ESTIMATING PARAMETERS IN MULTICHANNEL FUNDAMENTAL
FREQUENCY WITH HARMONICS MODEL

SWAGATA NANDI! AND DEBASIS KUNDU?

ABSTRACT. In this paper, we introduce a special multichannel model in the class of multi-
channel sinusoidal model. In multichannel sinusoidal model, the inherent frequencies from
distinct channels are same with different amplitudes. The underline assumption here is that
there is a fundamental frequency which is same in each channel and the effective frequencies
are harmonics of this fundamental frequency. We name this model as multichannel funda-
mental frequency with harmonics model. It is assumed that the errors in individual channel
are independently and identically distributed whereas the signal from different channels are
correlated. We propose generalized least squares estimators which become the maximum
likelihood estimators also, when the error distribution of the different channels follows a
multivariate Gaussian distribution. The proposed estimators are strongly consistent and
asymptotically normally distributed. We have provided the implementation of the general-
ized least squares estimators in practice. Special attention has been taken when the number
of channels is two and both have equal number of components. Simulation experiments have
been carried out to observe the performances of the proposed estimators. Real data sets

have been analyzed using a two-channel fundamental frequency model.

1. INTRODUCTION

The problem of estimation of parameters in harmonic signals, whose frequencies are integer
multiples of an inherent fundamental frequency is an important problem in many areas of
science and technology. It is required in wide range of applications, for example, music
classification, compression of audio and voiced speech [19], [10], biomedical research for
human circadian system ([2], [3]), modeling male voice sound [12], and so on. The problem
of estimation of the fundamental frequency along with the other parameters are of interest.
But many times, the frequencies of sinusoidal components from different sources are close

to each other and in such a situation a multichannel set-up is more useful. Apart from that
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if these frequencies are harmonics of a fundamental frequency, a multichannel fundamental

frequency model is more appropriate to use in practice.

The problem of finding the unknown parameters of sinusoidal signals from multichannel
outputs has received a considerable amount of attention in recent times. Starting from
Sakai [17], researchers were interested in different forms of multichannel sinusoidal signals.
Tzagkarakis and Mouchtaris [18] proposed a multichannel version of sinusoids plus noise
model and applied to spot microphone signals of a music recording. Griffin et al. [6] applied
compressed sensing to multichannel audio coding. Zhou, So and Christensen [23] addressed
the problem of parametric modeling of multichannel damped sinusoidal signals utilizing the
shift invariance property of the signal subspace under the assumption of white Gaussian
noise sequences. Chan, So and Sun [4] addressed the parameter estimation of exponentially
damped sinusoids in white noise using multichannel measurements. Zhou et al. [22] discussed
a robust estimation method of the parameters of multichannel sinusoidal signals. Nandi and
Kundu [14] considered a multichannel sinusoidal model with single component under channel-
wise correlated error and discussed the problem of estimation of the unknown parameters

and the asymptotic properties of the proposed estimators.

In this paper we are going to introduce a multichannel sinusoidal model with a fundamental

frequency. Different channels may have different number of harmonics. A M-channel model

with py1, ..., py numbers of harmonics can be written as
(1) pa(t; o, A%) e (t)
: = : + : t=1,...,n (1)
yn(t) pnr (8 @y, A7) en(t)
Here
Pm
o (t; 00 A0) = Z [A?nj cos(jA°t) + Bglj sin(jA°)]; m=1,..., M,
j=1
0 < A’ < 7/py is the fundamental frequency and o = (A%  BY . ... ,A?npm,ngm)T;
for m = 1,..., M are the amplitude parameters associated with the m-th channel. Let us
use the following notations; a® = (a¥7,...,af/)" and £° = (a7, A\%)T. Without loss of

generality, it is assumed that p; < ... < py and pyr << n. Note that the restriction on the
fundamental frequency namely 0 < \° < 7/pys is a very natural restriction. Even in a single
channel multicomponent sinusoidal frequency model which has the following mean function

K
p(t) = Z {A; cos(wjt) + B;sin(w;t)}; t=1,...,n,

J=1
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has the following restrictions on the frequencies: 0 < w; # wy--- # wrg < m, due to
the periodic nature of the function, see for example Hannan [8]. Hence, for the fundamental
frequency with harmonics model, the above restriction is natural as it was originally assumed
by Quinn and Thomson [15], and since then by all the other authors also who have considered

this model, see for example Chapter 5 of Nandi and Kundu [13].

The model (1) can be written in a vector form based on the following notations, y(t) =

0 0), e )T, 10 = (a0 X), a1 080, X)) and et) = (ex), - e(0)
as follows:

y(t) = p’(t) +e(t); t=1,...n

The problem is to estimate the unknown parameters namely {a®;m = 1,..., M} and \°,

based on the sample {y(¢);t = 1,...,n} under suitable assumptions on {e(t);t =1,...,n}.

