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ABSTRACT. In this paper, we consider a two-dimensional random amplitude chirp signal
model. It is assumed that the additive error is independent and identically distributed. This
is an extension of the one dimensional random amplitude chirp model proposed by Besson
et al. [1] to two-dimension. The random amplitudes can be thought of as a multiplicative
error and are assumed to be independent and identically distributed with non-zero mean such
that the fourth order moment exists. The parameters are estimated by maximizing a two-
dimensional chirp periodogram like function and discuss their theoretical properties. The
proposed estimators are consistent and we obtain the asymptotic distribution as multivariate
normal. Under normality of the additive error, the proposed estimator attains the Cramer-
Rao lower bound. We propose a general multicomponent two-dimensional model of similar
form. The performances of the proposed estimators for finite samples are evaluated based

on numerical experiments and are reported graphically.

1. INTRODUCTION

A two-dimensional (2-D) complex-valued chirp signal model with random amplitude is

expressed as
y(m,n) =(m, n)ei(a?m+°‘3m2+ﬂ?n+ﬂ8n2) +X(m,n), m=1,... M;n=1,...,N. (1)

Here i = v/—1; and y(m,n) = yr(m,n) + iy;(m,n) are the complex-valued signals; af and
af are the frequency and the chirp rate, respectively in the first dimension and Y and 39
are the corresponding frequency and the chirp rate, respectively in the second dimension.
Further, 0 < af,a9,8Y,8) < 7 and the amplitude {¢)(m,n)} is a 2-D sequence of real-
valued random variables which can be viewed as multiplicative error as ¢(m,n) is random
and enters the model as product of the non-random signal component. The additive error
{X(m,n)} is a 2-D sequence of complex-valued random variables with zero mean and it is
assumed that the fourth moment exists. The problem is to estimate the unknown parameters
af, a3, BY and B9 based on M N observations {y(m,n);m =1,...,M;n=1,..., N} under
certain assumptions on the sequence of random amplitudes {¢)(m,n)} and the sequence of
1
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additive error {X(m,n)}. The specific assumptions on {¢)(m,n)} and {X(m,n)} are given
in Appendix A.

The 2-D chirp model as well as 2-D sinusoidal model has many applications in image
analysis and telecommunications. The later is one of the basic models in statistical signal
processing literature. Different other applications are found in biomedical spectral analysis,
texture analysis; see Kliger and Francos [11], [12], Cao et al [3] etc. Similar models have been
used in analysis of synthetic aperture radar data by Djurovi¢ et al. [4]. Grover et al. [10]
illustrated that 2-D chirp model can be effectively used in black and white texture analysis.
Apart from these applications, such signals are commonly observed in surveillance system, in
sonar and radar, mobile telecommunications, finger print images etc., see for example Zhang
et al. [23], Simeunovi¢ et al [21], Djurovi¢ and Simeunovié¢ [5], Porwal et al. [20] and the

references cited therein.

Model (1) is a natural extension of one-dimensional (1-D) random amplitude chirp model
to two dimension. Nandi and Kundu [18] considered this model and proved the consistency
of the estimators proposed by Besson et al. [1] and obtained their asymptotic distribution.
In case of constant amplitude instead of random amplitude, this model is the usual 1-D
chirp model which again generalizes the complex-valued exponential or sinusoidal model.
The complex-valued exponential model is the most basic model in this class of models. The

2-D random amplitude chirp model is a more generalized version of these models.

The 2-D random amplitude chirp model can be viewed as a generalized version of 2-D
chirp model when 1 (m,n) is identically equal to a non-zero constant. Several authors have
studied the 2-D chirp model, see for example, Zhang, Wang and Cao [23], Cao et al. [3],
Lahiri, Kundu and Mitra [15], Lahiri and Kundu [14] and Grover, Kundu and Mitra [8, 10].
Model (1) can also be seen as a generalization of 2-D random amplitude sinusoidal model
when o = 89 = 0. The 2-D sinusoidal model has many applications in grey symmetric
textures. When 1)(m,n) is constant and the frequency rates o and 9 are simultaneously
equal to zero, then model (1) is nothing but the 2-D sinusoidal model. Therefore, model (1)

is quite a general model.

The aim of this paper is to consider the problem of estimation of the unknown parameters,
the frequencies a? and o and the frequency rates ¢ and S9 and study the theoretical
properties of these estimators. The estimation method considered in this paper is based on
the maximization of the 2-D periodogram function of y*(m,n), interlaced with zeros. We

have shown that the proposed method is equivalent to the nonlinear least squares estimation
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method. It is an extension of the method proposed by Besson et al. [1] for 1-D random
amplitude chirp model to two dimension. Although, this estimator has not been studied,
and its properties have not been explored. We have shown that the proposed estimators of the
unknown parameters are consistent and asymptotically normally distributed. A consistent
estimator of an unknown parameter means that as the number of observations increase,
the resulting sequence of estimators converges to the true value of the parameter. The
asymptotic normality here means that the proposed estimator is asymptotically distributed
with Gaussian behavior as the data sample size goes up. This asymptotic distribution also
provides different rates of convergence of the estimators of the frequency and the chirp
rate parameters. Based on the asymptotic distribution, the approximate variance of the
estimator can be obtained at least for large sample sizes. It has also been observed that
the proposed estimator attains the Cramer-Rao lower bound when the additive error is
normally distributed. We perform numerical experiments extensively to see the behavior
of the estimates for different sample sizes and different variances for additive as well as
multiplicative error. The performances are quite satisfactory and gives an idea how the large

sample results will be useful in practice for finite samples.

The rest of the paper is organized as follows. In Section 2, we discuss the method of
estimation of the unknown parameters of model (1) and its equivalence to the nonlinear
least squares method. In Section 3, we consider the multicomponent model and discuss
how the estimation problem of the one component model can be applied to this case. In
Section 4, numerical experiments are presented and we conclude the paper in Section 5.
All the required assumptions, theoretical results and proofs are provided in Appendices. In
Appendix A, the theoretical results of the proposed estimator for the one component model
is presented including the assumptions. Similarly, for multicomponent model, the results
are stated in Appendix B. The consistency of the proposed estimator for the one component
model has been proved in Appendix C. The asymptotic distribution of the same has been
derived in Appendix D. The outline of the proof of the consistency of the estimator for

multicomponent model is presented in Appendix E.

