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Abstract

We prove that, after centering and diffusively rescaling space and time, the collection
of rightmost infinite open paths in a supercritical oriented percolation configuration on the
space-time lattice Z2 ., := {(z,i) € Z? : x + i is even} converges in distribution to the
Brownian web. This proves a conjecture of Wu and Zhang [WZ08]. Our key observation is
that each rightmost infinite open path can be approximated by a percolation exploration

cluster, and different exploration clusters evolve independently before they intersect.

AMS 2010 subject classification: 60K35, 82B43.

Keywords. Brownian web, oriented percolation.

1 Introduction

1.1 Model and Description of Main Result

Let Z2,., = {(x,i) € Z* : z+i is even} be a space-time lattice, with oriented edges leading from
(z,i) to (z£1,i+1) for all (z,4) € Z2,,. Oriented percolation on Z2,,,, with parameter p € [0, 1]

is a random edge configuration on Z2,,, where independently each oriented edge is open with

probability p, and closed with probability 1 — p. We use P, and E, to denote respectively
probability and expectation for this product probability measure on edge configurations with

parameter p.
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Figure 1: An oriented percolation configuration with a rightmost infinite open path ~, drawn

in solid green arrows. Closed edges are drawn in dashed lines.

By convention, if there is an open path of oriented edges leading from z; = (z1,i1) to

zo = (w2,12) in ngen, then we say that zo can be reached from z; and denote it by z; — zo.
2

For any z € ZZ,.,, the open cluster at z is then defined by

C,:={weZ?,, :z—w

even

When |C, |, the cardinality of C',, is infinite, we call z a percolation point. The set of percolation
points will be denoted by K. It is well known (see e.g. [D84, [ BG90]) that there exists a critical
pe € (0,1) such that

0(p) = By((Cla| = ) { o0 deeled

>0 if p € (pe, 1].
The three regimes p € [0,pc), p = pe, and p € (p, 1] are called respectively the sub-critcial,
critical, and super-critical regimes of oriented percolation. For a survey of classical results on
oriented percolation on Z2,, see [D84].

From now on and for the rest of the paper, we restrict our attention to a fixed p € (p,, 1) and
suppress p in [P, and [E,, to simplify notation. In the supercritical regime, the set of percolation
points K is a.s. infinite by ergodicity. For each z = (z,i) € K, there is a well-defined rightmost
infinite open path starting from z, which we denote by . (see Figure . More precisely, v, can
be taken as a mapping from {7,i+1,- -} to Z such that v,(i) = x, (7v.(j),7) — (7=(j+1),7+1)
for all j > i, and if 7 is any other infinite open path starting from z, then ~,(j) > 7(j) for all



j > i. We are interested in the collection of all rightmost infinite open paths in the supercritical

oriented percolation configuration:
I:={y,:2€K}.

Conditional on o := (0,0) € K, results of Durrett [D84] imply that there exists a speed
a = a(p) > 0 for p > p., such that lim, . 7,(n)/n = « almost surely. Later, a central limit
theorem was established by Kuczek [K89], which implies that there exists o := o(p) > 0 for

p € (pe, 1), such that %(:)7\;;1" converges in distribution to a standard normal random variable.
Yo(nt)—ant

ov/n
distribution to a standard Brownian motion. A natural question then arises: If a linear drift «

As we will show later, Kuczek’s argument further implies that ( )e>0 converges in
is removed from each path in T', space is rescaled by o+/n and time rescaled by n, what is the
scaling limit of the whole collection I'?

Wu and Zhang [WZ08| conjectured that the scaling limit of I' should be the so-called
Brownian web, which loosely speaking is a collection of coalescing Brownian motions starting
from every point in the space-time plane R x R. In [WZ08], the authors made the first step
towards this conjecture by proving that every pair of paths in I' must coalesce in finite time.
Our goal in this paper is to give a proof of this conjecture.

At first sight, it may look surprising that I' (after centering and scaling) should converge to
the Brownian web, because of the seemingly complex dependency between paths in I and the
fact that each path depends on the infinite future. However, we make the following key obser-
vation which untangles the dependency in a simple way: Each path in I' can be approximated
by a percolation exploration cluster which evolves in a Markovian way, and different exploration
clusters evolve independently before they intersect. In the diffusive scaling limit, the width of
the clusters tend to 0, and the evolving clusters themselves converge to Brownian motion paths.
This justifies heuristically the convergence of I' to the Brownian web. As a byproduct of our
approach, we recover the main result in [WZ08]|, that any two paths in I" must coalesce a.s. in
finite time.

In the remaining subsections of this introduction, we first recall the characterization of the
Brownian web and the relevant topology, and then formulate rigorously our main convergence
result. We then recall the convergence criteria for the Brownian web which we need to verify,

and then end with a discussion on related results and an outline of the rest of the paper.

1.2 Brownian Web: Characterization

The Brownian web, denoted by W, originated from the work of Arratia [A79, [A81] on the
scaling limit of the voter model on Z. It arises naturally as the diffusive scaling limit of the

dual system of one-dimensional coalescing random walk paths starting from every point on the
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Figure 2: The compactification R? of R2.

space-time lattice. We can thus think of the Brownian web as a collection of one-dimensional
coalescing Brownian motions starting from every point in the space-time plane R?, although
there is some technical difficulty involved in dealing with an uncountable number of coalescing
Brownian motions. Detailed analysis of the Brownian web has been carried out by Téth and
Werner in [TWO98]. Later, Fontes, Isopi, Newman and Ravishankar [FINR04] introduced a
framework in which the Brownian web is realized as a random variable taking values in the
space of compact sets of paths, which is Polish when equipped with a suitable topology. Under
this setup, the object initially proposed by Arratia [A81] takes on the name the Brownian
web, and we can apply standard theory of weak convergence to prove convergence of various
one-dimensional coalescing systems to the Brownian web.

We now recall from [FINRO4] the space of compact sets of paths in which the Brownian web

W takes its value. Let R? denote the completion of the space-time plane R? w.r.t. the metric

tanh(z1)  tanh(xg)
1+ |t1] 1+t |

p((z1,t1), (z2,t2)) = |tanh(t1) — tanh(tz)| V (1.1)

As a topological space, R? can be identified with the continuous image of [0, 00]? under a map
that identifies the line [—00, 00] X {oo} with a single point (*, 00), and the line [—o0, 0o] x {—o0}
with the point (%, —00), see Figure

A path 7 in R2, whose starting time we denote by o; € [—00, o], is a mapping 7 : [0, 00] —
[—00, 00] U {x} such that 7(c0) = *, w(0;) = * if 0 = —00, and t — (7 (¢),t) is a continuous
map from [o,,00] to (R?,p). We then define II to be the space of all paths in R? with all

possible starting times in [—o0, co]. Endowed with the metric

tanh(mi (¢ V or,))  tanh(ma(tV or,))
1+ |t 1+ |t]

d(mi,m2) = |tanh(on, ) — tanh(ox,)| V  sup

tZO’Wl X 2N
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(II,d) is a complete separable metric space. Note that convergence in the metric d can be
desrcibed as locally uniform convergence of paths plus convergence of starting times. (The
metric d differs slightly from the original choice in [FINRO4], which is somewhat less natural
as explained in the appendix of [SS08].)

We can now define H, the space of compact subsets of (II,d), equipped with the Hausdorff
metric

dy(Ky, K3) = sup inf d(m1,m2) V sup inf d(mq,m2). (1.3)
W1€K1772€K2 7r26K27T16K1

The space (H,dy) is also a complete separable metric space. Let By be the Borel o-algebra
associated with dy. The Brownian web W is an (H, By )-valued random variable.
Following convention, for K € H and A C R?, we let K(A) denote the set of paths in K
with starting points in A. When A = {z} for z € R2, we also write K(z) instead of K({z}).
We now recall from [FINRO4, Theorem 2.1] the following characterization of the Brownian
web W.