Nandi and Kundu [14], had considered multichannel one component sinusoidal model,
whereas in this manuscript we have considered multichannel fundamental frequency with
harmonics model. As it has been observed in one channel model also that even though the
fundamental frequency with harmonics model has less number of non-linear parameters than
the sum of sinusoidal model, it needs special attention. The asymptotic properties of the
least squares estimators of the two models are quite different and one cannot be obtained
from the other, see for example the Chapter 4 of Nandi and Kundu [13]. That is the main
purpose of this paper.

Since, it is assumed p; < ... < pas, u°(t) can be expressed as
A(l]j B?j 0 0
S I cos(j A\ 2 AY. B, cos(j A\
.U'O(t) _ Z ‘2j ‘QJ ( . (]}\0 ) I Z ‘2j ‘QJ ' <]-)\0 ) NI
=1 : : Sln(j Zf) j=p1+1 : : sm(] t)
Adiy Bu Al B
0 0
pi : : (cos(j)\ot)>
. . 0 *
Jj=pm-1+1 0 0 SlH(])\ t)
AY; B

In model (1), the M-variate random vector y(t) represents the signal from the M channels at
time point #; \° is the fundamental frequency and in the first channel p; number of harmonics
of AV is present, similarly, in the second channel, p, number of harmonics is present, and so

on. A frequency j\° is said to be the j* harmonics of the fundamental frequency \°. For
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17=1....Pm, A%j and Bglj denote the amplitudes corresponding to the j* harmonics in
the m-th channel for m = 1,..., M. The elements of the random vector e(t) represent the

channels-wise noise parts and its structure is stated in Assumption 1.

Assumption 1. The error term e(t) = (e1(t),...,en(t))" is a sequence of independent and
identically distributed (i.i.d.) random vectors with mean vector O and the dispersion matriz
3 = ((04)). It is assumed that X' = ((0)) ewists.

The main aim of this paper is to propose the generalized least squares estimators (GLSEs)
of the unknown parameters. It may be mentioned that under the assumption of multivariate
normality of the error components, the GLSEs become the maximum likelihood estimators
also. First it is assumed that the dispersion matrix 3 is known and we have developed
the GLSEs of the unknown parameters. It is observed that the proposed estimators can
be obtained by solving only one non-linear equation. We have developed the consistency
and the asymptotic normality properties of the GLSEs. We have performed an extensive
simulations to show the effectiveness of the proposed estimators. The performances are along

the expected lines.

Since in practice, the dispersion matrix ¥ may not be known, hence, we cannot use the
GLSEs directly. In practice we propose to use a two-step procedure. In the first step we
obtain a consistent estimator of ¥ based on the least squares estimators (LSEs) of €. To
compute the LSEs of &, one does not need to know 3. Now to compute the GLSEs of &,
we have used this consistent estimator of 3 as a plug-in estimator. It has been explained in

details in the data analysis section.

The two-channel model when the number of harmonics is same has several applications in
practice. If p; = po = p, the mean vector of the two-channel model takes the following form.
0 (AL BY [cos(iA%)
=1 2j 2j sin(jA"t)
We have discussed this special case in details. It has several applications in different fields,
see for example Christensen [5], Handel and Host-Madsen [7], Nandi and Kundu [14] and the
references cited there in. Further, it is observed that in this case some of the calculations can

be performed more explicitly, and the asymptotic results can be written in a more compact

form.

The rest of the article is organized as follows. In Section 2, we consider the GLSEs of the

model (1). We have provided the methodologies, asymptotic properties of the estimators
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and the implementation of the GLSEs in practice. A special case when M = 2, and p; = p»
has been discussed in Section 3. In Section 4, we provide numerical experiment results based
on simulations. Analyses of real datasets are discussed in Section 5 and finally in Section 6,

we conclude the paper. The proofs are provided in Appendices.

2. GENERALIZED LEAST SQUARES ESTIMATORS

2.1. Methodology. The GLSEs of the unknown parameters can be obtained by minimizing
S(au,..., o0, A) = 5(8) = 2D (y(t) — u(t)" =" (y(t) — p(t).
t=1

Here it is assumed that X is known. We use the notation P = p; +. ..+ py and the GLSE of
€ as /E\ Since X is assumed to be known, hence, minimizing S(€) is equivalent to minimize
R(), where
R(&) =) (y(t) — () =7 (y(t) — p(1)). (3)
t=1
First we will show that E can be obtained by solving only one one-dimensional optimization

problem. Let us write

n

R(€) =) (y(t) - X:(Ne) =7 (y(t) - X, (Nar). (4)

t=1

Here X () is a M x 2P matrix whose m-th row is
(cos(At) sin(At) --- cos(piAt) sin(piAt) -+ cos(pmAt) sin(ppAt) 0 --- 0),

form=1,..., M. For given A\, the GLSEs of a can be obtained as

() = ZXZ(A)EIXI:(A)] [ZXZ(A)EIy(t)]- (5)

Hence, @, the GLSE of A, can be obtained by minimizing Q(\), where

n

~ T _ ~
QW) = (y(t) — X(NaW) =7 (y(t) - Xu(Man)). (6)
t=1
Once, N is obtained, the GLSEs of & can be obtained as Ei(/):) Note that the minimization of
Q(X) can be performed by using one dimensional optimization method, for example Newton-
Raphson method or bisection method may be used for this purpose. It is well known that
the least squares surface has several local minima, see for example Rice and Rosenblatt

[16]. Hence, special attention needs to be taken to choose the initial guesses. The Fourier
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frequencies or the periodogram function are usually used for this purpose. The details are

explained in the data analysis section.

