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Abstract

In this paper we have considered the chirp like model which has been recently
introduced, and it has a very close resemblance with a chirp model. We consider the
weighted least squares estimators of the parameters of a chirp like model in presence of
an additive stationary error, and study their properties. It is observed that although the
least squares method seems to be a natural choice to estimate the unknown parameters
of a chirp like model, the least squares estimators are very sensitive to the outliers. It
is observed that the weighted least squares estimators are quite robust in this respect.
The weighted least squares estimators are consistent and they have the same rate of
convergence as the least squares estimators. We have further extended the results in
case of multicomponent chirp like model. Some simulations have been performed to
show the effectiveness of the proposed method. In simulation studies, weighted least
squares estimators have been compared with the least absolute deviation estimators
which, in general, are known to work well in presence of outliers. One EEG data set
has been analyzed and the results are quite satisfactory.
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1 INTRODUCTION

The chirp signal has received a considerable amount of attention in the statistical signal
processing literature due to its wide applications in various fields. A multicomponent chirp

model can be described as follows:
Z{Ak cos(agn + Ben?) + By sin(ayn + Bin*)} + X (n). (1)

The multicomponent chirp model (1) can be seen as an uniform linear frequency modulated
(FM) sinusoidal model. The history of chirp model goes back to 1950, see for example the
article by Lancaster [10]. According to Lancaster [10], Pulse compression (aka ‘chirp’) radar
was invented in the 1950s by Sperry and a couple of other defense contractors. Klauder et al.
[6] used single component chirp model (1) in designing chirp radars that provides a solution
for the conflicting requirements of simultaneous long-range and high-resolution performance
in radar systems. Since then it has become extremely popular in radar technology. Chirp
model has been used quite successfully to analyze sonar data also. The chirp sonar data has
been used in estimating the physical and acoustic properties of the seabed quite frequently,
see for example Schock [14, 15] and the references cited therein. Chirp model has been used
quite extensively in optics also. It has been observed by Guillet et al. [4] that the broadband

radio-frequency waveforms can be analyzed quite effectively using chirp models.

Recently, Grover [2], see also Kundu and Grover [7] and Grover, Kundu and Mitra [3],
introduced a chirp like model which behaves like a chirp model and it is observed based
on extensive data analyses that it is not possible to discriminate a chirp and a chirp like
model in many instances. Mathematically, the multicomponent chirp like (MCCL) model in

presence of additive noise can be written as follows:

Z{AO cos(an) + Bj sin(ajn)} + Z{Ck cos(Bin?) + D) sin(Bn*)} + X (n). (2)



Here AY, BY, C}, D} are linear parameters, o) and (3] are the frequency and frequency rate,
respectively. The sequence of random variables, {X(¢)} denotes the noise present in the
model. It has mean zero and finite variance. The explicit assumptions on {X(¢)} will be
provided later. Based on extensive data analyses by Grover, Kundu and Mitra [3] it has
been observed that MCCL model often provides a better fit to a nearly periodic data set
than a multicomponent chirp model, and it needs less number of parameters. Moreover, the
implementation of the MCCL model is much easier than a multicomponent chirp model.

Similar to the chirp model, MCCL also can be used for future prediction also.

Note that the MCCL model (2) is also a non-linear regression model. Hence, the least
squares (LS) method seems to be a natural choice in estimating the unknown parameters.
It has been shown by Grover [2] that the MCCL does not satisfy the standard sufficient
conditions of Jennrich [5] or Wu [17] so that the least squares estimators (LSEs) become
consistent. It has been shown by Grover, Kundu and Mitra [3] that under a fairly general set
of assumptions the LSEs are consistent and asymptotically normally distributed. Although,
the LSEs have these desirable properties, it has been observed that they are quite sensitive
to the presence of outliers. Even if only a few outliers are present in the data, it can affect
the performance of the LSEs quite significantly. One natural choice in this case is to choose
some robust estimators like L; norm estimators or M-estimators. But implementing any
robust estimators or establishing the properties of these estimators in a general set up are
quite challenging. Due to this reason we have explored in this paper the weighted least
squares estimators (WLSEs) to estimate the unknown parameters of the MCCL model. It
is observed that the WLSEs are quite robust compared to the LSEs and they are easy
to implement even in a general set up. Based on an extensive numerical experiments, it
has been observed that the performance of the WLSEs are comparable with the robust
least absolute deviation estimators (LADESs). But developing theoretical properties of the

LADEs and implementing them in practice are quite difficult specially for multicomponent



models. Therefore, we propose to use the WLSEs in presence of outliers in this case. We
have established the consistency and asymptotic normality properties of the WLSEs and
it is observed that the LSEs and WLSEs have the same rate of convergence under a fairly
general set of error assumptions. We have further proposed sequential WLSEs, which can
be implemented quite conveniently and they have the same asymptotic properties as the

WLSEs.

The rest of the paper is organized as follows. In Section 2 and Section 3 we consider
the one component chirp like ( OCCL) and MCCL models, respectively. Simulation results
have been presented in Section 4 and the data analyses have been presented in Section 5.
The conclusions have appeared in Section 6. Preliminary results required for the proofs have

been presented in Appendix A and all the proofs in Appendices B, C and D.

2 ONE COMPONENT CHIRP LIKE MODEL
2.1 WLSESs

The OCCL model can be defined as follows:
y(n) = A° cos(aon) + B sin(aon) + Y COS(BOHQ) + D sin(ﬁOnQ) + X (n). (3)

Here, A°, B, C° D° are linear parameters, and o, 8% are frequency and frequency rate,

respectively. We make the following assumptions on {X (n)}.

o0

X(n)= > a(kle(n—k); n=12.... (4)

k=—00
Here e(n)’s are i.i.d random variables with mean zero, and finite fourth moment. Moreover,

a(k)’s are such that

i la(k)| < oo. (5)

k=—o0



It is assumed that the weight function w(t) satisfies the following assumption:

ASSUMPTION 1: Suppose w(t) is a non-negative continuous function defined on [0,1], such

that min w(t) >~y > 0 and max w(t) < K < 0.
0<t<1 0<t<1

The WLSEs of the unknown parameter 8° = (A° B° C° D° o 3°)7 can be obtained
by minimizing

N
Qo) = w (%) (y(n) — Acos(an) — Bsin(an) — C cos(fn?) — Dsin(8n?))*  (6)

n=1
with respect to the unknown parameter vector @ = (A, B,C, D, «,3)". Let us denote the
WLSE of 8° as 6 = (,Z, E, 6, lA?, a, B)T The WLSEs cannot be obtained in analytical form as
minimization of Q(8) is a non-linear optimization problem. One needs to use some numerical
techniques like Newton-Raphson or Gauss-Newton method to compute the WLSEs. The
OCCL model has six unknown parameters, we will show that the WLSEs of the unknown
parameters can be obtained by solving a two-dimensional optimization problem. From (6)
it is immediate that the LSEs can be obtained as a special case of the WLSEs by assuming

w(t) = 1.