Theorem 1.1 [Characterization of the Brownian web] There exists an (H,By)-valued
random vartable W, called the standard Brownian web, whose distribution is uniquely deter-

mined by the following properties:
(a) For each deterministic z € R?, almost surely there is a unique path 7, € W(z).

(b) For any finite deterministic set of points z1,. ..,z € R2, the collection (7z,,..., 7z, ) is

distributed as coalescing Brownian motions.

(c) For any deterministic countable dense subset D C R?, almost surely, W is the closure of
{m,: 2z €D} in (II,d).

Theorem shows that the Brownian web is in some sense separable: even though there are
uncountably many coalescing Brownian motions in the Brownian web, the whole collection is

a.s. determined uniquely by a countable skeletal subset of paths.

1.3 Formulation of Main Result

We formulate in this subsection the convergence of I', the collection of rightmost infinite open
paths, to the Brownian web W after suitable centering and scaling.

Given a fixed p € (pc, 1), let @ := a(p) > 0 and 0 := o(p) > 0 be as introduced in Section
such that conditional on o := (0, 0) being a percolation point, "/(7(07-1)7\/%% converges in distribution
to a standard normal. We will formulate this convergence precisely in Lemma [2.3] where we

recall Kuczek’s proof of the central limit theorem and extend it for our purposes.



For each percolation point z = (z,i) € K, we first extend the definition of the rightmost
infinite open path «y, from the domain {i,i+ 1,...} to [i, 0] such that -, interpolates linearly
between consecutive integer times and v,(oc0) = x. With this extended definition of ., which
we still denote by ~y, for convenience, it becomes a path in the space (II,d) introduced in
Section We will then let I' := {7, : z € K} denote the set of extended rightmost infinite
open paths in the percolation configuration. Since paths in I' are a.s. equicontinuous, I', the
closure of I in (I, d), is a.s. compact and hence I' is a random variable taking values in
(H, By), the space of compact subsets of (I, d). Note that I'\I" only contains paths of the form
7 [og, 0] — [—00,00] U {*} with either o, € R and 7(t) = fo0 for all t > o; or o = 00; or
ox = —00, in which case for any t > —oo, there exists some v € I' such that 7 =« on [¢, c0].
In other words, taking the closure of I' in (II, d) does not alter the configuration of paths in T’
restricted to any finite space-time region. Therefore it suffices to study properties of I' instead
of T in our analysis.

To remove a common drift from all paths in I' and perform diffusive scaling of space and

time, we define for any a € R, b,e > 0, a shearing and scaling map S : Rg — Rg with

(%(x —at),et) if (z,t) € R?,
Sape(@,t) 1= q (o0, €t) if (z,t) = (+o0,t) with ¢ € R, (1.4)
(%, £00) if (z,t) = (%, £00),

where a is the drift that is being removed by a shearing of R2, ¢ is the diffusive scaling parameter,
and b determines the diffusion coefficient in the diffusive scaling. When t is understood to be
a time, we will define

Sap,.et 1= et. (1.5)

Note that S, can be obtained by first applying the shearing map S, 1,1 and then the diffusive
scaling map Sop.. By identifying a path m € II with its graph in R?, we can also define
Sape s (II,d) — (II,d) by applying S, to each point on the graph of 7. Similarly, if K C II,
then Sgp K := {Sapem:m € K} If K € H, then it is clear that also S, /K € H. Therefore
Sa0.L is also an (H, By)-valued random variable.

We can now formulate the main result of this paper.

Theorem 1.2 [Convergence to the Brownian web] Let p € (p., 1) and let T be defined as
above. There exist a,0 > 0 such that as € | 0, the sequence of (H, By )-valued random variables

Sa,ayef converges in distribution to the standard Brownian web V.

1.4 Brownian Web: Convergence Criteria

We will prove Theorem [I.2] by verifying the convergence criteria for the Brownian web proposed
in [FINRO4], which we now recall.



For a compact set of paths K € H, and for ¢t > 0 and tg,a,b € R with a < b, let
nk (to, t;a,b) == {m(to +t) : m € K with o <t and 7(to) € [a,b]}|, (1.6)

which counts the number of distinct points on R x {tg + ¢t} touched by some path in K which
also touches [a,b] x {to}.

An (H, By)-valued random variable X is said to have non-crossing paths if a.s. there exist
no 7,7 € X such that (w(t) — 7(t))(n(s) — 7(s)) < 0 for some s,t > o V oz. Note that T has
non-crossing path. For (H, By )-valued random variables with non-crossing paths, the following

convergence criteria was formulated in [FINRO4, Theorem 2.2].

Theorem 1.3 [Convergence criteria] Let (X,)en be a sequence of (H, By )-valued random
variables with non-crossing paths. If the following conditions are satisfied, then X, converges

i distribution to the standard Brownian web V.

(I) Let D be a deterministic countable dense subset of R?. Then there exist 75 € X, for
y € D such that, for each finite collection y1,yo,...,yr € D, (mn',...,Ta*) converge

i distribution as n — oo to a collection of coalescing Brownian motions starting at

(y17’ . 7yk)
(B1) For allt >0, imsup,,_,, Sup(qy)cr2 P(nx, (to, t;a,a +€) > 2) — 0 ase | 0.

(B2) For allt >0, e !limsup,,_, SUP(q,t0)er? P11, (to, t;a,a +€) > 3) — 0 ase | 0.

a,to)

As shown in [FINRO4, Prop. B.2], condition (I) and the non-crossing property imply that
(Xn)nen is a tight sequence of (H, By )-valued random variables. Condition (I) also guarantees
that any subsequential weak limit of (X),),cn contains as many paths as, possibly more than,
the Brownian web W. Conditions (B1) and (B2) are density bounds which rule out the presence
of extra paths other than the Brownian web paths in any subsequential weak limit.

As alluded to at the end of Section we will verify condition (I) by approximating each
path in I' by a percolation exploration cluster which enjoys Markov and independence proper-
ties. The verification of (B1) is closely related to that of (I). The verification of condition (B2)
typically relies on FKG inequalities for the law of each individual path in X, (see e.g. [FINRO04,
Theorem 6.1], [FEW05, Lemma 2.6], and [CFDQ9, Section 2.1]). Although we will be replacing
each path in I" by an exploration cluster, it turns out that we can still apply FKG for the
underlying percolation edge configuration to deduce (B2). We remark that there is an alterna-
tive convergence criterion formulated in [NRS05, Theorem 1.4], which is often easier to verify
than (B2) when FKG inequalities are not applicable. In fact we first proved Theorem by
verifying the convergence criteria in [NRS05, Theorem 1.4] without using FKG. The argument

is lengthier and more involved, but in a sense more robust.



1.5 Discussion and Outline

The Brownian web arises as the diffusive scaling limit of many one-dimensional coalescing
systems. The prime example is the collection of coalescing simple random walks on Z, for
which the convergence to the Brownian web was established in [FINR04, Theorem 6.1]. This
result was extended to general coalescing random walks with crossing paths in [NRS05] under
a finite 5-th moment assumption on the random walk increment, which was later improved
in [BMSV06] to an essentially optimal assumption of finite (3 4 €)-th moment for any € > 0.

Other one-dimensional coalescing systems (all with non-crossing paths) which have been
shown to converge to the Brownian web include: two-dimensional Poisson trees, which was in-
troduced in [FLT04] and shown to converge to the Brownian web in [FEWO05]; a two-dimensional
drainage network model which was introduced in [GRS04] and shown to converge to the Brow-
nian web in [CFDQ9]. Interestingly, the Brownian web, or rather, the coalescing flow generated
by it known as the Arratia flow, also arises in the scaling limit of a planar aggregation model,
see [NT11al [NT11b|, where convergence was established using a different topology.