If 3 = I, the identity matrix, or we want to find the least squares estimators (LSEs) of

&, then it can be obtained by minimizing

Ri(€) =) (y(t)— u) (y(t) — p(t). (7)

t=1
Note that (7) can be written as
M
Ri(&) =) (Y;— Z;(Nay) (Y; - Z;(Ney), (8)
j=1

where Y; = (y;(1),...,y;(n))" and

cos(A) sin(A) ... cos(p;A)  sin(p;A)
7,00 = cos(.2)\) 8111('2)\) 3 cos(?ij) sm(?pﬂ)
cos(nA) sin(nA) ... cos(np;A) sin(np;A)

For fixed A, the LSEs of a;, say &;()), can be obtained as
~ -1 :
a;(\)=(Z;(N)'Z;N)  Z/(NY; j=1,...,M.

Then A, LSE of \°, can be obtained by minimizing

Qi) = iY} (- 2,00 (2,007 2;0) " 2,0)7) Y5 9)
fp=...=pu=np the; Zy(\) =+ = Zy(X\) = Z()\), where
cos(A)  sin(A) ... cos(p)) sin(p))
200 = cos(.2/\) sin(.2)\) - cos(?pA) sin(?pA) (10)
cos(n)) sin(n)) cos(ﬁpx) sin(ﬁpx)

2.2. Asymptotic Properties. In this section we provide the consistency and the asymp-

totic normality properties of the GLSEs as well as for the LSEs.

Theorem 2.1. Under Assumption 1, if 3 is known, theng 15 a strongly consistent estimator

of €°.
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Proof of Theorem 2.1 See in Appendix A. |

To provide the asymptotic normality properties of the GLSEs we use the following nota-
tions. The 2P + 1 diagonal matrix D as

D:diag{n1/2,...,nl/2,n3/2}. (11)

Let us denote the m-th row of X! as ™, a 1 x M vector, the M x 1 vectors A; =
(Alj,...,AMj)T, Bj = (Blj,...,BMj)T, fOI j = 17---7pM- Further, Amj = ij = O, fOI'

Theorem 2.2. Under Assumption 1,
D (g - €0> < Napiy (0, 2H_1) .

Here, Lo means convergence in distribution. The (2P + 1) x (2P + 1) matriz IT has the

following form.:

[ Hll ng Ce HlM a
H;I—Q HQQ e HQM as
H — . . : . . (12)
a] ay, ... ay v |
Here I1,,,, is a 2p,, X 2p,, diagonal matrix for m = 1,..., M, v is a scalar, the rest of

matrices and vectors are compatible. The matrices are as follows:

IL,, =0™"Iy,, M= |0"I,, 0]; 1<m<k<M

Let us use the following notations. The M x M, diagonal matrices I, form =1,..., M

are as follows:

I' = diag{1,...,1}, I?= diag{0,1,...,1}, ... I™ = diag{0,...,0,1}.
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The vectors alT = (a11,b11, .-, Q1py, b1py ) - - - s aL = (am1,bar1, - - - Qarpyy > Onipy, ), where
a, = Lo'I'B;, by —-to'I'A; j—1
15 — 20' 79 17 — 20' R J=L4....01
4 — Lo’I'B;, by ——1o’I'A;  j—1
25 — 20' 7 27 — 20' R J=L4....01
a — Lo’PB;, by —-lo’PA; = 1
27 20' 7 2] — 20' 79 ]_p1+ y oy P2
= LoMPB, by = —loMI'A;  j=1
apyg = 20- VE Mj — 20' 79 J=4...,M

an; = '%O'MIMB]-’ bM]:—% MIMAJ, j:p1+~--+pM—1+17"‘7pMa

M pm
LSS o, c B2 5 S0 Ay + BB
m=1 j=1 1<m<k<M j=1
Proof of Theorem 2.2 See in Appendix B. |

It is important to observe that the GLSEs of the linear parameters have the asymptotic
variances which are of the order O(1/n), where as the asymptotic variance of the GLSE of A
is of the order O(1/n?). This is not very surprising, and it is the case even for one channel
fundamental frequency with harmonics model or multiple sinusoidal frequency model also,
see for example Nandi and Kundu [12] or Kundu [9] in this respect. Most likely it is due to
the presence of time ¢ with A always in the model. It indicates that a very efficient estimator

of \ is possible.