For a given « and (, the minimization of (@) can be obtained as a simple weighted
least squares approach. The WLSEs of A, B, C and D for a given « and f3, say E(a, B),
E(a,ﬁ),a(a, f) and lA)(oz, f), can be obtained as

5(0.8) = (Al0f) Bla.f) C(a.p) Dia.) ) =U(a. B, (7)



where U n(a, 8) = ((u;;)) is a 4 x 4 symmetric matrix, as follows:

) sin(an) cos(an)

2=

uy = SN w (%) cos?(an) Uty = Upy = Y oy W (

) cos(an) sin(5n?)

zl=

U1z = Uz] = ij:l w (%) cos(an) cos(Bn?)  wyy = ugy = 2521 w (

Upy = SN w (%) sin®*(an) Ups = Ugy = S 0w (%) sin(an) cos(Bn?)

(V]
—

) sin(an) sin(Bn?)  ugs = S0 w (2) cos?(Bn?)

2|3

Uy = Ugp = Zivzl w (
Uzs = gz = > w (&) cos(Bn?) sin(Bn?) was = >0, w () sin®(Bn?)
and u = (u1, U, us, ug) ' is a 4 x 1 vector as given below
up = ij:l w (%) y(n)cos(an) uy = Zfz]:l w (%) y(n)sin(an)

Uz = 27]:[:1 w (%) y(n) cos(Bn?) w4 = Zﬁ/:l w (%) y(n)sin(Bn?).
Therefore, the WLSEs of @ and f can be obtained by minimizing R(«, [3), where

R(a, B) = Q(A(e, B), B(a, 8), C(a, ), D(a, B), v, B),

with respect to a and . Hence, we have observed that although OCCL model has six
parameters, the WLSEs of the nonlinear parameters o and 8 can be obtained by solving
a two dimensional optimization problem. Once the WLSEs of o and [ are obtained, then
the WLSEs of the other parameters can be obtained in explicit forms. The following result

provides the consistency properties of the WLSEs.

THEOREM 1: If {X(n)} has the structure as given in (4), and w(t) satisfies Assumption 1,

then the WLSE 8 is a strongly consistent estimator of 6°.
PROOF: See in Appendix B. |

Now we provide the asymptotic distribution of the WLSEs, and for that we need the

following notations.

N 1
. 1 Z k n k
]\}141)1’(1)0 W — n-w (N) = /0 t U}(t)dt = Ck+1 > 0, (8)
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N 1
. 1 ko2fT _ k 2 _ . _
A}l_I)nOOW;nw <N) - /Otw(t)dt_dk+1>0, k=0,1,2,.... 9)

Let us define the following four 3 x 3 matrices:

dy 0 B, dy 0 D,
3 = 0 dq — A%, , By = 0 dq —Cj , (10)
B, —A%, (A” + B%)ds D%y —C°s (C + D)ds
C1 0 BOCQ C1 0 D063
G1 =2 0 C1 —AOCQ , G2 =2 0 C1 —0003 ,
B, —A%, (A% + B%)cy Dy —C%; (C% + D%)es

(11)

and two diagonal matrices of order 3
D, = diag (N2, N2 N*?) and D, = diag (N'/?, N'/? N*/2).

THEOREM 2: Under the same assumptions as in Theorem 1, and if the matrices 3;’s and

G.’s as defined in (10) and (11), are of full rank, then

((ﬁ — A%, (B - B"),(a- a0)> Dy % N3 (0,0%¢ GT'S,GY),
((6 — %, (D - D", (5 - 50)) Dy % N; (0,02 G5'5,G5Y) .
Here -% means convergence in distribution and using ¢ = /—1

2 2

(= [Z CL(k‘) COS(aOk;) + Z CL(kJ) Sin(aok)] — Z a(k)emok 7
n=1 Y alk)eos38%K*)| + | D alk) sin(350k2)] — 1S a(kens

Also ((2 — A%, (B - B, (@- a0)> D, and ((6 — ¢, (D — D%, (F - 50)) D, are inde-

pendently distributed.
PROOF: See in Appendix C. |

We note that the WLSE of the frequency « is asymptotically independent of the WLSE

of the frequency rate 5. In fact, the WLSEs of A and B, the linear parameters associated

7



with « are asymptotically independent of the WLSEs of C' and D, the linear parameters
associated with . The asymptotic distribution of the WLSEs of the sinusoidal parameters
only depends of the true values of the sinusoidal parameters. This has also been observed in
case of chirp component. The WLSEs of sinusoidal component parameters are asymptotically
independent of the WLSESs of the chirp component parameters, therefore, sequential method

works even in one component chirp like model and has been discussed in Section 2.2.

So far we have discussed about the consistency and asymptotic normality properties of
the WLSEs. Now we will discuss about the numerical issues related to the WLSEs. We
have already mentioned that the WLSEs can be obtained by solving a two-dimensional
optimization problem. Let us look at the behavior of U y(«, ) for large N. Observe that

using Results A.1 and A.2 (stated in Appendix A), we obtain that

. 1 C1 .
A s pr 1sisd (12)

~

Hence, d(«, §) for large N can be obtained approximately as

~T -~

5 (a.8)=(Ala) Bla) C(B) D(B) ) =( 3 3 3= ),

where uq, us, uz, uy are same as defined before. Once, the WLSEs of a and [ are estimated,
~T ~ —~ ~
the linear parameters are obtained as § (@, 3). When w(t) =1, A(@) and B(@) corresponds

to the approximate LSEs of A and B and similarly, C (8) and lA)(B\) are those of C' and D,

respectively.

