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Abstract

In this paper we propose a computationally efficient algorithm to estimate the parame-
ters of a 2-D sinusoidal model in presence of stationary noise. The estimators obtained by
the proposed algorithm are consistent and asymptotically equivalent to the least squares
estimators. Monte Carlo simulations are performed for different sample sizes and it is ob-
served that the performances of the proposed method are quite satisfactory and they are
equivalent to the least squares estimators. The main advantage of the proposed method
is that the estimators can be obtained using only finite number of iterations. In fact it is
shown that starting from the average of periodogram estimators, the proposed algorithm
converges in three steps only. One synthesized texture data and one original texture data

have been analyzed using the proposed algorithm for illustrative purpose.
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1 INTRODUCTION

In this paper we consider the problem of estimating the parameters of the following two di-

mensional (2-D) sinusoidal signal;
y(m,n) = [A% cos(\%m + 1°n) + B sin(A\%m + 1°n)] + X (m, n). (1)

Here A° and B° are unknown real numbers, known as amplitudes, A\’ and x° are unknown
frequencies. It is assumed that A% +B% > 0, and A, 4° € (0, 7). The additive error {X (m,n)}
is from a stationary random field. The explicit assumptions on {X(m,n)} and also on the
model parameters are provided in section 2. The main problem is to estimate the unknown

parameters, namely A%, B, \? and 10, given a sample {y(m,n);m =1,...,M,n = 1,...,N}.

The first term on the right hand side of (1) is known as the signal component and the second
term as the noise or error component. The detection and estimation of the signal component in
presence of additive noise is an important and classical problem in Statistical Signal Process-
ing. Particularly, the 2-D sinusoidal model has received a considerable attention in the signal
processing literature because of its widespread applicability in texture synthesis. Francos et
al. [2] first observed that the 2-D sinusoidal model can be used quite effectively to analyze
symmetric texture images. For some of the theoretical developments of the 2-D sinusoidal or
related models, the readers are referred to Rao et al. [8], Zhang and Mandrekar [10] and Kundu

and Nandi [4].

The 2-D frequency estimation is well known to be a numerically difficult problem. The problem
becomes more severe particularly if p is quite large. The most efficient estimators, as expected
are the least squares estimators. The order of convergence of the least squares estimators
of N’s and p’s are Op(M_%N_%) and Op(M_%N_%) respectively. Here U = O, (M ' N~%)
means M N 52\U | is bounded in probability. Finding the least squares estimator tends to be
computationally intensive as the functions to be optimized are highly non-linear in parameters.

Even in one dimension, it is known that the least squares surface has several local minima, see



Rice and Rosenblatt [9]. Recently Prasad et al. [6] proposed a sequential procedure to estimate
the unknown parameters of one dimensional sinusoidal model and which can be easily extended
for model (1). It has reduced the computational time considerably. At each stage the standard
Newton-Raphson or Gauss-Newton method may be used, for optimization purposes, but the
proof of convergence of the Newton-Raphson or Gauss-Newton method is not known and it is

not very easy to establish also in this case.

In this paper we propose a new algorithm to estimate the unknown parameters of 2-D sinusoidal
model when the number of components is known. This is motivated by the one dimensional
algorithms proposed by Bai et al. [1], Nandi and Kundu [5] and the one dimensional sequential
procedure proposed by Prasad et al. [6]. The method uses correction terms based on the data
vector and the available frequency estimators, similarly as the Newton-Raphson or Gauss-

Newton method. But naturally the correction term is different.

It is possible to choose the initial guesses in such a manner that within fixed number of steps,
the iterative procedure produces efficient estimators, which have the same rate of convergence
as the least squares estimators. In the proposed algorithm, we do not use the fixed sample size
available at each step. At first step we use a fraction of it and at the last step we use the whole
data set, by gradually increasing the effective sample sizes. The method can be easily extended
for the model (8), when more than one component is present, using the sequential estimation

procedure, similarly as in Prasad et al. [6].

It is shown that if we start the algorithm with the average of periodogram estimators (the
details will be explained later) as initial guesses, then after three steps, it produces estimators,
which have the same order of convergence as the least squares estimators. We perform some
simulation studies to examine the behavior of the proposed algorithm for different sample
sizes, and also to compare their performances with the least squares estimators. It is observed
that the performances of the proposed estimators and the least squares estimators are very

similar, in terms of biases and mean squared errors. But the main advantage of the proposed



estimators is that they can be obtained in three steps only and the computational time is
much less compared to the least squares computation. Moreover, the proof of convergence of
the least squares method is not available in the literature, but our method produces efficient
estimators almost surely from the above mentioned starting values in three steps only. For
illustrative purposes, we have also analyzed one real texture data and one synthesized data.
It is observed that the performances of the estimators obtained by the proposed method, are

quite satisfactory.