Now we provide the consistency and asymptotic normality properties of the LSEs which
can be obtained by minimizing (8). They can be obtained quite conveniently and they will

be used to compute GLSE in practice.

Theorem 2.3. [fg denotes the LSE of €, then under Assumption 1, E 1s a strongly consistent
estimator of &£°.

Proof of Theorem 2.3 It can be obtained along the same line as the proof of Theorem 2.1.

Theorem 2.4. Under the same set of assumptions as in Theorem 2.2

D (&) % Nopyy (0,20 HT ™).
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The (2P + 1) x (2P + 1) matriz T' has the following form:

[ Ty Ty ... Ty by ]
T, Ty ... Toy by
r=| : i (13)
Ty Toy .. Tum by
b b, ... by 5 |
Here T,,,, is a 2p,, X 2p,, diagonal matriz for m = 1,..., M, § is a scalar, the rest of the

matrices and vectors are compatible. The matrices are as follows:

Ty = Ipy T = | Iy, 03 1<m <k <M.

We denote M unit vectors {t,,;m =1,..., M}, each of order M x 1, where the vector u,,
has 1 at the m-th row and zero elsewhere. The vectors blT = (c11, 11, - Cipys dipy )y - - -
by, = (car, dart, - - - Chipay> Aaipy, ), Where
J J
¢ = §U1TBJ', dy; = —§U1TAJ; =L....;
J J
Coj = 5“';3]'7 dy; = —gugAj; =L...,p2
CMj — §U’M 7 Mj__éuM 79 .]_17"'7va
and
1 M pm
_ 20 42 2
s= LSS, )
m=1 j=1

The matriz H has the same form as matriz II, where o™ will be replaced by omi, for
1 <m,k <M in all the entries.

Proof of Theorem 2.4 It can be obtained along the same line as the proof of Theorem
2.2. |

It is interesting to observe that both the LSEs and GLSEs have the same rates of conver-
gence for the linear as well as non-linear parameters, although their asymptotic variances
might be different. It is observed in our extensive simulation study, see Section 4, that the
mean squared errors (MSEs) of the LSEs are more than the corresponding MSEs of the
GLSEs. The difference of the performances of the LSEs and GLSEs depend on the structure
of X as expected.
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2.3. Implementation. As it has been mentioned before that often in practice the dispersion
matrix 3 is not known. Hence, to compute the GLSEs of the unknown parameters, one needs
a consistent estimator of 3. Note that once the LSE of £ is obtained, one can obtain the

estimator of o,,; as follows:

p 12

1 n
G = - i COS(AE) + B )\t} C m=1,.... M,
o ”Z { j COS(JAL) + By sin(jAt) m

A,y cos j)\t —|—ij sm(j)\t)}
j i

n

~ 1
Omk — ﬁ;

MSH
/—’_\

Il
—_

Pk
[ {Ak] cos(jAt) + Bk] sm(])\t)}] 1<m<k<M.

7j=1
The following result provides the consistency properties of 7,,y.

Theorem 2.5. Under Assumption 1, G, and o, are strongly consistent estimator of ,m

and o, respectively, for 1 <m <k < M.

Proof of Theorem 2.5 To prove Theorem 2.5 let us use the term o045(1) means it converges
to zero almost surely, and the term o,5(1/n), means no,s(1/n) converges to zero almost surely.
Now from Theorems 2.3 and 2.4 it follows that ,mej = A).; + 04s(1), Emj = By, + 0as(1),
for j =1,....,pmand m=1,..., M. Also X = \° + 045(1/n). Now using these and writing
Ym(t) = pm(t) + en(t), m = 1,..., M in the expression of 7,,, the results can be obtained

from the strong law of large numbers. The explicit details are avoided. |

Hence, in practice, the GLSEs can be obtained as a two-step process. In the first step we
can obtain a consistent estimator of 3 based on the LSEs, and at the second step it can be
used to compute the GLSEs of €.

3. A SPECIAL CASE

In this section we consider a special case when the number of channels is two, and p; =
pe = p. In this case the parameter vector £ is a (2p + 1) vector, and it can be written as
€ = (al ,CX2 s )\) (An, BH, c. ,A1p7 Blp, A217 Bgl, ce ,Agp, ng7 /\)T Then €, LSE of f,



MULTICHANNEL FUNDAMENTAL FREQUENCY MODEL 11

can be obtained by minimizing

2
{Aly cos(jAt) + By, sm(j)\t)}]

B
~

I
E
M@

t=1 J=1

+ Z [yz Z{Azj cos(jAt) + Ba; Siﬂ(j)\t)}] 2~ (14)

7=1

For given A, the LSE of a,,, can be obtained as
&) = (ZTNZN) ' ZT Y e m=1,2.