2.2 WEIGHTED SEQUENTIAL ESTIMATORS

It has been observed that the WLSEs can be obtained by solving a two-dimensional opti-

mization problem, and it needs a N x N? order of searching for the initial guesses similar



to the LSEs. Finding the initial guesses can take a significant amount of time if N is large.
To reduce the amount of computation of searching the initial guesses, Grover, Kundu and
Mitra [3] proposed sequential estimators (SE), which have the same asymptotic efficiency as
the ordinary LSEs. It reduces the computational burden significantly. First of all it reduces
the search of the initial guesses to the order of N 4+ N2, and also instead of solving one
two-dimensional optimization problem, one needs to solve two one-dimensional optimization
problems. Similar to the SEs, we can provide weighted SEs (WSEs) also. Estimate A, B
and « first by minimizing
N
1(A, B, ) Zw < ) — Acos(an) — Bsin(an))® (14)
n=1
with respect to A, B and «. Let A, B and & minimize Q1(A, B,a). Then consider the

modified data after taking out the effect of the sinusoidal component as follows:
7(n) = y(n) — Acos(an) — Bsin(an); n=1,... N. (15)

Estimate C, D and 3, by minimizing

n

Q2(C, D, p) = Zw (N) (y(n) — C cos(Bn®) — Bsin(5n2))2 : (16)

Note that the minimization of Q1(A, B, «) can be obtained by solving a one-dimensional
optimization problem. For a given «, the values of A and B which minimize @Q;(A, B, ) can

be obtained as

T

here V y(a) = ((v55)) is a 2 x 2 matrix, v = (v1,v2) ' is a 2 x 1 vector, as follows:

V11 = U11, V12 = V21 = U12,V22 = U22, U1 = U1,V2 = U2.

Hence, the WSE of « can be obtained by minimizing Ql(Z(a), §(04), a) with respect to a.

Similarly, the minimization of Q2(C, D, ) also can be obtained by solving a one-dimensional

9



optimization problem. It may be seen that for a given 3, the values of C' and D which

minimize Q2(C, D, 3) can be obtained as

here Wy (5) = ((w;;)) is a 2 x 2 matrix, as follows:
W11 = Usz, W12 = Wa1 = U3, Waz = U4q,

and w = (wy,wy)" is a 2 x 1 vector, where

N N
wy = ;w (%) y(n)cos(Bn®) and wy = ;w (%) y(n)sin(Bn?).
Therefore, the WSE of # can be obtained by minimizing Qg(é’(ﬁ), ZND(B), B) with respect to 3.
It is immediate that the WSEs can be obtained by solving two one-dimensional optimization

problems sequentially. Let 0= (ﬁ, B,C,D,a, E)T denote the WSEs of 8°. The following

results provide the asymptotic properties of 0.

THEOREM 3: Under the same assumption as in Theorem 1, the WSE 0is a strongly con-

sistent estimator of 6°.

ProoF: The proof follows using the Lemmas required to prove Theorem 1, and based on

the similar approaches as in Grover, Kundu and Mitra [3]. |

THEOREM 4: Under the same assumption as in Theorem 2, the WSE 0 has the same

asymptotic distribution as the WLSE 0.

PrOOF: The proof follows along the same line as the proof of Theorem 2, but in this case
we need Lemma C-3, see Appendix C, to establish the result. Please see eqn. (30) and (31)

of Prasad et al. [13], and it should be clear why it is needed. |
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3 MULTICOMPONENT CHIRP LIKE MODEL

3.1 WLSES

In this section we discuss about the WLSEs of the MCCL model as defined in (2). Let us
use the following notations: 8, = (A;, B;, «;), v, = (Cy, D;, Bi),

p1(n; 0;) = Ajcos(ayn) + B;sin(ayn)  and  pa(n; ;) = C;cos(Bin?) + D;sin(Bin?),
forj=1,...,pandi=1,...,q. Therefore, the WLSEs of the MCCL model can be obtained
by minimizing the weighted residual sum of squares defined as follows:

Q1. 0,71, Y =Y w (%) (y(n) —Zm(n; 6;) —Zuz(n;%)) - (A7)

n=1
Let us denote @» = (Ej,éj,aj), 5, = (Ci, Dy, B;) as the WLSEs of 0? = (A9, B}, aY),
~Y = (C?, DY, BY), respectively, for j = 1,...,pand i = 1,...,q. Now we are in a position

to state the consistency results of the WLSEs of the MCCL model.

THEOREM 5: If { X (n)} has the same structure as given in (4), and w(t) satisfies Assumption

1, then the WLSEs éj = (gj,gj,&j), N, = (C’\l,f)z,@) are consistent estimators of 0(; =

(A, BY,a9), ) = (CP, D7, B), respectively, for j =1,...,pand i=1,...,q.
PRrROOF: The proof can be obtained along the same line as the proof of Theorem 1. |

Now we would like to state the asymptotic distribution of the WLSEs. For that pur-
pose, we need to introduce the following notations. The 3 x 3 matrices ¥;; and G,  are
obtained from the matrices 3; and G, respectively, by replacing A°, B with A‘; and B?,
respectively, for j = 1,...,p. Similarly, 3, and Gy are obtained from the matrices ¥, and
G, respectively, by replacing C°, D° with C? and DY, respectively, for k = 1,...,q. The

matrices Dy and D, are same as defined before. Then we have the following result.

11



THEOREM 6: Under the same assumptions as in Theorem 1, and if all the matrices defined

above are of full rank, then for j =1,... ;pand k=1,...,q,
(A4, = A9), (B; = BY), (@; — o)) Dy % Ny (0,0%; G1/'Z4;G1)

((Ce— D). (Di = D). (B = B)) D2 % Ny (0.0 G5! TGy

Here , 2 2
G = [Z a(l) Cos(a?l) + Z a(l) sin(a?l)] - Z a(l)ez’agl ’
l=—c0 I=—0c0 = oo
00 2 0o 2 - 9
e = [Z a(l) cos(3B%) | + | > all) sin(3ﬁ£l2)] =1y a1
l==00 l=—00 I=—o0

and they are all independently distributed.

