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1 Introduction

It is a well-known theorem of Garret Birkhoff [3] and von Neumann [6], [1], [2] that the extreme
points in the convex set of all n x n bistochastic (or doubly stochastic) matrices are precisely
the n-th order permutation matrices. Here we address the following problem: If G is a standard
Borel group acting measurably on two standard probability spaces (X;, F;, ii), © = 1,2 where
w; is invariant under the G-action for each ¢ then what are the extreme points of the convex set
of all joint probability distributions on the product Borel space (X7 x X5, F; ® F2) which are
invariant under the diagonal action (x1,x3) — (g1, gre) where z; € X;, i = 1,2 and g € G?
Our approach to the problem mentioned above is based on a quantum probabilistic method
arising from Stinespring’s [5] description of completely positive maps on C* algebras. We obtain
a necessary and sufficient condition for the extremality of a joint distribution in the form of
a regression condition. This leads to examples of extremal nongraphic joint distributions in
the unit square with uniform marginal distributions on the unit interval. The Birkhoff-von

Neumann theorem is deduced as a corollary of the main theorem.

2 The convex set of covariant bistochastic maps on C* algebras

For any complex separable Hilbert space H, express its scalar product in the Dirac notation
(-]-) and denote by B(H) the C* algebra of all bounded operators on H. Let G be a group with
fixed unitary representations g — Uy, g — Vj, g € G in Hilbert spaces H1, Ha respectively and
let A; C B(H;), ¢ = 1,2 be unital C* algebras invariant under respective conjugations by Uy,

Vy for every g in G. Let w; be a fixed state in A; for each ¢, satisfying the invariance conditions:
w1 (Ug XU, ) = wi(X),wa (VoY V) =wa(Y) V X €A, Y €Ayg€eQ. (2.1)
Consider a linear, unital and completely positive map T : A; — Ay satisfying the following:

w(T(X)) = wi(X) V X €Ay, (2.2)
T (U XU, ™) V,T(X)V; ' V X €ALgeQG. (2.3)

Then we say that T is a G-covariant bistochastic map with respect to the pair of states wy,wo
and representations U., V.. Denote by K the convex set of all such covariant bistochastic maps
from A; into As. We shall now present a necessary and sufficient condition for an element T’
in K to be an extreme point of K.

To any T € K we can associate a Stinespring triple (I, 7,T') where K is a Hilbert space, j
is a C* homomorphism from .4; into B(K) and T is an isometry from Hs into K satisfying the

following properties:
() THHi(X)Dr=T(X) VX €A

(ii) The linear manifold generated by {j(X )I‘u|u € Hz, X € Ay} is dense in K.



Such a Stinespring triple is unique upto a unitary isomorphism, i.e., if (K’, j/,T”) is another triple
satisfying the properties (i) and (ii) above then there exists a unitary isomorphism 6 : K — K’
such that 05(X) =5 (X)0 V X € A; and 0Tv =T"v V v € Ha. (See [5].)

We now claim that the covariance property of T' ensures the existence of a unitary repre-

sentation g — W, of G in K satisfying the relations:
Wi (X)Tu = j(Uy XU, IVyu YV X € A1,g € G,u€ Ha, (2.4)
Wi (X)W, ' = jU,XU; ") VXeA,geG. (2.5)
Indeed, for any X,Y in A; u, v € He and g € G we have from the properties (i) and (ii) above
and (2.3)
G (U XUy 1) DVgulj (UgY Uy ) TVu)
= vy Tl (U, XY U ) TV)
= (u|V, 'T(UXTYU, " )Vyv)
= (u|T(X'Y) |v
= (J(X)Tulj(Y)Tv).

In other words, the correspondence j(X)'u — j(Uy, XU, DI'V,u is a scalar product preserving

map on a total subset of I, proving the claim.

Theorem 2.1 Let T € K and let (K,4,I") be a Stinespring triple associated to T. Let
g — W, be the unique unitary representation of G satisfying the relations (2.4) and (2.5).
Then T is an extreme point of K if and only if there exists no nonzero hermitian operator Z in
the commutant of the set {j(X), X € A }U{Wy, g € G} satisfying the following two conditions:

(i) TTZT = 0;

(ii) TTZj(X)I' € Ay and wy (ITZj(X)T) =0 VX €A

Proof Suppose T is not an extreme point of K. Then there exist 11,15 € K, T # 15
such that T = %(Tl + T5). Let (K1,71,T'1) be a Stinespring triple associated to T;. Then by
the argument outlined in the proof of Proposition 2.1 in [4] there exists a bounded operator

J : K — K satisfying the following properties:
(i) Ji(X)Tu =7 (X)T1u VX e A, u€ Hs;
(ii) The positive operator p := J1.J is in the commutant of {j(X), X € A} in B(K);

(iti) T4(X) = I pj(X)T.