2. ESTIMATION OF PARAMETERS OF 2D-RANDOM AMPLITUDE CHIRP SIGNAL

In this section, we first discuss the problem of estimation of unknown parameters, namely,
the frequency and the chirp rate parameters present in model (1). We consider a method of

estimation which is equivalent to the nonlinear least squares estimation method.
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In order to describe the estimation method, write o = (v, 0) ", B = (B4, 52)7; a® and
B° are the true values of a and 3, respectively. Also denote & = (v, a, f1,2)" as the
unknown parameter vector and £€° be the true value of €. Then consider the estimator & of

€Y which maximizes the following four dimensional function.

M N 2
1 —12(aym~+a m? m n?
Q&) = 3737 |22 Do v (m,mpePleamemssunssar®y | 2)
m=1 n=1

Observe that Q(€) is the 2-D chirp periodogram function of y?(m, n) with exponent replaced
by twice the usual 2-D chirp periodogram exponent. The usual nonlinear least squares
method is behind the motivation of taking this particular form of the criterion function
of our proposed estimation method. In the following, we start with the form of the usual
residual sum of squares corresponding to the additive error and derive the equivalence of the

nonlinear least squares and the estimation method addressed in this paper.

The following derivation motivates us to maximize Q(£) to obtain the nonlinear least

squares estimators of the unknown parameters present in model (1). Write model (1) as
y(m,n) = w(m,n)ei‘z’o(m’") +X(m,n), m=1,...,.M;n=1,...,N

where ¢°(m, n) = (a¥m+ adm? + B{n + BIn?). Considering 1)(m,n) as unknown parameters
form=1,...,M and n=1,..., N, the usual nonlinear least squares estimators of ¢)(m,n)

O O 0 0 . . . o .
and of, asy, f] and 33 are obtained by minimizing

M N
R(,§) = ﬁ >N ’y(m,n) — (m, n)ellermtazmthintBan?) 2, P = ((¢(m,n)))

m=1 n=1

with respect to 1(1,1),...,%(M,N) and € = (a1, as, B1, 52) . Denote
Yo = (w(m, 1), y(m, N, 4y, = ((m, 1), ¢0(m, N))T,
A, = dlag{ om,1) ,eid’(m’N)}, d(m,n) = (arm + agm?® + Bin + Bon?),

form=1,...,M and n=1,...,N. Then, the criterion function R(4, &) can be written as

M
1 2
S — E — A .
In order to minimize R(wp, &), differentiating it with respect to v, for fixed €, we have

OR(¢, )
00 LS ATy A )
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where y’ and A} are complex conjugate of y,, and A,,, respectively. Therefore, for a given
&, the vectors v, ..., 1, which minimize R(t, §) is given by

b, (&) = [Amym+Afnym}, m=1,.... M.

Replacing 1,, by ¥,,(£) in R(1, €)

R(p(€),8) = ——A ATy* ——A Ay

2

1

MN
1
MN 2

S5
mf

= TZH}’m—Afnyq*n ’

M
- 2MNZmem_ M Z [yTAQ* ]

m=1

where y? is the conjugate transpose of y,,. Now minimizing R(fp(g), &) with respect to £ is

equivalent to maximizing

M
1 1 A
N Z Re [YJ;A%Ym] = — Z Re [Z y2(m, n)e”2e0mm
MN m=1 MN m=1 n=1
1 M N
S R[S e et a]
MN m=1 n=1

Therefore, taking into consideration of the corresponding imaginary part, we base our esti-

mation method on maximization of Q(&) with respect to &.

The nonlinear least squares estimation method has been addressed through the peri-
odogram like function Q(&). The unknown parameters oy, as, f; and [y are estimated
~T T AT PPN .
by maximizing Q(€). Denote & = (aT,,B ) = (Qy, Qa, B1, P2) as the maximizer of Q(&),
then

E = argMaX 4, oy p1,6,) Q(€> (3>

Using notation y?(m,n) = z(m,n), and 2a; = ay, 2a9 = as, 261 = by and 285 = by, we note
that Q(&) is the usual 2-D chirp periodogram function for 2-D chirp model. The real and
imaginary parts of the squared responses z(m,n), say zgr(m,n) and z;(m,n) are explicitly

given in Appendix C. These will be required to establish the consistency and the asymptotic
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distribution of the proposed estimator E It is observed that the maximization of Q(§) can

be carried out by any four-dimensional optimization method over (2.

In model (1), if we fix n = s, then {y(m,s);m =1,..., M} represents the sth column of
the M x N data matrix ((y(m,n))). Therefore, the sth column is a sample of the following

1-D complex-valued random amplitude chirp model
y(ma S) (m S 61752) ' a1m+o¢2m ) + e<m7 S),

where the amplitude §(m, s, 8, 89) = 1 (m, s)eP1s+55") is complex-valued. If we sum the

columns over s,

N
>yl [Zam,s,ﬁl,m] el rednt) 3 e, 5),
= z(m) = a(m, B9, B!+ e /(m), m=1,... M.

Similarly, each row of the data matrix ((y(m,n))) and their sum say z9(n) represent 1-D
complex-valued random amplitude model of the same form with unknown parameters 3?
and 9. Efficient estimation of o and af as well as 49 and 59 may be developed based on

the above observation.

Model (1) is a highly nonlinear model in its parameters. Therefore, all the theoretical
results of the proposed estimator E will be valid for large samples. The theoretical properties
namely the consistency and asymptotic normality of E as well as the necessary assumptions

required to establish these properties are stated in Appendices A, C and D.

3. MULTICOMPONENT RANDOM AMPLITUDE CHIRP MODEL

In this section, we extend the idea of 2-D random amplitude chirp model to multiple com-
ponents when p pairs of a frequency and a chirp rate corresponding to both the dimensions
are present. The model can be formulated as

p
y(m,n) = Z¢kmn) i(ofymtogym? +Blkm'ﬁ%”)—l—X(m n); m=1,....M;n=1,... N.

k=1

(4)

For k = 1,...,p, the frequencies o, and a3, and the frequency rates 39, and fo are unknown
and needed to be estimated given a sample of size M N. The additive errors {X(m,n)} is a

2-D sequence of complex-valued random variables similar to model (1). The sequence of ran-

dom variables {t(m,n)} corresponds to the kth component random amplitude, k =, ..., p;
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it is assumed that {¢1(m,n)}...{,(m,n)} are sequences of independent and identically
distributed (i.i.d.) random variables. We assume that the number of component, p is known

in advance.