PrROOF: The asymptotic distribution of the WLSE of the parameter correcponding to the
j-th sinusoidal component ((E] — AY), (B, — BY), (a; — oz?)) D, and correcponding to the
k-th chirp component <(@k - D), (Dy — DY), (B — 5,2)) D, follow exactly in the same way

-~

as the proof of Theorem 2 considering the estimator vector b\p = (51, N R LT ,ﬁq)
and Q(01,...,0,,71,...,7,) instead of Q(@) defined in (6). The independence of 0, and gj,
i # j can be proved using Lemma C-1, see Appendix C, and that of 4, and 7,, k # [ can be
proved using Lemma C-2, see Appendix C. To prove independence between @j. and v, we

also need to use Lemma C-2. [ |

3.2 WSE

It has been observed that the WLSEs of the unknown parameters of a MCCL model can be
obtained by solving a (p + ¢) dimensional optimization problem. In most of the practical
situations the problem can be a quite numerically challenging problem. Due to this reason

we propose the WSEs of the unknown parameters, which can be obtained by solving (p + ¢)
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separate one-dimensional optimization problems and they have the same asymptotic prop-
erties as the WLSEs. The idea is same as the WSEs of the OCCL model. First obtain 51,

the WSE of 64, by the argument minimum of (18), where

N
n
$1(01) = Y- w () (wn) = m(n;62))%. (18)
n=1
Then obtain 7,, the WSE of «,, by the argument minimum of (19), where

Sav) = D w (%) Ga(n) = pa(miy)) (19)

n=1
where y;(n) = y(n) — p1(n; 51), forn =1,..., N. By repeating this procedure (p+ ¢) times,
we can obtain 51, e ,'ép and 7y,...,7,. In each step, whether a sinusoidal component or a
chirplet component is estimated, depends on the powers 121? + B? and 6’,% + 15,% By following
similar procedure as in Grover, Kundu and Mitra [3], it can be shown that the WSEs have

the same asymptotic properties as the WLSEs. Lemma C-3, provided in Appendix C, can

be required to derive the asymptotic properties of WSEs.

4 SIMULATIONS

In this section, we report simulation results in the form of mean square errors (MSEs) and
mean absolute deviations (MADs) for the WLSEs. These results are obtained with 5000
simulation runs for each data set. For the first set of experiments, we consider the following

model with one sinusoidal and one chirp component:
y(n) = 10cos(1.5n) + 10sin(1.5n) + 10 cos(0.1n?) 4 10sin(0.1n?) + X (n).

Here, X (n)s are generated from a white Gaussian noise process with mean 0 and variance
o?. For different error variances and sample sizes, we generate data from this model. These

data sets are then contaminated by adding outliers to middle five percent of observations.
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Figure 1: In each sub-plot, the graphed lines represent the MSEs of the WLSEs, the LSEs
and the LADESs of the simulated one component model.

We then compute the WLSEs of the frequency and chirp rate parameters using the following
weight function:

7’L2

n 1 n
(%) -1-%+w
The weight function plays an important role in the computation of the WLSEs and therefore
its choice is a crucial step. Since in the simulated data sets, the outliers are the middle
observations, we have chosen a convex weight function that gives minimum weightage to
these observations. To compute the WLSESs, the initial guesses of both o and (8 are obtained

based on grid search. In case of «a, the grid size is % and for g it is Ni In both the cases

5
the ranges are [0, 7]. We have used Nelder-Mead algorithm to obtain the final estimates. In
the figures to follow, we report the MSEs and MADs of the WLSEs and those of LSEs and
LADEs for comparison. It can be seen that the proposed method outperforms the LSEs for
all the error variances and sample sizes considered. It has been observed that the WLSEs

and LADEs seem to exhibit identical performance as revealed by the curves that lie on top

of each other in Figure 1.
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Figure 2: In each sub-plot, the graphed lines represent the MADs of the WLSEs, the LSEs
and the LADESs of the simulated one component model.

For a clearer picture of the comparison between the performance of WLSEs and LADES,
we report the ratio of the MSEs of the WLSEs to those of LADEs and the ratio of MADs of
the WLSEs to those of LADESs in the subsequent figures. The plots reveal that the MSEs and
MADs of WLSESs are slightly smaller than those of LADESs. It should be noted that although
the performance of WLSEs is at par with that of the LADESs, there is a significant difference
in their computational time. The main difference is in the computational complexity involved
in finding the initial values for the two estimators. For the WLSEs, we need to perform initial

value computations of the order O(N?3) whereas for the LADES, it is of the order O(N?).

In the next set of experiments, we consider a more general model with two sinusoidal
components and one chirplet:

y(n) = 10cos(1.5n) + 10sin(1.5n) + 10 cos(0.1n?) + 10sin(0.1n?)

+10cos(2.2n) + 10sin(2.2n) + X (n). (20)

Different data sets are simulated from the above model with different error variances and

sample sizes. To assess the performance of the WLSEs of the parameters of this model, we
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Figure 4: In each sub-plot, the graphed line represents the ratio of MADs of the WLSEs to
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Figure 5: In each sub-plot, the graphed lines represent the MSEs of the WLSEs, the LSEs
and the LADEs of the simulated model defined in (20).

again add a few outliers in the middle of each data set. For every value of N and o2, 5000
realisations are generated and estimates are obtained. For comparison, we also compute the
LSEs and the LADEs of these parameters. The MSEs and the MADs of the three estimators

are reported in Figure 5 and 6.

In this case also, we observe the ratio of MSEs and MADs of WLSEs to those of LADEs.
The results are shown in Figure 7 and 8. It is observed that for all choices of N and o?

considered here, the ratio is less than 1.

Although the difference between the performance of WLSEs and LADEs seem subtle, it is
important to note that finding the LADEs even for a model with one sinusoidal component
and one chirp component involves solving a six-dimensional optimisation problems. As
pointed out before, to find the initial guesses, we need to perform a grid search of order O(N?)
for WLSEs and that of order O(N*) for the LADEs. However in case of the WLSEs, we
can use the proposed sequential algorithm which reduces the multidimensional optimisation

problem into a cascade of one-dimensional optimisation problems. In this case, to find the
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Figure 8: In each sub-plot, the graphed line represents ratio of the MADs of the WLSEs to
those of the LADEs of the simulated model defined in (20).

initial values for the unknown parameters, the computational cost reduces from O(N3) to
O(N + N?) for the sequential WLSEs. This makes the proposed method, as opposed to
LADEs, faster as well as practically feasible to implement. It is important to note that
for the model with multiple sinusoids and chirplets, say p and ¢ respectively, finding the
initial guesses for sequntial WLSEs is of order O(pN +¢N?). On the other hand, finding the
initial guesses for LADESs is of the order O(N*®*9). Finding LADEs is, therefore, highly
computationally complex and might be infeasible in practice for large values of p and g,

whereas sequential WLSEs overcome this problem in an efficient manner.

