I − q^{2N+2}S by S and S^∗ √ I − q^{2N+2} by S^∗. One can show easily that m_p is the unique element in Z^Λ × Z^{Λ0} whose entries are all 0 or ±1 such that ⟨W_pe_γ , e_{γ+mp} ⟩ ≠ 0 for some γ ∈ Γ.

Lemma 3.2.2 Let p, p^′ ∈ P_{ij} . If p and p^′ are different, then for some (r, n), where 1 ≤ r ≤ t and n ∈ Λ_r, one has either m_p(r, n) = 0, m_p′ (r, n) = ±1 or m_p(r, n) = ±1, m_p′ (r, n) = 0.

Proof : Since p and p^′ both belong to P_{ij} and are different, m_p(r, n) ≠ m_p′ (r, n) for some pair (r, n). Now look at the coordinate where they are unequal for the first time (from the left), that is, let (r, n) be the pair such that r = max{1 ≤ j ≤ t : m_p(j, i) ≠ m_p′ (j, i) for some i}, n = min{i ∈ Λ_r : m_p(r, i) ≠ m_p′ (r, i)}. It is easy to see now that for this pair (r, n), the required conclusion holds. □

Lemma 3.2.3 Let F be a finite set of moves. For p ∈ F , let D_p be a (not necessarily bounded) number operator, i.e. an operator of the form e_γ → t_γ e_γ . If ∑ p∈F D_pW_p is bounded, then D_pW_p is bounded for each p ∈ F .

Proof : Take p^′ ∈ F . Assume that |F | > 1. We will show that boundedness of ∑ p∈F D_pW_p implies that of ∑ p∈F^′ DpWp for some subset F

′ of F such that p^′ ∈ F^′ and |F^′| < |F |.

Let p^{′′} ∈ F be an element of F other than p^′. By the previous lemma, there is a pair (r, n) such that either m_p′ (r, n) = 0 and m_p′′ (r, n) = ±1 or m_p′ (r, n) = ±1 and m_p′′ (r, n) = 0. For z ∈ S^1, let U_z be the unitary operator on L_2(Γ) given by U_ze_γ = z^{γ(r,n)}e_γ . Now the proof will follow from the boundedness of the operator ∫ z∈S^1 Uz( ∑ p∈F D_pW_p)U^∗_z dz. □ Proposition 3.2.4 [D, π_ω(u_{ij} )] is bounded for all i and j if and only if [D, W_p] is bounded for all moves p.

Proof : It is enough to show that if [D, π_ω(u_{ij} )] is bounded, and if p ∈ P_{ij} , then [D, W_p] is bounded. Since π_ω(u_{ij} ) = ∑ p∈P_{ij} Tp and each [D, Tp] is of the form DpWp, it follows from the

forgoing lemma that each [D, T_p] is bounded. Since √ 1 − q^{2n+2} is a bounded quantity whose inverse is also bounded, it follows that [D, T_p] is bounded if and only if [D, W_p] is bounded. □ Thus there is a positive constant c such that D will have bounded commutators with all the π_ω(u_{ij} )’s if and only if ‖[D, W_p]‖ ≤ c.

Let p = ((i_t, j_t), . . . , (i_0, j_0)) be a move. A coordinate (r, n) is said to be a diagonal component of p if either i_r < j_r and s ∈ {i_r, i_r + 1, . . . , j_r − 1}, or j_r = i_r − 1 = s. One can check that this would correspond exactly to the diagonal parts of the move in the diagram representing ω. Denote by c(γ, p) the quantity ∑ (j,i) γ(j, i), the sum being taken over all

diagonal components of p.

Lemma 3.2.5 [D, W_p] is bounded if and only if |d(γ + m_p) − d(γ)| ≤ cq^{−c(γ,p)}. Proof : Follows easily once one writes down the expression of the commutator. □ An immediate corollary is the following.

Corollary 3.2.6 Let H_i be as in definition 3.2.1. Then |d(γ + H_i) − d(γ)| ≤ c for all γ ∈ Γ and 1 ≤ i ≤ ℓ + 1.