Another one-dimensional coalescing system conjectured to converge to the Brownian web
is the directed spanning forest, which was introduced in [BB07] and shown recently to be a.s. a
tree in [CT11]. As one might expect, the difficulty in establishing convergence to the Brownian
web lies in the specific form of dependence in that model.

Our result sheds some light on the scaling limit of super-critical oriented percolation in
dimension 14+1. We expect the same result to hold for the one-dimensional contact pro-
cess. However, a most interesting and challenging direction of extension will be to investi-
gate what kind of structures appear in the scaling limit of critical oriented percolation, or
near-critical oriented percolation where p | p. in tandem with the scaling of the lattice. For
two-dimensional unoriented percolation, the critical scaling limit has been constructed and
studied using Schramm-Léwner Evolutions, while the near-critical scaling limit is currently
under construction (see [GPS10] and the references therein). However for oriented percolation,
there is still no conjecture on how to characterize the critical and near-critical scaling limits,
or if such limits exist at all.

The rest of the paper is organized as follows. In Section [2| we define and establish some
basic properties for the exploration clusters which approximate the rightmost infinite open
paths. We will also recall Kuczek’s proof [K89] of the central limit theorem for a rightmost
infinite open path and extend it to establish an invariance principle. In Section [3] we will prove
the convergence of multiple exploration clusters to coalescing Brownian motions, which implies
condition (I). Lastly in Section |4} we will verify conditions (B1) and (B2), which completes the
proof of Theorem



2 Exploration Clusters

In this section, we introduce the key objects in our analysis, the percolation exploration clusters.
We will establish some basic properties for these exploration clusters. We then show that each
path in I' can be approximated by an associated exploration cluster, in the sense that both

converge to the same Brownian motion after suitable centering and scaling.

2.1 Construction of exploration clusters

So far the rightmost infinite open paths v, are only defined for z € K, the set of percolation
points. We first extend this definition to all z = (z,4) € Z2

even

by defining
Vs =y, where 2’ = (y,4) with y = max{u <z : (u,i) € K}, (2.1)

which is the rightmost infinite open path starting from (—oo, z] x {i}, and it exists a.s. because
we assumed that p > p.. Note that T = {v, : 2 € K} = {7, : 2 € Z2,.,,}-

Without loss of generality, let z = o be the origin. In a nutshell, the exploration cluster
Cy(n) we use to approximate v, up to time n, consists of the minimal set of open and closed
edges, denoted respectively by E9(n) and ES(n), that need to be explored in order to find the
rightmost open path connecting (—oo, 0] x {0} to Z x {n}.

To construct C,(n) := (E9(n), ES(n)), we start by exploring the open cluster at the origin
in the following way (see Figure . Let e and e, denote respectively the up-right and up-left
edge starting from o, and let w™ and w™ denote respectively the up-right and up-left neighbor
of 0. We first explore the status of el. If e} is closed, then we move on to explore e . If e} is
open, then we explore next the open cluster at w™* by the same procedure and stop when either
the first open path reaching Z x {n} is discovered, or the exploration of the open cluster at w™
is finished without discovering an open path to Z x {n}, in which case we move on to explore
e, . When it comes to exploring e_, if it is closed, then the exploration of the open cluster at o
is finished; otherwise we explore next the open cluster at w™ by the same procedure until either
the first open path reaching Z x {n} is discovered, or the exploration of the open cluster at w™
is finished without discovering an open path to Z x {n}, in which case the exploration of the
open cluster at o is again finished. We explore the open clusters at o = (0,0), (—2,0), (—4,0),

. in this order, until a first open path connecting (—o0,0] x {0} and Z x {n} is discovered,
at which time we stop the exploration. The sets E9(n) and ES(n) are the sets of open and
respectively closed edges that have been explored up to the time the exploration process is
stopped.

By construction, there is a unique open path using edges in E9(n) which connects (—oo, 0] X
{0} to Z x {n}, and it is also the rightmost open path among all open paths connecting
(—00,0] x {0} to Z x {n}. We denote this path by () : {0,1,...,n} — Z. Let V,(n) denote the



Figure 3: The exploration cluster process C,(n) for n =1,2,...
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set of vertices at which at least one of the two outgoing edges have been explored. The path
7' serves as both the left vertex boundary and the left edge boundary of C,(n) in the senese
that all vertices in V,(n) and all edges in ES(n) U ES(n) must lie on or to the right of [!. We
can similarly define the right vertex boundary of C,(n) by the path

ro(7) ;= max{z € Z: (—00,0] x {0} — (z,j)}, j=0,1,...,n. (2.2)
Note that [J'(n) = rl(n) for all n > 0. We will call (I7,r]) the left and right boundaries

o’" o0

associated with the exploration cluster Cp(n). The time-evolution of (I}, 77),>0 will be called

the left and right boundary processes associated with the exploration cluster process C, :=

(Co(n))n>0. For a general z = (z,1) € Z2,.,, the exploration cluster process C, := (C.(n))n>i

n n
Z’TZ

and its left and right boundary processes (I Jn>i are defined similarly.

Note that the exploration process in the construction of C,(n), n > 0, discovers the perco-
2

lation configuration on ZZ.,

in a Markovian way: conditional on the status of the edges that
have been explored, the next edge to be explored is determined uniquely, and it is conditionally
open with probability p and closed with probability 1 —p. In particular, (Co(n)),>0 is Markov.
Furthermore, different exploration cluster processes evolve independently as long as the sets of

explored edges do not intersect.

2.2 Approximation by an exploration cluster

We now show that for each z = (z,i) € Z2,,, 7. € [ can be approximated on the diffusive

scale by the exploration cluster process C, := (C,(n))n>i, or rather, by the associated boundary
processes (12,77 )n>i. First we collect some basic properties of v, and (I2,77),>;. Without loss

of generality, assume z = o. All the discussions and results that will follow and the notation
2

we will introduce adapt straightforwardly to a general z € ZZ,.

First, we identify r] : {0,1,...,n} — Z with its extended definition on [0, cc] by setting
r(s) = r(n) for all s € [n,00), r(c0) = %, and linearly interpolating between consecutive
integer times. The same applies to [

In the construction of the exploration cluster process C, := (Co(n))n>0, we observed that
[7 is the rightmost open path connecting (—o0,0] x {0} to Z x {n}, and r7(j), for each 0 <
7 < n, is the rightmost position at time j that can be reached by any open path starting from
(—00,0] x {0}, while 7, is the rightmost infinite open path starting from (—oo, 0] x {0}. These
facts readily imply

Lemma 2.1 Let v, be defined as in , and let C, be the associated exploration cluster

process with left and right boundaries (12, r0)n>0. Then

(i) There exists o : [0,00] — Z U {x} such that for alln >0, r2(-) = ro(-) on [0,n], and

ro(n) = max{y € Z : (—o0,0] x {0} — (y,n)}.

11



(ii) For alln >0, we have v,(-) < I3(-) < 7(-) on [0,n].

(iii) For alln >0, we have I(n) = rl(n).

(iv) For all m >n >0, we have IJ'(-) < I}(-) on [0,n].

The time-consistency of (r]),>o established in Lemma (i) allows us to replace (77)n>0
by a single path r,. The left-boundary process (I7}),>0 does not share this time-consistency
property, as illustrated in Figure We also note that v, and (I),>0 are nearest-neighbor
paths, while r, may have jumps of size more than 1 to the left, but jumps to the right are

always nearest-neighbor.