5 DATA ANALYSES

In this section, we demonstrate how to implement the proposed sequential method efficiently
to describe an observed EEG data using a chirp-like model. This signal originates from a
study to examine EEG correlates of genetic predisposition to alcoholism. We consider one

segment of the data sampled at 256 Hz for 1 second. We scale the signal values to lie between
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Figure 9: The scaled EEG signal.

-1 and 1 and the resultant signal is plotted in Figure 9.

To assess the applicability and robustness of the sequential estimators, we add white
Gaussian noise with mean 0 and variance 100 to the middle most observation. The maximum
model order is set to p + ¢ = 30. To find the initial guesses for the non-linear parameters,
we have used grid search method with the same grid sizes as it has been used for simulation
experiments also. The final estimates are then found using the Nelder-Mead optimisation

algorithm. Following form of the BIC criterion is used for model selection:
BIC[pJ Q] = N loge(SSresiduaIS[ ,Q]) + 05<5p + 7q + armaa,b + 1) 10ge<N)7

where the SS,csiquais|[p, q] is the residuals sum of squares when p number of sinusoidal com-
ponents and ¢ number of chirp components are fitted to the data. This form of BIC is used
to account for the fact that the magnitude of penalty should depend on the type of model
parameter. This is inspired from Djuric’s asymptotic MAP rule [1], where the frequency
parameter of a sinusoidal signal is shown to contribute with a three times larger penalty
term than the sinusoidal amplitude. Therefore p + p + 3p = 5p is the penalty term corre-

sponding to the sinusoidal part of the signal and extrapolating that for the chirp parameter,
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Figure 10: The BIC plot with respect to the number of components.

q+ q+ 5q = Tq is the penalty term corresponding to the chirp component of the signal. The

BIC plot is shown in Figure 10.

The estimated number of components are chosen corresponding to the minimum value
of BIC. In Figure 11, the estimated signal is shown with p =5 and ¢ = 11. We can see that

the algorithm provides a reasonably accurate fit to the data.

In Figure 12, we plot the residuals obtained from the above fit. Using the Augmented
Dickey Fuller (ADF) test, we test the stationarity of these residuals. Based on the resultant
small p-value, we reject the null hypothesis that the time series has a unit root and thereby
conclude that the residuals are stationary. To test for the linear stationary process of the
residual, we have used the ‘auto.arima’ function in ‘forecast’ package in R to fit an ARMA
model to the residuals. It fits ARMA(4,4) with the following coefficients: ar(1) = 0.954,
ar(2) = -0.334, ar(3) = -0.278, ar(4) = 0.406, ma(l) = -0.664, ma(2) = 0.169, ma(3) =
0.286 and ma(4) = -0.627. It indicates that the residual is a linear stationary process, which

satistifies the model assumptions.
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6 CONCLUSIONS

In this paper, we have studied the WLSEs to estimate the unknown parameters of a chirp
like model. The chirp like model has been proposed as an alternative to the well known chirp
model. Similar to the chirp model, this model also can be used for future prediction also. The
chirp like model is a combination of sinusoidal components and chirplet components observed
in additive noise. We have mainly considered the problem of estimation of parameters in
presence of outliers. The least squares method does not work well in presence of outliers. We
propose to use the weighted least squares method to estimate the unknown parameters. The
LADESs usually work well in presence of outliers, but establishing theoretical properties of
LADEsS in case of sinusoidal as well as chirplet model is not straight forward specially in case
of multicomponent models. We have proved that the WLSEs of the unknown parameters of
the chirp like model are strongly consistent and asymptotically normal under the assumption
of linear stationary error. Numerical experiments using moderate size samples reveal that

WLSESs perform better than LSEs and even LADESs in terms of MSEs and MADs.

Finally it should be mentioned that in this paper we have assumed that the error com-
ponent is a linear stationary process. All the theoretical developments are based on this
assumption. But in practice the error compeonent may not be a linear stationary process.
In case of a nonlinear time series residuals all the theoretical results need to be developed.

It is definitely a non-trivial extension, more work is needed in that direction.
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APPENDIX A: PRELIMINARIES

To establish the consistency and asymptotic normality of the WLSEs we need some trigono-
metric and number theoretic results and one famous number theoretic conjecture. We ex-

plicitly mention it here for easy reference.

RESULT A.1: If a, 3 € (0, 7T), and « # 3, then the following results hold.

) 1 PR 1
Jim e s an) = g
L X
A}%WanCOS(an)sm(an) = 0,
n=1

]\}1_{1100 Nk+1 Zn sin(an)sin(fn) = Nh_{noO Nk+1 Zn cos(an) cos(fn) = 0,

where £k =0,1,2,....

)

PRrROOF: The proofs can be found in Mangulis [11]. |

REsuLT A.2: If o, 5 € (0,7), and « # 3, then except for countable number of points, the

following results hold.

lim — E cos( an?) = lim — 5 sin( an’?
N~>oo N%oo



. 1 k2, ov 1

]&K&W;” cos’an’) = STy
1

]&E?,ONMZ” ) =

lim —— Zn cos(an?)sin(Bn?) = 0,

Zn sin(an?) cos(Bn) = N%OO Nlc+1 Zn cos(an?) sin(Bn) = 0,

N%oo Nk+1

lim
N—oo Nk+1

Zn sin(an?)sin(Bn) = lim Zn cos(an?) cos(8n) = 0.

N—oo Nk+1

In addition if a # 3, then for £ =0,1,2,...,

A}Ln;o Nk+1 Zn sin(an?)sin(Bn?) = 1\}520 Nk+1

Zn cos(an?) cos(Bn?) = 0.

where £k =0,1,2,....