The method of estimation of the unknown parameters for the multicomponent model (4) is
based on the same chirp periodogram like function (&) defined in Section 2. The unknown
parameters are estimated by maximizing Q(&) locally. Denote &, = (a1x, aar, Bik, f2r) | and
suppose &9 is the true value of ;. The maximization is carried out in a neighborhood of &}
to estimate the kth component parameters. Let N, be a neighborhood of 52 such that for
J#k, 5? ¢ Nji. That is, Vi has to be chosen in such a way that no other 5? belongs to Ny
and &) and 52, j # k are needed to be well separated. The choice of Nj for small samples

depends on the variance of the additive error sequence {X(m,n)} also. Formally, estimate

&, as
2

M N
A 2 —i2(arm~+oaam +51n+52n2)
= ar max
Sk & (a1,02,81,82) €Ny MN Z Zy

m=1n=1
where y(m, n) is given in (4). The whole process of estimation can be carried out by solving
p separate optimization problems and each one involves a four dimensional maximization

over a bounded region.

Similar to the one component model, the theoretical properties of the estimator Ek of 52
defined above are provided in Appendix B along with the assumptions required to develop

the properties of the estimator.

4. NUMERICAL EXPERIMENTS

In this section, we perform simulation experiments to evaluate the accuracy of the proposed
estimators. These simulations are carried out for various choices of M, N and 2. For every
M = N = 25,50,75,100 and ¢ = 0.01,0.1,0.5,1, 1000 replications are generated. In the
first set of experiments, we consider a simple synthetic signal generated using the following

model structure:
y(m’m _ w(m7 n)6i(1.50m+0.15m2+2.50n+0.25n2) + X(m,n). (5)

Here, the multiplicative error ¢(m,n) is assumed to be i.i.d. sequence of Gaussian ran-
dom variables with mean 5 and variance 0.5. Similarly, the additive error random variables
{X(m,n)} are assumed to be i.i.d N(0, 6%). The objective is to estimate the nonlinear param-

eters of the model by maximizing the function defined in (2). We use Nelder-Mead algorithm
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FiGure 1. MSEs and the asymptotic variances of the estimates when the

data is from model (5).

to optimize the function Q(&€). For the initial values for the optimization, we use the true
values of the parameters. For each generated data set, we compute the proposed estimators
and report their averages, mean squares errors (MSEs) and the corresponding theoretically

derived asymptotic variances (avar). Figure 1 shows the results of these simulations.

In the second set of simulations, we consider a more challenging set of samples from a

multiple component 2-D model with the following expression:

1.50m~+0.15m2+2.50n+0.25n2 1.00m~+0.10m2+4-2.00n+0.20n2
) o )+ X(

m,n).

(6)

The amplitude random variables ¢ (m,n) ~ N(6,0.5) and t9(m,n) ~ N(5,0.5). The
additive errors X (m,n) ~ N(0,0?). The average estimates, the MSEs and the asymptotic

y(mvn) = wl(m,n)ei( m, n)61(

variances of the proposed estimators for the first and second component parameters are

shown in Figure 2 and Figure 3 respectively.

Some noteworthy observations from the simulation results are stated below:

e The biases of the estimates are small and are close to 0, which implies that the
difference between the average estimates and the true values of the parameters is
negligible.

e For fixed values of M and N, the accuracy of the proposed estimators (measured in

terms of MSEs) progressively decreases as the error variance increases.
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component when the data is from model (6).

e The MSEs of the estimates decrease as the dimension of the data matrix increases,

thereby verifying consistency of the proposed estimators.

e The MSEs are observed to be smaller than the theoretical asymptotic variances for

most of the cases.
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Clearly, the results of these experiments reveal that the performance of the estimators is
satisfactory. Therefore we can conclude that the proposed method yields accurate estimates

in practice.

5. CONCLUDING REMARKS

In this paper, we study the 2-D random amplitude chirp model and propose an estimation
method to estimate the unknown parameters, the frequencies and chirp rates. The proposed
method maximizes a 2-D periodogram-like function of the squared observations and are con-
sistent and asymptotically normally distributed. A 2-D multicomponent random amplitude
model has also been studied. The unknown parameters are estimated by maximizing the
same periodogram function locally. The maximization is carried out in a neighborhood of
the true value of the parameter vector. The implementation is done step by step. Numerical
experiments have been done to see the small sample performance and reported graphically.
In this paper, we have assumed that the additive error are i.i.d. It will be interesting to see
how the proposed estimators work if the additive error are from a stationary linear process.
We have not discussed the estimation of parameters of multiplicative as well as additive
error; it needs to be addressed to use the theoretical results in practice. The number of
components in multicomponent model is assumed to be known which will not be the case in

practice and needs to be estimated. Further works are needed in that direction.

ACKNOWLEDGMENTS

Part of the work of the third author has been funded by the grant no. MTR/2018/000179
of the Science and Engineering Research Board, Government of India. The authors would
like to thank two unknown reviewers for their constructive suggestions which have helped to

improve the manuscript significantly.

APPENDIX A

In this Appendix, we present the theoretical properties of the proposed estimator of the
unknown parameters present in single component model (1). The following assumptions
are required on the random amplitude sequence {1)(m,n)} and the additive error sequence

{X(m,n)} to develop the theoretical properties. .
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Assumption 1. The random amplitude sequence {1)(m,n)} is a 2-D sequence of i.i.d. real-

valued random variables with mean [, variance ai, ty 7# 0 and Ui > 0. The fourth moment

of {to(m,n)} exists.

Assumption 2. The sequence of additive error {X(m,n)} is a 2-D sequence of complex-
valued i.i.d. random variables with mean zero and variance o*. If X (m,n) = Xg(m,n) +
iX7(m,n), then both {Xr(m,n)} and {X;(m,n)} arei.i.d. (0, ”—22), have finite fourth moment
v and they are independently distributed.

Assumption 3. The sequence of random amplitudes {1)(m,n)} is assumed to be independent

of the sequence of additive errors {X(m,n)}.

Define a set Q@ = [0,x] x [0,7] x [0,7] x [0,7]. The following assumption apart from

Assumptions 1- 3, is required on the true values of the parameters.

Assumption 4. (a?, a9, 89, 89) is an interior point of Q.