By the ordering relation in Lemma (ii), to show that -, can be approximated by
(Cs(n))n>0, which converges to a Brownian motion after proper centering and scaling, it suffices
to show that

Proposition 2.2 [Invariance Principle] Let p € (p.,1). There ezxist o := a(p) > 0 and
o = o(p) > 0, such that as € | 0, Sqce(V0,70) converges in distribution as a sequence of
IT x IT-valued random variables to (B, B) for a standard Brownian motion B := (By)i>0, where
Sa,o,c s the shearing and diffusive scaling map defined in .

In [D84, Section 3], Durrett considered the very same process (14(n))n>0 and used the

sub-additive ergodic theorem to show that a.s.

lim ro(n) =: o = inf E[To(n)} >0 if p > pe.
n—oo n n>1 n

Kuczek [K89] later established a central limit theorem for a variant of r,(n). When the cluster
at the origin dies out at time n, instead of exploring next the cluster at (—2,0) as in our
construction of r,, Kuczek explores next the cluster at (n,n) and iterates this process. Since
we are interested in an invariance principle for r, and ~,, as well as a bound on the difference
between r, and v, which we will need later, we recall below Kuczek’s argument and adapt it
to prove Proposition 2.2

A key tool in Kuczek’s argument is the use of break points, which are analogous to regen-
eration times in the study of random walks in random environments. For r,, they are the
successive percolation points in the sequence (74(n), n)n>0, which we denote by (ro(T}), T;)ien-
The break points are exactly the points at which ~, and r, coincide, and it is easy to see that
for each i € N, I7(-) = v,(+) on [0,T;] for all n > T;. Let

7 =T, =T —T; for ¢ > 2;

(2.3)
X1 :=1r,(T), Xi:=r,(T;) —ro(Ti—1) fori>2.

Note that when o is a percolation point, X; = 71 = 0. Kuczek proved in [K89| that

12



Lemma 2.3 [Conditional CLT]| Conditional on the event o € K, (X;,7)i>2 are i.i.d. with
all moments finite, and (r,(n) — an)/o\/n converges in distribution to the standard Normal
random variable as n — oo, wherd]]

E[X] E[(X2E[r] — E[X5])?]

— 2 _
a= Er] and o° = B[] > 0. (2.4)

Kuczek’s proof of Lemmais based on the key observation that conditional on z = (z, i) being
a break point along r,, the percolation configurations before and after time i are independent.

Kuczek’s arguments can be extended to prove an invariance principle.

Lemma 2.4 [Conditional Invariance Principle] Conditional on the event o € K, Sy o.To
converges in distribution as a sequence of Il-valued random variables to a standard Brownian

motion B := (By)¢>0, where a and o are as in .

Proof. First we replace (r,(t))i>0 by a path (7o(t))i>0, where 7o(T3) := r,(1;) for all ¢ € N,
and for t € (T;,Ti+1), To(t) is defined by linearly interpolating between r,(7;) and r,(T;11).
Then

SO(,O’,ETO = Sa,o,efo + SO,O',E (To - fo)a

and it suffices to show that Sy 4 ¢(7, — 7,) converges in distribution to the zero function, while
Sa,0.eTo converges in distribution to B.
If we let X; = (ro(Tj—1+7) —1o(Ti=1))o<j<r, € Up>1Z" for i > 2, then Kuczek’s observation

on break points also implies that (X'l, 7i)i>2 are i.i.d. conditional on o € K. In particular,

sup  |ro(t) —7o(t)|, i>2,
tG[Tifl,Ti]
are also i.i.d. conditional on o € K. Furthermore, the facts that r,(7;—1) = 7o(Ti—1) for each
T > 2, % < To, Vo i8 a nearest-neighbor path, while jumps of r, to the right are always

nearest-neighbor, together imply that

sup |ro(t) = To(t)| < 2(T; — Ti-1) =27, > 2,
te[Ti—1,T5]
which has all moments finite. It is then an easy exercise to verify, which we leave to the reader,
that So,4.c(ro — 7o) converges in distribution to the zero function as € | 0.
Since Sq0.e0 = 50,0,e590,0,070, We first apply the shearing map and note that S, 007
is the path obtained by linearly interpolating between the sequence of space-time points
>0y X;, Yo, T), n > 1, where X; = X; — ar;. We can therefore regard Sq,0,070 as a time

'There was a typo in [K89] after Lemma 2, and in [WZ08| Prop. 2.1], where the factor E[r2] > was missing

in the formulae for o2.
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change of the random walk W(n) = 37 | X;, with the time change given by T'(n) := >.1" | 7,
and W (t) and T'(t) for non-integer ¢ are defined by linearly interpolating between consecutive
integer times. More precisely, (Sa.0070)(t) = W(T~1(t)). Note that (X;)i>2 are ii.d. with
E[X;] = 0 and E[X?] = E[r;Jo?. Therefore So, W converges in distribution to \/E[rs]B for a
standard Brownian motion B. On the other hand, we note that (eI'(t/€)):>0 satisfies a law of
large numbers and converges in distribution to the linear function g(t) = E[mr]t, t > 0, with
the topology of local uniform convergence. Therefore (e1~1(t/€));>0 converges in distribution
to g~1(t) = E[r]~'t, t > 0. It is then a standard exercise, which we again leave to the reader,

to show that

VeWw (e eT‘l(t/e))>
>0

o

SO,J,eSa,O,Ofo = SO,G,EW(Til(t)) = (
converges weakly to \/E[m2]B(t/E[m]) < B. Therefore Sa,0.eTo also converges weakly to B. 1

We now deduce Proposition from Lemma [2.4

Proof of Proposition As in , let (r0(T3),T;)i>1 be the successive break points along
(ro(n))n>0. Note that v,(T;) = ro(T;) for all i > 1. By the independence of (v,,7,) before and
after a break point conditional on the break point, we observe again that conditional on the
first break point (v,(71),T1) = (ro(T1), T1),

(’YO(T%—I +]) - ’70(1—%—1)’ To(Ti—l + ]) - To(ﬂ—l))ﬂﬁjﬁ‘m 1>2,

are i.i.d. and independent of (V,(j), 70(J))o<j<r - Suppose that 77 < oo a.s. Then by condition-
ing on (r,(71),71), Lemma implies that S, 7o converges weakly to a standard Brownian
motion B since Sq,g.e(SUPsejo,1y) To(t)) — 0 and S 71 — 0 in probability as € | 0. To conclude
that Su 0.V and Sy 7o converge to the same Brownian motion, it suffices to note that

1) — 1)) < ; ) > .
g max (10() = 0(i) <27, P22 (2:5)

are i.i.d. with all moments finite, since r, (resp. 7,) can increase (resp. decrease) by at most 1
each step, and 7; has all moments finite by Lemma [2.3

Now we show that 77 < oo a.s. We decompose the probability space by the value of
Y(0) = 2z for x < 0. On the event 7,(0) = 2z (i.e., 2z € K and 2i € K for x +1 < i < 0),
we note that (r,(71),T1) is simply the first break point along the right boundary 79, ¢y of the
exploration cluster C(y, ) after the finite open clusters at (24,0), x +1 <4 < 0, have all died
out. Therefore on the event v,(0) = 2z, T} < c© a.s. by Lemma n

We conclude this section with an error bound on the approximation of v, by r,.
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Lemma 2.5 [Approximation error| For each L > 0 and 0 < § < 1, there exists C > 0 such
that for all € € (0, 1], we have

P sup ro(t) = 70(t)] = €70) < Ce”, (2.6)
t€[0,e~1L]
and
P(ro(s) #7,(s) Vs € [t,t +€7%] for some t € |0, eflL]) < CeVd, (2.7)

Proof. As noted in the proof of Proposition[2.2] conditional on the first break point (r,(T%), T%)
along ro, (16(J) — Y0(J))o<j<m and ro(Ti—1 + j) — Yo(Ti=1 + j))o<j<r, ¢ > 2, are independent,
with the latter forming an i.i.d. sequence.