PROOF: The proofs can be obtained from Vinogradov’s [16] results. See Lahiri, Kundu and

Mitra [9] for details.

The following well known number theoretic conjecture, see for example Montgomery [12],
can not be established formally. But extensive numerical experiments indicate that it holds

true.

CONJECTURE A: If o, € (0,7), then except for countable number of points, for k£ =

0,1,2,...,

Zn cos(an?)sin(Bn?) = 0,

Zn cos(an?)sin(Bn) = 0,

Zn sin(an?) cos(Bn) = 0,
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N_> \/_Nk Zn cos(an?) cos(Bn) = 0,

e

Nh_r}rgo \/_N’f Zn sin(an?)sin(Bn) =

In addition if o # 3, then for £ =0,1,2,...,

]\}1_{20 \/_N"? Zn cos(an?) cos(Bn?) = 0,

Zn sin(an?)sin(Bn?) = 0.

APPENDIX B: PROOF OF THEOREM 1.

We need the following lemmas to prove Theorem 1.

LEMMA B-1: Let {e(n)} be a sequence of i.i.d. random variables with mean zero and finite

fourth moment, w(t) satisfies Assumption 1, then

E iw (%) w? (”;\;1) w (";\;2) e(n)e(n + e(n +2)| = O(N3).

PROOF:
E éw(%)uﬂ (”;1)@0(”;2)@( Je2(n + De(n +2)| <
E(;w<%>w2 (”;\;1)10(”;\;2) e(n)e(n + 1) (n+2)>2 é:()(N%)

Similarly, it follows that

ilw (%) w (”TH) w (n;\;k> y (n +]I;+ 1) e(n)e(n+ e(n + k)e(n + k + 1)

n=

N

2 — O(N}),

for some fixed k, where k = 2,3, .. ..
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LEMMA B-2: Let {e(n)} be a sequence of i.i.d. random variables with mean zero and finite

fourth moment, w(t) satisfies Assumption 1, then for arbitrary integers m,k > 1,

> u (L) (") ctmletan-+ Ryenon| =

n=1

FE sup
0

< Enzi:wQ (&) u; (”;k> e2(n)e>(n + k)+
28 N:w @ar (”;’“) w ("; 1) w (%‘”1) e(m)e(n + k)e(n + Ve(n+ k+1)| +

N

4+ 2E ‘w (%) w (%) w(1)w (N; ’“) e(1)e(1+ B)e(N)e(N + k)

|

LEMMA B-3: Let {e(n)} be a sequence of i.i.d. random variables with mean zero and finite

fourth moment, w(t) satisfies Assumption 1, then

Z w (%) e(n)e™”

n=1

= O(N#).

Esup
B

PROOF:
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B (ZNJw (%) e<”>ew”2) (ENJM (%) 6<n>e"ﬁ”2) = O(N + N.N%) = O(VY)

n=1 n=1

LEMMA B-4: Let {e(n)} be a sequence of i.i.d. random variables with mean zero and finite

fourth moment, w(t) satisfies Assumption 1, then

N
1 g2 1
Baup |55 3 w () elme™ | < O
PROOF:
1 N ) N 271 2
n $ 32 n 32 1
E N <_> ’Lﬁn < E N (_> Zﬁn - N_7
s%p Nnglw N e(n)e < s%p Nnglw N e(n)e O(N~s)

LEMMA B-5: Let {e(n)} be a sequence of i.i.d. random variables with mean zero and finite

fourth moment, w(t) satisfies Assumption 1, and {X(n)} is same as defined in (4), then

F 3w () e

n=1

1

< O(N7s).

Esup
B

PROOF:
1 & n
E sup N E w <N) X(n)e™| =

Esup %i ;i a(k)e(n — k)w (%) oiBn®

B n=1 k=—o0
0 1 N
1
Z la(k)| | Esup |— Z e(n — k)w (—) el = O(N~F)
k=—o00 B n=1
N
. 1 n iBn2|
Since E'sup |— Z e(n —k)w (—) e is independent of k, the result follows from Lemma
s |N &< N

B-4.

LEMMA B-6: Let {e(n)} be a sequence of i.i.d. random variables with mean zero and finite

fourth moment, w(t) satisfies Assumption 1, and {X(n)} is same as defined in (4), then

F e () e

n=

sup — 0, a.s.

B
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Proor: Consider the sequence N, then we obtain

N9
1 52
b m;w <%) X(n)e'™| < O(NTS).
Therefore, using Borel Cantelli lemma, it follows that
9
1 ,
s%p Ne nE_ w (%) X(n)e®’| — 0, a.s.

Now consider J, such that N < J < (N +1)?, then

N® ;
1 n 1 n -
w2 () X0 = 5 3w () X -
B NO<J<(N+1)9 N9 ; N ( 7 2 N
1 N n 1 J n
- .
S () K0~ S () s
g no<s<vrp [N 2 AN ’ nzl N
1 <& /n A
ifn? - n iBn?
N9 2 w (N> X(n) 5 ;w (N> X (n)eifr?| <
1 N n 1 J n
ATO — X ipn? (_) X iBn2
sgp N9<JS;1(IJ)V+1)9 N9 2 w <N> (n)e RE ; w5 (n)e’™ | +
1 <& /n LA
Slgp N9<JS;1(€)V+1)9 NO ;w <N> (n)e 7 ;w N (n)e <
(N+1)° (N+1)°
K 1 ]
N X K X R

Note that the mean squared error of the first term is of the order O (ﬁ X (N +1)? - N9)2) =

O(N72).  Similarly, the mean squared error of the second term is of the order

N +1)° — N%\?
O <N18 X (( +N)18 ) ) = O(N™?). Therefore, both the terms converge to zero

almost surely.
Along the same line the following result follows.

LEMMA B-7: Let {e(n)} be a sequence of i.i.d. random variables with mean zero and finite

fourth moment, w(t) satisfies Assumption 1, and {X(n)} is same as defined in (4), then

LS () rer

n=1

sup — 0, a.s.

(67
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LEMMA B-8: Let us denote
S.={0:0=(A,B,C,D,a,3)",|0 — 6°] > 6¢}.
If there exists a ¢ > 0,
1
lim inf —[Q(8) —Q(8°)] >0 a.s. (21)
Ocs.

then 5, the WLSE of 6, is a strongly consistent estimator of 6°.