The rest of the paper is organized as follows. In section 2, we provide the model assumptions
and the algorithm. Numerical results are provided in section 3. The data analysis results are
provided in section 4 and the conclusions appear in section 5. All the necessary theoretical

results are provided in the appendix.

2 MODEL ASSUMPTIONS AND PROPOSED ALGORITHM

2.1 ASSUMPTIONS

In this subsection we provide the necessary assumptions on the model parameters and particu-
larly on the errors. It is assumed that the observed data {y(m,n);m =1,..., M,n=1,...,N}
is of the form (1). The additive error { X (m,n)} is from a stationary random field and it satisfies

the following Assumption 1;

ASsuMPTION 1: Let us denote the set of positive integers by Z. It is assumed that { X (m,n);m,n €
Z} can be represented as follows;

X(m,n) = Z Z a(j, k)e(m — j,n — k),

j=—00k=—00

where a(j, k)s are real constants such that

S 3 JalG )] < oo,

j=—00 k=—00



and {e(m,n);m,n € Z} is a double array sequence of i.i.d. random variables with mean zero

and finite variance o2.

2.2 PROPOSED ALGORITHM

The proposed algorithm requires initial estimators of the frequencies, which are consistent but
their order of convergence may be low. The method to obtain initial estimators will be discussed
later in this section. The algorithm gradually improves upon the initial estimators in a finite
number of steps. The final estimators, which are obtained at the last step, have the same
asymptotic distribution as the least squares estimators. We provide the necessary theoretical

results in the following theorem.

THEOREM 1. Suppose (\,fi) are consistent estimators of (A%, u°) and (X,ﬁ) are obtained from

(X,ﬁ) using the following equations,

(N) (1)
~ ~ 12 P 12 P
A=A+ -—Im | M| G=p+-—=Im ||, 2
M? QmnN H=RT N2 QmnN @)
where,
. M N M o
Pin=22" (t - 7) y(t, s)e O, (3)
t=1 s=1
M N N o
Pl =20 (= 5 ) wtespe O, 0
t=1 s=1
M N o
Qun =D > y(t, s)e A, (5)
t=1 s=1

and I'ml.] denotes the imaginary part of a complex number.

IFA=X = Op)(M~ 10 N=%) and i — p® = Op,(M~%2N"1%)  where §; € (0,1], i =1,2, then,

(i) A=A = O,(M1-201 N—02), if 01 <1 andédy> 1
ﬁ— HO = Op(M_52N_1_261), if 61 < i and 9o > i,
X— a0
(i) D7t — N3 (0,240%%), if 61> 100> 1,
i — p



where

5 0 M~3N~32 0
Y= . D = :
0 4 0 M~3N"3
[o¢] [o¢] 2

F=A" 4B and = > 2 a(ji, ja)e "N I HCI2)

J1=—00 ja=—00

Proof. See the Appendix. [ |

Based on the above result, we provide the algorithm to find efficient estimators of A\%’s and u0’s.
The main idea in the algorithm is to use Theorem 1 step by step to improve the estimates.
Moreover, we will not use the whole sample size at each step, rather a fraction of it judiciously,
similarly as in Bai et al. [1] or Nandi and Kundu [5]. Therefore, at the " step if we use the
th

sample size (M,., N,), then the r* step estimators (1) and i) are computed from the (r—1)

step estimators A1 and a1 by:

(N
~ N 12 P
AP = \=1) Im | 2MeNr ’ 6
M? Q. N, (6)
(1)
12 P
40 = o= 4 12 g | DN | 7
p = N? [QMTNT (7)

where P]@)NT, PJ%)N,« and Q7. n, can be obtained from (3), (4) and (5), by replacing M, N, X

T

and g with M,., N,, Ar=1) and a1 respectively.

For better understanding, let us look at the algorithm when the initial estimators of A\? and z°
are of the order Op(Mle_%) and OP(M_%N*) respectively, i.e. (A(©) —\0) = Op(Mle_%)
and (4 — p0) = Op(M N ~1). Although a similar algorithm can easily be developed when
the initial estimators are of the order O,(M~!=9% N=9) and O,(M ~%2N~17%) respectively for

any ¢; € (0, %], 1=1,2.