3.3 The growth graph and sign characterization Let us now form the graph G_c by connecting two vertices γ and γ^′ if |d(γ) − d(γ^′)| ≤ c. Characterization of sign D will then proceed as outlined in the beginning of subsection 2.4. Definition 3.3.1 For i ∈ Λ_0, let J_i be the set {j ≥ 1 : i ∈ Λ_j}. The set F = {γ ∈ Z^Λ × Z^{Λ0} : −γ(0, i) = γ(0, i − 1) = γ(j, i) for all j ∈ J_i} will be called the free plane. For a point γ ∈ Γ, we call the set F_γ = {γ + γ^′ ∈ Γ : γ^′ ∈ F } the free plane passing through γ. Note that for γ ∈ F , the coordinates γ(j, i) are all equal for j ∈ J_i.

For 1 ≤ i ≤ ℓ, define j_i to be 0 if J_i is empty, and to be that element j ∈ J_i for which γ(j_i, i) = min{γ(j, i) : j ∈ J_i}. Remark 3.3.2 1. If J_i is nonempty, j_i need not be unique.

2. If γ^′ ∈ F_γ , then min_j γ(j, i) and min_j γ^′(j, i) are attained for the same set of values of j.

Then, given a γ ∈ Γ, elements in F_γ are determined by the coordinates (j_i, i), i = 1, . . . , ℓ. Lemma 3.3.3 Let γ ∈ Γ, and γ^′ ∈ F_γ . Let γ^{′′} be the element in F_γ for which γ^{′′}(j_ℓ, ℓ) = γ^′(j_ℓ, ℓ), γ^{′′}(j_i, i) = 0 for all i < ℓ.

Then there is a path in F_γ joining γ^′ to γ^{′′} such that throughout this path, the (j_ℓ, ℓ)-coordinate remains constant.

Proof : Apply successively the moves γ(j_{ℓ−1}, ℓ − 1)H_{ℓ−1}, (γ(j_{ℓ−2}, ℓ − 2) + γ(j_{ℓ−1}, ℓ − 1))H_{ℓ−2}, . . . , (_{ℓ−1} ∑ i=1 γ(j_i, i) ) H_1.

As none of these moves touch the (j_ℓ, ℓ)-coordinate, it remains constant throughout the path. □

Lemma 3.3.4 Let γ ∈ Γ. Then either F^+_γ is finite or F^−_γ is finite.

Proof : Write C(γ) = γ(j_ℓ, ℓ). We will first show that C(F^+_γ ) and C(F^−_γ ) can not both be infinite. This is done exactly as in the proof of proposition 2.4.4, using the above sweepout lemma instead of lemma 2.4.3.

Next, suppose C(F^−_γ ) ⊆ [−K, K]. If {γ^′(j_i, i) : γ^′ ∈ F_γ } is not bounded for some i with 1 ≤ i ≤ ℓ − 1, get a sequence of points γ_n ∈ F_γ such that γ_n(j_i, i) < γ_{n+1}(j_i, i) for all n. Starting at each γ_n, apply the move H_{ℓ+1} enough (e.g. 2K + 1) times to produce an infinite ladder. □ Let us next define a set that will play the role of a complementary axis. Let C = {γ ∈ Γ : ∏ j∈J_i γ(j, i) = 0 for all i}.

It follows from the sweepout argument used in the proof of lemma 3.3.3 that for any γ^′ ∈ Γ, there is a γ ∈ C such that γ^′ ∈ F_γ . But it is not necessary that for two distinct elements γ and γ^′ in C , F_γ and F_γ′ are disjoint. However, this will not be of serious concern to us. Let i_{min} = min{i ∈ Λ_0 : |J_i| > 1}, j_{min} = min J_{imin} , j_{max} = max J_{imin} . Thus i_{min} is the minimum i for which s_i appears more than once in ω, j_{min} and j_{max} are the first and the last string where it appears. Suppose now that we have removed the horizontal arrows labelled + or − corresponding to all the s_i’s for which |J_i| = 1. Note that this would in particular remove all labelled horizontal lines corresponding to s_i’s for i < i_{min}. Suppose the j_{min}th segment of a move is (i_{min}, i_{min}). This will uniquely specify the 0th segment which will be of the form (i_0, i_0) for some i_0 ≤ i_{min}. Now define C_0(γ) := γ(j_{min}, i_{min}) + γ(0, i_0) and C_1(γ) = γ(j_{max}, i_{min}) for γ ∈ Γ.