Since (7;);>2 are i.i.d. and non-negative, % ?:JFQI T; satisfies a lower large deviation bound.

In particular, for any ¢ > E[r] ™!, there exist C1,Cy > 0 depending on ¢ and L such that for
all e € (0,1],

1 [ce TL]+1 17
-1 —Cae™ 1L

P(Tieeippn <€ L) < P(W Y om< W> < Cre~ 'k, (2.8)
1=2

which decays faster than any power of € as € | 0. Therefore to prove (2.6)), it suffices to show

]P’( sup |To(t) — 7o(t)| > e*5> < Cel, (2.9)
tel0,T

(ceflL—H»l]

We bound the supremum of |r,(t) — ,(t)| on [0, 71] and [T1, Tjec-11741] separately.
Firstly,

[ce 1L]+1
IP’( sup 7o(t) — Yo(t)] > e_5> < Z P( sup |ro(Tim1 + ) — vo(Tim1 + 5)| > €79)
tE[Tl’T(ceflL'H—l] i—2 0<s<T;

= [CG_IL]P( sup |ro(Th + 8) — Yo(Th + 8)| > 6_6)
0<s<19

< [ec ' LTME[ sup |ro(Ty +5) = (01 +9)|"]
0<s<m2

S 061/6

for some C' > 0 depending on ¢ and L, where we have applied the Markov inequality, chosen
k to be sufficiently large, and used the fact that supgc <, [ro(T1 + 5) — 7 (T1 + s)| has all
moments finite as noted in .

Secondly, we note that by the same reasoning as for ,

sup [ro(t) = Yo(t) < [70(0)[ + 2T1.
te[0,T1]
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Therefore to prove

P( sup |[ro(t) —0(t)] > e*‘s) < Ce/d
tel0,Th]

and thus deduce ({2.9), it suffices to show that |y,(0)| and 77 have all moments finite.
Let H; be the time when the open cluster at (—2i,0) dies out. Then for any k& > 1,

P(|y,(0)| > 2k) = P(H; < oo for all 0 < i < k) < Cze~“1k (2.10)

for some C3,Cy > 0 by results in [D84, Section 10]. Therefore |7,(0)| has all moments finite.

On the other hand, given 7,(0) = —2x for some = > 0, T} is the first break point along
T(—2¢,0) after the open clusters at (—2i,0), 0 < ¢ < z — 1, have all died out. If we let
(7(—22,0) (T;),T;), i € N, denote the successive break points along T(—22,0), With 7; = T; — Ti_1,
then we have

P(Ty > 2k) ZIP’ (Yo(0) = =22, T1 > 2k)
< E;)IP’(%(O) = 22, T > 2k, k <O<rfl<axx H;, <o —i—ZIP Y%(0) = =2z, T1 > Qk,ogr%ag_{{i <k)
oo z—1
< ;);]P’('yo = 2x,k < H; <)+ ;)IP’(%(O) = —2z,(—22,0) € K’Q??gxkﬂ > k)
1 1 1 1
< = — 2 < = — 2 — T, > k)2
ZmIP’ (76(0 22)2P(k < Hy <00)>2 ZIP’ (7(0 2x)2P(( 23:,0)6/C,21;1iagxkn_k)2
< CsP(k < Hp < 00)2 + C’G]P’( max 7 > klo € IC)% (2.11)

where we have applied Cauchy—Schwartz inequality and used (2.10) to bound P(~,(0) = —2x).
The first term in (2.11)) decays exponentially in k, because

P(k < Hy < o0) < CreC8F

for some C7,Cs > 0 by results in [D84] Section 12]. The second term in decays faster
than any power of k, because conditional on o € K, (7;);>2 are i.i.d. with all moments finite by
Lemma Therefore 17 also has all moments finite. This concludes the proof of and
hence also .

To prove (2.7)), we note that v,(T;) = ro(T;) for all i € N. Therefore the event in is
contained in the event that there exists some i € N with [T;_1,T;] C [0, *L+€e %] and 7; > ¢°
By the same large deviation bound as in , we may restrict to the event e 'L + e <
Ttee-11]41- Then the probability in can be bounded by

[ce 1L]+1

P(Ty, > %) + Z P(r; > € 9) = P(Ty > € %) + [ce 'L)P(ry > €7%) < Ce'/?,
=2
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again because 717 and 7 have all moments finite. |

3 Convergence to Coalescing Brownian Motions

In this section, we show that different exploration clusters evolve independently before they
intersect, and when two exploration clusters intersect, they coalesce in most cases. As a con-
sequence, we prove that after applying the shearing and diffusive scaling map S, s, a finite
number of exploration clusters C,,, 1 <17 < k, converge in distribution to coalescing Brownian

motions, which implies the convergence criterion (I) for (Sa,e.e')ec(0,1)-

3.1 Convergence of a pair of exploration clusters

By construction, two exploration clusters evolve independently until the first time they inter-
sect, i.e., when they share a common explored edge. We first show that two exploration clusters
starting at the same time must coalesce when they intersect. Complications arise when the two

clusters start at different times. See Figure [

Lemma 3.1 [Coalescence of exploration clusters] Let z; = (21,0), 20 = (22,0) € Z2,.,

with x1 < x. Let C,, and (ZZ’TZ)HZO? i = 1,2, be the respective exploration cluster pro-

cesses and their associated boundary processes. Let (r,,(n))n>0, @ = 1,2, be the infinite right
boundaries defined as in Lemma (2.1 Define
k:=min{n > 0: 17 (i) <. (i) for some 0 <i < n},
Kr:=min{n > 0: 7, (n) <71, (n)},
Ky i=min{n > 0: 7y, (n) <v;,(n)}.

Then
(i) kKr =K and 1, (n) =14, (n) for alln > k,.

(ii) i2,(-) =12,(-) on [k, n] for all n > k.

22
(ili) Ky =min{n >0: 7. (n) <1, (n)}, Ky < Ky, and v, (n) = 72, (n) for all n > k.

If 20 = (w2,i2) € Z2

even

with iy # 0, then the above statements hold on the event r,, (0V ig) <
V2o (0 V i), with O replaced by 0V iy in the definition of K, K, and k. By symmetry, analogous
statements hold on the event r,, (0 V iz) < v, (0V ia).

Remark. Lemmashows that if z; = (x1,41) and z9 = (29, i2) satisfy iy = ig, or 7, (i1 Vi) <
Vo (11 V i2), OF T4, (i1 Vi2) < 7, (i1 V i2), then the time when C,, () and C,,(+) first intersect
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(@ C and C first intersect at the n-th step at site z, and their boundaries coalesce.
(,,0) (5,0)

(5, iy) (5, 1)

(b) C(x 0)and C(m i) first intersect at the n-th step at site z, but their boundaries do not coalesce.
1 27 2

Figure 4: When two exploration clusters first intersect.
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is also the time when r,, and r,, coalesce, and r,, and r,, cannot intersect or cross each other
without coalescing. This picture may fail when the above conditions are violated: one such
scenario is illustrated in Figure 4| (b) where 17 (0) <17, (0) = r.,(0) < 72,(0).

Proof of Lemma For (i)-(ii): Since I7,(-) < 7s,(+) on [0,n] for all n € N, clearly
72 (1) <7(:) on [0,k — 1] and hence k, > k. Now let n > k.