Observe that, it is possible to obtain initial estimators X, i of A2 and 10 respectively, from the

data {y(m,n);m=1,...,M, n=1,..., N}. Let us consider the data vector {y(1,n),...,y(M,n)}



for any fixed n € {1,..., N}, and model it using the 1-D sinusoidal model. Suppose the peri-
odogram estimate of A°, over Fourier frequencies, obtained from this data stream is denoted
by Xn, which is O,(M 1), see Rice and Rosenblatt [9]. We find X, for n = 1,..., N separately,

and take their average to arrive at the initial estimate X of A\ e

- 1 X

A=+ nzl An,
which is Op(Mle*%). Similarly, considering the data {y(m,1),...,y(m,N)} form € {1,..., M}
it is possible to obtain the initial estimate fi of p°, which is of the order O,(M “IN .
Thus, we have initial estimators of A® and p® for which, (A — \°) = Op(M~IN _%) and
(o —u%) = Op(M N —1). We start our algorithm with these initial guesses. It may be

mentioned that the choice of My and My are not fixed. Now we provide the exact algorithm

for A, and for pu it can be obtained similarly.

ALGORITHM FOR ESTIMATING A:

e STEP 1: When 7 = 1, choosing M; = M°8, N; = N, and A0 = X, where )\ is an initial

1

~ 111
estimator such that (A — \Y) = Op(Mle_%) =Op(M; *N; ?). Applying part (a) of

Theorem 1, we obtain;
-~ -1 1
AD Z X0 = 0,(M; 2N, %) = 0,(M 5N T2),

e STEP 2: When r = 2, let My = M°9, Ny = N.

=
S~—
|
@Q
=
N
=
=
N[
SN—

A X0 =0, (M 1N

Now, by part (b) of Theorem 1,

3

~ 3 1
AB =AY = 0,(My 2N, ?) = Op(M_l_%N_%).

e STEP 3: When r =3, let M3 = M, N3 = N.

1 7 1

M = AL = Op(M RN = 0, (0 TEN, ),



Again, by part (b) of Theorem 1,

MENIR® —20) 4y (a, 2402%) .
p

Therefore, it is observed that from the initial estimate X, of the order of convergence O, (M “IN—3 ),
we obtain after Step 1, an improved estimator of the order of convergence O,(M 5N 7%) At
Step 1, we have not used the full sample. At Step 2, the improved estimator has the order of
convergence O, (M ~l-3% N _%) Finally at Step 3, when we use the complete sample, and ob-
tain the efficient estimator of Ay, which has the same order of convergence as the least squares
estimators, i.e. Op(M —iN _%) As we had mentioned before that the choice of M; and My are
not fixed. For example another choice can be M; = M98 and My, = M%92. Several other
choices are also available, which will produce efficient estimator of Ay, which has the same order
of convergence as above. It is observed in our simulation experiment that the performance does

not depend much on different choices of M7 and M.

Similarly, we can obtain an efficient estimator of pg, which has the same order of conver-
gence as the least squares estimator. Now we describe how to extend our method for multiple

components signal.
2.3 MORE THAN ONE COMPONENTS

When there are more than one component present in the signal, the model can be written as
P
y(m,n) = Z (A cos(Afm + pgn) + By sin(Alm + ppn)] + X (m,n). (8)
k=1

Here the number of components p is assumed to be known and X (m,n) is same as before. We

have the following additional assumptions for this model.

Assumption 1. The frequency sets {\), ud} are distinct i.e. fori # j, (A}, u?) # ()\(;,u?) and

7

(A, 1) € (0,7) x (0,7) fori=1,...,p.



Assumption 2. The amplitudes satisfy the following restriction,

0<A22+B22<"'<A?2+B?2<K2<OO, for some K > 0.

Using the sequential procedure similarly as suggested in Prasad et al. [6], we can obtain
estimators of the parameters of the model in (8). Initial estimators are obtained at each step
and improved upon using the proposed algorithm. Proceeding in this way, we can obtain

estimators of all the parameters.

~ ~

It may be mentioned that since (A, fi;) and (A;, 1;) are asymptotically independent for i # j,

the sequential procedure works as the one dimensional method.

3 NUMERICAL RESULTS

In this section, we present some numerical results to see the performance of the proposed algo-
rithm for different sample sizes. All the computations were performed at the Indian Institute
of Technology Kanpur, using the random number generator RAN2 of Press et al. [7]. All the

programs are written in FORTRAN-77. We consider the following model;

Model: y(m,n) = > [Ag cos(mAg + nug) + By sin(mAg + npg)] + X (m,n).
k=1

Here A1 = 15, Bl = 15, )\1 = 20, H1 = 20, A2 = 10, B2 = 10, )\2 = 10, H2 = 1.0 and
X(m,n) =e(m,n) +e(m—1,n)+e(m,n—1), 9)

where e(m,n)’s are i.i.d. normal random variables with mean 0 and variance o2. We have con-
sidered different sample sizes, M = N = 50, 75, 100, and the error variance, 02 = 1.25. In each
case we have obtained initial guess of frequencies by computing the average of the periodogram
estimates. We then apply the proposed algorithm to improve upon the estimates. In each case
we have repeated the procedure for 1000 times and reported the average estimates and the

corresponding mean squared errors of the proposed estimates. We have reported the average



and the corresponding mean squared errors, of the usual least squares estimates obtained using
sequential procedure as proposed in Prasad et al. [6]. To compute the least squares estimates
we have used the optimization routine available in Press et al. [7]. For comparison purposes,
we have also reported the asymptotic variance of the least squares estimators. The results are

reported in Tables 1 - 4.