PrOOF: It follows using simple arguments by contradiction, exactly similar to the lemma

by Wu [17]. B
PROOF OF THEOREM 1:
Let us denote
w(n; @) = Acos(an) + Bsin(an) + C cos(Bn?) + Dsin(fn?). (22)

Consider

Ho-aon) =[S (2 -0t -5 (1) ¥t

% >w(5) X(m)(u(n;0°) = (s 9>>]
= f1(0) + f2(0)
Here
f1(0) = % > w (%) (14(n; 6°) — pa(n; 0))2] :
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Consider

Se1 = {6:0=(A,B,C,D,a,B8)T,|A— A% > ¢}

SC,Q = {90: (A,B7C,D,Q,B>T7|B—BO| ZC}

Ses = {0:0=(A,B,C,D,a,p)",|C —C° >c}

Sea = {0:0=(A,B,C,D,a,58)",|D—D° > c}

SC,E) = {9:0:(A,B,O,D,a,B)T,|a—0z0| 20}

Sc,6 = {0 10 = (AaBachaaaﬁ)Ta‘ﬁ_ﬂo‘ > C}.

Now S, € U?lec’j = S. Therefore,

li_mginffl(O)zli_minffl(Q)zli_m inf  f1(6).

S 065 OGU]'SC,]'
Now
1 N
liw inf £i(6) = lm inf (A A7 P> w () costla’n)

n=1

> ~ lim inf (A4-— A")? Zcos a’n)

|A— A0|>c

Similarly using Results A.1 and A.2, it can be shown for S, ...,

lim inf f;(0) > 0.
€Se

Using Lemma B-7, it follows that

limsup | f2(0)| = 0,
0

therefore

lim inf l[Q(@) — QO] >0 as.

Ocs.

Using Lemma B-8, the result follows.
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APPENDIX C: PROOF OF THEOREM 2.

We need the following lemmas to prove Theorem 2.

LEMMA C-1: If 0 < a, 8 < 7, and w(t) satisfies Assumption 1, then for £ =0,1,2,...,

(a)

n:lN

©) Jim, s ot () sntam) = Jim
1 N n

© i o 3o () su'lon) = i

1 1
:_/t%@ﬁ:
2 0

(d) N_m Nk:+1 Z ntw ( ) sin(an) cos(an) = Nh_r)noo Nk+1
In addition 1f a # [, then,
(e) A}gréo N’““ Zn w ( ) sin(an) sin(fn) = ]\}EI})O N’““

PROOF OF LEMMA C-1: Proof of (a). First we will show

lim

For € > 0, there exists a polynomial p.(z), such that |w(x)

Hence,

Further

n=1 n=1 n
1 & n al
— Zpe (—) cos’(an) + — Y cos*(an)
N n=1 N n=1

Ck+1
2

Zn w ( > sin(an) cos(fn) = 0,

A}i_rg()%iw(%)sin( :]\}Enooﬁi ( >cos om)z%/olw(t)dt>%,
an( )Cosom) 0,
an( )cosQ(an)

> 0,

Zn w ( ) cos(an) cos(fn) = 0.

N;OONZ < )COS an)z%/olw(t)dt.

— pe(x)| <€ for all z € [0,1].

/01 w(z)dr —e < /Olpﬁ(x)dx < /01 w(x)dx + €.



Suppose

pe(x) =ap+arx+---

Now due to Result A.1,

L3 (Bt

+ akxk

n) =

= / z)d T L
. T =ag+ — .
Pel 0T k+1

1
]\}1_13%0 N Zpe (;) cos?(an) — % < A}gnooﬁ Zw (%) cos®(an) <

Therefore,
n=1
|
dm >
Hence

Since € is arbitrary, the result follows.

The result involving sin®(an) will go through exactly in the same way. Note that using (a),

Result A.2 and by properly choosing w(-), (b), (c¢), (d) and (e) follow. |

LEMMA C-2: If 0 < «, 8 < 7, and w(t) satisfies Assumption 1, then except for countable

number of points, for £k =0,1,2,.. .,

0 kS

(b) lim

N 1
1 N v
_]\}1_13;0]\7 E: ( )COS ﬁn ) = 2/0 w(t)dt > %

N
1 n

L2 k 20,2

N Nk+1 E nw( )sm (571)—]\}1_131 A glnw<N>cos (Bn”)

zl/ltkw(t)dt:@>o
2 /, 2 ~

N
1 n
2 k 2
o Nk+1 g nw( )smom) lim R E_lnw<N>cos(oz ) =0,
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N N
1 1
(d) ]\}1_{1;0 NET anw (%) sin(an?) cos(an?) = ]\}1_13;0 N Zw (%) sin(an?) cos(Bn?) = 0,
n=1 n=1
- n 1 & n
(f) A}l_r)l’;o N anw (N) sin(an?) sin(Bn) = ]\}1_13;0 N Zw (N) cos(an?) cos(Bn) = 0,
n=1 n=1
- n 1 & n
(g) ]\}1_>H(1>o NI anw (N) sin(an?) cos(Bn) = ]\}1_{%0 A Zw (N) cos(an?)sin(Bn) = 0,
n=1 n=1

In addition 1f a # [, then,
N

(e) lim —me Nk+1 Zn w ( ) sin(an?) sin(fn?) = dim Ni+1 S w (%) cos(an?) cos(Bn?) = 0.

n=1

Proor or LEMMA C-2: The proof follows along the same line as the proof of Lemma C-1.

LEMMA C-3: If a, 8 € (0,7), and if Conjecture A is true, then except for countable number

of points, for K =0,1,2,...,

N
1

]\}'iE)noo TN ;nkw (%) cos(an?)sin(Bn?) = 0,
1 al n

A}l_rgo TN ;nkw <N) cos(an?) cos(Bn) = 0,

sin(an?)sin(Bn) = 0,

(¥)
]\}1_{1(1)0 \/NlN’f ZN: nFw (%) sin(an?) cos(Bn) = 0,
(%) cos(an?)sin(Bn) = 0.