Lemma 3.3.5 Let γ ∈ C . Define an element γ^′ ∈ Γ by the following prescription:

γ^′(j, i) = 0 for all j ≥ 1, γ^′(0, i) = { 0 if i ≠ i_0, C_0(γ) if i = i_0.

Then there is a path connecting γ to γ^′ such that C_0(·) remains constant throughout this path.

Proof : We will describe a recursive algorithm to go from γ to γ^′. Observe that since γ ∈ C , we have γ(t, max Λ_t) = 0. To begin with, remove all the horizontal arrows labelled + or − corresponding to the s_i’s for which |J_i| = 1, and work with the resulting diagram.

Now suppose we are at δ ∈ Γ which satisfies

δ(j, i) = 0 for all j > r, δ(r, i) = 0 for all i > n ∈ Λ_r.

Step I.

Case I. r = j_{min} and n = i_{min}: then apply the move whose j_{min}th segment is (i_{min}, i_{min}). Apply this δ(j_{min}, i_{min}) times. This will make the (j_{min}, i_{min})- coordinate zero and the (0, i_0)-coordinate C_0(γ). Now proceed to step II.

Case II. r ≠ j_{min} or n ≠ i_{min}: Proceed with the following algorithm. Algorithm A(r, n). (min Λ_r ≤ n ≤ max Λ_r) Remove all horizontal arrows labelled + or − from the s_i’s in the strings s_{Λt} , s_{Λt−1} , . . ., s_{Λr+1} as well as from the s_i’s corresponding to i ∈ Λ_r, i > n. What this will achieve is the following: any permissible move in the resulting diagram will not change the coordinates (j, i) where either r + 1 ≤ j ≤ t or j = r and i > n. Apply the negative of the move whose rth segment is (n + 1, max Λ_r + 1) for δ(r, n) number of times. This would kill the (r, n)-coordinate, i.e. will make it zero. Now remove the two horizontal lines labelled ‘+’ and ‘−’ corresponding to s_n appearing in the string s_{Λr} .

Step II.

Case I. n > min Λ_r: keep r intact, reduce the value of n by 1 and go back to step I. Case II. r > 1 and n = min Λ_r: change n to max Λ_{r−1}, then reduce the value of r by 1, and go back to step I.

Case III. r = 1 and n = min Λ_1: proceed to step III.

Step III. All the (j, i)-coordinates for j ≥ 1 are now zero. Next, apply moves ending at i for i > i_0 + 1 appropriate number of times starting from the top to kill the coordinates (0, i) for i > i_0. Thus we have now reached an element δ for which δ(j, i) = 0 whenever j ≥ 1, i ∈ Λ_j or j = 0, i > i_0. Therefore we now need to kill the coordinates (0, i) for i < i_0. This is achieved as follows. Remove the horizontal arrows labelled + or − from all s_i’s. Now apply the moves ending at i for i < i_0 appropriate number of times starting from the bottom. □ The next diagram and the table that follows it will explain the proof in a simple case.

m3

m2

m4 m1

t = 4, imin = 2, jmin = 2, jmax = 4, i0 = 1

+

+

+

+ +

+

−

−

−

−

− −

+

+

+

−

−

−

+ −

N part Z part

ω = (s2s3s4)(s3)(s2)(s1) m7 m5 m6

The table below illustrates the sweepout procedure described in the proof of lemma 3.3.5. Starting from a point γ ∈ C , it shows the successive moves applied and how the resulting element looks like at each stage. Observe that for any γ ∈ C , one must have γ(4, 4) = 0 = γ(1, 1).