Some of the points are easily noticed from the tables. As the sample size increases, biases
and MSEs decrease as expected for both least squares estimators and the estimators obtained
using the proposed algorithm. This verifies the consistency property of the estimators. Biases
of the linear parameters are more than the non-linear parameters. In both the cases the
mean squared errors are quite close to the corresponding asymptotic variances. Although the
proposed estimators can be obtained after three steps, but the performance of the proposed
estimators are almost same with the least squares estimators and the required computational
time also is much less. Moreover, the proposed algorithm does not require any stopping criterion

like any other standard optimization method and it is going to converge almost surely.

4 DATA ANALYSIS

In this section we present two data analysis for illustrative purpose. One is an original texture
data analysis and the other is a synthesized texture analysis when the two adjacent frequency-

sets are close to each other.

REAL TEXTURE DATA

We obtained the texture in Figure 3 from http://local.wasp.uwa.edu.au/~pbourke. The usual
procedure to get an idea of initial guess of frequencies is to plot the periodogram function
of the data, see Figure 1, and look at the peaks on the surface of periodogram. From an
observation of the periodogram we see that there are many adjacent peaks on the surface. It is

not easy to guess the correct number of components from the periodogram. Here the number

10



of components is chosen by minimizing the Bayesian Information Criterion (BIC) give as;
1
BIC(k) = MN1Ino: + 54k + 1) In(MN) (10)

where k is the number of components, O']% is the corresponding innovations variance. We plot
BIC(k) as a function of k. It is observed that BIC takes its minimum value at k = 6, see
Figure 2 therefore we take the estimate of the number of components p as p = 6. We have fitted
the model in (1) with p = 6 to the the texture data in Figure 3. The original and estimated

textures are plotted in Figure 3. It matches with the original texture quite well.

0.01
0.008
0.006
0.004

0.002

(=}

Figure 1: Periodogram of the Original Texture

SYNTHESIZED TEXTURE DATA

Now we analyze a texture signal generated from the following model for m = 1,...,100 and

n = 1,...,100;

y(m,n) =5.0cos(1.5m + 1.0n) + 5.0sin(1.5m + 1.0n)

+2.0cos(1.4m + 0.9n) 4+ 2.0sin(1.4m + 0.9n) + X (m,n). (11)

The noise structure X (m,n) follows (9) and e(m, n)s have mean 0 and variance 20.0. The noisy

texture is plotted in Figure 4 and the original texture (without the noise component X (m,n))

11
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Figure 2: BIC as a function of number of components

Figure 3: The Original and Estimated Texture

12

30



is plotted in Figure 5. The problem is to extract the original texture given only the noisy
texture. Note that here the two frequency-sets, viz. (1.5,1.0) and (1.4,1.0) are very close to
each other. When we plot the periodogram of the above data, see Figure 6, we observe a single
peak. This obscures the fact that originally there were two frequency components and thus
makes it difficult to provide correct initial guess of frequencies. But by using our algorithm we

obtain the following estimates of the unknown parameters;

A; = 47371, By =4.9991, A\ = 1.5005, i1 = 1.0003

Ay =2.0790, By =1.9186, Xy =1.3995, 75 = 0.9001.

We have plotted the actual and estimated texture in Figure 7. They match quite well. We
would like to mention here that the usual least square method may not work well if the two
frequency sets are close and error variance is large. But sequential least squares method, similar
to Prasad et al. [6] is able to distinguish the two frequencies (plots are not shown) and provides

reasonably good estimates.

=

Figure 5: Synthesized Actual Texture






5 Conclusions

In this paper we have given an efficient and fast algorithm towards estimating the unknown
parameters of a 2-D sinusoidal model. The iterative methods for multi-dimensional optimiza-
tion take long to converge to an optimal solution. The periodogram estimates have larger
bias and mean squared error. The proposed algorithm takes the periodogram estimates as the
initial estimates about the frequencies and improves upon it in a finite number of iterative
steps. We have done extensive simulations for different sample sizes and increasing error vari-
ances, though not reported here, and found that as the sample size becomes large, the method
performs increasingly well and the performance is quite satisfactory even for fairly large error

variances.

We have derived the asymptotic distribution of the proposed estimators; it coincides with
the least squares estimators. Since only a finite number of steps are required to reach the final
estimators, the algorithm produces very fast results and it can be used for online implementation
purpose. The algorithm can be extended even for colored texture also. The work is in progress

and it will reported later.