If17,(0) < 21, then because I, i = 1,2, is the rightmost open path connecting (—oo, ;] x {0}
to Z x {n}, we must have I =17 , which by Lemma (iii) implies that 7., (n) = r.,(n).

Now suppose that x; < I7(0). By the definition of x and Lemma (iv) that I7,(-)
decreases in n, we must have 17 (i) < r., (i) for some 0 <4 < k. Since 7., can only increase by
at most one at each step while [Z, is a nearest-neighbor path, 7, and r,, must coincide at some
time in {0,1,--- ,k}. Let j be the first such time. By the definition of r,,, the rightmost open
path 7 connecting (—o0,z1] x {0} to Z x {j} satisfies 7(j) = r., (j) = (Z,(j). By concatenating
first 7 and then [Z, at time j, we obtain an open path connecting (—oo,z1] x {0} to Z x {n},
which coincides with {7, (-) on [j,n] D [k, n], lies on the right of I7, (-) on [0, j] by our choice of
7, lies on the left of I7 (-) on [0,n] by the definition of (7. Therefore (7 (-) < I7 () on [j,n]
and 7, (j) = I7,(j). We must also have I7 (-) <17, (-) on [j,n], because concatenating first I7,
and then [7, at time j produces an open path connecting (—oo, z2] x {0} to Z x {n} and 17, is
the rightmost such open path. Therefore I, (-) = I7,(-) on [j,n] D [k, n], which further implies
75, (n) = 2, (n) by Lemma [2.1] (iii). Combining the conclusions above then gives (i) and (ii).

For (iii), the argument is the same. We distinguish between the cases v,,(0) < z; and
1 < 72,(0). In the first case we deduce 7,, = 7, from their definition. In the second case, we
find the first time j when r,, and ~,, coincide. By concatenating paths as done above and using
the definitions of v, and 7,,, we deduce that v, (-) and 7., (-) must coincide on [j, c0). Since
V21 <72, V2, and 7y, cannot intersect earlier. Therefore j = k.. Since 7., < r.,, Ky < K.

In the proof above, the fact that z; and 25 are at the same time is used when we tried
to prove [ = I in the scenario I7,(0) < 1 = r;,(0) for some n > k. When z; and 23 are
at different times, [7, and [Z, are in general not comparable and the same reasoning does not
apply. However, the condition 7, (0V i2) < v,,(0Vi2) rules out such a scenario and guarantees
that r., (0 Vig) <17 (0Vig) for all n > 0V iz. The concatenation arguments we had for iz = 0
then applies without change. |

We now formulate the convergence of a pair of exploration clusters to coalescing Brownian

motions, which extends Proposition for a single exploration cluster.

Proposition 3.2 [Convergence of a pair of exploration clusters] Let o and o be as in
(ﬂ). Fori=1,2, let 2§ = (z5,nS) € Z2,, be such that Se sz — 2 = (i, t;) ER? ase | 0.
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Let

3o

==min{n € Z : r,c(m) = 1,5(m) Vm > n} (3.1)

ke i=min{n € Z : v, (n) = 7.5(n) Vm > n}.

i)

Let By and By be two coalescing Brownian motions starting at respectively zy and zs, and let

k:=1inf{t € R: By(t) = Ba(t)}. (3.2)
Then as e | 0,
di
Soz,o',e(')/zi y 28 V255 728 Kreyy /’ﬁi) :St> (Bla By, By, By, K, K‘) (33)

as random variables taking values in the product space TI* x [—o0, 00]?.
Proof. We will prove that the convergence in (3.3|) takes place a.s. under suitable coupling.
First we construct (C.e, ng) from two independent percolation configurations

i=1,2, (3.4)

Ven}7

€ €,+

€

where wf’i are i.i.d. Bernoulli random variables with parameter p, and w®" , resp. Wi equals 1

if the up—lright, resp. up-left, edge from w is open in the i-th percolation cc[)lr]{%guration, and equals
0 otherwise. Let CE; be the exploration cluster starting at z{ constructed from the percolation
configuration sz’]’ and let 7@, (l[Z;’n)nan and rg be the associated rightmost infinite open path
and left and right exploration cluster boundaries.

Using the fact that C.c and C.c explore distinct edges (and hence evolve independently)
before they intersect, we can construct (C¢,C,¢) on a common percolation configuration from
Qfﬂ and C’L?, i = 1,2, as follows. First let C,c = C%] so that C¢ is constructed by exploring
the status of edges in Qfl]. Next we construct C,¢ by exploring the status of edges in QfQ] one
by one until we first encounter an edge whose status in Qfl] has already been explored in the
construction of Cc. From this step onward, we continue the exploration construction of Cg
by using the status of edges which have either already been explored so far in the construction
of Cyc and Cys, or when a previously unexplored edge is encountered, we look up its status

in Qfl]. Because the status of edges are discovered in a Markovian way, (C.¢, C,s) constructed
this way has the right distribution. We have C,c = CE;, and Cy(-) = C’Eg]() on [ns, Ui — 1],
where Lflz] is the first time n when CE;] (n) encounters an edge which has already been explored

in the construction of Cy¢. In particular,

1 2
rag =1l and rg() =) on [ng, ifyy — 1] (35)
To prove the convergence in (3.3)), first we note that Sa se(7Vze, 72g, Vag, 725 K5, KS), € >0, is

a tight family of TI* x [—o0, o00]?-valued random variables because Sa7076('yz§,7’z;) dist (Bi, By),
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i = 1,2, by Proposition Therefore it suffices to verify (3.3)) along any weakly convergent
subsequence. By Lemma for each L € N and 0 < 6 < 1, there exists Cs 1, such that

max P( sup ’S(;v,a,erz-6 (t) - Sa,a,e’}/f (tﬂ > 5%_6> < Cé,Lfl/(sv
=12 \yelens, L] ‘ !

max P(r.c(s/€) # v.c(s/e) Vs € [t, b+ €' 7] for some t € [ens, L]) < Cs.p.e'/?.

Let § = i. By going to a further subsequence if necessary, it suffices to verify 1} along any
weakly convergent subsequence indexed by (€p,)men With €, | 0, such that for all L € N,

max ]P’( SUD S, aem () — S, Yarm (£)] = 6,17{4) < 0, (3.6)
ol 1=1,2 tE[emn?n,L] 4 o
o0
max P(r,em (s/€m) # Voem ($/€m) Vs € [t,t + €3/4] for some t € [emni™, L]) < oo. (3.7)
m=1 = ' '

Observe that by Borel-Cantelli, almost surely, the events in (3.6)) and (3.7)) happen only a finite
number of times regardless of how the percolation configurations (Qfﬁ’, Qfg"f)meN are coupled.
From now on we work with such a sequence of (€,,)men.

By Proposition 2.2 as m — oo,
Sacrem (bt o1 i) — (B, B, BY, BY) (3.8)

in distribution for two independent Brownian motions Bg” and B£2], starting respectively at
z1 and z9. By Skorohod’s representation theorem for weak convergence [B99, Theorem 6.7],
ao e 2l

we can couple the sequence of random variables Sa,g.c,, (V,em> 7 ém > Voem s Toem ), M € N, and
1 1 2

(Bgl], Bg]) on the same probability space such that the convergence in 1) becomes almost
sure. Furthermore such a coupling can be extended to a coupling of the underlying sequence
of percolation configurations (Qfﬁ,QfﬁT)meN by sampling (Qﬁ’f,Qfgf), m € N, independently
conditional on the realization of (fyili]m , TL?M , ’yfg]m , T’E;Ll), m € N. Assume such a coupling from
now on.