coordinate (4,2) (4,3) (4,4) (3,3) (2,2) (1,1) (0,1) (0,2) (0,3) (0,4) γ ∗ ∗ 0 ∗ a 0 b ∗ ∗ ∗ move m_1 0 +1 0 0 0 0 0 0 0 −1 γ_1 = −γ(4, 3)m_1(γ) ∗ 0 0 ∗ a 0 b ∗ ∗ ∗ move m_2 +1 0 0 0 0 0 0 0 0 −1 γ_2 = −γ(4, 2)m_2(γ_1) 0 0 0 ∗ a 0 b ∗ ∗ ∗ move m_3 0 0 0 +1 0 0 0 0 −1 +1 γ_3 = −γ(3, 3)m_3(γ_2) 0 0 0 0 a 0 b ∗ ∗ ∗ move m_4 0 0 0 0 −1 0 +1 0 0 0 γ_4 = γ(2, 2)m_4(γ_3) 0 0 0 0 0 0 a + b ∗ ∗ ∗ move m_5 0 0 0 0 0 0 0 −1 +1 0 γ_5 = γ_4(0, 2)m_5(γ_4) 0 0 0 0 0 0 a + b 0 ∗ ∗ move m_6 0 0 0 0 0 0 0 0 −1 +1 γ_6 = γ_5(0, 3)m_6(γ_5) 0 0 0 0 0 0 a + b 0 0 ∗ move m_7 0 0 0 0 0 0 0 0 0 −1 γ^′ = γ_6(0, 4)m_7(γ_6) 0 0 0 0 0 0 a + b 0 0 0 Lemma 3.3.6 Both C_0(C^+) and C_0(C^−) can not be infinite.

Proof : If both are infinite, there would exist elements γ_n ∈ C^+ and δ_n ∈ C^− such that C_0(γ_1) < C_0(δ_1) < C_0(γ_2) < C_0(δ_2) < . . . .

Let γ^′_n and δ^′_n be given by

γ^′_n(j, i) = 0 for all j ≥ 1, γ^′_n(0, i) = { 0 if i ≠ i_0, C_0(γ_n) if i = i_0,

δ^′_n(j, i) = 0 for all j ≥ 1, δ^′_n(0, i) = { 0 if i ≠ i_0, C_0(δ_n) if i = i_0.

Use the earlier lemma to get paths between γ_n and γ^′_n and between δ_n and δ^′_n. Remove all the labelled arrows from all the s_i’s. Let m_i be the move in the resulting diagram whose 0th segment is (i, i), and let m = ∑_{i0i=1} ← m_i. Apply this move C_0(δ_n) − C_0(γ_n) times to connect γ^′_n and δ^′_n. Thus there is a path p_n connecting γ_n and δ_n, and throughout this path, C_0(·) lies between C_0(γ_n) and C_0(δ_n). Therefore the paths p_n are disjoint. □ We will assume from now onward that C_0(C^−) is finite. We will also assume that K ∈ N is such that C_0(C^−) ⊆ [−K, K].

Lemma 3.3.7 Let C_1 be as defined prior to lemma 3.3.5, i.e. C_1(γ) = γ(j_{max}, i_{min}). Then the set C_1(C^−) is finite.

Proof : If not, get γ_n ∈ C^− such that

C_1(γ_1) < C_1(γ_2) < C_1(γ_3) < . . . .

Now the idea is to get a path p_n joining γ_n to some δ_n such that C_1(·) remains constant throughout p_n, and C_0(δ_n) > K, so that each δ_n ∈ C^+.

Start at γ_n. Apply algorithm A(r, n) for

r = t, t − 1, . . . , j_{max} + 1, min Λ_r ≤ n ≤ max Λ_r, r = j_{max}, i_{min} + 1 ≤ n, r < j_{max}, min Λ_r ≤ n ≤ max Λ_r.