Appendix

In this Appendix we provide the proof of Theorem 1. The following two lemmas are required

to prove Theorem 1.

Lemma 1. If
Qi = T (A= i8") [L £ O, (M N 5) 4 0, (=N )] (12)
A > e M N v . 0
PO= S S i) 3% elm —jin— ) (m _ 7) (A0t n)
J1=—00 ja=—00 m=1n=1

M3N (A° B <
— <7 + 2—2> [1 +Op(M~2N") + op(M—ﬁlN—%)] A=X0)  (13)

15



and X is obtained from X, which is Op(Mflf‘SlN*‘sQ), using the following equation,

(M)
12 P
A=A+ —Im| MV |
M? QMmN
then,
(i) A=A\ =Op(M1721N—%), if 61 <3 anddy > 1,
(i) MSN3(A—20) -4 N (o,zm?p%) L if 6> L and sy > L
where ¢ and p are same as defined in Theorem 1.
Proof.
[ p(Y)
~ 12 P
A=A+ —Im| MY
M2 Qun
> X alnde) X X e(m—ji,n = j2) (m— &) e imtuin)
N :\' 4 Elm J1=—00 jo=—00 m=1n=1
M2 MN (A0 —iBO)1 + Op(M 91 N=02) 4+ O, (M~ N—1)]

MR (A0 —iBO)[1 4 Op(M =01 N=92) 4 Op (M %2 N=51)]
= A —[1+O0,(M™NT92) 4 0,(M~2N")](X = \?)

00 o0 . M N - . . 0 .
> Y ange) XY elm— i —ja) (m — A e mtutn)

J1=—00 Jj2=—00 m=1n=1
MN (A —iBO)
= X0 - [0~ N*@) £ 0N TR = X)

(A —zBO)M N[ 4 0, (M~ N~%2) + Op(M~2N~ 51)](X—A0)]

o0

ZBO Z Z (1]1 j2

J1=—00 jg=—00

M N
) ) MY _;
<SS elm— jrn— o) <m _ 7) . ()\Om—l—uon)]‘

m=1n=1

1 1
Ifé < 1 and dy > T then

|:Op(M_51 N—52) + Op(M—52N—51 )] (X . )\O) — Op(M—1—251 N—262) + Op(M_1_51 _52N_

— Op(M—1—251 N_62).

(14)

61—62)

Note that the last equality follows because d; < d2, and due to the same reason, ignoring the

last term in (14), we have,

A=\ =0 (M1 N2,

16



1 1
If 61 > 1 and 09 > 7 then the second term in (14) is ignored and we get,

~ 24
A=A =
M3NV7
where
1 00 00 M N
. i 0
Vo= I =i Do D aling) Y Y elm—ji,n—j) ( - ) Wi ”>]
J1=—00 J2=— m=1n=1
1 [e§) 00 M N M
= A02 02 _AO Z Z a(jlan) Z Ze(m_jlan_jQ) <’I7’L— ?> sin()\om—i—,uon)
+B J1=—00 ja=—00 m=1n=1
[e'¢) [e'¢) M N M
+B° Z Z a(j1,J2) Z Ze( m—ji,m — j2) (m - 7) cos(\’m + un)|.  (15)
J1=—00 ja=—00 m=1n=1
It can be proved that,
2
24 0
li _ i(N1+u052) | 1
MJ{/IEQQV&I’ <MSN%V> (A02—|-302 Z Z jl’]Q ( 6)

j1=—00 ja=—00
Now, using the Central Limit Theorem of the stochastic processes, (see Fuller [3]), we have the
following,

M3ENZ(A—\0) —>N<o 240 p-).

Lemma 2. If QN is same as in (12) and

Py = Y Y abini) ZZ e(m — ji,n )(n—%e—w%w%)

J1=—00 j2=—00 m=1n=1

MN3 (A% B _ _ B B _
(G + 5 ) [+ 0 ov-) + 0, 0r-5s3-5] (= ) (17

and [i is obtained from i, which is Op(M*‘SQN*l*‘Sl), using the following equation,

12 [ P¥)
A=n+-—Im|MN |
S P QMmN
then,
(i) fi—pd=0,(MO2N—1=20) if 61 <%andé>1
(i) MEINS(ji— 0 -2 N (0, 240—2p%) L if 61> and oy > 1

where ¢ and p are same as before.