Here the vector Y, and the matrix Z are same as defined in (8) and (10), respectively. The
LSE of A can be obtained by minimizing

T T
Q:(\) = Y? (I - PZ(A)>Y1 +Y! <I - PZ(A)>Y2,
or equivalently by maximizing
T T
Q) =YTPy Y +YIPy Y,
here PZ(A) = Z(\)(ZT(\)Z(X\)'Z7()) is the projection matrix on the columns of Z(\).

Clearly, 5 is a consistent estimator of €. In this case the asymptotic distribution of E can

be written in the following form;

Theorem 3.1. If D is 2p + 1 diagonal matriz with all the diagonal entries as \/n, except

the last one which is n®/?, then under Assumption 1,

D((E - 5°> 4 N(0,20 ' HT ).

Here
- (J@Tlgp 'r)} S (1 1)7 o GT )T,
r I} 11
r = 5 (-8 AL 280,240 . —pBY, pAY,).
o] = ;<-ng AL, 2B, 2%, . —pBY, pAY,).
B== Z] (AOQ O ¢ AY 4+ BY )
and
H = (E o V) = (s sD)")
s = (—UfB?l — 01283, 07 AY, + 01245, ..., —apr alngQP, alpA(fp + algpAgp> Lo
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T _ 0 2 150 0 2 40 0 2. 10 0 2. 40
Sy = <—0'12Bll — 0585, 01245, + 0545, ..., —012pBy, — 03p By, UlgpAlp + 02pA2p> Lo

2 o
=320 |0t (AT + BY) + o3 (49 + BY ) + 2014349, + BY, B ) .
j=1

Here ‘®7 denotes the Kronecker product. |

Now let us discuss about the GLSE of £&. The GLSE of £ can be obtained by minimizing

Rlonand) = 3 [ro(nt) — ) + o (1a) ~ ot

200 (1 - m®) () - ®)].  15)

If we denote m; = (Ayj, Bij, Agj, Baj) ', j=1,....,pand n=(n{,...,n) )7, and we use the
following notations; M, () is a 2p x 2p matrix of the following form.

M1,1,0) M(1L,2,A) -« M(1,p,A)
M, () = M(Qil,/\) M(Z,'Q,)\) M(Z,.p,)\) ,
M(p,l,)\) M(pa27)‘) M(pvpa)‘)

where

M.k, A) = 2 (Z?:l cos(jAt) cos(kAt) >0 cos(jAt) Sin(k:)\t)> 7

n \>"  sin(jAt) cos(kAt) DO sin(jAt) sin(kAt)
and the vector W, (\) of order 4p is defined as

For a given A, the GLSEs of i can be written as
) = (270 M,\) (37 @ In)Wa(N)
= (@ (Ma(N) ) (Z7 @ I2)Wa ()
= (L2 ® (Ma(N) ) Wa(N).

Note that for large n, M (j,k,\) = o(1) when j # k =1, ...,p. Therefore for large n, M, (\)
is a box diagonal matrix with the j-th diagonal sub-matrix as M (j, j, A). Using this special



MULTICHANNEL FUNDAMENTAL FREQUENCY MODEL 13
structure of M, (\) for large n, we deduce that
;N = (BT @M, 5,N) T H(ET @ L) Win(\)
= (L® (M(,5,2) IWu(N), j=1,....p.

This boils down to the method of estimation of the linear parameters sequentially, once the

fundamental frequency A is estimated..

Additionally, we also have M(j,j,A\) = Iy + o(1/n) for large n. Therefore, using this in

n,(A) for large n, we have
n;(N) = (L ® L))" )Wn(A) +o(1/n)
= WA +o(l/n), j=1,...,p

This is nothing but the approximate LSEs of the linear parameters corresponding to the
j-th component. Finally, the GLSE of A can be obtained by minimizing R(ax;(\), a2(A), A)
with respect to A. Under the same assumptions as in Theorem 3.1, the GLSEs are consistent

estimators. The asymptotic distribution of /5\ can be written as follows.
Theorem 3.2. Under the same assumptions as Theorem 3.1,
D(&-¢") % N(0,2HG).

Here Hg is a (4p + 1) x (4p + 1) matriz, and

Sler v
HG:< T 2P )7 v:(’vf vg)Ta

v Ya

T T T T

v, = (U11,U117U12,U12,---7U1p,U1p) y Uy = (U21,U21,U227U227--‘7U2p,U2p> )
j 2 0 0 ] 2 40 0

Ul‘:—O'B»—O'lgB» Ul':——O'A'—O'lgA-

J 2|E|( 21y 23)7 J 2|E|( 211y 2])’
UQ':L(O'QBO-—OEQBO) UQ‘:—L(OQAO-—O'HAO-) j:1 P

J 2|E‘ 125 15 > J 2’2| 14425 15)» ) )

1 & 2 po? 2 go*
6= gy 2077 [oF (A5 + ) ot (48] + ) — 20 (41,4 + B3, )|
j=1

It is worth mentioning that Christensen [5] also considered a two-channel model as dis-
cussed in this section and provided the maximum likelihood estimators of the unknown
parameters based on the assumption that the errors are normally distributed and the ma-
trix ¥ is a diagonal matrix. Hence, the methodology proposed by Christensen [5], can be

obtained as a special case of this manuscript. Further, the author did not consider more
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FIGURE 1. The MSEs of different estimates of Ay;.

than two channels model and did not provide any asymptotic properties of the proposed

estimators. These are some of the major contributions of this manuscript.