The existence of the fourth moment, stated in Assumption 1, of the random amplitudes
{tp(m,n)} is required to obtain the theoretical properties of the proposed estimators. The
independence of {¢)(m,n)} and {X(m,n)} is an important assumption to prove the con-
sistency and the asymptotic distribution of the proposed estimators of the frequency and
frequency rate. In the following, we first discuss the method of estimation of the unknown

parameters present in model (1).

We state the consistency result and the asymptotic distribution of the proposed estimators
under Assumptions 1-4 in this Appendix and prove in Appendices C and D, respectively. In
order to prove the consistency it is required to have non-zero mean and finite fourth order
moment of the random amplitude ¥ (m,n). The existence of non-zero mean is an essential
assumption for random amplitude which can be thought of as a multiplicative error. We need
the existence of the fourth moment to develop the asymptotic distribution. The following
theorems state the results on the consistency properties and the asymptotic distribution of
the proposed estimators. Theorem A.l1 is proved in Appendix C and Theorem A.2 is in

Appendix D. Here %5 denotes convergence in distribution.

THEOREM A.1l: Under Assumptions 1-4, i, Qs, B\l and @\2 defined in (3), are consistent

estimators of af, oY, B and 39, respectively. |

THEOREM A.2: Under Assumptions 1-4, as min{M, N} — oo,

(€ — €YD L Ni(0,4(02 + 12)’EI TS )
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1 1 1 1
where D = diag{ 3 ) ) 35 };
3

1 1 0 0 L 1 1 1
2002 +p2)? |1 ¥ 0 0 iiii
5o N9 T 15 r=C,|% 5 609
’ 11 1 1|
3 00 1 1 Ll
16 11 1 1
00 1 3 6 9 4 5
and Cy = 8(0%, + 12)o” + 37 + 0. N

It is important to note that under the assumption of normality of the additive error
X(m,n), the asymptotic variance of the proposed estimator E is the Cramer-Rao lower
bound.

The following facts can be deduced from the large sample distribution of E

(1) The large-sample variances of &; and ay depend on the random amplitude 1 (m,n),
through its mean p,, and the variance O'i as well as on the additive error through the

variance o2 and the fourth moment 7. We note that
d1=O0p(MTEINT2), f=0,(MT2N"%), @ = Op(MINT2), By =Op(M2N73),

according to Theorem A.2, where O,(.) denotes bounded in probability. Therefore,
the chirp rate parameters in both the dimension, as and 5 can be estimated more
accurately than the frequency parameters oy and [, for a given sample size.

(2) The marginal asymptotic distributions of the estimators of parameters in each di-
mension are same when M = N. Then the asymptotic variances of the estimators

a1, Qa, B and [y are given by

~ ~ 93C R ~
Var(@;) = Var(B) = Mi(o? ﬁug)Qv Var(@p) = Var(8y) =
P P

135C,,
Mﬁ(ai + ui)f

(3) The 2-D random amplitude sinusoidal signal model of the form
y(m,n) = (m,n)e ™A L X (m,n)

is a special case of model (1) when a9 = 39 = 0. The unknown frequencies o and 39
can be estimated by maximizing a similar periodogram function of y?(m,n) as Q(§),
defined in (2). The theoretical results related to the estimator follow in the same way

as model (1).
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APPENDIX B

In addition to Assumption 2, the following assumptions are required to establish the

theoretical properties of the proposed estimators in case of multicomponent model.

Assumption 5. The sequence of multiplicative error corresponding to the k-th component
{r(m,n)} is a sequence of i.i.d. real-valued random variables with mean py, # 0, variance
Jle > 0, and finite fourth moment for k =1,...,p. Additionally, {1;(m,n)} and {¢x(m,n)}
for 7 # k are independent.

Assumption 6. The sequence of additive error {X (m,n)} is assumed to be independent of

{Q/JI(TTL, n)}7 ) {¢p(m7 n)}

Assumption 7. (Y, a9, 8, 85,.) is an interior point of Q fork =1,...,p and (o, a3, B,
ng:) 7é (Oé(l)j7a(2)j7ﬁ?jvﬁgj) fOT k 7é j, j,k - ]., oo, P.

Similar to the one component model, the estimator Ek of 52 defined in Section 3 is a
consistent estimator and stated below in Theorem B.1. The asymptotic distribution of Ek is
stated in Theorem B.2. The outline of the proof of Theorem B.1 is discussed in Appendix
E. The proof of Theorem B.2 involves similar calculations as the proof of Theorem A.2 and

is not provided here.

THEOREM B.1: Under Assumptions 2, and 5-7, Ek is a consistent estimator of &%, for
k=1,...,p. |

THEOREM B.2: Under Assumptions 2, and 5-7, as min{ M, N} — oo
- 1 d _ _
(& — €D =5 NG(0,4(07, + 12, S ' T3

where Cly = 8(azw + uzw)(ﬂ + %'y + %04; D is same as defined in Theorem A.2 and

11 1
110 300101 6
2007, +p3,)? |1 8 0 11 1 1
Yp=—"o7—— N , Th=Crp |7 2 ¢ 2,

16 11 1 1

00 I g 5 9 15
ork=1,...,p. wtionally, £ — 1 and (€. — 9D for 7 are asymptotically
k=1 Additionally, (€, — €)D" and (&, — €)D" for k toticall
independently distributed. |

The estimators of the unknown parameters coming from the same chirp component are

asymptotically dependent whereas estimators corresponding to different components are
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asymptotically independent. Because of independence of (/E\k — €)D" and (E] - E?)D_1 for

k # j, we think that parameters can be estimated using sequential estimation method.