17



Proof. The Proof is similar. |

1 1
Along the same line as before, if 6; > 1 and do > 1 it can be shown in this case also that

24
/\_ O_
B MN3W’
where,
M N N
_ . _a Y —i(A9m+uOn)
W = Im —zBO Z Z a(ji,52) ZZe(m J1,n ]2)<n 2>ez % ]
J1=—00 jo=—00 m=1n=1
1 MoN N
= o] Y S Y i) YD elm—jun—ia) (n—;) sin(A’m + %)
J1=—00 jg=—00 m=1n=1
00 00 M N N
+B° Z Z a(j1,j2)226(m—j1,n—j2) (n—;) cos(Am + uPn)|.  (18)
J1=—00 jo=—00 m=1n=1

Moreover, it also can be shown that,

2

24 > > 0
lim Var | ———W a(ji, iAg1tuli)| 19
M,N—o0 (M%N% > (AO2 302 ]1Zooggz—:oo G o)e 19)
and
24 24
lim Cov < —V,— W) =0. (20)
M,N—o0 M2Nz2 M2N2

Now, using Lemma 1, Lemma 2 and (20), Theorem 1 follows immediately, provided we show
that Qarn, PJ@;\, and PJE/’[L])V as defined in Theorem 1, can be written as (12), (13) and (17)

respectively. We will use the following results in the subsequent proofs.

e Taylor’s Theorem: Suppose f(t) is a real valued function on [a, b], n is a positive integer,
f=1(t) is continuous on [a,b], f)(t) exists for every ¢t € (a,b). Let o, 3 be distinct

points of [a, b], then we can write,

n=1 ek (") (4
@) =3 T D ap + L0y (21)
k=0

where x is a point on the line joining o and (.

M N L
o Z Ze(m,n) =0,(M2N2).

m=1n=1

18



m=1n=1 m=1n=1
M N ) . M N ) )
e In general, Z kae(m,n) = 0,(M**2N2) and Z kae(m,n) = 0,(M2N*2)
m=1n=1 m=1n=1
M X M 31 M N N 13
° m—— le(m,n) =0,(M2N?2) and n——le(m,n)=0,(M2Nz2
23 (3 e =0arit i 3 (- et =015
M N
o« 35 [e(m,n)| = O,(MN)

Now we will prove (12), (13) and (17).

Proof of (12). From the definition of Qan in (5),

Qun = Z Z O cos(\m + p'n) + B sin(A%m + pn) + X (m, n)] ¢~ iOm+in)

m=1n=1

A0 RO A° BO
Here,
M N _ M N
Ry — Z Z { (A= X)ym+(u® —f)n Z Z i’ —mn

m=1n=1 m=1 n=1
_ . N N

= Z me!N =AM AN i — i) Z ne't M*)n]
L n=1

= [mr+ Op(M—1—51N—52)0p(M2)] [N+ 0, (M2 N0, (N?)]

= |M + 0 (M N=2)| [N + Op (M2 N0

— MN [1 + O, (M~ N=%) ¢ Op(M—52N—51)] , (23)

A\* is a point on the line joining A’ and X and p* is a point on the line joining x° and 7i. Further,

M N N
- Z Z e~ HNmE (Wit — o (1), (24)
m=1n=1
and
M N N
R3 = Z ZX(m,n)e*i()‘erﬁ"). (25)
m=1n=1
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Now we will evaluate the order of R3. Choose L large enough, such that L.min{d;,d2} > 1.
We obtain the following of R3, using the Taylor series approximation similarly as in Bai et al.
[1] or Nandi and Kundu [5], up to L order terms. Here A* is a point on the line joining A and

AV

o0 (e’ M N B i
R3 = Z Z a(j1,j2) Z Ze(m —j1,n _jQ)e—z(Am—f—un)
m=

J1=—00 ja=—00 1n=1
[ee] o N - M N
S S Y™ elm— e
Jj1=—00 ja=—00 n=1 m—1
o0 o0 N ~ M
- S Y™ elm— = i)
J1=—00 )2=—00 n=1 m=1
L=l .Y \Oy\k A oL
x e 4y Mmke‘mom) + Mwﬂe—iwm) 7
k=1 : :
o~ -
=Y Y Y e e

=
i
|
3
<
[V}
i
|
3
i
I
3
i
I
3
i
I

o X —ih AP XL M L i
+ Z Z a(j1,j2)T Ze_“m Z e(m — ji,n — jo)m=e "),
j1= ) m=1

j1=—00 ja=—00 n=1
Note that,
M M
> e(m—ji,n — ja)ym"e NI < MEN " e(m — ji,n — o),
m=1 m=1