In addition if a # 3, then

N
ko (T 2 2y _
A}l_rgo \/_N’f Zn w <N> cos(an”) cos(fn”) = 0,
N

lim

Jaret \/_Nkz nFw (%) sin(an?)sin(Bn?) = 0.
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Proor oF LEMMA C-3: If Conjecture A is true, then proof follows along the same line as

the proof of Lemma C-1. |
PrROOF OF THEOREM 2:

This proof can be obtained by expanding (@) around the point 8°. We will use the
structure of the weight function w(t), Lemmas C-1 and C-2 and the Central Limit Theorem

of the stochastic process to obtain the asymptotic distribution of 0.

The criterion function is

Q) = Z w <%) (y(n) — Acos(an) — Bsin(an) — C cos(8n*) — D sin(ﬁnz))2 ,

n=1

therefore, the vector of first order derivatives is

[ 920) 7 i N _
0% >y w (%) X (n) cos(a’n)
"5 Sy w (%) X(n)sin(an)
Q'(6°) = 8%510) I 25:1 nw (%) X (n)(B° cos(a’n) — A%sin(a’n))
28, D1 () X (n) cos(5n%)
2Q(0) S w (%) X(n) sin(8°n2)
) s b T () X(n) (D7 cos(30) — CPsin(n)

and the matrix of second order derivatives is

22Q(0) 9200) 020) 020) 20) 200
0A2 OAOB OAd« 0AOC O0AOD 0AdB
22Q(0) 9200) 0200) 020) 20) 200
OBOA 0B? OBOo 0BoC 0BOD 0Bog
22Q(0) 9200) 0200) 020) 20) 200
Q (00) — JadA dadB Oa? 0a0C dadD dadf
2Q0) Q) @) 0B Q0 Q)

0COA 0COB 0COa 0C?2 o0CoD o0CoB
2Q0) Q) @) 0B) QO Q)
ODOA 0DOB ODOa o0DOC 0D?2 oDoS
2Q0) Q) Q@B 0B) &0 Q0)
L "9poA dBOB dBd dBaC dBoD oz 19-0°

The elements of Q" (8°) are given in Appendix D. Consider the following diagonal matrix

-1
D - diag(N_1/2,N_1/2,N_3/2,N_1/2,N_1/2,N_5/2) _ (DOI D01) ’ (23)
2
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where D and D5 are same as used in the statement of Theorem 2. Then using Lemmas
C-1 and C-2, it follows that
DQ'(0°) % N4(0,02 2), (24)

_ (¢ 0
2_(01 7722).

Here ¥, and ¥, are same as defined in equation (10) and

where

2 2

o

Z a(k)e ™’

k=—o00

e}

Z a(k)ei?,ﬂolcQ.

k=—o0

(= , n=

Now expanding )’ (5) around 0° using multivariate Taylor series expansion, we obtain
Q'(6) = Q'(6°) + Q"(8)(6 — 6"),

where @ lies on the line joining 8 and 6°. Since 6 minimizes Q(8), we have Q'(8) = 0,
therefore

DQ'(6°) = —DQ"(8)DD (6 — 8°). (25)

Theorem 1 implies that 0~ 60 Therefore, using the continuous mapping theorem and

repeated use of Lemmas C-1 and C-2, we observe that
lim DQ"(6)D = lim DQ"(1°)D = G, (26)
—00

N—o0

where
_(Gy O
¢ (5 &)

with G and G5 same as defined in (11). Now using (24) and (26) in (25), we obtain
D6 —6°) —L Ns(0,02 Z'GE ).

Hence, the result follows. |
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APPENDIX D

The second order derivatives of () with respect to elements of @ at ° are provided in this

Appendix.
PAE 23w () ettt

a;i_(({g’) = 2210 (%) cos(a’n)sin(a’n),

8;%? = 2 g n w (%) (B cos(a®n) — A°sin(a’n)) cos(a®n) + 2 g nw (%) X (n) sin(a®n),
8;2—((90;) = 2gw () costa®n) sin(8%n?),

a;i_g;) = 2 nﬁ: ntw () cos(an) (D° cos(°n2) — C°sin(8°n?)

PUD 2w ()statn)

N N

TI0) = 23w () (B cos(an) — Alsinfan))sin(al) ~ 23w () X cos(an),

n=1 n—1

PUO) — 25 () s
8;;3(83? = ZZ (N> SIHOén)sm(BO 2)

T - 2an<}$>sm (a%n)(D® cos(%2) — COsin(3%?)

0*Q(6" )

N

+2 anw (%) X (n) {A° cos(a’n) + B”sin(a’n)},
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0 N
a;gé%) = 2 Zn w (%) cos(8°n?) (B cos(a’n) — A”sin(a’n)),
n=1
0 N
a;gé%) = 2 Zn w (%) sin(8°n?)(B° cos(a’n) — A°sin(a’n)),
n=1
0 N
8283((9%) = 2 Zn3w (%) (BY cos(an) — A%sin(a’n))(D° cos(8°n?) — C°sin(8°n?))
n=1
6222—6(30) = in (%) cos?(3°n?),
n=1
N
a;géel;) = ZZw %) cos(°n?) sin(%n?),
n=1
0 N N
822(82) = 2 anw <%> (D° cos(8°n?) — C°sin(8°n?)) cos(Bn?) + 2 Z nw <%> X (n)sin(3°n?),
n=1 n=1
N
8222—152’0) = QZw (%) sin?(3°n?),
n=1
9°Q(6") 2N2 n 0 0,,0 0 cin( A9 2V aip( 30,2 N2 n 0,2
= n“w (—) (D" cos(f'n”) — C”sin(5'n%))sin(f°n°) =2 Y nw (=) X(n)cos(f°n°),
0Dop ; (N) ; (N>
0 N
—82;25(20 ) = 2271410 <%> (DO cos(3°n?) — C° sin(ﬁonz))2
n=1
N
+2 Z ntw (%) X (n) {C°cos(8°n*) + D"sin(8°n%)} .
n=1
Now consider the (1,1)" element of DQ(6°)D for large N.
1 92°Q(6° 2
g o = S () et
2 & n n? n™
= ]\}1_{{1)0 ¥ ;(1 + alﬁ + azm + -+ amm> cos?(a’n)
- (1+%+%+---+ma11)=c1,

using Result A.1. Here c¢x11,k = 0,1,... are same as defined in (8). Similarly the other

elements of A}im DQ(6")D can be obtained using Lemmas C-1 and C-2.
—00
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