APPENDIX C

In this Appendix, we first state all the lemmas we require to prove theorems A.1 and
A.2. Then the consistency of the proposed estimator /S\ will be proved using these lemmas.
Lemma 1 and Lemma 2 will be used to get a compact form of the asymptotic distribution
as well as to prove the consistency of the proposed estimators of the unknown parameters.
Lemma 6 provides a sufficient condition for the proposed estimator to be consistent. Lemma
3 will be used to verify the condition given in Lemma 6. Lemma 4 is important to prove the
consistency of the proposed estimator in case of multicomponent model (stated in Theorem
B.1. Lemma 5 states the convergence of different series involving the squares of the random

variable y(m, n) under Assumptions 1-3.
Write z(m,n) = y*(m,n) = zr(m,n) + iz;(m,n) and recall that & = (a1, s, 1, F2)7 and

€0 = (¥, a3, 8, BNT. Denote a(€%;m,n) = aym + am? + BIn + BIn?, then

2p(m,n) = ¥*(m,n) cos(2a(€% m,n)) + (Xz(m,n) — Xi(m,n))

+2¢(m, n) Xp(m, n) cos(a(€"sm, n)) — 2¢(m, n) X1 (m,n) sin(a(€’; m, n))(7)
zi(m,n) = ¢*(m,n)sin(2a(€%m,n)) + 2¢(m,n) X;(m, n) cos(a(€’;m,n))

+2¢(m, n) Xg(m,n) sin(a(€’;m, n)) + 2Xg(m,n) X1(m,n). (8)

We now provide the lemmas which are required to prove the consistency of E stated in
Theorem A.1 in Appendix A.

Lemma 1. If (w,d) € (0,7) x (0,7), then except for a countable number of points

1 Mo N 1 M N
win((M N} oo NN > D cos(wm’ +on%) = iUV} o0 TN > D _sinfwm® +dn?) =0,

m=1n=1 m—1 n—1

| MoN LMo 1

lim . 1
min((M.N} o0 MN Z 2 coltlwmt tonty = | MmN Z D s (wm? 4 9n) = 5

(9)

(10)
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Lemma 2. If (aq, a9, b1,582) € (0,7) x (0,7) x (0,7) x (0,7), then except for a countable

number of points and for I,k =0,1,..., the followings are true;
| M
li — 0
(a) min({]\%lv}ﬁoo N mZ::l ; cos(aym + aym? + Bin + fon?) = 0,
| M
b li — 0
O By i 3 Sl ) =0,
1 M N
(¢)  lim T Z Z mPn! cos®(aym + aym? + Bin + Bon?) =
min({M,N}—oco MFFL N+ e
1 M N
(d) lim —_— Z Z mPntsin?(aym + aom? + fin + Bon?) =

Lemma 3. (Lahiri [13]) Let {X(m,n)} be a 2-D sequence of i.i.d.

min({M,N}—o0 MFEFL NI+

m=1 n=1

variables with mean zero and finite variance o* > 0, then for k,l =0,1,...

M N
1 ] 2 2 a.s
lim sup  |————— mFnl X (m, n)el(ermtozm®+fint fan®)
min({M,N}—00 ay,09,61,62 MEFINF mz:l ; 7

Lemma 4. (Grover et al. [8]) If (wi,w2,ws,ws) € (0,7) x (0,7) x (0,7) %

except for a countable number of points, for k,l =0,1,..., the following results hold.
M N
2 2
(a) mm({]l\}[%}%oo M2k+1 2141 mz:l ; COS(wlm + W™ + wW3n + wyn ) X
cos(01m + 0ym? 4 O3n + O4n?) =
M N
(b) mm({]l\}[n;f}—)oo M2k+1 21+1 mZ:l ; sin (.dlm + wzm + w3n + wan ) X
sin(0ym + 0ym? 4 O3n + O,n?) =
M N
1 2 2 >
(C) mm({]\}[H]\l[}%oo M2k+1N21+1 z;nZ;COS(WIm + wam” + w3n + wyn )

1

20k + 1)1+ 1)’

1

2k +

HIl+1)

real-valued random

(0,7) and
(91,62,93,94) € (0,71') X (O,ﬂ') X (0,71') X (0,77') and (wl,WQ,W3,CU4> 7é (91,92,93,04), then

Sin(@lm + ‘927712 + 9377, + 64712) =
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Lemma 5. Under Assumptions 1-3, the following results are true for model (1).

M N
1 1 k 0. a.s 1 2 2
WW;;WL n'zr(m,n)cos(2a(&7sm,n)) — 2k + 1)(I + 1>(U¢ + ), (11)
1 | MN
TR NI Z kanlzf(m,n) cos(2a(&’;m,n)) =% 0, (12)
m=1 n=1
1 | MN
IR N Z kanlzR(m, n)sin(2a(&%;m,n)) =5 0, (13)
m=1 n=1
1 1 e 1
k - 0. a.s 2 2
Wmmz:lnzzlm n'zr(m,n)sin(2a(§";m,n)) — 2k + 1)(I + 1>(0¢ + py), (14)

for k,1=0,1,...,4.

4

Proof of Lemma 5: Note that E[Xg(m,n)X;(m,n)] = 0 and Var[Xg(m,n)X;(m,n)] = %
i.1.d

n
and so the 2-D sequence {Xg(m,n)X;(m,n)} S (0, %) Similarly, under Assumptions 1-3,
it can be shown that

{XR(m,n) = X}(m,n)} "% (0,29 = ),
2
{t(m, ) Xn(m,n)} "% (0, (03 + 1) %),
2
{t(m, ) Xy (m,m)} "X (0, (0% + 1) ) (15)
Consider
! ! i imknlz (m,n) cos(2a(€%m,n))
ATk 1 ANTI1 R ) y 110y
Mk+1 Nl+1 — =
- L1 i iv:mknld)Q(m n) cos®(2a(€% m,n))
ME+1 NI+l Lt e ’ y 110y
) | MoN
+WW Z Z m*n! (X% (m,n) — X7(m,n)) cos(2a(€°;m,n))
m=1 n=1
5 | MoN
e i Z Z m*nl(m, n) Xg(m,n) cos(a(€”;m,n)) cos(2a(£% m, n))
m=1 n=1
5 | MN
+WW Z Z m*nlp(m,n) X (m, n)sin(a(€’;m,n)) cos(2a(&"; m,n)).
m=1n=1

Then, {(X%(m,n) — X?(m,n))} is a sequence of i.i.d. random variables with mean zero and

finite variance. Therefore, the second term converges to zero as min{M, N} — oo using
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Lemma 3. Similarly, the third and fourth terms also converge to zero as min{M, N} — oo

using (15). The first term in the above expression can be written as

LN f: iv: m*nlp®(m, n) cos*(2a(&°; m, n))
M N Lot L
1 | Mo
= v o D! (vHm.n) — B[ (m.n)]) cos*(2a(&" m, m))
m=1 n=1
1 | Mo
+Mk+1 N+ Z Z mknlE[wQ(ma n)] COSZ(QCL(ﬁo; m, n))
m=1 n=1
a.s. 1
= O e T )