. —q * .
since |e~**")| = 1. Hence, we can write,

M M
Z e(m _jlun _jQ)mLe_Z(A*m) = HlML Z ‘e(m _j17n _j2)|7
m=1

m=1

for |#1] < 1. Now re-arranging the terms, R3 becomes

00 o) M N
Ry= 3 > aljnj) e(m — ji,n — ja)e M)
Jj1=—00 jag=—00 m=1n=1
o) 00 —1 e M N
o —i(A — X0))F . . i\t fin
+ Z Z a(j1, j2) %Zze(m—]hn—h)mk@ (AOm+fin)
Jj1=—00 ja=—00 k=1 ’ m=1n=1
[e%e) 0o g M N
L0 (M= XN E ) N
+ Z Z a(j1, ja) 1 (L' ) ZZ\e(m—jhn—]Qﬂe wm
J1=—00 j2=—00 ’ m=1n=1
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=T, + Ty + T3 (say). 26)

We will consider T7, T5 and T3 one by one, and find out their order. First,

Z Z a(j1,J2) Z Ze m—j1,n _jQ)e—i(AOerﬁn)'

J1=—00 jag=—00 m=1n=1
Expanding using Taylor’s theorem, we get,

e¢] s} M N

Z Z a jl?]Q €(m — j17 n — j2)e—i()\0m+“0n)
J1=—00 jo=—00 m=1n=1
S S i) & I
T Z Z a(jr, j2) I Z Ze(m — j1,n — jo)nFe i mEsn)
J1=700 j2=—00 k=1 m=1n=1
H(N (1 — )" , o
+ Z Z a]lv]Q (L' )) Zz‘e(m_]hn_]2)|e iAVm
J1=—00j2=—00 m=1n=1
(M~ 52kN k—ké
M2 N2 + Z Op )Op(M%NkJr%) 4 Op(NL Y I N MN)
= 0,(M:2N?2) o

0 k
= Z Z CL(jlu.]Q Z Z )\ )\ Z Ze( _jlun _jQ)m e z()\om-l—u n)
J1=700 jz==00 =1 m=1n=1
00 00 L— 1 )\ )\0 k L— _2 'u Iu )S N i
+ Z Z a(jla]Q Z Z szne (A%m+10n)
1= me0dem e k=1 s=1 m=1n=1
o0 0 L—-1 0
+ 3 Y aGap) (= (Ak'”) 9(N(ML!M)) y
J1=—00 ja=—00 k=1
M N
X Z Z le(m — j1,n — ja)[mFem
m=1n=1
L-1 1 1
— Op(M (1+51)kN 52k)0 (Mk+§N§)
k=1
L—-1L-1
£33 0, (M0 Nk o (1 (4008 0, (0 N+
k=1 s=1
L—1
+ Z Op(M*(lthh)kN*ézk) . OP(NLMfLészLchSl) . Op(MkJrlN)
k=1
L=l L-1L-1
= OP(ME_IC(SlN——]C(SQ _|_ Z Z O Mi_k‘sl 852N——k52 351)
k=1 k=1 s=1
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L-1

+ Z Op(lekﬁlfLélefkﬁsz&)

— Op(Mif(SlNéf(SQ) + Op(M%751753N%752754) + Op(M17517L52N17527L51)

(28)

Expanding using Taylor’s theorem for |6;| <1 fori=1,...,4, we get,

J1=—00 ja=—00

[e.o] [e.o]

+ Z Z 031,.]2

J1=—00 ja=—00

M N
X Z Z le(m — j1,m — j2)|n’e”

m=1n=1

Z Z alf, ) M(/\L! A))Liik(m—ﬁ,n—b)\ez’uOs
(AL! A))F ;( i(ﬁs—!uo))s><
inon
MG - X)L

+ Z Z .71,]2

J1=—00 ja=—00

L fa(N )L %

=1n

Mz

Il
—

L!

le(m — j1,n — j2)|

- 0p<M—L61N—L52> 0,(MN)

L-1

+ OP(M—L51 N—L52)

(]

s=1

+ O, (ME N1

TQ

_ Op(Ml—L51 NI—L52) +
n

— Op(leL& Nl*Léz)'

1

OP(M—52SN—(1+51)S) . OP(MNS+1)

p(M~E2NTE) - Oy (MN)

Op(Ml_n62_L61 Nl—n51—L52) + Op(Ml—Lﬁl—L(SQ Nl—Lﬁg—L(ﬁ)

(29)

Hence, from (26), using (27), (28) and (29), we have,

Rs=T1+T5+ T3

= 0,(M2N2) + O,(M

TTONTTR) 4 Oy (MITEI NI = 0, (MENT),  (30)

since Ld; > 1 for i = 1,2. Therefore, from (22), using (23), (24) and (30) we have,

A% BO
Quv= (g +5
A% BY
:<7+2—2

A0 RO
>R1+<7—2—>R2+R3

) MN [1 + O, (M~ N=%) 1+ 0,(M~2N~)
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A0 o
+ <7 - 2—@) Op(1) + Op(MZN?)
_ _1\42 N qo _ipo) (14 Op(M N752) 4+ 0, (M= N~0)]. (31)

The expressions for P]@])V and P]%)V as given in (13) and (17) respectively can be obtained
similarly.
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Table 1: First Component: Algorithm Estimates.