Since Ty # T5 it follows that 77 # T and hence p is different from the identity operator. We
now claim that p commutes with W, for every g in G. Indeed, for any X,Y in A;, u,v in Ho

we have from the definition of p and J, equation (2.4) and the covariance of T}
(5(X)Tu| pWo | (Y)Tw)
G(X ru\JU\j U, YU, )T'V,v)
(i1 (X)T1u|ji (U YUy DT Vo)
= (u|Tji (XTU,Y U, T | Vo)
{
(

u| TV (XTUY U, )| Vo)
ulV,Ty (U, XU, Y ) o).

On the other hand, by the same arguments, we have
(5(X)Pu|Wyp|j(Y)Tv)
= (j(U, ' XU,)TV, | JTT|j(Y)Tv)
= (iU, ' XUV, i (Y)T1o)
= (u|V, 11 (U, ' XTU,Y)|v)

Comparing the last two identities and using property (ii) of the Stinespring triple we conclude

that p commutes with W,. Putting Z = p — I we have
DIZj(X)D =Ty (X)-T(X) V X € A (2.6)
Clearly, the right hand side of this equation is an element of A5 and
wa(TTZF(X)T) = wi(X) —wi(X) =0 V X € Ay

Putting X = I in (2.6) we have I'ZT' = 0. Then Z satisfies properties (i) and (ii) in the
statement of the theorem, proving the sufficiency part.

Conversely, suppose there exists a nonzero hermitian operator Z in the commutant of
{j(X),X € A1} U{W,, g € G} satisfying properties (i) and (ii) in the theorem. Choose and fix
a positive constant e such that the operators I+eZ are positive. Define the maps T4 : A1 — As
by

Te(X) =TT I +e2)j(X)T, X e A. (2.7)

Since

(I+eZ)j(X)=VI+eZj(X)WI+eZ
it follows that 7'y are completely positive. By putting X = I in (2.7) and using property (i)
of Z in the theorem we see that T4 are unital. Furthermore, we have from equations (2.4) and
(2.5), for any g € G, X € Ay,
T (U XU, ") = THI+e2)Wi(X)W, 'T
= V(I +£e2)j(X)TV, !
= V,T(X)V, L.



Also, by property (ii) in the theorem we have
wo (T (X)) =wa(T(X)) =wi1(X) V X € Ay
Thus T+ € K. Note that
(u|TTZj(XTY)C|v) = (j(X)Tu| Z|j(Y)Tv)

cannot be identically zero when X and Y vary in A; and u and v vary in Hy. Thus I'' Zj(X)I" #
0 and hence T4 # T_. But T = %(T+ + T_). In other words T is not an extreme point of K.

This proves necessity. [

3 The convex set of invariant joint distributions with fixed

marginal distributions

Let (X;, Fi, i), @ = 1,2 be standard probability spaces and let G be a standard Borel group
acting measurably on both X; and Xy preserving 1 and uo. Denote by K(uq, pe) the convex
set of all joint probability distributions on the product Borel space (X7, x X2,

F1 ® Fy) invariant under the diagonal G action (g, (r1,22)) — (9x1,922), x; € X;, g € G
and having the marginal distribution u; in X; for each i. Choose and fix w € K(uq, p2). Our
present aim is to derive from the quantum probabilistic result in Theorem 2.1, a necessary and
sufficient condition for w to be an extreme point of K(ui, p2). To this end we introduce the
Hilbert spaces H; = L?(u;), K = L?(w) and the abelian von Neumann algebras A; C B(H,;)
where A; = L (u;) is also viewed as the algebra of operators of multiplication by functions
from L°°(u;). For any ¢ € L°(u;) we shall denote by the same symbol ¢ the multiplication
operator f — of, f € L?(u;). For any ¢ € A; define the operator j(¢) in K by

(@) ) (@1, 22) = (1) f(71,22), [ €K 2 € X0 (3.1)

Then the correspondence ¢ — j(¢) is a von Neumann algebra homomorphism from A; into
B(K). Define the isometry I' : Hy — K by

(Tv)(x1,22) = v(z2), v E Ha. (3.2)