4. NUMERICAL EXPERIMENTS

In this section we present some simulation results for two channel model with p; = ps = 2.
In Section 5 we present the analysis of a data set where p; # ps. The main aim is to
compare the behavior of the LSEs and GLSEs for different model parameters, for different

error distributions and for different sample sizes. We consider the following model parameter:

AH = 40, BH = 65, A12 = 50, B12 = 30,
A21 = 50, Bgl - 30, AQQ = 30, ng == 20, /\ =0.2. (16)

The sequence of the random vectors {e(t)} has been considered in three different ways:

(1) a sequence of bivariate normal vectors with mean 0 and variance matrix 3,

(2) a sequence of bivariate t4 distributed random vectors with the same mean and vari-
ance structure as (1),

(3) a sequence of bivariate tg distributed random vectors with the same mean and vari-

ance structure as (1).

Here t, denotes as t distribution with v degrees of freedom.
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F1GURE 2. The MSEs of different estimates of By;.

The variance covariance matrix considered in simulation studies are

2
Y = (p:la po(;-120'2> ;X O'% = 1,0‘% =1,p=09; 3,: o'% = 3’0-3 =3,p=0.95.
102 2

The sample sizes considered in these experiments are 100, 200, 300, 400 and 500. In all
the three cases of error generations, the data are generated using parameter values (16) and
different 3;’s and sample sizes. For every value of N, the sample size and 3, the error
matrix, 5000 realizations are generated and estimates are obtained using both the LS and
GLS methods. The average estimates and mean squared errors (MSEs) of all the parameter
estimates using both the proposed methods are computed. We report the MSEs of different
parameters estimated in Figures 1-9. In Figure 1, the MSEs of the LSE and GLSE of Ay
from all the three cases considered here are plotted against the sample size. The plot at the
left is for dispersion matrix 3; and the right one is for 5. Similarly, the MSEs of the other

parameter estimates are plotted in Figures 2-9.

The following observations can be made from the experiment described above.

(1) The MSEs of the LSEs as well as the GLSEs in all the cases considered here decrease
as the sample size increases.

(2) The spread of the MSEs in right side plots are wider than that of the left side plots.
This is due to the fact that the elements of 3, are larger than the elements of ;.

(3) There are clear separation of lines for LSEs and GLSEs. The MSEs in all three cases
(1), (2) and (3) considered here for an estimator using LS method are clubbing at
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FIGURE 4. The MSEs of different estimates of Bjs.

slightly larger values than the case when GLS method is used. The lines for GLS
method are also clubbed. This has been observed in case of each parameter estimator.
(4) In all the linear parameter estimators using LS method, the MSEs is larger when
error is distributed as bivariate ¢t than the case when the error is bivariate normal.
The MSEs for tg distribution is marginally larger than ¢, distribution. This has not

been observed in case of the fundamental frequency.

With the same model parameters as given in (16) and 7 = o3 = 1.0, we would like to see
the behavior of the MSEs with varying p, the correlation coefficient of the bivariate error
process. The sample size N is fixed at 500 and p is varied from 0.1 to 0.9 and 0.98. The
MSEs of the LSEs and GLSEs of the fundamental frequency A have been calculated when
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FIGURE 6. The MSEs of different estimates of By;.

the error random vectors are bivariate normal, bivariate ¢, and bivariate tg as considered
before. These six cases have been plotted in Figure 10. We observe that the MSEs of the
LSEs increases as p increases under all the error distributions considered here whereas the
MSEs of the GLSEs first increases and then decreases as p increases. The MSEs of the LSEs
is always larger than that of the GLSEs in all the cases. In case of both the LSEs and
GLSEs, the MSEs decrease with the error distribution from tg, ¢4 and then normal.

5. DATA ANALYSIS

In this Section, we analyze two short duration speech data using a two-channel fundamen-

tal frequency model, proposed in this article. The ‘aaa’ and ‘uuu’ voiced speech data, both
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FIGURE 8. The MSEs of different estimates of Basg.

have 512 signal values, sampled at 10 kHz frequency were collected at the Speech Signal
Processing laboratory of the Indian Institute of Technology, Kanpur. The mean corrected
and scaled data are plotted in Figure 11. To have an idea about inherent frequencies, we
plot the periodogram functions of both the datasets. The periodogram function of a set of
n observations {z(t),t = 1,...,n} is defined for w € (0, 7) as
n 2
1

I(w) = — Z z(t)e !

n
t=1

The periodogram functions of ‘aaa’ and ‘uuu’ are plotted in Figure 12. The preliminary
analysis of the periodograms reveals that the first significant frequency (peak) in ‘aaa’ data

is close to 0.113 and that of ‘uuu’ data is close to 0.114. So they are approximately equal.
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FI1GURE 10. The MSEs of LSEs and GLSEs of A under different error distri-

bution with varying p.