A =15 B =15 A = 2.0 (1 =2.0 Time
AE 1.5031 1.4986 2.0000 2.0000
M=50 MSE | ( 0.346E-02) | ( 0.352E-02) | ( 0.915E-06) | ( 0.896E-06) | 1:53.810
N=50 ASYV | (0.334E-02) | ( 0.334E-02) | ( 0.889E-06) | ( 0.889E-06)
AE 1.5008 1.4981 2.0000 2.0000
M= 75 MSE (10.0015) (0.0015) | (0.183E-06) | ( 0.173E-06) | 7:31.960
N=75 ASYV | (0.0015) (0.0015) | (0.176E-06) | ( 0.176E-06)
AE 1.5006 1.4990 2.0000 2.0000
M=100 MSE | (0.862E-03) | ( 0.811E-03) | ( 0.560E-07) | ( 0.559E-07) | 19:37.82
N=100 ASY V | ( 0.834E-03) | ( 0.834E-03) | ( 0.556E-07) | ( 0.556E-07)
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Table 2: Second Component: Algorithm Estimates.

Ay =1.0 By, =1.0 Ao = 1.0 pe =1.0 Time
AE 0.9998 0.9971 1.0000 0.9999
M=50 MSE | (0.701E-02) | ( 0.751E-02) | ( 0.432E-05) | ( 0.408E-05) | 1:53.810
N=50 ASYV | (0.716E-02) | ( 0.716E-02) | ( 0.430E-06) | ( 0.430E-06)
AE 0.9979 1.0005 1.0000 1.0000
M=75 MSE ( 0.0033) ( 0.0033) ( 0.816E-06) | ( 0.902E-06) | 7:31.960
N=75 ASYV ( 0.0032) ( 0.0032) ( 0.849E-06) | ( 0.849E-06)
AE 1.0025 0.9983 1.0000 1.0000
M=100 MSE (0.189E-02) | ( 0.186E-02) | ( 0.272E-06) | ( 0.259E-06) | 19:37.82
N=100 ASYV | ( 0.179E-02) | ( 0.179E-02) | ( 0.269E-06) | ( 0.269E-06)
Table 3: First Component: Least Squares Estimates.
A =15 By =15 A= 2.0 w1 =2.0 Time
AE 1.5027 1.4989 1.9999 2.0000
M= 50 MSE | ( 0.349E-02) | ( 0.356E-02) | ( 0.922E-06) | ( 0.907E-06) | 5:53.810
N=50 ASYV | ( 0.334E-02) | ( 0.334E-02) | ( 0.889E-06) | ( 0.889E-06)
AE 1.5000 1.4989 2.0000 2.0000
M= 175 MSE ( 0.0015) ( 0.0015) ( 0.188E-06) | ( 0.178E-06) | 17:31.960
N=75 ASYV ( 0.0015) ( 0.0015) ( 0.176E-06) | ( 0.176E-06)
AE 1.4999 1.4996 2.0000 2.0000
M= 100 MSE ( 0.0009) ( 0.0009) ( 0.608E-07) | ( 0.613E-07) | 45:23.120
N= 100 ASYV ( 0.0008) ( 0.0008) ( 0.556E-07) | ( 0.556E-07)
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Table 4: Second Component: Least Squares Estimates.

Ay = 1.0 By = 1.0 Ao = 1.0 pis =1.0 Time
AE 0.9995 0.9974 1.0000 1.0000
M=50 MSE | (0.695E-02) | (0.744E-02) | ( 0.433-05) | ( 0.407E-05) | 5:53.810
N=50 ASYV | (0.716E-02) | ( 0.716E-02) | ( 0.430E-06) | ( 0.430E-06)
AE 0.9975 1.0009 1.0000 1.0000
M= 75 MSE ( 0.0033) (0.0036) | (0.824E-06) | ( 0.908E-06) | 17:31.960
N=75 ASYV | (0.0032) (0.0032) | (0.849E-06) | ( 0.849E-06)
AE 1.0022 0.9985 1.0000 1.0000
M= 100 MSE ( 0.0019) (0.0019) | ( 0.273E-06) | ( 0.263E-06) | 45:23.120
N=100 ASYV | (0.0017) (0.0017) | (0.269E-07) | ( 0.269E-07)

* The average estimates and the MSEs are reported for each parameter. The first row represents the true
parameter values. In each box corresponding to each sample size, the first row represents the average
estimates, the corresponding MSEs and the asymptotic variances (ASYV) are reported below within
brackets.
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