Then, for f € IC, v € Hs we have
gre) = [ Fevaee(nds)
X1><X2

= /X o (dxsy) [f(x1,l‘2)l/(dl‘171’2)] v(x2)

where v(E, z2), E € F1, x9 € X5 is a measurable version of the conditional probability distribu-
tion on JFj given the sub o-algbera {X; x F\ F' € Fo} C F1 ® Fy. Thus the adjoint I't: K — Hs
of I is given by

(TTf)(2) = . f(z1,z2)v(dzy, 22). (3.3)



Hence

(J(@)lv)(z1,22) = p(z1)v(T2), p €A, veHy, (3.4)
T = | [ elomtan,a)] o). (35)
In other words
ITj(e)l = T(p) (3.6)
where T(p) € As is given by
T(e)az) = | plan vl a2) (3.7)

Equations (3.1)-(3.7) imply that 7" is a linear, unital and positive (and hence completely pos-
itive) map from the abelian von Neumann algebra A; into As and (K,j,T") is, indeed, a
Stinespring triple for 7. Furthermore, the unitary operators Uy, V, and W, in H;, Hz and
IC respectively defined by

Ugu)(x1) = ulg™'w1), ueH,
(Vgu)(z2) = w(g™'a2), ve€MH,
(Wof)(@r,22) = flg~ w1, g a), fek
satisfy the relations (2.4) and (2.5).

Our next lemma describes operators of the form Z occurring in Theorem 2.1.

Lemma 3.1  Let Z be a bounded hermitian operator in K satisfying the following conditions:
(i) Zilp) =ilp)Z ¥V ¢ A,
(i) ZWy=Wy,Z V¥V g€QG,
(i) TTZj(p)l € Ay V ¢ € A;.
Then there exists a function ¢ € L*°(w) satisfying the following properties:
(a) ((gz1,972) = ((x1,22) ae. (w) V g€ G,
(a) (Zf)(x1,22) = ((21,72) f(21,72) vV fek

Proof Let
((z1,m2) = (Z21)(21, 22)
where the symbol 1 also denotes the function identically equal to unity. For functions w,v

on X1, Xy respectively denote by u ® v the function on X7 x Xo defined by u ® v(x1,x2) =
u(x1)v(ze). By property (i) of Z in the lemma we have

(Ze@1)(z1,22) = (Zj($)1)(w1,72)
= (J(®)Z1)(z1,22)
= p(@)((z1,22) YV p €A (3.8)



If o € A1, v € Ho, we have

(Ze@v)(z1,22) = (Zj(p)v)(z1,22)
= (j(p)ZTv)(z1,22)
= p(1)(Z1 @ v)(21, 72) (3.9)

From properties (i) and (iii) of Z in the lemma and equations (3.3), (3.8) and (3.9) we have
O ZjeTo@) = [(Zowopldn.aa)

~ [ elen(@19 o) av(dan, )

whereas the left hand side is of the form R(p)(z1)v(z2) for some R(y) € L (u2). Thus

R(p)(z2)v(w2) = /80(1‘1)(21 ® v) (w1, T2)v(dT1, T2).

Choosing v = 1 we have from the definition of ¢

mwungwmxuwmwwhm»

Thus, for every ¢ € Ay

[ tectanapieptdn. o) = [ o)1 o) mv(do, o)
and hence
(Z1®@v)(x1,x2) = ((z1, z2)v(x2) a.e. 21 (v (., x2)) a.e. xo(p2).
Applying j(¢) on both sides we get
(Zp @v)(z1,22) = ((21, 22) p(21)V(22) An€. (W).
In other words Z is the operator of multiplication by ¢ and it follows that { € L*°(w). Now

property (ii) of Z implies property (a) in the lemma. [

Theorem 3.2 Let w € K(u1,u2). Then w is an extreme point of K(uq, p2) if and only if

there exists no nonzero real-valued function ¢ € L*°(w) satisfying the following conditions:
(i) ¢(gz1,9x2) = ((z1,22) ace. wV g € G;

(ii) E(¢(&,&)[&) = 0, E(C(&,&)|€2) = 0 where (&1, &) is an X1 x Xp-valued random variable

with distribution w.

Proof Let Z be a bounded selfadjoint operator in the commutant of {j(¢),¢ € A1} U
{W,, g € G} such that I''Zj(p)T' € A2 ¥V ¢ € A;. Then by Lemma 3.1 it follows that Z is of

the form

(Zf)(x1,72) = ((21,22) f (21, 72)



where ( € L*°(w) and ((gx1,gx2) = ((r1,22) a.e. (w). Note that

(DT ZT0) (22) = [ . C(x1, xo)v(day, 22) | v(22) ace. (u2),v € Ha.