We also observe that in the periodogram function of ‘uuu’ data, rest of the peaks, that
is the frequencies, are at equal intervals. This means that they are the harmonics of the
first frequency, A as per our notation. In ‘aaa dataset, although all the significant peaks
are not at equal intervals, any significant peak is at kA where k is an integer and A is the
first frequency, the fundamental frequency. Therefore, these two data sets can be analyzed
using two-channel fundamental frequency model with different number of harmonics. In this
analysis, it is expected that amplitude estimates corresponding to some of the harmonics in

‘aaa’ data will be close to zero.

In this case p; and ps are unknown. A significant amount of work has been done in

estimating the number of harmonics for one channel fundamental frequency model, see for
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F1cURE 12. The periodogram functions of ‘aaa’ and ‘uuu’ data.

example Chapter 5 of Nandi and Kundu [13]. By exploratory analysis, we have obtained
p1 = 17 and py = 6, the numbers of harmonics in ‘aaa’ and ‘uuu’ data, respectively. We first
estimated the LSEs of the unknown fundamental frequency and linear parameters and the
elements of the error variance matrix 3. The error variances and covariance are estimated
as 07 = 9.93 x 1072, o3 = 7.26 x 1072 and 712 = 3.94 x 1073, The fitted signal using LSEs
along with mean corrected data in both the channels are plotted in Figure 13. They match
quite well. In order to find the GLSEs of the unknown parameters, the estimates of 0%, o3
and 019, obtained above are used. The unknown parameters are estimated by minimizing
S(a, ag, N) following the methodology described in Section 3. The error variances and the

covariance estimated using GLSEs of A and the linear parameters are as follows:

G2 =956 x 1072, G5 =7.68x 1072, Ty =426 x 1073,



MULTICHANNEL FUNDAMENTAL FREQUENCY MODEL

fitted(LSE) and mean corrected aaa data

Uil

o 4

F1cure 13. The fitted (red) and the observed mean corrected (blue) ‘aaa’

100 200 300 400 500

N>

and ‘uuu’ data using LSEs.

fitted(GLSE) and mean corrected aaa data

o

FIGURE 14. The fitted (red) and the observed mean corrected (blue) ‘aaa’

Ul

100 200 300 400 500

[N—

and ‘uuu’ data using GLSEs.

-2

-2

fitted(LSE) and mean corrected uuu data

fitted(GLSE) and mean corrected uuu data

21

The fitted values using GLSEs and the mean corrected observed data are plotted in Figure
14. By observing Figures 13 and 14, it can be said that using model (1) is a reasonable way
of analyzing ‘aaa’ and ‘uuu’ data sets simultaneously and both the LSEs and the GLSEs
work well in this case.

6. CONCLUDING REMARKS

In this article, we propose a multichannel fundamental frequency with harmonics model

in its most general form. This model is useful when signals from different channels have

the same fundamental frequency, and the effective frequencies are harmonics of this common

fundamental frequency. It has been assumed that the noise among the channels may be
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correlated also, which has not been considered before. We have proposed the GLSEs of the
unknown parameters which become the maximum likelihood estimators also when the noise
becomes multivariate normal distribution. The theoretical properties of the GLSEs have been
established. It is observed that to implement the GLSEs in practice one needs to know the
noise dispersion matrix, which may not be available. We have provided an implementation
procedure of the GLSEs in practice using LSEs which do not need any information about
the variance covariance matrix. Numerical experiments have been conducted based on a
two-channel model with the number of components as two. Two short duration voice data
have been analyzed using a two-channel model with different number of harmonics. The

data analyses reveal that the proposed model works quite well in practice.

In this paper we have assumed that the noise components are independent and identically
distributed in each channel, although they may not be independent between the channels. It
will be interesting to develop proper methodologies when the error variances in each channel
may also not be independent. Although, the dependency structure on the error variance in
each channel can be easily incorporated, it is not immediate how it can be generalized to
the multichannel case. Moreover, defining the LSEs of the unknown parameters can be done
along the same way, but defining the GLSEs needs some careful attention. More work is

needed along that direction.
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APPENDIX A

To prove Theorem 2.1, we need the following result and lemmas. In this Appendix, for any

vector a, |a| means the Euclidean norm of a.