_ 1 2 2
eSS

using Lemma 2. We have used the fact that the fourth moment of ¢)(m, n) exists. The other

three results, given in (12), (13) and (14) can be proved in a similar way. |

Lemma 6. Let E = (au, @Q,Bl,BQ)T be an estimate of £ = (o, a9, 37, BT that mazimizes
Q(&), defined in (2) and for any € > 0, let S8 = {€ ¢ - £ > 4e} for some fized
€% ¢ (0,7) x (0,7) x (0,7) x (0, 7). If for any € > 0, as min{M, N} — oo

1

lim sup SSL;Op ST [Q(€) —Q(e%)] <0, as. (16)

then as min{M, N} — oo, € — ¢ as

Proof of Lemma 6: This lemma can be proved by contradiction similarly as Wu [24].
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Proof of Theorem A.l: Expanding Q(£) around £° and using y*(m,n) = z(m,n) =

zr(m,n) + izy(m,n), it can be written as

[QE) - Q)]

- [ mf; é{zR<m, ) cos(2a(€ m. n) + 2 (m, n) sin(2a(€; m, n)) } |
NES mf n:{_ZR<m, ) sin(2a(g m, ) + 21(m, n) cos(2a(&; m, )}
[ mi”: i{mm, ) cos(2a(€" m, n)) + 2 (m. ) sin(2a(€% m,n)) } |
[ mf nj;{_w, ) sin(2a(€% m, n)) + z1(m, n) cos(2a(¢" m,n) }|

1 e 1
— Z Z zr(m,n) cos(2a(&°;m,n)) L= 5(01% + 1),

MN
m=1 n=1
| MN
TN Z Z zr(m,n) cos(2a(€%;m,n)) = 0,
m=1 n=1
| MN
UN Z Z zr(m,n)sin(2a(&";m,n)) =3 0,
m=1 n=1
I v 0 as, Lo
UN Z Z zr(m,n)sin(2a(&§"; m,n)) — 5(%) + 11y,)-
m=1 n=1

Therefore,

lim T3 = —(o} +p3)° and  lim T, = 0.

n—»aoQ n—ao0
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Now

lirnmin{M,N}—mo sup Tl
s’

ZN:{zR (m,n) cos(2a(§;m,n)) + zr(m, n) sin(2a(§; m, n>>}r

1 n=

2
NE

= liInmin{M,N}—)oo sup [
s&

1
MN

M

—_

M:
M= 3

{wz(m, n) cos[2a(€° — & m,n)|

= hmM N—s00 sup [

3
I

n

2a(&;m,n)) + (Xj(m,n) — X7(m,n)) cos(2a(§;m, n))
+21p(m, n) Xr(m,n) cos[a(2€” — & m, n)] + 2¢(m,n) X (m,n) sin[(a(26° — & m, n)]}]

AII

+2X 7 (m, n)XI( , M) sin

~—

M:

S { @ m.n) — (03 + ) cos[2a(€” — & m, )]

1 n=1

= limy Ny sup [

£-gpe M
+2¢p(m, n) Xg(m,n) cos[(a(2£° — & m,n)] + 2¢(m,n) X;(m,n) sin[(a(26° — & m, n))

+(o], + ) cos[2a (&’ — & m, ”>]}] 2

3
I

[The second and third terms tend to zero for large M, N using Lemma 3]
a.s. O’
using Lemma 1 and Lemma 3. Similarly, we can show that lim,__ 00 SUp €0 Ty =% 0. There-

fore,

L in a2, N} —s00 SUP Q&) —Q(&")] = limummn}-e Sgp [Tl +T+ T3+ 1T,

— —(O'i + ,ui)2 <0 as.

Hence, using Lemma 6, &y, ds, #; and [ which maximize (&) are consistent estimators of

0 0 R0 0 :
oy, as, B] and B3, respectively. |

APPENDIX D

Theorem A.2 is proved in this Appendix which states the asymptotic distribution of the
proposed estimators of the unknown parameters of the single component model (1). The
proof first uses the multivariate Taylor series expansion of the first order derivative vector of
Q(&) up to the first order term. The first order derivatives of (&) with respect to ay, and
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Br, k = 1,2 are given below;

)~ o hOn () + T F Ok ), a7)
L) RO + S Ol €) (18)
where
H(e) = mfj fj |#r(m, m) cos(2a(&;m. m)) + 24(m, n) sin(2a(g: m, n))
£2(6) = gj ZNZ [#1(m. n) cos(2a(§;m, n)) = zr(m, n) sin(2a(g; m, m))|.
(k€)= if}zmk [21(m,n) cos(2a(€: m. n)) = zp(m, n) sin(2a(€: m.n))|.
9(ki€) = égzmk[—mm,n)sin<2a<¢;m7n>>—zR<m,n>cos<2a<s;m,n>>],
hk:€) = mZMj ZNj 20* | 21(m. ) cos(2a(€ m,n)) — zr(m, ) sin(2a(;m, )|
ho(k; €) = fizn’f[—m(m,n)sm(za(s;m,n))—zR<m,n>cos<2a<s;m,n>>]

i
_
3
I
_

Now using Lemma 5 with £ = [ = 0, it immediately follows that

1
min{]\/},r]l\/l}—)oo MN

A€ = (02 +p2) and ()  lm  ——f(E) =0 as (19)

(a) min{M,N}—oco MN

Therefore, for large M and N,

9Q(§) 2 |
O |egr T N1E)n(k; €) and

9Q(§) 2 0 0
= hi(k; k=12
aﬂk €:€0 MNfl(€ ) 1( a£ )7 ) <y
due to (b) part of (19), ignoring second terms in (17) and (18) which involve f5(§). The second
order derivatives of (&) with respect to oy and Sy for k = 1,2 with proper normalizations

can be calculated.
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Now, we can show the following using Lemma 5, for k,l =0,...,4,
1 2°Q(8€) 2 1 Q)
i _ 42 2\2 _ i
min{]\/},r]IVl}—)oo M3N 804% 50 3 (O'w + Iud}) min{ﬂJl,I]{fl}—)oo MN3 8612 50 ’
1 9%Q(¢&) 32, 5 91\ 1 9%Q(¢&)
min{]\/},rl{/l}%oo M>N 304% £O 45 (0—1/; + /’Lw) min{]\/},r]IVl}%oo M N> 8ﬁ§ €0 ’
1 ?Q(§) 2 1 Q)
I ORE)| 4 2 2y i
min{]\/},I]er}—mo M*N 8&1(’9@2 50 3 (O-w + 'U/d}) min{]Wl,rJIVl}—mo MN* 8610&2 60 ’
. 1 Q)] . 1 0?Q(€)
lim =0= lim )
min{M,N}—oc0 M2N?2 8041851 €0 min{M,N}—oco M3N3 8062852 EO
2 2
lim L 20 =0= lim L 20 . (20)
min{M,N}—o0 M2N3 8051852 £O min{M,N}—o0 M3N?2 8062851 50