Thus I'' ZT = 0 if and only if E(¢(&1,&2)|&2) = 0. Now we evaluate

(T Zj(p)Tw)(zg) = /SO(Jfl)U(sz)C(ﬂ?la932)V(d131a932) a.e. (p2).

Looking upon I'Zj(o)T as an element of As and evaluating the state py on this element we

get
1T Zj(o)T) = / (w1)C (w1, o) (dey, 22 u(dacs)

_ / ()¢ (@1, 22)w(dzy dz2)
= Ewgo(&)C(&,&)
= Eue(&)E((&,&)|&)-

Thus po(I'TZj()I) = 0V ¢ € A; if and only if E(C(ﬁl,fg)‘ﬁl) = 0. Now an application of
Theorem 2.1 completes the proof of the theorem. [J

We shall now look at the special case when G is the trivial group consisting of only the
identity element. Let (X;,Fi, i), ¢ = 1,2 be standard probability spaces and let T' : X; —
X5 be a Borel map such that gy = p;7~!. Consider an X;-valued random variable ¢ with
distribution pq. Then the joint distribution w of the pair (£, 7T o ) is an element of K(u1, u2)
and by Theorem 2.1 is an extreme point. Similarly, if 7' : Xy — X; is a Borel map such that
poT ' = py and 7 is an Xs-valued random variable with distribution po then (T o n,7) has
a joint distribution which is an extreme point of K(u,u2). Such extreme points are called
graphic extreme points. Thus there arises the natural question whether there exist nongraphic

extreme points. Our next lemma facilitates the construction of nongraphic extreme points.

Lemma 3.3 Let (X, F,\), (Y,G, ), (Z,K,v) be standard probability spaces and let £, 7, ¢
be random variables on a probability space with values in X,Y,Z and distribution A, u,v
respectively. Suppose ( is independent of (£,7) and the joint distribution w of (£,7n) is an
extreme point of K(A, u). Let X,ﬁ,@ be the distributions of (&,¢), (n,¢) and ((&,(),(n,())
respectively in the spaces X x Z, Y x Z and (X x Z) x (Y x Z). Then w is an extreme point
of K(X, ).

Proof  Let f be a bounded real-valued measurable function on (X x Z) x (Y x Z) satisfying

the relations

E{f((&¢),,0))|m ¢} = 0,
E{f((£¢), ))&} = o



If we write
Fo(z,y) = f((z,2),(y,2)) where (z,y,2) € X xY xZ

then we have
E(F.(&n)|n) =0, E(F.(§,7)]¢) =0 ae. 2(v).

Since w is extremal it follows that F,(£,n) = 0 a.e. z(v) and therefore f((&,(),(n,¢)) =0. By
Theorem 3.1 it follows that @ is, indeed, an extreme point of K(X, ). O

Example 3.4 Let A be the uniform distribution in the unit interval [0,1]. We shall use
Lemma 3.3 and construct nongraphic extreme points of K(A, \) which are distributions in the
unit square. To this end we start with the two points space Zs = {0, 1} with the probability

distribution P where

P({0}) =p, P{1}) =¢q¢, 0<p<qg<l, p+qg=1

Now consider Zo-valued random variables £, with the joint distribution given by

PE=0mn=0)=0,P=0n=1)=PE=1n=0)=p, PE=1,n=1)=q—p.

Note that the joint distribution of (£, 1) is a nongraphic extreme point of K(P, P). Now consider
an i.i.d sequence (1, (2, ... of Zg-valued random variables independent of (£,7) and having the

same distribution P. Put

¢=(C,¢,...)

Then by Lemma 3.3 the joint distribution w of ((§,¢),(n,¢)) is an extreme point of K(v,v)
where v = P P®...in 250’1’2""}. Furthermore, since (£,7) is nongraphic so is ((£,¢), (7,¢)).

Denote by F}, the common probability distribution function of the random variables

Then F, is a strictly increasing and continuous function on the unit interval and therefore the
correspondence ¢ — F),(t) is a homeomorphism of [0,1]. Put ' = FP(E),n/ = F,(n). Then the
joint distribution w of (¢/,7n') is a nongraphic extreme point of K(A, \).

Now we consider the case when X; and X, are finite sets, GG is a finite group acting on
each X;, the number of G-orbits in X7, Xo and X7 x X9 are respectively m1, mo and mqo and
1; is a G-invariant probability distribution in X; with support X; for each ¢ = 1,2. For any
probability distribution A in any finite set denote by S(\) its support set. We first note that

Theorem 3.2 assumes the following form.