Let

k12 = inf{t e R: B(t) = BE (1)}
Define B; := BEI], and Ba(-) := BE](-) on [ta, k'] and By(-) = Bgl](-) on [k1'% oc]. Then
(B1, Bs) is distributed as a pair of coalescing Brownian motions starting respectively at z; and
29, and k' = k as defined in 1)
Let CLem, v em, (lL!;ﬁ)nanm and r,em, ¢ = 1,2, be constructed from the percolation config-
urations (Qm, QE’]L) as above. By construction, (v,em,r.cm) = ('yili]m,rili]m) Therefore by |D
and our coupling,

Sa,o',em (72[:151% , TEG]m ) - (Bl, Bl) a.s.
1 1
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Assume first z; # z3. Then a.s. either (1) y; := Bi(t;1 Vt2) < y2 := Ba(t1 V t2), or (2) y2 < y1.
In case (1), define

. . 2 1
/le,YZ]’G’" = min{n > ni™ Vny" : ’yigm (n) < rLgm (n)},

HLlZ],em — min{n > nim \ ngm : TEC]m (n) < T[le]m (n)}
2

?1
Because the left boundary of the exploration cluster C’Ee]m (n) is bounded between %jﬁln and
2 2
r[%]m, for m sufficiently large, (i, the time when C [g]m (n) first intersects C,e = C [le]m, satisfies
Z3 (12] 25 1 25

12],em m 12],em
HL’Y]E < Uiy < wftem,

Since the a.s. convergence in 1} induced by our coupling implies that (emﬁlif]’em, em/@[nm]‘m) —
(k, k), we must have emLfl’g] — K as well. Therefore by 1) and 1| Sa,memrz;m — Bg uni-
formly on [t2, k]. By || and Borel-Cantelli, we must also have Sa7g’emvz§m — By uniformly

on [tg, k]. Therefore for all m sufficiently large,
roem (R V ng™) < yuem (R V ng™),

which allows us to apply Lemma (3.1} to conclude that r_em (-) = r,em (-) on [Lfl’g], o0) and k& =
LE%]. Therefore S, 7,m — B2 and exy™ — k. Again by and Borel-Cantelli, we also
have Sa.o.e,,726m — B2. Since k7" < kpm by Lemma and Sa,g.e,, (Vzem, Vzgm) — (B1, Ba),
we must also have ex§" — . This proves with a.s. convergence under our coupling in
case (1).

In case (2), define

sfiZhen = mingn > ng Vg ol (n) < o ).

By 1' emmﬁf}’em — k. Note that for all m sufficiently large, we have

1 12],emy _ .12 12],em m — gl12]em

’Yii]m (,'@[q,y]’€ )= rig]m(m,[w} ) and Lfm 1= ”Lv} em,
. 2 12],em 12],em 12],em
These facts imply that r e (-) = T,[z;}m (-) on [ng™, m[w}’e ]. Furthermore, (r_gm (m[w} ), /i,[uy] )
is a break point along e, and hence /@7[}72]’6'” = k9" and emr" — K. On [K9",00), rem(-)

is bounded between Yaim and Toem. Therefore Sa,gyemrzgm — By. Applying 1) again with
Borel-Cantelli gives Sma,em’yzgm — Bs. Finally we note that x{™ is bounded between nfym and
the first time after x5 when rem (-) = ~,em (-). Then by (3.7) and Borel-Cantelli, we must
have €,k — K as well. This proves (3.3) with a.s. convergence under our coupling in case

(2), and completes the proof of (3.3 for z; # z9.
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Lastly we treat the case z; = zo9, which we may assume to be o without loss of generality.
For each m > 3, let z2¢, € Z2, be such that Sy 525 — 2m = (1/m,0) as € | 0. For 1 <i < j,

even

let k" and k5" be defined for C¢ and C¢ in the same way as in 1} Then
Sevoe((rz, 720 )iew, (657, 657 )1<i<j), € € (0,1),

is a tight family of random variables taking values in II" x [—o0, 0o]" under the product topology.

By (3.3) proved earlier for z; # z3, any weak limit must be of the form

(Wi, Wi)ien, (5,2, 532), (57, 67 ) 1<icj, j>3)

where for each (i, j) with 1 <i < j and j > 3, (W;, W;, k%) is distributed as a pair of coalescing
Brownian motions starting respectively at z; and z;, and &% = inf{t > 0 : W;(t) = W;(¢)}.
Note that

€,12 e,1m _€2m €,12 e,1m _€2m
ket <max{ry " k7" and kST < max{k", k5T

for all m > 3, and x'™ dist | 2m converges in distribution to 0 as m — oo. Therefore we must
have k12 = K%Q = 0 a.s. It then follows that W; = W5 a.s. This concludes the proof of 1)
for z1 = z9. [ |

Remark. Prop. 2.2] Lemma [3.I] and the construction of two exploration clusters from two
independent copies in the proof of Prop. show that two exploration clusters starting at the
same time must coalesce a.s. in finite time. The same is true if two exploration clusters start
at different times, since each vertex can only reach a finite number of vertices by open path at
any later time. This recovers the main result in [WZ08§]|, that any two paths in I" must coalesce

a.s. in finite time.

3.2 Convergence of multiple exploration clusters

We now extend Proposition[3.2] by establishing the convergence of a finite number of exploration
clusters to coalescing Brownian motions, which implies that the convergence criterion (I) in
Theorem holds for Sa,g,ef ase ] 0.

Proposition 3.3 [Convergence of multiple exploration clusters| Let k € N. For 1 <
i < k, let 26 = (a5,n5) € Z2,., be such that Su g2 — 2z = (vi,t;) € R? as e | 0. For
1<i<j<k,let k&Y and Kfy’ij be defined for the exploration clusters Cy: and Czje, as in .
Let (By,- -, Byg) be coalescing Brownian motions starting respectively at (z1,--- , zx), and let
kY be the time when Bj and B; coalesce. Then as e | 0,

See((Vze: 2 N1<ichs (K57 ko )1<icijcr) = ((Bi Bi)i<ick, (K7, 67 )1<icj<k) (3.9)

as random variables taking values in the product space TI?* x [—oo, oo]k(k_l).
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Proof. The proof is essentially the same as that for Proposition [3.2l We proceed by induction.
Suppose that || holds for a given k£ > 2. Let 27, € Z2.. be such that SonoeZhr1 — Fh+l

even

for some 211 = (Tpy1,tpr1) € R2. If 241 = 2; for some 1 < i < k, then (3.9) for k + 1 follows
from the induction assumption and Proposition applied to C.¢ and Cy¢, . Therefore we
assume from now on zx41 # z; for all 1 < < k.

As in the proof of Proposition@ we construct (Cye)i<i<k and CZZ+1 from two independent

percolation configurations QE] and QfQ}. First we construct (Cilg)lgigk and CL?H respectively
from Qfl] and Qfg], and then set (ng)lgz‘gk = (C;])lgigk. Next we construct szﬂ by suc-

cessively exploring the status of edges in Qf2] until the first time we encounter an edge whose

status in Qfl] has already been explored in the construction of (C'Llj)lgigk, from which step
onward, the exploration construction of CZZ+1 will only use the status of edges that have al-
ready been explored, or if an edge is unexplored, then look up its status in Qfl]. Let Lfm] be the

: . 2 2
first time when C | intersects (Ce)i<i<k, then Cie (1) = C’LE]H(-) and rze (1) = r[zz]ﬂ(-) on

[Mfey1 g — 1)

As in the proof of Proposition [3.2] it suffices to go to a weakly convergent subsequence
of Sa7g7€((725,7“z§)1§i§k+1, (K/fy’ij, ﬁf«’ij)lgiqgk“) indexed by (€,,,)men such that and
hold with max;—; 2 therein replaced by maxj<;<k+1. For such a sequence of (€;,)men, we then
apply Skorohod’s representation theorem to couple the sequence of percolation configurations
(Qrm Q) en, such that