T
Write Q' (€) = 822058 , 822;@ , ag@(&) , agﬁ(f)) as the 4 x 1 vector of first order derivatives
1 2 1 2

of Q(&) and let Q"(&) be the 4 x 4 matrix of second order derivatives of of Q(&). Consider

the diagonal matrix D given in Theorem A.2. The diagonal entries of D correspond to the

-~

rate of convergence of each parameter estimator. Expand )’(§) using bivariate Taylor series

expansion around &°,
Q'(€) - Q&) =Q"(€)(E-¢&"),
where £ is a point lies on the line joining E and £€°. Observe that Q' (E) =0 as E maximizes

Q(§&), the above equation can be written as
~-[DQ'(")) = DQ"(§)DD (€ — £°)
= D'(€-¢") = —[DQ"(£)D]'[DQ' (&),

provided [DQ”(€)D] is an invertible matrix a.s. Because & —> £ a.s. and Q”(€) is a

continuous function of &, we have

lim  [DQ"(€)D]= lim [DQ"(§")D] = -3,

min{M,N}—oc0 min{M,N }—o0

using continuous mapping theorem. The matrix ¥ can be obtained using limits given in (20)

as
1100
2 2\2
s 2o tm)” (12 000
3 00 11
00 1 3
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Write Gy = [1 116] , then ¥ = Gi 0 ] where 0 is a 2 X 2 zero matrix. Using (19), the
15 1
elements of DQ'(£°) are
1 9Q(8) 1 0
3 1 = 1 L; )
MiENS Oy ¢ MNf1(€ )]\/[2]\7291( ;E0)
100K _ 0 20
M%N% 8042 60 - f (€ ) Nl gl( 7€ )7
1 0Q(§) 1 oy 1 0
13 =2 — =L E),
MiNz Ofr |¢° MNfl(é)MiNé (18
1 0Q(&) 1 o 1 0
1 5 =2 ——sh(2:€),
MzNz 9P [g° MNfl(E)MaNg 1(2:€7)

for large M and N. Therefore, to find the asymptotic distribution of DQ’(£"), we need to
1 g1(1; &%) in the first term, ﬁgl@; €% in the

second term and so on. Replacing ZR(m n) and z7(m,n) in g (k; €°), k = 1,2, we have

study the large sample distribution of

1 5 M N
—r (k&) = —— m"zr(m, n) cos(2a(£%;m, n))
MEINE M5 N mz::l; !
5 M N
N Z Z m”zr(m, n) sin(2a(&";m,n))
2 2 m=1 n=1
4 M N
= —mm 3 " Xg(m,n)X;(m,n) cos(2a(£%; m, n))
MPF N mz_:“; 5 !
4 M N
+M2k+1 Nl Z kaz/}(m n>XI(m TL) COS( <€ m n))
2 2 m=1 n=1
4 M N
2k+1N; szkwm n)XR(m n) Sln( (S m n))
2 2 m=1 n=1
9 M N
M2k+1N1 sz (X%(m,n) Xl(m n))81n(2a<€ m TL))
2 2 m=1 n=1

The sequence of random variables { X g(m, n) X (m,n)}, {(m,n)Xg(m,n)}, {b(m,n)X;(m,n)}
and {(X%(m,n) — X?(m,n))} are all zero mean and finite variance i.i.d. random variables
(using Lemma 5). Therefore, E[ = g1(1;€")] = 0 and E[ 1 g1(2;€")] = 0 for large
M and N. We observe that all the terms above satisfy the Lmdeberg Feller’s condition.
So, 191(1 £°%) and

ﬁmte Varlances

1 91(2; €") converge to normal distributions with zero mean and
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Slmﬂarly, = hi(1;€°) and TInE h1(2; €°) also converge to normal distribution. In order

to find the large sample variances and covariances of elements of D@’ (EO), we first find the

variance of TInT g1(1; &%) for large M and N.

Var[ 3 %91(1;50)]
- ﬁ\/ar [z:l 231 m{4XR(m, n)X;(m,n) cos(2a(€";m, n)) + 44 (m,n) X(m, n) cos(a(£% m,n))

—4ap(m,n) Xp(m,n)sin(a(£’;m,n)) — 2(X%(m,n) — Xlz(m,n))sin(Qa(SO;m,n))H

M N
16 Z Z m? X%(m,n)X?(m,n) cos*(2a(£% m, n))

+4) > m*(XR(m,n) — XF(m,n))’ sin®(2a(€"; m,n))
[The cross-product terms become zero using Lemma 1 and independence of

w(m,n), Xr(m,n) and Xl(m,n).]

o? 0% 1 o? 1 o? 1 ot 1
— 16— —.= + 16.—.(02 + ).~ + 16.— (07, + p3).= + 4.(2y — =)=
736 10500 T )G 6oy )5+ 427 = )G
8 1 1
= 3[( +M12¢;)0’2+§’Y+§04]-
Similarly, we can show as min{M, N} — oo,
1 PN 8r o 2y 2, 1 L,
Var[mgl(lﬁ )_ — g[(0w+/£¢)0 ‘f‘i’Y‘i‘gO’ ],
1 1 1
Cov|—5—g1(1;€"), ——q(2,€")| — 2[(0] +pu})o” + 57+ z0"],
2 N2 2 N2 J 2 8
Var[#h (1'50)_ o §[(02 +u2)02+1’y+104]
MINE DTS LA 2 8
Var[ ! (25)_ — §[(02+u2)02+17+104]
M3N3 ] pLe TP 2" g b
1 1 1
Cov| i (1:€"), —r—m(2%€)| — 2[(0% + )0 + 7+ <o),
ov MiNG 1( E) MiNG 1( 5)_ [(0¢+N¢)0_ +27+80-]
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1