Now apply the move m_{i0} , where m_i’s are the moves described in the proof of the previous lemma, 3K times. □ Again we give a diagram and a table to illustrate the above proof for the case ω = (s_2s_3s_4)(s_3)(s_2)(s_1).

t = 4, imin = 2, jmin = 2, jmax = 4, i0 = 1

+

+

+

+ +

+

−

−

−

−

− −

+

+

+

−

−

−

+ −

N part Z part

ω = (s2s3s4)(s3)(s2)(s1) m_1 m_4 m_2 m_3

The next table illustrates the argument in the above proof. Starting from a point γ ∈ C^−, it shows the successive moves applied and how the resulting element looks like at each stage.

coordinate (4,2) (4,3) (4,4) (3,3) (2,2) (1,1) (0,1) (0,2) (0,3) (0,4) γ a ∗ 0 ∗ ∗ 0 b ∗ ∗ ∗ move m_1 0 +1 0 0 0 0 0 0 0 −1 γ_1 = −γ(4, 3)m_1(γ) a 0 0 ∗ ∗ 0 b ∗ ∗ ∗ move m_2 0 0 0 +1 0 0 0 0 −1 +1 γ_2 = −γ(3, 3)m_2(γ_1) a 0 0 0 ∗ 0 b ∗ ∗ ∗ move m_3 0 0 0 0 +1 0 0 −1 +1 0 γ_3 = −γ(2, 2)m_3(γ_2) a 0 0 0 0 0 b ∗ ∗ ∗ move m_4 0 0 0 0 0 0 +1 0 0 0 γ_4 = 3Km_4(γ_3) a 0 0 0 0 0 b + 3K ∗ ∗ ∗ Assume without loss in generality that K is a bound for C_1(C^−) also.

Lemma 3.3.8 Let C ≡ (j, i) be any coordinate other than C_1 ≡ (j_{max}, i_{min}). Then C(C^−) is finite.

Proof : The strategy would be the same as in the proof of the earlier lemma with a slight modification. If C(C^−) is infinite, we can choose γ_n ∈ C^− such that

C(γ_n) + K + 1 < C(γ_{n+1})

for every n ∈ N. Now connect every γ_n to an element δ_n ∈ C^+ by a path p_n such that on p_n, the C_1 coordinate does not vary by more than K. This will ensure that the paths p_n are all disjoint.

For getting p_n as described above, start at γ_n and apply successively the moves H_{ℓ+1}, H_ℓ, . . . , H_{imin+1}, each one K + 1 times. This will increase the C_1-coordinate by K + 1. Therefore the endpoint of the path will lie in C^+. □ Thus it now follows that C^− is finite. This, together with proposition 2.4.4 will give us the following theorem.

Theorem 3.3.9 Let D be a Dirac operator on L_2(Γ) that diagonalises with respect to the canonical orthonormal basis. Then sign D has to be of the form 2P − I or I − 2P where P is a projection onto the closed linear span of {e_γ : γ ∈ ∪^k_{i=1}F_{γi} } for some finite collection γ_1, γ_2, . . . , γ_k in Γ.

Proof : The argument is exactly as in theorem 2.4.15. □ We next show that under this restriction, compactness of the commutator [sign D, u_{ij} ], or, equivalently, that of [P, u_{ij} ]’s will imply that sign D is trivial.

Let γ_1, γ_2, . . . , γ_k be elements in Γ and let P be the projection onto span {e_γ : γ ∈ ∪_iF_{γi} }. Then for any operator T , we have [P, T ]e_γ = { P T e_γ if γ ∉ ∪_iF_{γi} , (P − I)T e_γ if γ ∈ ∪_iF_{γi} . Now let r = max Λ_t and take T = π_ω(u_{r+1,r}). Then

T (t, r) = q^N , T (0, r − 1) = S, T (0, r) = S^∗, (3.3.1)

and T (j, i) = I for all other pairs (j, i), except possibly T (t−1, r−1), which is S^∗ if t−1 ∈ J_{r−1}, and I otherwise. It is easy to check that for γ ∈ F_{γi} , γ(t, r) + γ(0, r) = γ_i(t, r) + γ_i(0, r). Therefore the set {γ(t, r) + γ(0, r) : γ ∈ ∪_iF_{γi} } is bounded. Let n ∈ N be such that this set is contained in [−n, n]. Suppose γ ∈ ∪_iF_{γi} obey γ(t, r) = 0. Then it follows from (3.3.1) that T^{2n+1}e_γ = e_γ′ , where

γ^′(0, r) = γ(0, r) + 2n + 1, γ^′(0, r − 1) = γ(0, r − 1) − 2n − 1, γ^′(t, r) = γ(t, r).