Theorem 3.5 A probability distribution w € K(uq1,u2) is an extreme point if and only if

there is no nonzero real-valued function ¢ on S(w) satisfying the following conditions:

(i) ¢(gz1,972) = ((w1,22) V (21,22) € S(w), g € G;



(ii) > ((x1,x9)w(x1,22) =0 Va1 € Xq;
r2€X2

(i) > ((x1,zo)w(z1,22) =0 V g € Xo.
r1€X1

Proof Immediate. O

Corollary 3.6  Let wy, w9 be extreme points of K(p1, p2) and S(wi) C S(w2). Then wy = wo.
In particular, any extreme point w of K(u1, u2) is uniquely determined by its support set S(w).

Proof Suppose w; # wy. Then put w = 3(w; + ws). Then w € K(u1,p2) and w is not
an extreme point. By Theroem 3.5 there exists a nonzero real-valued function ( satisfying
conditions (i)-(iii) of the theorem. By hypothesis S(w) = S(w2). Define

C(z1, z2)w(z1, 22)

here (z1,22) € S(wo).
oa (o1 1) w (z1,22) € S(w2)

("1, m2) =

Then conditions (i)-(iii) of Theorem 3.5 are fulfilled when the pair {,w is replaced by (', wso

contradicting the extremality of wy. [

Corollary 3.7  For any w € K(u1, u2) let N(w) denote the number of G-orbits in its support
set S(w). If w is an extreme point of K(u1, p2) then

max(mqi,mg) < N(w) < mj + mao.

In particular, the number of extreme points in K(u1, p2) does not exceed

o)

max(mi,ma)<r<mi-+mas

Proof Let w be an extreme point of K(uy, p2). Suppose N(w) > mj + mg. Observe that
all G-invariant real-valued functions on S(w) constitute a linear space of cardinality N(w).
Functions ( satisfying conditions (i)-(iii) of the theorem constitute a subspace of dimension
> N(w) — (m1 + mg), contradicting the extremality of w. For any distribution w in K(gu1, p2)
we have N(w) > my, i = 1,2. This proves the first part. The second part is now immediate
from Corollary 3.6. [

Corollary 3.8 (Birkhoff-von Neumann Theorem) Let X; = X5 = X, #X = m,
1 = po = pu where p(z) = % V z € X. Then any extreme point w in K(u, ) is of the form

1
W(l‘,y) = E(Sa(x)y VazyeX

where o is a permutation of the elements of X.
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Proof

matrix of order m with nonnegative entries with each row or column total being 1/m. First

Without loss of generality we assume that X == {1,2,...,m} and view w as a

assume that in each row or column there are at least two nonzero entries. Then w has at least
2m nonzero entries and by Corollary 3.7 it follows that every row or column has exactly two
nonzero entries. We claim that for any ¢ # ¢/, j # j' in the set {1,2,...,m} at least one among

wij, wijl, Wi, wir; vanishes. Suppose this is not true for some i # 4/, j # j'. Put

p = min {wTSKT) 3) D Wrg > 0} .

Define
wpsEp if r=i,s=j5 or r=1i,s=7,
+ . . . . o
Wry =94 wrsFp if r=i,s=j or r=i,s=7,
Wrs otherwise.

Then w® € K(u,p), wh # w™ and w = $(w™ + w™), a contradiction to the extremality of
w. Now observe that permutation of columns as well as rows of w lead to extreme points of
K(u, ). By appropriate permutations of columns and rows w reduces to a tridiagonal matrix

of the form

pi1 pi2 0 O
par 0 pa O 0
5 0 ps2 0 ps3s 0
0 pn-in—2 0 ppoin
i 0 0 Pnn-1  Pnn |

where the p’s with suffixes are all greater than or equal to p. Now consider the matrices

piitp pr2Fp 0 0 0
p21 FDp 0 P23 Ep 0 0
0 P32 £ p 0 paaFp O

At =

Then A\* € K(u, ) and @ = $(A* 4+ A7), contradicting the extremality of @ and therefore of
w. In other words any extreme point w of K(u, ) must have at least one row with exactly one

nonzero entry. Then by permutations of rows and columns w can be brought to the form

1/m|0 0...0
0
w1 =
: w
0
where —-0{ is an extreme point of K(i, 1) where zi is the uniform distribution on a set of

m — 1 points. Now an inductive argument completes the proof. [J
We conclude with the remark that it is an interesting open problem to characterize the

support sets of all extreme points of K(ju1, u2) in terms of pq and puo.
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