I 1 1 1 1
Cov Sy ——91(1;£), mhl(lafo)_ — 2[(0} + )0’ + SR g“ﬂ;
Cov| 4 (2E). —r—h(2€)] — [0+ + 31+ o]
LM3N: "M:Nz T gt T 2/ 8" b
Cov[ 4 —an(1:6). L m(2€)] — (0% + )+ oy + o]
LM3N3 "MiNs 3w i 2" 8"
roo1 1 4 1 1
Cov | ——¢1(2; &° ~hi (1€ — =[(o? 2Vo? + = —o].
Vi@ g ] = gllen et gy g
Now, note that DQ’(£") can be written as
DQ/(€) = T (E) [ ran(1€) (280, —h(1:€0), I (2:€7)]
MN M:N: M3N: "M:N: " 7 MzN3: 1)
Then, as min{M, N} — oo, 72 f1(€") =5 2(07, 4 p7,) using (19) and
1 1 J
where
11 1 1
3 4 1 6
2 2y 2 1 Lol 5 5 3
P =38|(oy +ug)o* +57+g0' 1 |1 T 1 1
1 6 3 4
11 1 1
6 9 4 5
Therefore, Slutsky’s theorem can be applied in (21) and as n — oo, we have
d
DQ'(£") —= Ni(0,4(07, + ,)°T),
and hence
(5 €0> (0 4(‘71/;4’/%) Z_1F2_1>-
That proves the theorem. |

APPENDIX E

In this Appendix, we provide an outline of the proof of Theorem B.1. Write

2

M N
_ 1 2 —i2(ym+asm?+B1n+Ban?)
J(€) = 377 [ D1 D yP(m,m)er emoanTimtss

m=1n=1
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where y(m,n) is from the multicomponent model (4). Also write x(m,n) = y*(m,n) and

x(m,n) = zr(m,n) +ix;(m,n), then zgr(m,n) and z;(m,n) are explicitly given by
xR(ma 77,)

= Z YZ(m, n) cos(2a(€);m,n)) + 2 Z Ui (m, n)ibi(m, n) cos(a(€y + E?; m,n))
k=1 k]

H(XE(m,m) = XF(m,0) +2 Y nm.n){ Xu(m, n) cos(a(&lm, n)) = X, (m. n) sin(a(¢fs m, n) }
xr(m,n)

= Z YZ(m,n)sin(2a(€%;m, n)) + 2 Z Yr(m, n)ab;(m,n) sin(a(&] + ?; m,n))
k=1 Py

+2Xgr(m,n) X (m,n) + 2 Z P (m, n){XR(m, n)sin(a(€y;m,n)) + X (m,n) cos(a(€y; m, n))}

using the notation a(&5;m, n) = a%ym + a9m? + Bn + BYn?. To prove Theorem B.1, an

equivalent lemma to Lemma 5 is required for the multicomponent model given in (4).

Lemma 7. Under Assumptions 2, 5 and 6, the following results are true for model (4).

M N
1 1 k1 0. a.s 1 2 9
Mk N mZZI;m n'wg(m,n) cos(2a(§;m,n)) — 2+ D+ 1) (Okp + Hhy)s
1 | Mo
T NI Z Z mknlxl(m, n) cos(2a(£2; m,n)) —% 0,
m=1 n=1
1 | M N
MFk+1 Ni+1 Z kanlﬂc}g(m, n)sin(2a(€;m,n)) == 0,
m=1 n=1
1 | Moy .
k 1 . 0 a.s 9 2
o 2 . H
ME+L NI+1 mZZI ;m n'xr(m,n)sin(2a(€; m, n)) 2k + D+ 1) <‘7kw + /“‘kw)v

fork,1=0,1,..., 4.

Proof of Lemma 7: Observe that we can show that

. 4 . 4
{Xn(m,m) X (m,m)} R0, %), {Xhm,n) = X7 (m,n)} " (0,2 = 5),

.. 2
{e(m,m)Xn(m,n)} "% (0, (02, + 1) %),

. 2
{on(m,m) Xi(m,m)} 5 (0, (0F, + 1) 5) k=1,....p. (22)
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Consider
1 1 L
Ve NI Z Z m*nlzp(m,n) cos(2a(£2; m,n))
m=1 n=1
= Mk:+1 Nl+1 ZZm n {Z¢ m,n) cos> 2a( 5m, n))}cos2(2a(£2;m,n))
m=1 n=1
1 | MoN
+Mk+1 N+ Z kanl(Xf%(m7 n) — X12<m7 n)) COS<2CL(€2; m,n))
m=1 n=1
2 1 L& P
+—Mk+1 NI Z kanlz¢j(m,n)XR(m,n) cos(af( ?,m n))cos(Za(Eg;m,n))
m=1 n=1 7j=1
2 1 L& P
e O 2o mnt D w(m,n)X (m, n) sin(a(&5; m, n)) cos(2a(&0;m, n))
m=1 n=1 j=1
2 1 L&
e 2 2o mint S s (m,n)ie(m, n) cos(a(&L + €):m, m)) cos(2a(€l m, ).
m=1 n=1 j#k

As {X%(m,n) — X3(m,n)}, {¢j(m,n)Xg(m,n)} and {¢;(m,n)X;(m,n)} are sequences of
i.i.d. random variables with mean zero and finite variance, the second, third and fourth
terms vanish for large M and N using Lemma 3. Using independence of {¢;(m,n)} and
{tpg(m,n)} and part (a) of Lemma 4, the last term goes to zero as M, N — oco. Similarly as

in the proof of Lemma 5, using Lemma 2, the first term can be shown as

Mk:+1 Nl+1 ZZm n {Zw m,n) cos 2a( ))} cos?(2a(&);m, n))

m=1 n=1

a.s. 1
2k + 1)(I+ 1

)(‘713@0 +ui¢)-

The other three results can be proved similarly. |

In order to prove Theorem B.1, a lemma involving J(£§), similar to Lemma 6 is also
required. Then, it can be shown that for k=1,...,p

(&) = (o7 + piiy), a-s

and

1
lim s v o0 sup WJ(ﬁk) =0 a.s.
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where Sy = {&, : |€,— &) > €} for some fixed &) € (0,7)x (0, 7) x (0, 7) x (0, 7). Therefore,

1im s v o0 SUP L [J(ék) — J(é’g)] <0 a.s.

s.. MN
and the estimator &, of &) that maximizes J(&) locally, is a consistent estimator. |
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