Result A.1: If w € (0,7), then the following results hold.
S I
lim —» cos(wt) = lim — ) sin(wt) =0,

n—o0 1, n—oo 1,
t=1 t=1

1
k k
nh_}rgonlC+1 g t* cos? (wt) —nh_{go n’f I g t* sin? (wt) (k:+1)

lim
n—oo mk+1

Z t* cos(wt) sin(wt) = 0,

1
lim —5 Ztk cos(wt) = lim —5 Ztk sin(wt) = 0.

n—o00 =3 n—00 =3
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Proof of Result A.1: The proofs can be found in Mangulis [11]. |
Lemma 1. Let/é be the GLSE of €° that minimizes R(E), and € € © = [—-M, M]*F x

0,7 /par). For any € > 0, suppose Sc = {& : € € O, |€ —£°| > (2P + 1)e}, for some fived €°,
an interior point of ©. If for any € > 0,

lim inf l[R(ﬁ) —R(E"] >0, ae.,

n—oo Sc N

then as n — oo, E 1s a strongly consistent estimator of 50.

Proof of Lemma 1: The proof mainly follows using contradiction argument, as that of
Lemma 1 of Wu [20].

Lemma 2. Let {e(t)} be a sequence of i.i.d. random variables with mean zero and finite

variance o > 0, then as n — oo,

sup Ztk cos(wt) 2%0, and sup Ztk sin(wt) 25%0.

nk+1 nk+1

Proof of Lemma 2: See for example Kundu [9].

Proof of Theorem 2.1: Observe that

LIR(E) - REY = h1(&) + 12(6).

n

where

RE) = =3 (00— pl0) 57 (100) — (1)

) = 237 e)™S T (1) — p(0) = - 3 e TS ) — - S e(t) S plt)

Hence, because of Lemma 2,

1 n n
lim sup |[fo(€)| = lim sup |— Y e(®)'Z'u(t)| < lim sup |- Y e®)'='u)| — 0, ae
n—oo €S, n—oo 5655 n t_zl n—oo €€® n —1
Now consider the following sets form =1,...., M, j7=1,...,ppn,
€Am] {€ | - A9n3| > EaE S 6}7 Se,ij = {5 : |ij - B?n]| > €7£ S 8}

and
Sea=1{&: A=\ > € € ©}.
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Clearly,
M pm M pm
C (U U Se,Amj> U (U U S€7ij> USQ)\.
m=1j=1 m=1 j=1

Now let us consider
11 " 11

1
liminf inf — fi(€) = liminf inf T 37(A — Ap)? cos?(A) = (A% — Ap)? > 0.
n—oo

EGS&AU n oo EGS&AU n t=1 2

Similarly, it can be shown that for other sets S 4,,;; Se¢B,.;» Sex, the corresponding limits

are strictly positive. Hence, using Lemma 1, the result follows. |

APPENDIX B

Proof of Theorem 2.2: In order to obtain the asymptotic distribution of E, we denote
R'(&) and R"(§) as the vector of first derivatives and the matrix of second derivatives of
R(€), of the order 2P + 1 and (2P + 1) x (2P + 1), respectively. Now we express R'(§)
around the point £€°, the true parameter vector using multivariate Taylor series expansion as
follows

R(€) - R(€") = R'(€)(€ - &), (17)
where € is a point on the line joining € and €°. Since € minimizes R(§), R’(E) = 0. Using
the (2P + 1) x (2P + 1) diagonal matrix D, as defined in (11), (17) can be written as

D(E-¢)=[D'R'ED ' [DR(£)],
provided, [D™'R"(€)D™"] is an invertible matrix. Since, E — &% as.,
lim [D'R'(§)D™ '] = lim [D'R"(¢°)D™).

By repeated use of Result A.1, it follows that

lim [D'R"(£D™'] =11, (18)
as defined in (12). Note that D~"R/(£°) is a 2P + 1 vector as follows:
g0y — pot |9B(E) OR(E)  OR(§) IR(E) }
D R<€) =D |:8A11 ’ 8311 8AMPM 8BMPM7 EZEO
_ p {8R<s°> OR(&")  OR(E") OR(E) 0 <s°>]T (19)
0A11 7 OB11 T 0Ampy, OBuip, OA
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Now to compute the right hand side of (19), let us use the following notations.

Pm
N (t; 0, A) =Y jt[—AD, sin(jA) + BY,; cos(jA°H)); m=1,..., M,

and n°(t) = (m(t;ad, \0), ... qa(t; 08, A°)7, for t = 1,...,n. Then, using the M unit
vectors {u,,;m =1,..., M}, defined in Theorem 2.4, we have

1 OR(£%) T cos j)\ t o cos( j)\o .

1 OR(&")

1=1....pm m=1....M,

) S ) s e

t=1

Since, all the elements of D' R'(£°) satisfy the Lindeberg Feller’s conditions (Chung;1974),

therefore,

D 'R(£%) —% Nyp,(0, 200),

where IT is same as defined in (12).
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