(17 °72]
Sa,g,em((7£1§1nyril§}m)1§i§ka (rllemd elthemsidy, ;o op, (Viz]m ,TEE]m )
7 [ k+1 k41 (310)
B[l] B[l] . (1],i4 o B[2] B[Q]
(( [t} )1§1Sk7(’£ )1§1<]§k7( k+10 k+1)) a.s.,

where (B[l]

i )i<i<k is a collection of coalescing Brownian motions starting at (z;)1<;<r with

. . y 2
pairwise coalescence time s[%, and B,[CJF

Zk+1, all defined on the same probability space as (Qfﬁ‘, Qfﬁ?)meN- Let

; is an independent Brownian motion starting at

k12 = inf{t e R: B,E]rl(t) = Bl-m (t) for some 1 <1 < k},

and assume that B][ﬁ_l(/{[m]) = Bz[i}(lﬁ[m}) for some 1 < ip < k. Then setting (B;)i<i<k =
(BM)i<ick, Bipa(-) == B2, () on [tir1, x0%] and Byyi() := BI() on [+'%), 00) produces
a collection of coalescing Brownian motions (B;)1<i<k+1 starting respectively at (2;)1<i<it1-
With (Cem)1<i<k+1 constructed from (Qm,ﬂfﬁ) as before and the coupling we have, all it
remains is to prove that the convergence in takes place a.s. along the sequence indexed

by €. By (3.10)), it suffices to verify the a.s. convergence of

Sevaem (Vaom 7 (RSt D) e A DY) ) — (Biga, Brgr, (5" 67 0TD) ).

€m
Zk+1 )
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(1]

1
By the a.s. convergence of coalescence times among (’}/ZEm r 5m)1§i§k = (7, g,n,r[gLn)1<Z<k in

-, the above a.s. convergence may be reduced further to showing the a.s. convergence of

em,io(k+1)) io(k+1) io(k+1))

€m,i0(k+1)
SO&,O’,Em (72;4'»1 Tye K.

zk+17 ~y s R (Bk+17Bk+l7F': K

)

which concerns only the pair of exploration clusters C, i and C, - As in the proof of Propo-
sition n a.s. either y;, 1= Bj,(ti, V tht1) < Ypt1 1= Bk+1(t10 Vv tk+1) or Yr+1 < Yi,. Ireating
the two cases separately, the rest of the argument is then exactly the same as in the proof of
Proposition [3.2] n

4 Verification of (B1) and (B2)

In this section, we conclude the proof of Theorem by verifying conditions (B1) and (B2) in
Theorem for X, := Sa@ef as e | 0.

Verification of (B1). In our setting, condition (B1) amounts to showing that for all £ > 0,

limsup sup P(nx (to,t;a,a+3d)>2)—0 as ¢ 0. (4.1)
el0  (a,to)ER?

Note that, if we denote a, := atoe ™! + ace /2 and 8, := doe /2, then

nx. (to, t;a,a+ 6) = nr(toe ', te ' ac, ac + 60) < mr(ltoe ], [te s lac), lac) + [6] + 1),

where we used the fact that paths in I' are nearest-neighbor paths and coalesce when they

intersect. Therefore by translation invariance of I under shifts by vectors in Z2 uniformly

even’

in (a,tp) € R%, we have

P(UXE (t(),t a,a+ 5) = 2) < P(nF(LtﬂeilJv Ltﬁilj; L‘%J? LaeJ + {(561 + 1) > 2)
< Pyr(0, [te™1];0,[0] +2) > 2) (4.2)
< P(nr(0, [te ™" ];0, 6] +2) > 2),

where R := {r(, o) : (2,0) € Z2,,}, and in the last inequality we applied Lemma Assume
that z, := [5.|+2 is even, otherwise replace the constant 2 by 3. Note that 7z (0, [te 1]; 0, x¢) >
2 if and only if 7, and 7 (,_g) do not coalesce before or at time [te~!|. Since Sq g.e(c,0) — (6,0)
as € | 0, Prop. implies that ex;, where x; is the time of coalescence of 7, and r(,_q),
converges in distribution to the time of coalescence k(J) of two coalescing Brownian motions

starting respectively at (0,0) and (4, 0). Since e|[te™!] — t > 0, we have

leilrélP(nR(O, [te™1];0,z¢) > 2) = P(k(6) > 1), (4.3)
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which tends to 0 linearly in 6 as ¢ | 0; (4.1]) then follows. |

Verification of (B2). By replacing paths in I by the associated exploration clusters, we end
up with increasing and decreasing events of the underlying percolation configuration, for which
we can then apply the FKG inequality.

Condition (B2) in Theorem |1.3| amounts to showing that for all £ > 0,

s 'limsup sup P(nx.(to,t;a,a+6)>3) —0 as 6 0. (4.4)
el0  (a,tp)ER?

Let ae, 0., zc and R be as in the verification of (B1). Then similar to (4.2), we have
P(nx, (o, t; a,a + 6) > 3) < P(nr(0, [te ' [;0,2) > 3)

uniformly in (a,ty) € R%. By (4.3)), to prove (4.4)), it then suffices to show that for all n € N
and z € N,
P(nz(0,n;0,2z) > 3) < P(nr(0,n;0,2z) > 2)2. (4.5)

To simplify notation, let C; := C(9; ) = 1?21 0y’ and 1; 1= r(z;0) denote respectively the

) ’L :
exploration cluster at (2i,0) and its left and right boundaries. Since paths in R are ordered by
Lemma we can write

z—1

P(nr(0,n;0,2z) > 3) = ZP(TO(”) = rg-1(n) < re(n) <rz(n)).
k=1
For each 1 < k < x — 1, the event {ro(n) = rp_1(n) < rp(n) < ry(n)} is the same as the event
that the exploration clusters Cy and C}_1 intersect before or at time n, but Ci_1, C; and C,
are mutually disjoint up to time n. Since different exploration clusters evolve independently

before they intersect, we can write

(n) = re—1(n) < r(n) < re(n))
= (m(n) = (n), ri—1(-) <Ip(-) and 74 (-) < I3(-) on [0,n])
- P(rg”(n) T ), P <1270 and W) < 1B () on [0,n]),  (4.6)

where (C'([)H, C’,Eﬂl), C’E] and 03[63] and their boundaries are constructed on three independent
percolation edge configurations QM. Q2 and QB! defined as in . Conditional on the
realization of QI and QP and hence the realization of 7'([) ], r,[:] , and lf’}’n, we observe that
the event {r,[clll(-) < l[ hn "(:) on [0,n]} is increasing in the edge configuration Q) while the
event {T,[f](-) < B (-) on [0,n]} is decreasing in Q% Indeed, as more edges are switched from

closed to open in Q2 both l,[f]’n and r,[f] can only increase. Therefore by the FKG inequality
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applied to the i.i.d. Bernoulli random variables in Q2 and using the independence of Q) and
OBl we have

P(ry ) (n) = ril (n), mi () <427 () and r () < B2 () on [0, )
<E[L 0,1y P(rl, () < 27() on [0,n] | Q1) P(rP () < 1B7() on [0,n] | QF))]
= P(n%”m = m& (), and 7 () < 42" () on [0,n]) P(ri () < 181(-) on [0, n])
= P(ro —1(n), and rg_1(-) < IZ(-) on [0, n]) P(rk(-) < 17(-) on [O,n])
— P(ro(n) = 1<n> rk(n)) P(rp(n) < ro(n))
< P(ro(n) = r—1(n) < ri(n)) P(ro(n) < r4(n)).
Summing the above inequality over 1 < k < z — 1 then gives (4.5]), and hence ([4.4). |
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