It is clear from this that γ^′ ∉ ∪_iF_{γi} , so that P T^{2n+1}e_γ = 0. This means [P, T^{2n+1}]e_γ = −e_γ′ for all γ ∈ ∪_iF_{γi} with γ(t, r) = 0. Since there are infinitely many choices of such γ, it follows that [P, T^{2n+1}] can not be compact.

We thus have the following theorem.

Theorem 3.3.10 Let ℓ > 1. Then there does not exist any Dirac operator on L_2(Γ) that diagonalises with respect to the canonical orthonormal basis and has nontrivial sign.

Remark 3.3.11 Let F be a subset of {1, 2, . . . , ℓ}. Define π_{ω,F} to be the representation obtained by integrating ψ_ω ∗ χ_z with respect to those components z_i of z for which i ∈ F . If one looks at the representations π_{ω,F} instead of π_ω, a similar analysis will show that nontrivial spectral triples would exist only in the case where ω is of the form s_k (so that ℓ(ω) = 1), and F = {k}. The nontrivial triples in this case will essentially be those of SU_q(2) obtained in [2] and will correspond to the ‘kth copy’ of SU_q(2) sitting inside SU_q(ℓ + 1) via the map

u_{ij} → α if j = i = k, α^∗ if j = i = k + 1, −qβ^∗ if j = k + 1, i = k, β if j = k, i = k + 1, I if i = j, 0 otherwise.

Acknowledgement. We would like to thank Prof. Yan Soibelman for his remarks on our earlier paper which encouraged us to look at the SUq (ℓ + 1) case.

References

[1] Chakraborty, P. S. ; Pal, A. : Equivariant spectral triples on the quantum SU(2) group, arXiv:math.KT/0201004, (to appear in K-Theory).

[2] Chakraborty, P. S. ; Pal, A. : Spectral triples and associated Connes-de Rham complex for the quantum SU(2) and the quantum sphere, arXiv:math.QA/0210049, (to appear in Commun. Math. Phys.).

[3] Chari, Vyjayanthi ; Pressley, Andrew: A guide to quantum groups, Cambridge University Press, Cambridge, 1995.

[4] Connes, A. : Noncommutative Geometry, Academic Press, 1994.

[5] Connes, A. : Gravity coupled with matter and the foundation of non-commutative geometry, Comm. Math. Phys., 182 (1996), no. 1, 155–176.

[6] Connes, A. : Cyclic cohomology, quantum group symmetries and the local index formula for SU_q(2), arXiv:math.QA/0209142.

[7] Garrett, Paul : Buildings and Classical Groups, Chapman & Hall, London, 1997.

[8] Klimyk, A. ; Schmuedgen, K. : Quantum Groups and their Representations, Springer, New York, 1998.

[9] Korogodski, Leonid I.; Soibelman, Yan S. : Algebras of functions on quantum groups.

Part I. Mathematical Surveys and Monographs, 56. American Mathematical Society, Providence, RI, 1998.

[10] Rosso, Marc : Algèbres enveloppantes quantifies, groupes quantiques compacts de matrices et calcul diffrentiel non commutatif. Duke Math. J. 61 (1990), no. 1, 11–40.

[11] Woronowicz, S. L. : Tannaka-Kreĭn duality for compact matrix pseudogroups. Twisted SU(N) groups, Invent. Math. 93 (1988), no. 1, 35–76.

Partha Sarathi Chakraborty (parthac@isid.ac.in)

Indian Statistical Institute, 7, SJSS Marg, New Delhi–110 016, INDIA

Arupkumar Pal (arup@isid.ac.in)

Indian Statistical Institute, 7, SJSS Marg, New Delhi–110 016, INDIA